
TYPES IN CONTINUOUS LOGIC for Xo - categorical fmla ⇔ continuous e-

& Anton) - invariant

Def : Def (M) = } fcaiy ) : M → IR / fcxy ) formula ,
• c-MY ≤ ECM )

{ definable predicates
If AE Aw for some AEM , y

is a variable of length
@ , fcxiy) : Mwx ME → IR a fml . Then for is also called

on A- definable predicate in the variable y .

Def : M metric structure ,
A ≤ M and y a variable

of length @ .
A complete) type over A in the

variable
y can be defined as a maximal

ideal in the uniformly closed algebra of
A- definable predicates in the variable y .

The type over A of b. EMP is defined by
tplb /A) = Lfa / a-CAW.fcx.gl fla .

with f-Cab)=o }

Def -. We say
that • tuple b.EM@ realizes a type pesmy (A)

if tp ( b /A) =p .

Recall : Mis ∅ - saturated if M realizes all f- C- SICK
Fact : Xo - categorical ⇒ ∅ -

saturated

Def . . A ≤ M is said to be definable if the

predicate PaG) = dcx ,
A) is definable

.



Def : given a
G -

space × ,

RNC (x) = { f :X → Rt V-E > ◦ 3- Ue Edsa / Ngf - ftkevyeue /

If ✗ is a metric space .

Roca (x ) = pwccx n tf :X → Rt fisunif .

continuous }
Def : Def (M) =L fcaiy ) : M → IR / fcxy ) formula ,

• c-MY ≤ ECM )

lemmas. M an % - categorical metric struct , G- Anton .

Then Def ( m) = Rhkucm)
.

Proof : ☒ actually holds in all metric structures :

let fcx.gl be a formula and AEMW a

parameter .

Let Af*ÑÉ the modulus of unit .
continuity for f and take U€N↳s.t.dca.gov) < Af (e) for gEUe So

Agfa - fall = 11 fga - fall < E
for all

g Eve .

-

folyl = f- (a.g)
This shows that all f- C-Defcon ) one

also in Rlknlm ) .

☒ Let hERUCµ(m ) and bet • EM
"

enumerate

a dbl . dense subset of M
.

Define

f : Ga ✗ M - M by
Cga ,

b) v. gh( b) = hcg
- ' b)

.



£ This is well defined because • is dense in M

g•=&• f is G- invariant Gust compute it ) and unit . cont .

I

g=g
' by#

density Indeed

I fcga . b) - fcgbn.BY/ ≤ lghcb ) -ghlb ' ) / + lghcb
' ) - g 'h(

b' ) )
--

This is small if b. ≈ b ' Given E>0 we can

since d( g-
' b

, g-
' b' )=d(b,b' find Ue c- Nsas.ttmf.wmt.ofh-hgh-g.hn< e. whenever

g-
'

g
c-Ue

,
since he RNCCM) . Now since • is dense

we can find 8>0 s.t.dcga.gla) < S ⇒ g-
'

g Eve .

Thus dcga , g'a) < S ⇒ lghcb
' ) - g 'h(

b' I / < E

⇒ We
can control the second term as well and

f- is umif . continuous .

Now that we have unit . continuity we can extend
f to [a] ✗ M ( = Ga x M ) ,

and the extension is

still G- invariant , so we can regard f as defined
on ( (a) ✗MING ≤ ( Mw ✗ MING .

closed

By Tietze we get a continuous extension § :(MIMING → R
and now hcx . y ) : M

"

✗ M → R defined by
F = § ◦ ñ is such that Fa = h .

Since M is ☒
◦

- categorical
the G- invariant function f is in fact a formula ,
thus hEDef( MI

.

BE



Prop / Def (Already in Martin 's talk )

let M be ∅ - saturated , f. ME MP → IR a formula ,
A ≤ Ma

,
B ≤ MP be ∅ - definable

. If M≤Ñ we

unite Ñ
,

B
,
F for the interpretations in Ñ .

TFAE :

1) # n ≠ s ER
,
(ai ) :< w CA ,

( bit)s≤
g.uw
CB

such that
~

n IEI

f- (ai , bi )={ s i ¢ I

2) For
every

indiscernible
sequence (

ai ) :<w CA and

b.EI
, him f-Cai . b) exists .

3) Every sequence (ai ) :<a CA admits a

subsequence ( ais)saw s -
t

.

limfca :S ,
b) exists V-b.EE

We
say

that f is NIP on A×B if any of
those

conditions is satisfied
.

Corollary : Let M be ∅ - saturated and A ≤MT B ≤ME be

∅ - definable
.

Then f is NIP on A-✗B iff

II. 1,3. I • c- A } is seq . pre compact in RB*
,
where

Fabi is the extension of f. to

B* = { pesycm) / Ppg Ep }
definable predicate that
✓

coincides with d(× ,
B)

on ME



If ACA is dense
,
it is enough to check that

tfalp.la c-A
' } is

say . pneaompact in RB*

Fact : Let t be a compact G- space .
Then f- C- ECM is tame

iff Gf ≤ R
"

is seq . precompact .
If Y is md compact we say

that f is tame if its
extension to one (any ) G- compactification of Y is tame

we finally obtain the connection between Tomie and Nlp :

Proposition : let M be an X
.

- categorical structure .

Then h-ctamen.CM ) iff h=f• for a formula
fcx.gl that is NIP on [a] ✗ M

.

More generally
if f-( ✗ cyl is a fmla ,

• EM
'

, BC Mf is definable ,

we have for / pg C-
Tame (B) ⇔ f( ✗g) is NIP on (a)xD

Proof : The first fact follows from the second by
lemma 1 : For fixed fcxiy ) ,

a and B
,

the

function for ERNCNCB ) is tame iff its extension
-

tops is tame
,

where B- is the closure of

B. in Sgcm ) under the compactification MP→ Sgcm ) .
Now take A

'

= Ga and use the corollary ,
other

showing that B- = B*
.

*is easy
-

. if BEB
,
since B is definable

,
PB (b) = °

.

: fix pEB* and let b realize
p
in

a separable elementary extension M
'

≤ M
.

Let ✗G. y
) be

a formula ,
c c- M

' "
and E > o .



By % - categoria
.

ty ,
since M

'

is separable ,
there is an

isomorphism o :M
'
→ M

.
Then tp (c) = tpcoc ) ,

which

means
, G. that there is gEAntCM ) with

"
" < ☐

&
" "

"
"""

⑨
↳⇔ ʳᵈ

↑
↳ why ?

modulus of unit - continuity
I q( c.b) - Cfcc , gob) I

< E ⇒

p-CB.fr
Simone M is X

.

- categorical the protection Mt- MING is
a compactification ,

and the functions coming from it

are the continuous G- invariant ones
,
that is the

∅ - definable predicates .
We can thus identify

ME_ MUG with tp : MP → Sync∅ )
.

This gives the following homogeneity property : if tpcai -- tpcbl ,
for a ,b EMP and e> 0

,

there is
g.
c- Autcm) with dca

, gb) - E -


