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INSTITUTO DE MATEMATICA PURA E APLICADA

Abstract

Let A be drawn uniformly at random from the set of all n x n symmetric matrices with entries

in {—1,1}. In Chapter 2 we show that
P(det(A) =0) < e ",

where ¢ > 0 is an absolute constant, thereby resolving a long-standing conjecture.

In Chapter 3 we show that
P(omin(A) < e/vn) < Ce+e™ ",

where opyin(A) denotes the least singular value of A and C, ¢ > 0 are absolute constants. This
result confirms a folklore conjecture on the lower tail of the least singular value of such matrices
and is best possible up to the value of C,c > 0. We also prove that the probability that A has

a repeated eigenvalue is e~ , confirming a conjecture of Nguyen, Tao and Vu.

In Chapter 4 we provide a new proof of the efficient container lemma. The method of hypergraph
containers was introduced in 2015 by Balogh, Morris and Samotij, and independently by Saxton
and Thomason, and since then it has been used to resolve a large number of open problems
in extremal and probabilistic combinatorics. One weakness of the original container lemma
is that it can only be applied to hypergraphs whose uniformity is at most logarithmic in the
number of vertices. In order to remedy this shortcoming, Balogh and Samotij introduced an
‘efficient’ container lemma which can be applied to hypergraphs whose uniformity is polynomial
in the number of vertices. We give a new, much simpler proof of the efficient container lemma
of Balogh and Samotij, with improved bounds. The statement of our new container lemma is

inspired by the recent proof of the Kahn—Kalai conjecture by Park and Pham.

In Chapter 5, we study the number of k-element subsets J of G, an abelian group, such that
|J 4+ J| < A|J|. Proving a conjecture of Alon, Balogh, Morris and Samotij, and improving a
result of Green and Morris, who proved the conjecture for A fixed, we provide an upper bound on
the number of such sets which is tight up to a factor of 2°%), when G' = Z and A = o(k/(logn)?).
We also provide a generalization of this result to arbitrary abelian groups which is tight up to
a factor of 2°%) in many cases. The main tool used in the proof is the asymmetric container

lemma, introduced by Morris, Samotij and Saxton.



In Chapter 6 we determine the number and typical structure of sets of integers with bounded
doubling. In particular, improving results of Green and Morris, and of Mazur, we show that the
following holds for every fixed A > 2 and every k > (logn)*: if w — oo as n — oo (arbitrarily
slowly), then almost all sets J C [n] with |J| = k and |J+J| < Ak are contained in an arithmetic
progression of length \k/2 + w.

In Chapter 7 we prove a refinement of a result of Green and Ruzsa about the number of sumsets
in Z,,, for n prime. In particular, we determine up to a factor of 2°(™ the number of sets of the
form J + J, with J C Zy, |J| = k and |J + J| = m.

In Chapter 8 we improve the best known bound for a famous problem about covering in convex
geometry. In 1957, Hadwiger conjectured that every convex body in R¢ can be covered by 2¢
translates of its interior. For over 60 years, the best known bound was of the form O(4%/dlog d),

V) by Huang, Slomka, Tkocz and Vritsiou. We

but this was recently improved by a factor of e
take another step towards Hadwiger’s conjecture by deducing an almost-exponential improve-
ment from the recent breakthrough work of Chen, Klartag and Lehec on Bourgain’s slicing

problem. More precisely, we prove that, for any convex body K C R,

o (-0 (goaa) )+

translates of int(K) suffice to cover K. We also show that a positive answer to Bourgain’s

slicing problem would imply an exponential improvement for Hadwiger’s conjecture.

The work in Chapters 2 and 3, as well as in Appendices A and B, is joint with Matthew
Jenssen, Marcus Michelen and Julian Sahasrabudhe. The work in Chapter 6 is joint with
Mauricio Collares, Robert Morris, Natasha Morrison and Victor Souza. The work in Chapter 8

is joint with Peter van Hintum, Robert Morris and Marius Tiba.
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Resumo

Tome A uniformemente ao acaso do conjunto de todas as matrizes simétricas n X n com entradas

em {—1,1}. No Capitulo 2 mostramos que
P(det(A) =0) < e ",

onde ¢ > 0 é uma constante absoluta, resolvendo assim uma conjectura conhecida na area.

No Capitulo 3 mostramos que
P(omin(4) < ¢/v/R) < Ce+ ™",

onde opmin(A) denota o menor valor singular de A e C,¢ > 0 s@o constantes absolutas. Este
resultado confirma uma conjectura sobre a cauda inferior do menor valor singular de tais ma-
trizes e é melhor possivel a menos valor de C,c > 0. Também provamos que a probabilidade de

—Q(n)

A ter um autovalor repetido é e , confirmando uma conjectura de Nguyen, Tao e Vu.

No Capitulo 4 fornecemos uma nova prova do lema dos containers eficiente. O método dos
containers de hipergrafos foi introduzido em 2015 por Balogh, Morris e Samotij, e independen-
temente por Saxton e Thomason, e desde entao tem sido usado para resolver varios problemas
em aberto em combinatéria extremal e probabilistica. Uma fraqueza do lema dos containers
original é que ele s6 pode ser aplicado a hipergrafos cuja uniformidade é no maximo logaritmica
no numero de vértices. Para resolver esse problema, Balogh e Samotij introduziram um lema
dos containers ’eficiente’ que pode ser aplicado a hipergrafos cuja uniformidade é polinomial
no numero de vértices. Damos uma prova nova e muito mais simples do lema do containers
eficiente de Balogh e Samotij. O enunciado do nosso novo lema dos containers é inspirado na

demonstracao recente da conjectura de Kahn-Kalai por Park e Pham.

No Capitulo 5, estudamos o nimero de subconjuntos J, com k elementos, de G, um grupo
abeliano, tais que |J + J| < A|J|. Provando uma conjectura de Alon, Balogh, Morris e Samotij,
e melhorando um resultado de Green e Morris, que provaram a conjectura para A fixo, provamos
uma cota superior para o nimero desses conjuntos que é 6tima a menos de um fator de 20(k),
quando G = Z e A = o(k/(logn)?). Nés também fornecemos uma generalizagao deste resultado
para grupos abelianos, também 6timo a menos de um fator de 2°(%) em muitos casos. A principal
ferramenta utilizada na prova é o lema dos containers assimétrico, introduzido por Morris,

Samotij e Saxton.
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No Capitulo 6 determinamos o ntimero e a estrutura tipica de conjuntos de inteiros com ‘cons-
tante de doubling’ limitada. Em particular, melhorando resultados de Green e Morris e de
Mazur, mostramos que o seguinte vale para todo A\ > 2 fixo e todo k > (logn)*: se w — oo
como n — oo (arbitrariamente devagar), entdo quase todos os conjuntos J C [n] com |J| =k e

|J + J| < Ak estao contidos em uma progressao aritmética de comprimento Ak/2 + w.

No Capitulo 7 provamos um refinamento de um resultado de Green e Ruzsa sobre o ntimero de
sumsets em Z,, para n linha. Em particular, determinamos a menos de um fator de 2°0™ o

nimero de conjuntos da forma J + J, com J C Zy, |J| =k e |[J+ J| =m.

No Capitulo 8 melhoramos a melhor cota conhecida para um problema famoso em geometria
convexa. Em 1957, Hadwiger conjecturou que todo corpo convexo em R% pode ser coberto por
translacoes 2¢ de seu interior. Por mais de 60 anos, a melhor cota conhecida era da forma
0O(4%/dlog d), mas ela foi recentemente melhorada por um fator de (V) por Huang, Slomka,
Tkocz e Vritsiou. Damos mais um passo em diregao a conjectura de Hadwiger ao deduzir
uma melhoria quase exponencial usando trabalhos inovadores de Chen, Klartag e Lehec para

o ‘Bourgain Slicing Problem’. Mais precisamente, provamos que, para qualquer corpo convexo

K c R4, ]
o (-9 g ))

translados de int(K) sao suficientes para cobrir K. Também mostramos que uma resposta
positiva para o ‘Bourgain Slicing Problem’ implicaria uma melhoria exponencial para essas

cotas.

Os trabalhos apresentados nos Capitulos 2 e 3, e nos Apéndices A e B, foram realizados em
colaboragao com Matthew Jenssen, Marcus Michelen e Julian Sahasrabudhe. O trabalho apre-
sentado no Capitulo 6 foi feito em colaboracao com Mauricio Collares, Robert Morris, Natasha
Morrison e Victor Souza. O trabalho apresentado no Capitulo 8 foi feito em colaboragao com

Peter van Hintum, Robert Morris e Marius Tiba.
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Chapter 1

Introduction

1.1 Singularity Probability

Let B be a random n X n matrix whose entries are chosen independently and uniformly from
{—1,1}. It is an old problem, likely stemming from multiple origins, to determine the probability
that B is singular. While a moment’s thought reveals the lower bound of (14 0(1))2n?27", the
probability that two rows or columns are equal up to sign, establishing the corresponding upper

bound remains an extremely challenging open problem. Indeed, it is widely believed that
P(det(B) = 0) = (14 o(1))2n?27". (1.1)

While this precise asymptotic has so far eluded researchers, a huge amount is now known about
this fascinating problem. The first advances were made by Komlés [95] in the 1960s, who showed
that the singularity probability is O(n~1/2) (see also [96] and [22]). He used Erdés [55] solution
to Littlewood-Offord problem thus connecting random matrices to anti-concentration problems

in probability.

Nearly 30 years later Kahn, Komlés and Szemerédi [88], in a remarkable paper, showed that
the singularity probability is exponentially small. At the heart of their paper is an ingenious
argument with the Fourier transform that allows them to give vastly more efficient descriptions

of “structured” subspaces of R™ that are spanned by {—1, 1}-vectors.

Their method was then developed by Tao and Vu [152, 153] who showed a bound of (3/4+0(1))",
by proving an interesting link between the ideas of [88] and the structure of set addition and, in
particular, Freiman’s theorem. This trajectory was then developed further by Bourgain, Vu and
Wood [30], who proved a bound of (27/2 +0(1))", and by Tao and Vu [155], who pioneered the
development of “inverse Littlewood-Offord theory”, now an integral aspect of random matrix

theory (see Section 1.1.1).



In 2007, Rudelson and Vershynin, in an important and influential paper [129], gave a different
proof of the exponential upper bound on the singularity probability of B. The key idea was to
construct efficient e-nets for points on the sphere that have special anti-concentration properties
and are thus more likely to be in the kernel of B. This then led them to prove an elegant inverse

Littlewood-Offord type result, inspired by [155], in a geometric setting.

This perspective was then developed further in the 2018 breakthrough work of Tikhomirov [165],
who proved
P(det(B) =0) = (1/2+ o(1))",

thereby essentially proving the conjectured upper bound. One of the key innovations in [165]
was to adopt a probabilistic viewpoint of the (discretized) sphere: instead of directly proving
that efficient nets exist by latching onto some sort of structure, he shows that the probabil-
ity of randomly selecting a “structured” point on the discrete sphere is incredibly unlikely.
While this change in perspective may not immediately sound useful, Tikhomirov’s “inversion

of randomness” gives him access to a whole host of probabilistic tools.

Another major advance on the problem was made recently by Jain, Sah and Sawhney [86], who
(building on the recent work of Litvak and Tikhomirov [102]), proved the natural analogue of
(1.1) for random matrices with independent entries chosen from a finite set S, for any non-
uniform distribution on S. For the case of {—1,1}-matrices, however, they do not improve on

the bound of Tikhomirov.

While the problem for matrices B with all entries independent is now very well understood,
the situation for symmetric random matrices remains somewhat more mysterious. Indeed all of
the previously mentioned works on random matrices depend deeply on the fact that the entries
of B are independent, and often treat B as n independent copies of a row, thus allowing for
an essentially “one-dimensional” treatment of the problem. In the symmetric case, no such

perspective is available.

Let A be a random n X n symmetric matrix, uniformly drawn from all symmetric matrices
with entries in {—1,1}. Again, it is generally believed that P(det A = 0) = ©(n?2™") (see, e.g.
[41, 169, 170]) but progress has come more slowly. The problem of showing that A is almost
surely non-singular goes back, at least, to Weiss in the early 1990s but was not resolved until
2005 by Costello, Tao and Vu [41], who obtained the bound

P(det(A) = 0) < n~/8+o), (1.2)

The first super-polynomial bounds were obtained by Nguyen [113] and, simultaneously, Ver-
shynin [166], the latter obtaining a bound of the form exp(—n¢). Nguyen [113] developed the



quadratic Littlewood-Offord theory introduced in [41], while Vershynin [166] worked in the

geometric framework pioneered in his work with Rudelson [129-131].

In 2019, a more combinatorial perspective on this problem was introduced by Ferber, Jain, Luh

and Samotij [63] and applied by Ferber and Jain [62] to show
P(det A = 0) < exp(—cn!/*(logn)'/?).

In a similar spirit, the author in joint work Mattos, Morris and Morrison [37] then improved
this bound to
P(det A = 0) < exp(—en'/?), (1.3)

by proving a“rough” inverse Littlewood-Offord theorem, inspired by the theory of hypergraph
containers (see [15, 142]). This bound was then improved by Jain, Sah and Sawhney [87], who
improved the exponent to —cn!/2 logl/ 4 n, and, simultaneously, by the author in joint work with

Jenssen, Michelen and Sahasrabudhe [35], who improved the exponent to —c(nlogn)'/2.

1/2 is no coincidence and in

The convergence of these results onto the exponent of —c(nlogn)
fact represents a natural barrier in the problem. Indeed, all of the results up to now have
treated “structured” vectors by only using the top-half of the matrix (i.e. the half above the
diagonal), which conveniently consists of independent entries. However, as pointed out in [37],
if one is restricted to working in the top-half of A one cannot obtain an exponent better than

1/2

—c(nlogn)*/“. Thus to get beyond this obstruction, somehow the randomness of the matrix

must “reused”.

In Chapter 2 we prove an exponential upper-bound on the singularity probability of a symmetric
random matrix, thereby breaking though this barrier and giving the optimal bound, up to the

constant in the exponent.

Theorem 1.1.1 (C., Jenssen, Michelen, Sahasrabudhe). Let A be uniformly drawn from all

n X n symmetric matrices with entries in {—1,1}. Then
P(det(A) =0) < e ", (1.4)

where ¢ > 0 is an absolute constant.

The main technical innovations in the proof are a new inverse Littlewood-Offord type theorem
for “conditioned” random walks and a new “inversion of randomness” technique that allows us
to “reuse” the randomness of our matrix by pushing some of the randomness onto the random
selection of a vector from our discretized sphere. In fact, there is a delicate tradeoff between
these two ingredients; a loss in the second ingredient allows for an improvement in the first,

unless some specific “arithmetic” structure arises.

3



1.1.1 Inverse Littlewood-Offord theory

For v € R", we define the concentration function (one of several to come) as

= P i ="b],
p(v) max (;s v b)

where €1,...,e, € {—1,1} are uniform and independent. The study of p(v) goes back at least
to the classical work of Littlewood and Offord [100, 101] on the zeros of random polynomials,
but perhaps begins in earnest with the beautiful 1945 result of Erdds [55]: if v € R™ has all

non-zero coordinates then

p(o) < 2”<Ln’;2 J> —O(n12).

This was then developed by Szemerédi and Sarkozy[141], who showed that if all of the v; are
distinct then one can obtain the much stronger bound of O(n=%/2), and by Stanley [147] who
determined the eract maximum, using algebraic tools. A higher-dimensional version of this
problem also received considerable attention (going under the name of the Littlewood-Offord

problem) and was studied by several authors [75, 90, 94, 138] before it was ultimately resolved
in the work of Frankl and Fiiredi [66] (see also [161]).

Of these early results, the most important for us here is the work of Haldsz [79] who made an
important connection with the Fourier transform to prove (among other things) the following

beautiful result: if there are Ny solutions to x1 + - - + Xk = Tp4+1 + - - - + T2, among the entries
of v, then p(v) = O(n=2~1/2Ny).

More recently the question has been turned on its head by Tao and Vu [155], who pioneered the
study of “inverse” Littlewood-Offord theory. They suggested that if p(v) is “large” then v must
exhibit some particular arithmetic structure. For example, Tao and Vu [155, 157], and Nguyen
and Vu [117, 118] proved that if v is such that p(v) > n~¢ then O(n'~%) of the elements v; of

v can be efficiently covered with a generalized arithmetic progression of rank r = O, ¢(1).

While these results provide a very detailed picture in the range p(v) > n~, they begin to break

«(1) and therefore are of limited direct use in showing that the singularity

down! if p(v) = n~
probability is exponentially small. Inverse results which work for smaller p bring us to the
“counting” Littlewood-Offord theorem of Ferber, Jain, Luh and Samotij [63], and the “weak”
inverse Littlewood-Offord theorems of Campos, Mattos, Morris and Morrison [37] and of the
author with Jenssen, Michelen and Sahasrabudhe in [35], which are useful for p(v) as small as

exp(—c(nlogn)/?), but afford less structure.

'Technically these results break down if p(v) < n~'°8l&™,



Our novel inverse Littlewood-Offord theorem in Chapter 2 is most similar to that of Rudelson
and Vershynin [129], also developed in [166] and [87], who showed that if p(v) > e~ " then
there exists ¢ > 0 with? ¢ ~ 1/p(v) for which the dilated vector ¢ - v is exceptionally close
to the integer lattice Z™. These Littlewood-Offord theorems, styled after Rudelson-Vershynin,
tend to be a little bit subtler; instead of determining the structure of the whole vector, we only

show there is some “correlation” with the rigid object Z™.

To state our inverse Littlewood-Offord theorem, we formulate an important notion introduced
by Rudelson and Vershynin. We switch to working in R?, for d ~ cn, hinting at the later
context of these results. If A C R? and o € R? then define d(z, A) := infaea{|lz — all2}. Now,
for o € (0, 1), define the least common denominator of a vector v € R% to be the smallest ¢ > 0

for which ¢ - v is within v ad of a non-zero integer point. That is,
Da(v) = inf {¢ >0: d(¢-v,Z4\ {0}) < \/ad} .

Note here that we have excluded the origin from Z? in the definition since ¢ - v ~ 0 does not
tell us any interesting about v. Indeed, given any v € S% !, one could always set ¢ < Vad
and obtain d(¢ - v,Z%) < d(¢ - v,0) < Vad, and so this degenerate case needs to be excluded
somehow. In fact, in Chapter 2, we will work with a slightly different non-degeneracy condition
(see (2.2)).

Our Littlewood-Offord theorem shows that a similar conclusion to that of [129] can be obtained
in the presence of a large number (k ~ n) of additional “soft” constraints on the random walk.
In particular we prove the following result, which is in fact weaker than what we really need (see
Lemma 2.3.1), but captures its essence. We say that a random vector with entries in {—1,0, 1}
is p-lazy if each entry is independent and is equal to 0 with probability 1 — p and is equal to
each of —1,1 with probability u/2.

Theorem 1.1.2 (C., Jenssen, Michelen, Sahasrabudhe). There exist R,c1,co > 0, for which
the following holds for everyd € N, o € (0,1), 0 < k < ciad and t > exp(—ciad). Letv € ST1,

let wy,...,wp € S be orthogonal and let W be the matriz with rows wi, . .., wy.

If 7 € {~1,0,1}% is a 1/4-lazy random vector and
P (y<7, W <t and |Wrs < cQ\/E) > Rte=ok, (1.5)
then Dy (v) < 16/t.

Here we interpret |[W7|2 < c2vk as encoding the “soft” constraints and |(r,v)| < t as the
“hard” constraint. It is useful to think of ¢ ~ p(v), although we actually set t relative to a

related notion tailored specifically to our application.

2In what follows, we will be somewhat vague with our use of .



To understand the quantitative aspect of Theorem 1.1.2, it is best to consider the contrapositive
of Theorem 1.1.2, which roughly says that if v is “unstructured at scale ¢’ (that is, Dy (v) >
16/t) then the soft and hard constraints are roughly negatively dependent®. Indeed, if v is
sufficiently “unstructured at scale ¢” then we might expect (7,v) to approximate a Gaussian
and, in particular, to have

P(|(T,v)| < t) = t.

On the other hand, since w1, ..., w; € S¥! are orthogonal, it turns out that (see Lemma 2.5.7)
P(|Wrl2 < c2Vk) < ek,

where ¢; > 0 is a suitably small constant depending on ca > 0. If these two events were

negatively dependent then we would expect a bound of
P (!(7’, v)| <t and ||[Wr|2 < CQ\/E> < te—ak,

Theorem 1.1.2 says something almost as strong as this, giving the inequality up to a constant

R and the value of ¢;.

For us, the main difficulty lies in “decoupling” the soft and hard constraints, which is ultimately
achieved by a somewhat complicated geometric argument on the Fourier side. However, we
should point out that Theorem 1.1.2 is non-trivial even in the case of £k = 0 and in fact reduces,

in this case, to the inverse Littlewood-Offord result proved by Rudelson and Vershynin in [129].

In fact, the & = 0 case is useful for understanding the sort of structure that the conclusion
D, (v) < ¢/t provides. It is not hard to show that if one chooses v € S*~! very close to a point

on the lattice (Ct)Z", where C' > 1, then v satisfies
P(|(v, 7)| < t) > t. (1.6)

Thus the inverse theorem of [129, 131] says, roughly speaking, that all vectors satistfying (1.6)
must have this structure. Our Theorem 1.1.2 says the same is true even in the presence of a

large number of additional constraints.

1.2 Least Singular Value

Let A be a n x n random symmetric matrix whose entries on and above the diagonal (A; ;)i<;

are i.i.d. with mean 0 and variance 1. This matrix model, sometimes called the Wigner matrix

3Here, we say events S, T are negatively dependent if P(S NT) < P(S)P(T).



ensemble, was introduced in the 1950s in the seminal work of Wigner [173], who established the

famous “semi-circular law” for the eigenvalues of such matrices.

In Chapter 3 we study the extreme behavior of the least singular value of A, which we denote
by omin(A) := inf,ecgn—1 ||Av|l2. Notice that since A is symmetric we also have opin(A) =
minj<i<n |Ai(A)|, where \;(A) are the eigenvalues of A. Since by Wigner’s “semi-circular law”
almost all eigenvalues of A lie in the interval [—24/n, +24/n| with high probability, if they were

evenly distributed we would expect that opmin(A) = ©(n~'/2). Thus it is natural to consider
P(omin(A) < en”'/?), (1.7)

for all € > 0 (see Section 1.2.2). In Chapter 3 we prove a bound on this quantity which is
optimal up to constants, for all random symmetric matrices with i.i.d. subgaussian entries.

This confirms the folklore conjecture, explicitly stated by Vershynin in [166].

Theorem 1.2.1 (C., Jenssen, Michelen, Sahasrabudhe). Let ¢ be a subgaussian random variable
with mean 0 and variance 1 and let A be a n X n random symmetric matriz whose entries above

the diagonal (A; j)i<j are independent and distributed according to (. Then for every ¢ > 0,
PA(omin(4) < 5n71/2) <Ce+e (1.8)
where C,c > 0 depend only on (.

This conjecture is sharp up to the value of the constants C,c > 0 and resolves the “up-to-
constants” analogue of the Spielman—Teng conjecture for random symmetric matrices (see Sec-
tion 1.2.2). Also note that the special case £ = 0 tells us that the singularity probability of any
random symmetric A with subgaussian entry distribution is exponentially small, generalizing

our previous work presented in Chapter 2 on the {—1, 1} case.

1.2.1 Repeated eigenvalues

Before we discuss the history of the least singular value problem, we highlight one further
contribution presented in Chapter 3: a proof that a random symmetric matrix has no repeated

cigenvalues with probability 1 — e =",

In the 1980s Babai conjectured that the adjacency matrix of the binomial random graph
G(n,1/2) has no repeated eigenvalues with probability 1 — o(1) (see [163]). Tao and Vu [163]
proved this conjecture in 2014 and, in subsequent work on the topic with Nguyen [116], went
on to conjecture the probability that a random symmetric matrix with i.i.d. subgaussian entries

Q(n)

has no repeated eigenvalues is 1 — e~ . In Chapter 3 we prove this conjecture en route to

proving Theorem 1.2.1, our main theorem.



Theorem 1.2.2 (C., Jenssen, Michelen, Sahasrabudhe). Let ¢ be a subgaussian random variable
with mean 0 and variance 1 and let A be a n x n random symmetric matriz where (A; j)i<; are
independent and distributed according to (. Then A has no repeated eigenvalues with probability

1 — e, where ¢ > 0 is a constant depending only on (.

Theorem 1.2.2 is easily seen to be sharp whenever A;; is discrete: consider the event that

©(n) and results in two 0 eigenvalues.

three rows of A are identical; this event has probability e~
Also note that the constant in Theorem 1.2.2 can be made arbitrary small; consider the entry
distribution ¢ which takes value 0 with probability 1 — p and each of {—p~1/2,p~1/2} with

probability p/2. Here the probability of 0 being a repeated root is > e~ (BFo(L)pn

We in fact prove a more refined version Theorem 1.2.2 which gives an upper bound on the
probability that two eigenvalues of A fall into an interval of length €. This is the main result
of Section 3.7 and an important step in the proof of Theorem 1.2.1. For this, we let A\j(A4) >

. = A (A) denote the eigenvalues of the n x n real symmetric matrix A.

Theorem 1.2.3. [C., Jenssen, Michelen, Sahasrabudhe] Let ¢ be a subgaussian random variable
with mean 0 and variance 1 and let A be a n x n random symmetric matriz where (A;;)i<; are
independent and distributed according to (. Then for each £ < cn and all € > 0 we have

max P(\ese(4) = M(A)] < en V) < (Ce)f 267,

where C,c > 0 are constants, depending only on (.

1.2.2 History of the least singular value problem

The behavior of the least singular value was first studied for random matrices B, with i.i.d.
coefficients, rather than for symmetric random matrices. For this model, the history goes back

to von Neumann [168] who suggested that one typically has
Umin(Bn) ~ n71/27

while studying approximate solutions to linear systems. This was then more rigorously conjec-
tured by Smale [144] and proved by Szarek [148] and Edelman [43] in the case that B, = G,
is a random matrix with i.i.d. standard gaussian entries. Edelman found an exact expression
for the density of the least singular value in this case. By analyzing this expression, one can
deduce that

P(0min(Gr) < en™?) <, (1.9)

for all € > 0 (see e.g. [146]) as well as an asymptotic expansion for this probability when &

is fixed and n — oo. While this gives a very satisfying understanding of the gaussian case,
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one encounters serious difficulties when trying to extend this result to other distributions, as
Edelman’s proof relies crucially on the special tools available only in the gaussian case. In the
last 20 or so years, intense study of the least singular value of i.i.d. random matrices has been
undertaken with the overall goal of proving an appropriate version of (1.9) for different entry

distributions and models of random matrices.

An important and challenging feature of the more general problem arises in the case of discrete
distributions, where the matrix B,, can become singular with non-zero probability. This singu-
larity event will affect the quantity (1.7) for very small € and thus estimating the probability
that omin(Br) = 0 is a crucial aspect of generalizing (1.9). This is reflected in the famous and

influential Spielman—Teng conjecture [145] which stipulates the bound
P(0min(Bn) < en™Y2) < e+ 27", (1.10)

where B,, is a Bernoulli random matrix. Here this added exponential term “comes from” the

singularity probability of B,,.

In this direction, a key breakthrough was made by Rudelson [128] who proved that if B,, has

i.i.d. subgaussian entries then
IP)(O'min(-Bn) < 57171/2) < Cen+ n71/2 .

This result was extended in a series of works [130, 154, 155, 171] ultimately terminating in the
influential work of Rudelson and Vershynin [129] who showed the “up-to-constants” version of
Spielman-Teng:

P(omin(Bn) < en™?) < Ce + e, (1.11)

where B, is a matrix with i.i.d. entries that follow any subgaussian distribution and C,c > 0
depend only on (. A key ingredient in the proof of (1.11) is a novel approach to the “in-
verse Littlewood-Offord problem,” a perspective pioneered by Tao and Vu [155] (discussed in

section 1.1.1).

Another very different approach was taken by Tao and Vu [156] who showed that the distribution
of the least singular value of B, is identical to the least singular value of the Gaussian matrix

Gy, up to scales of size n~¢. In particular they prove that
}P(Umin(Bn) < 5n_1/2) - ]P)(Umin(Gn) < 571_1/2)‘ = O(n—CO)’ (1'12)

thus resolving the Speilman-Teng conjecture for € > n~% in a rather strong form.

While falling just short of the Spielman-Teng conjecture, the work Tao and Vu [156], Rudelson
and Vershynin [129] and subsequent refinements by Tikhomirov [104] and Livshyts, Tikhomirov



and Vershynin [104] (see also [103, 124]) leave us with a very strong understanding of the least
singular value for i.7.d. matrix models. However, progress on the analogous problem for random
symmetric matrices, or Wigner random matrices, has come somewhat more slowly and more
recently: in the symmetric case, even proving that A, is non-singular with probability 1 — o(1)

was not resolved until the important 2006 paper of Costello, Tao and Vu [41].

Progress on the symmetric version of Spielman—Teng continued with Nguyen [113] and, inde-
pendently, Vershynin [166]. Nguyen proved that for any B > 0 there exists an A > 0 for
which?

P(omin(An) < n_A) <n B.

Vershynin [166] proved that if A, is a matrix with subgaussian entries then, for all ¢ > 0, we
have
P(0min(An) < en™2) < Cpel/871 4 267, (1.13)

for all n > 0, where the constants C), c > 0 may depend on the underlying subgaussian random

variable. He went on to conjecture that e should replace €!/8 as the correct order of magnitude

and that e~ " should replace e™"°.

After Vershynin, a series of works [35, 37, 62, 63, 87] made progress on singularity probability
(i.e. the e = 0 case of Vershynin’s conjecture), and we, in Chapter 2, ultimately showed that

the singularity probability is exponentially small, when A; ; is uniform in {—1,1}:
Py, (det(A,) =0) < e ",

which is sharp up to the value of ¢ > 0.

However, for general € the state of the art is due to Jain, Sah and Sawhney [87], who improved

on Vershynin’s bound (1.13) by showing
P(Umin(An) < gnfl/z) < C€1/8 4 e,Q(n1/2) 7

under the subgaussian hypothesis on A,,.

For large €, for example € > n~¢, another very different and powerful set of techniques have been
developed, which in fact apply more generally to the distribution of other “bulk” eigenvalues.
The works of Tao and Vu [154, 159], Erdés, Schlein and Yau [50, 51, 57], Erdds, Ramirez,
Schlein, Tao, Vu, Yau [49], and specifically Bourgade, Erdds, Yau and Yin [24] tell us that

P(0min(An) < en™'/?) < e+ o0(1), (1.14)

“We note that this result is actually proved for all matrices of the form A, + F, where F is any fixed n x n
matrix and the entries of A,, have mean 0, but need not be identically distributed and may have large variances.
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thus obtaining the correct dependence on ¢ asymptotically®. These results are similar in flavor
to (1.12) in that they show the distribution various eigenvalue statistics are closely approximated
by the corresponding statistics in the Gaussian case. We note however that it appears these
techniques are limited to these large € and different ideas are required for ¢ < n~¢, and certainly

for £ as small as e~ ©("),

Our main theorem, Theorem 1.2.1, proves Vershynin’s conjecture and thus proves the optimal

&

dependence on ¢ for all € > e™“", up to constants.

1.2.2.1 Smoothed analysis

The least singular value of random matrices also has significant application to theoretical com-
puter science due its central role in smoothed analysis, a notion introduced by Spielman and
Teng [145]. Inspired by the observation that certain algorithms have theoretically slow worst-
case performance but efficient performance in practice, Spielman and Teng proved that if one
perturbs any linear program by Gaussian noise, then the simplex method typically runs quickly.
Here, the Gaussian noise represents various errors in the data input and provides theoretical
groundwork for the observation that the simplex algorithm typically runs quickly even on ex-
amples for which it theoretical exhibits exponential run-time. At the core of their proof is the
study of the least singular value of random perturbations of arbitrary matrices. Together with
Sankar, Spielman and Teng [139] later proved that Edelman’s bound (1.9) remains essentially
unchanged if the Gaussian random matrix is perturbed by an arbitrary matrix; in particular
they showed that if G,, is an nxn matrix of i.i.d. standard Gaussians then for any (deterministic)

n X n matrix I’ we have

P(on(F 4+ Gp) < e/v/n) < 1.823¢. (1.15)

This bound is then used to show that the condition number—i.e. the ratio of greatest and
least singular values—of various perturbed matrices is well-behaved, thus allowing for efficient
behavior of many algorithms. Since its introduction, smoothed analysis has been applied to

understand the behavior of various algorithms (e.g. [9, 20] and the references therein).

In practice, many numerical errors are of a more discrete nature, and so one may ask if the

behavior of (1.15) still holds if G, is replaced by, say B,, a matrix with i.i.d. entries from

®Tao and Vu in [159] treat the least singular value with their Corollary 24. There they prove up the distribution
of omin(An) agrees with omin of a symmetic gaussian matrix up to a polynomial error assuming certain moment-
matching assumptions on the distribution of the entries of A,. A follow-up work [49] joint with Erdds, Ramirez,
Schlein, and Yau describes an approach to combine ideas from the works [50, 51, 57] to remove the moment
matching assumptions of [159], but does not explicitly address the problem of the least singular value. Finally,
the work [24] proves the non-quantitative (1.14) (see the discussion below Theorem 2.2 of [24]).
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{—1,1}. Perhaps surprisingly, Tao and Vu [158] proved that this is not the case, and showed
that a careful choice of F' can yield an extremely small singular value of F'+ B,, with probability
Q(n~'/?). These matrices, however, have increasing operator norm (see [85, 158] for results
depending on F'). It was in this context that in the case of F' = 0, Spielman and Teng conjectured
(1.10).

Work on smoothed analysis with non-gaussian noise continues with work by Tikhomirov [164]
and Jain, Sah and Sahwney [85]. The smoothed analysis of random symmetric matrices has

also recently received significant attention (see e.g.[29, 60, 114, 166]).

1.2.2.2 Semicircular Laws and Universality

Among the earliest mathematical treatments of random matrices are Wigner’s groundbreaking
works [172, 174] on random symmetric matrices—also called Wigner matrices—in which he
proved the celebrated semicircular law for certain ensembles of random matrices. Over a decade
later, Pastur [120] generalized Wigner’s work to show that this behavior is universal meaning
that the semicircular law holds for an arbitrary (sufficiently well-behaved) distribution of matrix
entries. Even further generalizations and extensive connections to free probability have since

been explored (see the books [6, 12, 149] for more context).

A seminal sequence of works [50, 51, 57] by Erdés, Schlein and Yau developed the theory of local
semicircular laws, which show quantitative rates of convergence to the semicircular distribution
on small windows for a general class of Wigner matrices (see [10, 11] for earlier works and
more historical context). Work on the semicircular law continues still, for instance in the works

[69, 70] and the recent survey [77].

The above results belong to the wider study of universality: the idea that certain statistics of
the spectrum of a random matrix should not depend too heavily on the precise distribution of
its entries. Of particular interest in this area is showing that the k-point correlation functions
in the bulk converge and have the same limit as those of the Gaussian Orthogonal (or Unitary)
ensemble. The problem of universality in this context is often referred to as the Wigner-Dyson-
Mehta conjecture (see Conjectures 1.2.1 and 1.2.2 of Mehta’s text [107] for precise statements).
Many results in this context focus on relaxing the assumptions on the distribution of the matrix
entries. Rather than delve into the literature here, we refer the reader to the works [1, 24, 47—

49, 52-54, 84, 159, 160, 162] for results in this direction and more context.
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1.2.2.3 Eigenvalue gaps

Another well-studied spectral statistic of Wigner matrices is the size of the gaps between con-
secutive eigenvalues. This study has been inspired in part by Wigner’s bold postulate [172] that
the spacing between the discrete energy levels of a heavy atomic nucleus should resemble the

the spacing between the eigenvalues of a random Hermitian matrix.

Given a random Wigner matrix A,, a natural problem is to determine the limiting distribution
of a given gap §;(A,) = Ni+1(An) —Ai(A4p). Even for the GUE, this was only recently computed
(in the bulk) by Tao [150]. Subsequent work of Tao and Vu [159] and Erdés and Yau [58] shows
that this gap distribution is in fact universal within a large class of Wigner matrices. Another
statistic of interest is the minimum gap Omin(An) := minj<icn—1 Ni+1(An) — \i(4,). For the
GUE, the limiting distribution of i, was determined by Bourgade and Ben-Arous [8]. As
noted by Nguyen-Tao-Vu [116], the Wegner estimates of Erdés, Schlein, and Yau [57] show that

under certain smoothness assumptions of the entries A,, one has the following bound:
]P((Smin(An) < 5/\/5) 5 n€3 + e " s

for € > 0, matching the behavior of the GUE up to the implicit constant and exponential error

term.

In the case where the entries of A, are discrete, even showing that dmin(An) > 0 (i.e. the
spectrum of A, is simple) with high probability is non-trivial. Recently Tao and Vu [163]
showed that the spectrum of A, is simple with high probability under very mild assumptions
on the distribution of the entries of A,,. In particular, their result applies to the case where A,, is
the adjacency matrix of the Erdés-Renyi random graph G(n, 1/2), which resolved a conjecture

of Babai (motivated by the graph isomorphism question).

In the case where the entries of A,, are subgaussian, Nguyen, Tao and Vu [116] showed that
Omin(Apn) = 0 with probability O(exp(—n€)). In particular this holds for the case where 4,, is a
uniformly random symmetric matrix with entries in {—1,1}. Nguyen, Tao and Vu conjectured
that in this case, the bound can be improved to O(exp(—cn)). Theorem 3.1.3 resolves this

conjecture.

1.3 Hypergraph Container Method

The method of hypergraph containers is one of the most powerful and flexible techniques in
probabilistic combinatorics. Since its introduction by Balogh, Morris and Samotij [15] and

Saxton and Thomason [142], it has been used to resolve a large number of well-known conjectures
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in extremal, probabilistic and additive combinatorics, as well as problems in areas such as
discrete geometry. As a matter of fact, a variant of the hypergraph container lemma will be

one of main tools used in Chapters 5, 6 and 7.

Roughly speaking, the idea is that many interesting combinatorial objects (such as H-free
graphs, and sets with no arithmetic progression of a given length) can be encoded as the
independent sets of uniform hypergraphs, and that the independent sets of these hypergraphs
exhibit a certain subtle clustering phenomenon, which can be exploited when counting, or when
bounding the probabilities of certain events. The survey [16] provides a gentle introduction to

the area, and numerous applications of the method.

The original container lemma provides sharp bounds (up to a constant factor) when the unifor-
mity of the hypergraph is bounded, and still provides useful bounds even when the uniformity is
poly-logarithmic in the number of vertices of the hypergraph. For hypergraphs whose edges are
larger than this, however, the statement becomes trivial. In order to remedy this shortcoming of
the method, Balogh and Samotij [18] introduced a strengthening of the container lemma, which
they called the ‘efficient’ container lemma, that provides useful information for uniformities as

large as n¢, for some (moderate) constant ¢ > 0.

The proof the efficient container lemma in [18] is quite long and complicated, and relies on some
fairly intricate geometric lemmas. The rough idea is to control the codegrees of the hypergraph
by controlling the norm of certain vectors. Then the container algorithm determines what to
do next according to geometric properties of this set of vectors, attempting to minimize their

norms.

The purpose of Chapter 4 is to provide a much simpler proof of a slightly stronger result. We
remark that the statement of our new container lemma, Theorem 4.1.1, was inspired by the
recent breakthrough results by Alweiss, Lovett, Wu and Zhang [5] on the Erdés—Rado sunflower
conjecture, and by Frankston, Kahn, Narayanan and Park [67] and Park and Pham [119] on

the Kahn—Kalai conjecture.

In order to state the main result of Chapter 4, we will need to introduce a couple of important
notions, which we will use to measure the ‘size’ of our containers. Let G and H be hypergraphs,

and write

(G)y=U {Fcv(@):EcF}

Eeg

for the up-set generated by G. We say that G is a cover for H if H C <g> In other words, G is
a cover for H if for every edge F' € H there exists an edge F € G with £ C F.
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Next, for each p > 0, define the p-weight of G to be

wp(G) = Z P‘EL

Eeg

Note that w,(G) is just the expected number of edges of G in a p-random subset of V(G).
Finally, let Z(#H) denote the family of independent sets of 1. We are now ready to state our

new container theorem.

Theorem 1.3.1. Let H be an r-uniform hypergraph with n vertices, and let 0 < p < 1/4r.
There exists a family S of subsets of V(H), and functions

¢G:IMH) =S  and  f:S—2V00

such that:

(a) For each I € I(H) we have g(I) C I C f(g(I)).
(b) For each S € S, we have |S| < 16r?pn.

(¢) If X = f(S) for some S € S, then there exists a cover G for H[X] with
wp(9) < plX|

and |E| =2 for all E € G.

The main novelty of Theorem 4.1.1 is property (c), which refines the usual measures used®
to control the ‘size’ of a container. Note that the condition that all edges of the cover have
size at least 2 is necessary to prevent the conclusion from being trivial, since every hypergraph
on vertex set X has a cover (of singletons) of p-weight p|X|. We would also like to draw the
reader’s attention to the dependence on r in the bound on the size of the ‘fingerprint’ S, which
is polynomial (as in the efficient container lemma of Balogh and Samotij [18]) as opposed to
super-exponential (as in the original container lemmas). In Section 4.5 we will show that the

main theorems of [18] follow easily from Theorem 4.1.1, with slightly improved bounds.

SIn [15, 142], and also in [18], the ‘size’ of a container is measured either by the number of vertices, or by the
number of edges they contain.
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1.4 Counting in additive combinatorics

1.4.1 Counting sets with bounded sumset

One of the central objects of interest in additive combinatorics is the sumset
A+B:={a+b:ac A be B}

of two sets A, B C Z. If |A + A| = A\|A| we say A has doubling constant (or sometimes simply
doubling) A. A cornerstone of the theory is the celebrated theorem of Freiman [68], which states
that if |[A+ A| < A|A|, then A is contained in a generalized arithmetic progression” of dimension
O (1) and size Oy(]A|), where the implicit constants depend only on A. For an overview of the
area, see the book of Tao and Vu [151].

In Chapters 5 and 6 we will be interested in the number and typical structure of sets with
sumset of a given size. The study of this problem was initiated in 2005 by Green [72], who
was motivated by applications to random Cayley graphs, and in recent years there has been
significant interest in related questions [2, 13, 14, 42, 73]. In particular Alon, Balogh, Morris
and Samotij [2] proved a refinement of the Cameron-Erdds conjecture about the number of
sum-free subsets of [n], which was solved independently by Green [71] and Sapozhenko [140)].
In [2] the author used an early form of the method of hypergraph containers and also needed
to prove a bound on the number of k-sets A C [n] with doubling constant A\. They moreover

conjectured that the following stronger (and, if true, best possible) bound holds.

Conjecture 1.4.1 (Alon, Balogh, Morris and Samotij). For every 6 > 0, there exists C > 0
such that the following holds. If k > C'logn and if A < k/C, then there are at most

ok %)\k‘
k
sets J C [n] with |J| =k and |J + J| < AlJ|.
The conjecture was later confirmed for A constant by Green and Morris [73]; in fact they proved

a slightly more general result: for each fixed A and as k — oo, the number of sets J C [n] with
|J| =k and |J + J| < A|J| is at most

1
(k) (22’“) o))

In Chapter 5 we prove Conjecture 1.4.1 for all A = o (k/(logn)?).

"That is, a set of the formP:{a—i—ildl—i—u-—i—isds:ij G{O,...ch}} for some a,d1,...,ds,k1,...,ks € N.
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Theorem 1.4.2. Let k,n be integers and 2 < A < o((logsn)g). The number of sets J C [n] with
|J| =k such that |J + J| < A|J| is at most

I\
%)

In order to understand such why results should be true, recall first that, by Freiman’s theorem, a
set has bounded doubling if and only if it is a subset of positive density of a generalized arithmetic
progression P of bounded dimension. Now, if A were a random subset of P of positive density,
then A+ A would be unlikely to ‘miss’ many elements of P+ P, and this suggests that most sets
of bounded doubling should in fact be contained in an arithmetic progression of size roughly

|A+ A|/2. If this intuition was true we should expect to have about

)

choices for A, which is roughly what Conjecture 1.4.1 states. This intuition about the typical
structure of A will be confirmed in a stronger sense in Chapter 6, which is joint work with
Mauréio Collares, Robert Morris, Natasha Morrison and Victor Souza, where we prove the

following theorem.

Theorem 1.4.3 (C., Collares, Morris, Morrison, Souza). Fiz A > 3 and ¢ > 0, let n € N be
sufficiently large, and let k > (logn)*. Define c()\, &) = 229X21log(1/e) + 2950X\32. Let A C [n]
be chosen uniformly at random from the sets with |A| = k and |A+ A| < M\k. Then there exists

an arithmetic progression P with

Ak
AcP and |P| < 74-6(/\,8)

with probability at least 1 — €.

1.4.2 The number of sumsets of a given size

In Chapter 7 we will consider another natural counting problem in additive combinatorics: how
many sumsets of a given size are there in Z,?7 Questions of this type were first considered by
Green and Ruzsa [74], who proved in 2004 that if n is prime then there are 27/3+°(") sets of
the form A+ A in Z,. A few years later, Alon, Granville and Ubis [4] proved a corresponding
result in the asymmetric setting, showing that there are 27/2t°(") gets in Z,, of the form A + B
for some A, B C Z,, with min{|A|, |B|} > 1.

A natural refinement of the problem studied by Green and Ruzsa is as follows: how many sets
of size m in Z, are of the form A + A for some A C Z,? In Chapter 7 we will resolve this

problem up to a factor of 2°(™ for all (logn)* < m < 2n/3. Our main result is the following
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theorem, which provides a sharp bound on the number of sumsets of a given size and doubling

constant.

Theorem 1.4.4. Let n be a prime, and let m,k € N with m > (2 + v/5)k and k > (logn)*.

There are at most .
go(m) (2 1.16
() (1.16)

sets of the form A+ A for some A C Zy, with |A| =k and |A+ A| =m.

1.5 Hadwiger’s Conjecture

Hadwiger’s covering problem asks: how many translates of the interior of a convex body K C R?
are needed to cover K7 That is, it asks for the value of
N
N(K) = min{N eN:3Jzq,...,zn € R? such that K C U (:E2 —I—int(K))}.
i=1
Hadwiger [78] conjectured in 1957 that N (K) < 2¢ for all convex K C R?. Note that this bound
is attained by the cube [0, 1]%. The conjecture was proved when d < 2 by Levy [99] in 1955, but

for over 60 years the best known bound for general d was

2d

N(K) < (dlogd+dloglogd+5d)<d

) = 0(4Vdlogd),

which follows from the Rogers—Shephard inequality [126], together with a bound of Rogers [125]
on the minimum density of a covering of R? with translates of K. A few years ago, however, a
breakthrough was made by Huang, Slomka, Tkocz and Vritsiou [83], who used a large deviation
result of Guédon and Milman [76], which is related to the so-called ‘thin-shell’ phenomenon (see

below), to obtain a bound of the form
N(K) < e VD) 44, (1.17)

In Chapter 8, which is presents joint work with Peter van Hintum, Robert Morris and Marius

Tiba, we will prove the following almost-exponential improvement of their bound.

Theorem 1.5.1. [C., van Hintum, Morris, Tiba] If K C R? is a convex body, then

o 5t))

as d — 0o.
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We will deduce Theorem 1.5.1 from recent results of Chen [39] and Klartag and Lehec [92] on
the Bourgain slicing problem, which asks for the smallest number L; > 0 such that for every
convex body K C R of volume 1, there exists a hyperplane H such that K N H has (d—1)-
dimensional volume at least 1/L4. In particular, Bourgain [25, 26] asked whether or not Lg is
bounded from above by an absolute constant. This problem is still open, and for many years
the best known bound was of the form Ly = O(d'/*), proved by Bourgain [27, 28] (with an
extra log-factor) and Klartag [91]. However, just a couple of years ago, Chen [39] made a major
breakthrough on the problem by proving a bound of the form Ly = d°). His bound was then
improved further by Klartag and Lehec [92], who showed that Ly = O(log d)*.

The breakthroughs in [39] and [92] both used “stochastic localization”, a powerful and beautiful
technique that was introduced about ten years ago by Eldan [45], to bound the thin-shell

constant, o4, which is defined to be
2
oq = sup E[(lX]l2 - V),

where the supremum is over convex bodies K C R? in isotropic position®, and X ~ U(K) is a
uniformly chosen random point of K. The thin-shell conjecture [7, 21] states that o4 = O(1),
and it was shown by Eldan and Klartag [46] that

Ld = O(o-d)’

so bounds on the thin-shell constant imply bounds for the Bourgain slicing problem. We remark
that, by a deep result of Eldan [45], bounds on the thin-shell constant also imply bounds for

the Kannan-Lovasz—Simonovits isoperimetric conjecture [89], see e.g. [45, 98].

We will use an equivalent formulation of the Bourgain slicing problem, due to Milman and

Pajor [109] (see also [93]). Given a convex body K C RY, define the isotropic constant of K to

be
1/d
det (E K)
Lx =\ %37 ;
VOld(K )

where ¥ = E[X ® X] is the covariance matrix of the random variable X ~ Unif(K), that is, X
is a uniformly random point of K. Equivalently, there exists an affine transformation that maps
K to a convex body K’ of volume 1 with Xy = L%(Id, where I is the identity matrix. By [109,

Corollary 3.2] we have Ly = O(Ly) for every convex body K C R? and hence Ly = O(logd)*,
by the bound on L, proved by Klartag and Lehec [92].

8This means that E[X] = 0 and E[X ® X] = I, where X ~ U(K) is a uniformly-chosen random point of
K C R? and I, is the identity matrix. For any convex body K there exists a unique (up to rotations) affine
transformation that maps K to isotropic position.
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Our main result in Chapter 8 is the following bound on the covering number of a convex body.

Since Lx = O(logd)*, it implies the bound in Theorem 1.5.1 for Hadwiger’s conjecture.

Theorem 1.5.2 (C., van Hintum, Morris, Tiba). If K C R is a convex body, then
Q(d
N(K) gexp<— ()> .44

Li

as d — 00o.
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Chapter 2

The singularity probability of a
random symmetric matrix is

exponentially small

This chapter presents joint work with Matthew Jenssen, Marcus Michelen and Julian Sa-

hasrabudhe. It is adapted from the paper [33] which has been submitted for publication.

2.1 Introduction

Let A be a random n X n symmetric matrix, uniformly drawn from all symmetric matrices
with entries in {—1,1}. It is generally believed that P(det A = 0) = ©(n?27") (see, e.g.
[41, 169, 170]).

The goal of this chapter is to prove exponential upper-bound on the singularity probability of

a symmetric random matrix.

Theorem 2.1.1. Let A be uniformly drawn from all n X n symmetric matrices with entries in
{—1,1}. Then
P(det(A) =0) < e ", (2.1)

where ¢ > 0 is an absolute constant.

We will also prove a new Inverse Littlewood Offord type theorem. Define, for a € (0,1), the

least common denominator of a vector v € R? to be

Da(v) := inf {¢ >0: [|¢-v|r < min {¢|yv\|2/2, \/@}} : (2.2)
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where ||z||7 := inf{|lz — yll2 : v € Z}, for x € R? denotes the minimum distance to an
integer point. We say that a random vector with entries in {—1,0,1} is p-lazy if each entry
is independent and is equal to 0 with probability 1 — x4 and is equal to each of —1,1 with
probability p/2.

Theorem 2.1.2. There exist R,c1,co > 0, for which the following holds for every d € N,
a € (0,1), 0 <k < cad and t > exp(—ciad). Let v € STt let wy,...,wp € ST be

orthogonal and let W be the matrix with rows wy, ..., ws.

If 7 € {~1,0,1}% is a 1/4-lazy random vector and
P(|(r.0)l <t and [Wrllo < e2Vk) > Rte™t, (2.3)

then Dqo(v) < 16/t.

In the next subsection we sketch the proof strategy and present how the proof is organized.

2.1.1 Proof sketch and a new “inversion of randomness” technique

Here we briefly sketch how our inverse Littlewood-Offord result is used alongside a novel scheme
for “reusing randomness” to prove Theorem 2.1.1. As hinted at before, we will be helped along
by treating the discretized sphere as a probability space, which will allow us to “recover” some
of the randomness lost due to the symmetry of A. We keep our discussion here loose and

impressionistic and we will take up our careful study in the following section.

Our first move will be to “locally replace” A with a random matrix M that has many of
the entries zeroed out. This will allow us to untangle some of the more subtle and complicated
dependencies and has the advantage that various associated Fourier transforms are non-negative.

Indeed let!

0 HY
M = [d]x [d] 1 7 (24)

Hi  Oqn)x(dein
where d = cn and H; is a (n — d) x d random matrix with i.i.d. entries that are p-lazy, meaning
that (Hy);; = 0 with probability 1 — p and (Hi);; = £1 with probability /2. We stress
here that we cannot “globally” replace A with M, and we may need to permute coordinates,

depending on what part of the sphere we are working on.

"Here we use the notation [n] := {1,...,n}; for a vector v € R™ and S C [n], we use the notation vs := (v)ies
and for a n X m matrix A, and R C [m], we use the notation Asxr for the |S| x |R| matrix (A; ;)ics,jer-
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We now follow the strategy of [129, 165] and partition the sphere S"~! based on the anti-
concentration properties of the various v € S"~!. Indeed, for each v € S*!, we find a corre-

sponding “scale” ¢ € (0, 1) for which
P(|Movlly < ev/n) ~ (Le)", (2.5)

where L is a large constant. Notice here that we have defined this “scale” relative to the sym-
metric matrix M, rather than A or p(v), and so we expect it to capture the anti-concentration
properties of v, specific to the matrix M. This € should be interpreted as “the scale at which
the anti-concentration properties of v just start to be felt”, as we imagine gradually decreasing
€ from 1 to 0. For example, if v is a random point on the sphere, it is not hard to see that

" which is in fact so small that we can safely ignore v (due to

1/2

v will typically have € < e
previous work). On the other hand, the constant vector n=/2(1,...,1) will have ¢ ~ n~
Interestingly, this latter fact is not easy to establish rigorously, but is heuristically not hard to

guess in analogy with the modified setting where M has iid entries.

We now study all vectors v € S*~! at a given scale € > e~"*. While this is an uncountable set,
we build an efficient e-net for these vectors in two steps. We first discretize the whole sphere

by taking an e-net for S*~!, which we call A.. We can then say something like
P(Av = 0 for some v at scale €) <P (|[Mv||z < ey/n for some v € A;) .

One’s first instinct might be to simply union bound over all v € A.; however it turns out that

even the most efficient epsilon nets have |A¢| &~ (C'/e)"™, which is too large to say anything.

The key insight here is that most of A. is not used when approximating v € S*~! at scale € and
so we can refine our net A, by discarding all vectors w € A; with P(||Mv||2 < ev/n) < (Le)™.
So if we let Az C A. be the collection of vectors with P(||Mv||2 < ey/n) > (Le)™, our problem

reduces to showing that

C n
LA < | = :
V< Al < () (26)

which brings us to the technical heart of this chapter (see Theorem 2.7.1). We point out that
the factor of L=2" rather than L™", in (2.6) is important for us as it allows us to drown out

the L™ coming from (2.5) and the factor C™ in (2.6), when we union bound over N-.

To prove (2.6) we take a probabilistic perspective inspired by [165]; although we stress that
our methods are considerably different. To show (2.6) it is enough to show, for v € A, chosen

uniformly at random

Poea. (v € N2) & Py, (IP’M (|Mwv||2 < evn) > (La)") <L, (2.7)
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(see Lemma 2.7.3, for the rigorous statement). To get a feel for how we tackle this, let us

consider the event | Mv|s < en'/?. Indeed recalling (2.4), the definition of M, we have that

H
Mv:! Hivgg ]
Hi vjgy1m]

and so to control the event ||Muv|l2 < ey/n, it is enough to control the intersection of events
[Hivigll2 < en'/? and ||Hifv[d+17n]||2 < en'/2. Note that if we simply ignore the second event
and bound

B(|[ Mol < nl/2) < B(|[Hyvgg 2 < nl/2),

we land in a situation very similar to previous works; where half of the matrix is neglected

1/2

entirely and we are thus limited by the (nlogn)'/< obstruction, described above. So to overcome

this barrier, we need to control these two events simultaneously.

The key idea here is to use the randomness in Hy to control the event ||Hivyg |2 < en'/? and to
use the randomness in v € A. to control the event ||H{ vigyq 2 < en!/2. To get this to work,

we crucially partition the outcomes in Hj, based on a robust notion of rank. Indeed, let
& = {Hl : Ud—k(Hl) > cy/n and O'd—k—f—l(Hl) < C\/’Tl} ,

where 01(H1) > --- > 04(H;) denote the singular values of H;. We may then bound Py (|[Mwvl|2 <

en'/?) above by (only using the randomness in Hj, for the moment)

d
> Pu, (1T a1 mllz < en2 ||| Hyvgglla < en'/2, &) - Py (1 Hvglls < en'/%,) . (28)
k=0

It is here that we can see the link with our inverse Littlewood-Offord theorem, Theorem 2.1.2,

which we use (after a good deal of preparation) to bound the probabilities

P, (| Hivgll2 < ev/n, &),

1/2 corresponds to the “hard” constraint |(7, v)| <

that appear in (2.8). The event || Hivjg[2 < en
t in Theorem 2.1.2, while the event &, corresponds to the “soft” constraint |[Wr|ls < c2V/k,
where we think of 7 as a single row of Hi. And so, after a certain amount of work with

Theorem 2.1.2, we are able to conclude that

P, (| Hivgllz < ev/n, &) < (Cee™*) 4 (2.9)
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unless vjg is structured, in which case we do something different (and substantially easier).
Thus, for all non-structured v, we have (2.8) is roughly at most
d
(€)Y e DBy, (| H viggrlls < en'/?| | Hivjglls <en'/ &) (2.10)
k=0

Up to this point, we have not appealed to the randomness in the choice of v € A., beyond
demanding that v is non-structured. To see how we might take advantage of the randomness
in v, let us consider the first moment of the quantity Pys(|[Mv||s < en'/?), which we view as a

random variable in v. Indeed, for v € A, taken uniformly at random, we show that
Evea,. Pa, (HHlTU[dH,n]Hz <evn | [Hivgllz < €n1/275k) < (Ce)**. (2.11)

We establish this bound by swapping expectations, and bounding the probabilities
Puggyn g (1T 1 ll2 < en2) (212)

where Hj is a fived matrix satisfying & N {H1 : ||[H1ivjgll2 < en'/?}. The idea here is that since

1/2

Hy has d — k singular values of size =~ n'/“, we should expect

Py (HHa 1, [l2 < en'/?) = (Ce)*F, (2.13)

[d+1,n]

which is suggested, for example, by a Gaussian heuristic. This then results in the bound

at (2.11). See Section 2.7.2 for details on this step. Putting (2.11) and (2.10) together, and

&

using that € > e~“", we have

E, Par(||Mulls < en'/?) < (Ce)™

Observe that the loss from the rank at (2.13) is compensated by the gain afforded by the extra
constraint added to our Littlewood-Offord step.

While this is a good bound on the expectation, this is not enough for our purposes, as the first

moment only tells us, via Markov, that
]P)UEAg <]P)M (HMUHQ < €n1/2> 2 (LE)’H) < L—n’

falling short of our desired L~2" bound.

So to prove our result, we instead study? the second moment of Py (|| Mvl|y < en'/?),

2
E, (Par(|Moll2 < en'/?))”

2 Actually, we need a slight variant, where we cut out structured vectors.
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in much the same way, but with a few added technicalities.

To say a few words about how the second moment is different, we will see (Fact 2.7.7)
2
(Par (1002 < en/2)) " < (| Hyvgglla < en'/2, | Havigla < en'/? and [ H vigs plls < 2e0'/?),

where Hj is an independent copy of Hy and H := [Hj, Hs| is the concatenation of these two
matrices. We then proceed in much the same way as above, but treating H, in place of H, and
carrying forward the two “hard” constraints resulting from the two copies of vjg. This explains
the shape of our “real” inverse Littlewood-Offord theorem, Lemma 2.3.1, where we allow for

these two hard constraints. Ultimately, we arrive at the bound
1/21) 2 2
E, (Par(IMu]ls < en'/?))” < (Co),

which implies the desired conclusion at (2.7).

2.1.2 A few remarks on presentation

This chapter is roughly divided into three parts. The first part consists of Sections 2.3-2.5 which
are dedicated to proving our conditioned inverse Littlewood-Offord result, Lemma 2.3.1, which
is the “real” version of Theorem 2.1.2. These sections lay the groundwork for Section 2.6, where

we prove Theorem 2.6.1, which is the only result we carry forward into later sections.

The second part consists of Section 2.7 and Section 2.8. In Section 2.7, we obtain our crucial
bound on the size of our net N; using our novel “inversion of randomness” technique, as outline
above. On the other hand, Section 2.8 contains the less exciting proof that A is in fact a net
for X..

In the final section, Section 2.9, we pull together the various elements of this chapter, state the

reductions we will use from previous work and prove Theorem 2.1.1.

In most cases, we have highlighted the main results of each section at the start. So if one does
not want to delve into the details of a particular element of the proof, one can simply inspect

the top of the section to glean what is needed for going forward.

2.2 Central Definitions

We now turn to give a proper treatment of the proof, by laying out the key definitions that will

concern us in this chapter. We begin by partitioning the sphere S"~! into “structured” and

26



“unstructured” vectors. Formally, we set v = ¢~“", for sufficiently small ¢ > 0, and then define
the “structured” vectors as
Y= {v eSS :p(v) > 'y}.

The invertibility of a random symmetric matrix on the set of “unstructured” vectors v € S*~1\ ¥
is already well understood and so we can restrict our attention to this set of structured vectors.

We refer the reader to Section 2.9 for the details here.

Following Rudelson and Vershynin [129], we make a further reduction to working with vectors

that are reasonably “flat” on a large part of their support. For D C [n], with |D| = d, we define
Z(D) := {v € S" 7 (ko + ko/2)n M2 < i < (k1 — Ko/2)n "2 for all i e D} , (2.14)

where 0 < kg < 1 < k1 are absolute constants, fixed throughout this chapter and defined in

Section 2.2.1. We will set d := c3n/2, where ¢ is defined below in Section 2.2.1.

Now set
7:= Z(D).
DC[n],|D|=d
The case of non-flat v is already taken care of in the work of Vershynin [166] (see Section 2.9)
and so it is enough to work with Z N 3. Since we will ultimately union bound over D, it is
enough to work with Z(D) N X, for some fixed set D, and so, by symmetry it is enough to

restrict our attention to vectors v € Z([d]) N X.

Now, with this in mind, we further partition the set Z([d]) N ¥ C S"~1, but for this we need to
introduce another distribution on symmetric matrices. Define the probability space M, (u) by

defining M ~ M,, (1) to be the random matrix

A — | Qi Hy

)

Hi  Ogy1m)x(dein]

where Hj is a (n — d) x d random matrix with i.i.d. entries that are p-lazy (that is, (Hy);; =0
with probability 1 — p and (Hp);; = 1 with probability ;/2). In fact, we will fix p = 1/4
throughout this chapter.

Now, given v € Z([d]) and L > 0, in the spirit of [165], we define the threshold
Ti(v) =sup {t € [0,1] : P(|| Mvl]2 < tv/n) > (4Lt)"},

or the “scale” of v, as we called it in Section 2.1.1. Observe carefully here that we are defining

Tr, relative to the matriz M, rather than our original distribution A.
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We may now define our partition of Z([d]) N X. For ¢ € (0, 1), let
Yo :={veZ(d]) : To(v) € [e,2¢]} .
We shall show (as it is not obvious) that indeed
snzd) < |J =

e>vt

With the definition of Y. in hand, we are able to define A; which will be an efficient net for X,
at scale e. It turns out that defining this net is not hard, although showing that it satisfies the
desired properties will be the main challenge of this chapter. For this, we first define the trivial

net at scale € to be3
A = By(0,2) N (den™ /2 - Z7) N T'((d)),

which is a natural net for Z([d]). Where Z'(D) is similar to Z(D) but with slightly looser

constraints and relative to R"™;

7'(D) := {v eR": /1071_1/2 < v < kin Y2 for all i € D} .

Since we are only interested in approximating vectors in Y., we can get away with a significantly
more efficient net. For this we introduce two more concentration functions. First, we define the

Lévy concentration function: if X is a random vector taking values in R", define
L(X,t) = max P (|| X —wl|2 <1).
weR?

Second, we define a variant of this concentration function for the uniform distribution on random

symmetric matrices with capped operator norm?.

Laop(v,) = max P ({]ldv — wls <t} 0 {JA] < 4v/n})

Here we are just cutting out the slightly irritating event that A has large operator norm.
Intuitively this is an acceptable move as the probability that ||A|| > 4+/n, is exponentially small
(see Lemma 2.9.5), however some care is needed as we are mostly concerned with far less likely

events.

We now introduce our nets Nz,

N = {v e A : P(|Mv|2 < 4ev/n) > (Le)" and L qp(v,ev/n) < (2°Le)"}.

3Here and throughout, B,,(z,r) is the £* ball centered at = with radius 7.
“For a matrix A, we use the notation ||A|| := max,.,|,=1 || 4[|z to denote the usual 2 — 2 operator norm.
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The reader should view the lower bound P(||Mv|2 < 4ey/n) > (Le)™ as the real core of this
definition, while the upper bound for £ 4 o is less important. The two main tasks of this chapter
will be to show that N is indeed a net for ¥. (an easier task) and secondly that |N.|/|A.]| is

smaller than ~ L~2", where L is a large constant.

2.2.1 Discussion of constants and parameters

We will treat the constants ko, k1 (seen at (2.14)) as absolute throughout the chapter, and we
allow other absolute constants C,C’,--- to depend on these exact quantities. In particular, we
set kg = p and ky = 0~ /2/2, where 6, p are as in Lemma 2.9.2 (which is a lemma from [166]).

While we have not computed these constants, it would not be too much work to do so.

We also note our treatment of ¢, which, for most of the chapter, will be presented as a parameter
and dependencies involving cg will be explicitly noted. However, we will ultimately fix ¢y =
min{224, p51/2} where, again, 9§, p are as in Lemma 2.9.2. Thus it is no harm for the reader
to view ¢g as an absolute constant which is fixed throughout the chapter. The reason for the
extra care with ¢y comes from its delicate relationship to d/n. Indeed, we will ultimately set
d = [cin/2].

Another point to note is our use of R, which represents related, but different constants through-
out the chapter. Roughly speaking, these related values of R increase as we get deeper into the

proof.

2.3 Inverse Littlewood-Offord for conditioned random walks I:

Statement of result and setting up the proof

This section is the first of three sections where we lay out and prove our main inverse Littlewood-
Offord type theorem, Lemma 2.3.1, which works in the presence of a large number (k ~ n) of
relatively soft constraints on our random walk. As mentioned before, the conclusion of our
Littlewood-Offord theorem will be similar to that of Rudelson and Vershynin [129], who showed
that vectors v, for which the random walk (v, 7) concentrates, admit non-trivial least common
denominators. As we will see, the proof of Lemma 2.3.1 is rather involved and consists mainly
of a geometric argument on the Fourier side to “decouple” the many soft constraints from the

few hard constraints.
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Given a 2d x £ matrix W (which encodes these soft constraints on our walk, as in Theorem 2.1.2)

and a vector Y € R%, we define the Y-augmented matrix Wy as

Y
04

04

N (2.15)

i

Wy = [W,

Here Y = v/t will be a re-scaled version of v from Theorem 2.1.2.

We let ||Allus denote the Hilbert-Schmidt norm of a matrix A, that is, ||A[fg = Do |A; 12
and for p € (0,1), m € N, define the m-dimensional u-lazy random vector 7 ~ Q(m, i) to be

the vector with independent entries (7;)",, satisfying
P(r; = —1) =P(r; = +1) = p/2 and P(r; =0)=1-—p.

We now state our main inverse Littlewood-Offord type theorem, which is our “real” (and

strengthened) version of Theorem 2.1.2, from Section 1.1.1.

Lemma 2.3.1. For d € N and o € (0,1), let 0 < k < 27%d and t > exp(—2~%ad). For
0<co <2, let Y € RY satisfy |Vl = 270¢o/t, let W be a 2d x k matriz with |[W|| < 2
and |W|jus = Vk/2.

If 7 ~ Q(2d,1/4) and Do (Y') > 16 then
L <W$7’, c(l)/zx/k + 1) < (Rt)? exp(—cok), (2.16)

where R = 232062.

Before we start working towards the proof of Lemma 2.3.1, we make a few informal remarks on
its statement and its connection to Theorem 2.1.2. The main difference to note is that there are
now two “hard” constraints encoded in the left-hand side of (2.16); these are, in the notation
of Theorem 2.1.2,

(0. 0). )| <t and [{(0gq,v),7)] <.

The “soft” constraints are now encoded as the columns wy, ..., w; of W.

To combine the “hard” and “soft” constraints into a single matrix inequality, we rescale v,
thinking of |((v,0q),7)| < t as |(Cé/2t_1(v,0[d}),7'>] < 0(1)/2. This explains the scaling on Y,
which is unusually written as |[Y|l2 = 27'%/t, where ¢ should be thought of a very small

number ~~ e~ ",

The scaling of D,(Y) in Lemma 2.3.1, in contrast with the statement of Theorem 2.1.2; is
explained in a similar way. If ¢ - Y ~ Z¢ where ¢ = O(1) then (¢/t) = O(1/t) satisfies
(¢/t) - v ~ Z% as we think of Y ~ v/t.
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This also makes the numerology of Lemma 2.3.1 a little more transparent. If Y is a random
vector with ||| ~ 1/t, we have |Y;| ~ t~'n~/? and thus we expect the one dimensional
random walk (Y, 7) to have

L ((Y, T), 03/2) ~t.

Thus we expect Y to have some special structure if £ ((Y, T), c(l)/ 2) > t. On the other hand,
for each w; we expect that |[(w;, 7)| &~ 1 and, since the w; must be “approximately orthogonal”

(due to the assumption |[W]| < 2), we should expect
L (WT, 03/2@) ~ ek,

being somewhat vague about this constant ¢ > 0. Second, note that Lemma 2.3.1 is still

interesting even in the case k = 0, where it is not hard to see that it reduces to
(). «%) <R,

whenever D, (Y) < 16, which is essentially the statement of the main inverse Littlewood-Offord

theorem of Rudelson and Vershynin in [129].

Finally, we point out that the contrapositive of Lemma 2.3.1 is more conducive to the “inverse
Littlewood-Offord” reading:

if LWk, 0(1]/2\/14: +1) > (Rt)2 exp(—cok) then D,(Y) < 16.

For the remainder of this section, we take some first steps towards the proof of Lemma 2.3.1.
We first pass to the Fourier side and set up our problem there, describing our goal in terms of a
certain “level set”. We then make a first reduction, by getting some basic control on the fibers of
this level set. In the following section, Section 2.4, we make a more significant reduction about
the geometry of our level set. In Section 2.5 we prove the key Lemma 2.5.1, the statement of
which is very similar to that of Lemma 2.3.1, but with a more complicated quantity replacing
the right-hand side of (2.16). Finally, with one further step, we conclude Section 2.5, with the
proof of Lemma 2.3.1.

2.3.1 Passing to the Fourier side
To prove Lemma 2.3.1 we will prove the contrapositive; assume (2.16) fails and then obtain an

upper bound on the least common denominator by finding a non-trivial ¢ > 0 that satisfies

¢ = O(1) and ||¢ - Y|t < Vad. Our first step in proving Lemma 2.3.1 is to use the lower
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bound in the negation of (2.16) to obtain a lower bound on a level set of an appropriate Fourier
transform. This manoeuvre was pioneered by Haldsz [79] and has been a key step in all of the

Fourier approaches to inverse Littlewood-Offord theory.

For a 2d x ¢ matrix W, we define the W-level set, for t > 0, to be
Sy (t) = {9 e R ||Wo|r < \/i}

and we define 7y to be the ¢ dimensional Gaussian measure defined by ¢(S) = P(g € ), where
g~ N(0,(2m)"'1;) and I, denotes the ¢ x ¢ identity matrix.

The following Esseen-type lemma, allows us relate the quantity seen at the left-hand side of

(2.16) with the Gaussian volume of a level-set.

Lemma 2.3.2. Let § >0, v € (0,1/4], let W be a 2d x ¢ matriz and let T ~ Q(2d,v). Then

there exists m > 0 so that

LW, 8V0) < 2exp (28%¢ — vm/2) 7o(Sw (m)).

The proof of this Lemma is a straightforward exercise with the characteristic function of W77

and is postponed to Appendix A.

We can now describe how our least common denominator can be spotted in Fourier space. From
Lemma 2.3.2 along with the negation of (2.16), we obtain m > 0 and a set Sy, (m) C RF+2
with Gaussian volume bounded below by (Rt)? exp(cim — c2k). Now, for reasons that we will
not explain here (since it is just a consequence of the Fourier transform), the first k-coordinates
of the space, correspond to the k “soft” constraints while the final two coordinates correspond

to the two “hard” constraints.

With this in mind, the idea is to find an element ) € Sy, (m) for which [|9ll2 = O(WVk),
and one of g1, Y12 is O(1) and “non-trivial”. It will turn out that one of g1, ¥k 12 is a
good candidate for our desired least common denominator. The condition on the ) should

be thought of as just getting these coordinates “out of the way”.

To find this desired ¢ € Sy, (m), for r, s > 0, we define the cylinder

L= {9 € RFF2 . HH[k]HQ <7y |0kr1| < s and |Op4a] < s}. (2.17)

We now restate our condition on v in terms of I',,: we want to show that there exists an

x € Sw, (m) for which
(Cavi6 \ Laygs T 2) N Swy (m) # 0, (2.18)
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where s is chosen depending on the non-triviality condition we need. We shall then ultimately
see that if y € (I'y /514 \ [y + 2), Where z € Swy. (m), then (z —y) is a good candidate for
¥ (see Claims 2.5.4-2.5.6). In what remains in this section, we warm up by making a first easy

reduction on the structure of Sy, (m) under the assumption that (2.18) fails.

2.3.2 A first reduction: controlling the density on fibers

For our first reduction, we first record the following easy fact.

Fact 2.3.3. For s > 0, let S C R? be such that y2(S) > 8s2, then there exists ,y € S so that
s < |lz = yllo < 16.

Proof. We prove the contrapositive and assume there is no pair z,y € S with s < ||z —y||c < 16.
We cover R?* = |, 162 Qp Where Q, := p +[—8,8]%. Thus 72(S) < 3 c16.22 12(SNQy). Since
there is no =,y € S so that s < ||z — y|| < 16, then for each @), there is z = z(p) € @), so that

12(S NQp) < 72(S N Qp N (2(p) + [5, %)) < v2(@(p) + [, 5]%).
Letting g ~ N(0, (27r) 1), we have
2@+ [=s,5%) <P(x1 — s < g <21+ 8)P(22 — 5 < g <@+ 5) < 4s” exp(—np[|3/16),

where we have used that (x; — s)? > p?/8, which holds since we may assume that s < 1 (else

the statement holds trivially). Now we may bound

12(S) < Y 1e(SNQy) <4s” Y exp(—mllp[3/16) < 8%,
pE16-7Z2 p€el6-Z2

which completes the proof. [l

Now for S C R*¥*2 and O € R*, we define the “vertical fiber”

S(Q[k]) = {(9k+1a9k+2) eR?: (e[k}79k+179k+2) S S} . (2.19)

The following lemma tells us that if we are unable to find a point in our desired intersection
(Tra6 \I'rs +2) NS, for all z € S, we can obtain good control on the measure of the vertical
fibers of S.

Lemma 2.3.4. For k€N, r >0 and s > 0, let S C R¥*2 be such that for all x € S we have

(Pr,16\Fr,s —f—x) NnNS=0n.
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Then

S(0p)) < 8s”.
eggﬁkvz( (Or1)) < 8s

Proof. We prove the contrapositive; let ¢y be such that o (S(w[k])) > 8s?. This implies
(Fact 2.3.3) that there exists (011, Or12), (041, 040) € S(Yp) with

s < max{|O41 — O] [Ohr2 — il < 16.

Unpacking what this means in the full space R*"2: we have 6,6 € S so that 6}, Gfk] = Y
and s < max{|0p1 — 01|, [Ors2 — 0}, 5]} < 16. Thus

6 € (9/ + Fr,lﬁ \ Fr,s)a

as desired. O

In the next section we go on to obtain a more complicated reduction of this form, that will

ultimately be key in proving Lemma 2.3.1.

2.4 Inverse Littlewood Offord II: A geometric inequality

We now turn to make a more intricate and subtle reduction from that seen in Section 2.3.2,
that will be key in finding our least common denominator. The lemma we prove here is purely
geometric, but one should always think of it as being applied to an appropriate level set S =

Swy- (m), as seen in Lemma 2.3.2.

Given a set S C R¥*2 and y € R¥*2, define the “translated horizontal fiber”,

Fy(S;a,b) == {0y = (01,...,0k) ER¥: (61,...,0k,a,b) € S — y}.

Our main goal of this section tells us that under the assumption

(Fovgas \ Doy +2) NS =0,

for all z € S, the total measure of S can be controlled by the measure of the k-dimensional
fibers Fyy(S;a,b). We state it in the contrapositive form to make the application (in Section 2.5)

a little easier to spot.

Lemma 2.4.1. For k € N and s > 0, let S C RF2 be a measurable set which satisfies

8s2e /8 4 6452 Igléi;( (76 (Fy(S; a,b) — Fy(S;a, b)))1/4 < Yr+2(9) . (2.20)
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Then there is an x € S so that®

(Toyia \Tavis +2) NS #0. (2.21)

To prove this lemma, we will need a few facts about Gaussian space, which we collect in

Sections 2.4.1 and 2.4.2, before moving on to prove Lemma 2.4.1 in Section 2.4.3.

2.4.1 A few facts about Gaussian space

Recall that for ¢ € N, 7, is the ¢ dimensional Gaussian measure defined by 7,(S) = P(g € \9),
where g ~ N(0, (27) 71 1).

Lemma 2.4.2. Let k >0, 7 > 0 and S C R**? be measurable. Then there exists x € S, and
hel'yg so that
Vi+2(S N B) < 8yk42((S — ) Nap16 + 1),

where B := {0 € R¥2 . 0 ll2 < 7}

Proof. Consider translates T, g +y where yg1, Yo € 16Z2 to write

Mme2(SNB) = Y (SN (Trg+)). (2.22)
ye{0}k x 1672

We express v;+2(S N (Trs +y)) as

/ 1[0 e Sn(Trs+ y)]e‘””aHg/2 df = / e (S—y)Nn 1“,«,8]eﬂrnqﬁﬂ/u%/2 do. (2.23)
Rk+2

Rk+2

Rewriting the exponent in the integrand at (2.23)

—llo+yl5=—19ll3 — 20k+1Yk+1 — 20k+2Vk+2 — Yir1 — Yieyas

we use that |¢g41], [Pr+2| < 8 whenever 1[¢ € (S —y) NT}g] # 0, to see

m s

Y2 (SN(Ts+y)) < exp (=S 1 = G o + 87lyaa] + 87lysal) wsa(S—y)NTrg) . (224)
So, apply (2.24) to (2.22) to get

T, 2 T2
Wia(SNB) < D0 Yaa((8 —y) NTg)e” FVhn vkt imn i
ye{0}F x 1672
<maxpia((S —y) NTrg) Y ¢ 2¥hn ™ BV torlvnlSrlucl
y k)
Yk+1,Yk+2€16Z

< 16max (S —y) NTrg).

®Note, in particular, that Lemma 2.4.1 says that if (2.20) is satisfied then we must have s < 16.
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Let y be a vector at which the above maximum is attained. Now observe that if SN(I'yg+y) = 0
then (S —y) NI, g = 0 and thus y44+2(S N B) = 0; so there is nothing to prove. Thus we may
assume S N (I'y g +y) # 0 and let x € SN (s, +y). Define h :=x —y € I'; g and notice that

(S—y)ﬁfr,g—h:(S—y—h)ﬂ(I‘ng—h)Q(S—x)ﬁFgr,lﬁ,

where the inclusion holds since h € I'.g. Therefore (S —y) NIy C (S —x) NIy, 16 + h, allowing
us to conclude that

Yr42(S N B) < 167,42((S —y) NTrg) < 16742((S — ) N 16 + D),

as desired. 0

We also need the following standard tail estimate on a k-dimensional Gaussian.

Fact 2.4.3. v;({z € R* : ||z]]3 > k}) < exp(—k/8).

Proof. For any ¢ € (0, 1) the standard Gaussian measure of the set {x € R¥ : ||z||3 > k/(1 —¢)}

is at most exp(—e2k/4). Recalling that 4 has standard deviation (2m)~1/2

1 — (2m)~!, gives the desired bound. O

and taking ¢ =

2.4.2 A Gaussian Brunn-Minkowski type theorem

We now lay out a useful tool which gives us some control of the Gaussian measure of the sum
set A+ B, relative to the Gaussian measures of A and B. Indeed, the following theorem due to

Borell [23], can be viewed as a Brunn-Minkowski-type theorem for Gaussian space.

For this, let ®(x) be the cumulative probability function ®(z) := P(Z < x), for the standard
one dimensional Gaussian Z ~ N(0,1), while ~; is (still) the k-dimensional Gaussian with

covariance matrix (27) 711}

Theorem 2.4.4 (Borell). Let A, B C R* be Borel. Then

(AT B) > <I>(<I>1(vk(A)) n <I>1<vk<B>>).

Proof. In [23] Theorem 2.4.4 is proved for the standard Gaussian measure rather than .
However we can change the standard deviation of the measure by taking dilates of the sets A
and B. 0

We will use the following simple consequence of Theorem 2.4.4.
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Lemma 2.4.5. Let A C R* be Borel. Then
Ye(A— A) = v(A)*.

Proof. By Theorem 2.4.4, we have
(A= A) > 2207 (7(A))) = @(22), (2.25)
where we have set 2 = ®~!(vy,(A)). Note that
O(2x) =P(Z <22) =P (Zy+ Zo+ Z3 + Z4y < 4z) > P(Z < )t = ®(x)? (2.26)

where Z; are i.i.d. copies of Z ~ N(0,1). Combining (2.25) and (2.26) completes the proof. O]

2.4.3 Proof of Lemma 2.4.1

With these pieces now in place, we can move on to prove Lemma 2.4.1, our key geometric lemma

on the Fourier side.

Proof of Lemma 2.4.1. Write r = vk for simplicity. We prove the contrapositive and assume
for every x € S we have
(1—‘27-716 \F2r,s + Jf) NS =0. (227)

We define
B = {0 S Rk+2 : HGWHQ < T}.

and proceed to bound v;12(S) from above by first bounding vx42(S \ B) and then bounding
’)’k+2(S N B)

Step 1: Upper bound for yy42(S \ B). For ) € R”, let S(0p)) be as defined at (2.19)

S(@[k]) = {(9k+179k+2) S R? (g[k]79k+179k+2) S S} .

We may write

weaS\B) = [ s (S(0) don (2.28)
10k 12>
and thus
Yier2(S\ B) < (9mg§k Y2 (SO)) >7k({”9[k}”2 >r}). (2.29)
[¥]

Lemma 2.3.4 and (2.27) shows
S(0)) < 8s2. 2.30
s, 72 (S(0)) < 8s (2.30)

37



Fact 2.4.3 bounds
Ye({10pll2 = 7}) < exp(—k/8) (2.31)

and so from (2.29), (2.30) and (2.31) we learn

Yee2(S\ B) < 8%/, (2.32)

Step 2: Upper bound for vi42(S N B). By Lemma 2.4.2, there exists € S and h € I';. g such
that
’yk+2(S N B) < 167k+2((5 — $) N F27ﬂ716 + h). (2.33)

Now since we are assuming the claim is false, and x € S, we use (2.27) to deduce that
(S—2z)NT16 C (S —z) NIy (2.34)
and so letting y = z — h, we see
(S=—2)NToys+h=(S—z+h)N(Lars+h)=(5—y)N(Tos+h). (2.35)

Thus by (2.33), (2.34) and (2.35), we have

Ye+2(S N B) < 167;42((S —y) N (Tars + h)). (2.36)
Bound
Ye+2((S —y) N (Tors + 1)) < / Vi (Fy(S;a,b)) dye (2.37)
la—hgt1l,|b—hri2|<s

and apply Lemma 2.4.5 to obtain

Yeso((S = y) N (Tars + 1)) < 45% max(y,(F, (S; a,b) — Fy(S;a,b)))/4. (2.38)

abyy
Combining (2.36) and (2.38) gives

1/4

Yh2(S N B) < 6457 max (v (Fy(S5a,b) — Fy(S;a,0))) (2.39)
Putting Step 1 and Step 2 together : (2.39) together with (2.32) implies
Tir2(S) < 8s%eH/8 + 6457 max((F, (S; 0, b) = Fy (S, D))V,
completing the proof of the contrapositive. O
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2.5 Inverse Littlewood-Offord III: Comparison to a lazier walk
and Proof of Lemma 2.3.1

In Section 2.4 we proved our key geometric ingredient, Lemma 2.4.1, to deal with the geometry
of our level set (as seen in Section 2.3.1). We now use this lemma to take the following big step

towards Lemma 2.3.1.

Lemma 2.5.1. For d € N and a € (0,1), let 0 < k < 27%d and t > exp(—2~1%d). For
0<co<2 2 let Y € RY satisfy |V =27 0¢co/t and let W be a 2d x k matriz with |W]| < 2.
Also let T ~ Q(2d,1/4) and 7" ~ Q(2d,27%) and B € [co/2'°, \/co), B € (0,1/2).

If
LWy, BVE+1) > (Rt)” exp(45°k) (P(HWTT’HQ < BVE) + exp(—ﬁ'%)) v (2.40)

then Do (Y) < 16. Here we have set R = 23'/c3.

Of course, Lemma 2.5.1 looks quite a bit like Lemma 2.3.1 save for quantity
P(|WT |2 < B'VE) + exp(—"k), (2.41)

on the right-hand side of (2.40). One should view this quantity as an approximation of the
contribution that the “soft” constraints make. Indeed, if one reads this lemma in the contra-
positive, it says that we can successfully “decouple” the “soft” constraints from the “hard”
constraints, provided Y is sufficiently “unstructured”, meaning D, (Y) > 16. Of course, this
story is not quite an honest one; we have to use the lazier vector 7/, rather than 7, to get things
to work out, and we also take a loss in the exponent of 1/4. The key here is that we obtain the
correct power of ¢ in our bound, which is deeply important for our application. We also note
that our use of “decoupling” should not be confused with the “decoupling” step in Costello,

Tao and Vu [41], which is used to deal with very unstructured vectors.

We prove this lemma in Section 2.5.2 after laying out a few facts on level sets in Section 2.5.1.
We will then conclude this section in Section 2.5.3 with a proof of Lemma 2.3.1, by combining

Lemma 2.5.1 with one further ingredient to bound (2.41).

2.5.1 Working with level sets
To prepare for the proof of Lemma 2.5.1, we record two basic facts about level sets. First off, we

note a sort of converse to the Esseen-type inequality that we saw in Section 2.3, Lemma 2.3.2.

Again, we will postpone the straightforward proof of this lemma to Appendix A. Recall that
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we defined, for a 2d x ¢ matrix W, the W-level set, for ¢t > 0, to be

Sy (t) == {9 e R’ |[Wo|r < \/i} .

Lemma 2.5.2. Let > 0,p € (0,1/4], let W be a 2d x ¢ matriz, and let T ~ Q(2d, p). Then
for all t > 0, we have

Ye(Sw ()e 32 LB (W7 - 7]|o < BVE) + exp (—B%0) .

We need also need the following basic fact about level sets. Recall that, for a set S ¢ RFt2 and
y € R¥*2 we defined the “translated horizontal fiber”

Fy(S;a,b) == {0y = (01,...,05) ERF: (61,...,0k,a,b) € S — y}.
Fact 2.5.3. For any 2d x (k + 2) matriz W. If m > 0 we have
Sw(m) — Sw(m) C Sw(4m).
Similarly, for any y € R¥*2 and a,b € R we have

Fy(Sw(m);a,b) — Fy(Sw(m);a,b) C Fo(Sw(4m);0,0). (2.42)

Proof. Notice that if z,y € Sw(m) then by definition ||[Wz|r, ||[Wy|lr < /m. Thus, by the
triangle inequality,
W (= y)lle < [[Wzlr + [[Wyllr < 2vm.

For (2.42), let Q[k],ﬁfk] € Fy(S;a,b). We have that
(01,...,0k,a,b),(01,...,0,,a,b) € Sw(m)—vy
and so 0" := (61 —01,...,0,—0,,,0,0) € Sy (4m). Thus O} — QEk] € Fo(Sw(4m);0,0), implying

(2.42). O

2.5.2 Proof of 2.5.1
We may now turn to prove Lemma 2.5.1, our big step towards Lemma 2.3.1.

Proof of Lemma 2.5.1. Apply Lemma 2.3.2 to find m > 0 such that the level set
S := Sy, (m) = {0 € RF2 . |[Wy 0|7 < vVm},

satisfies
e—§m+252k%+2(5> > L(WET, BVE +1). (2.43)
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Thus (2.43) together with our hypothesis (2.40) gives a lower bound

Y2 (S) = S es™m 2%k ()2 /4 (2.44)

e

where we have set
T :=P(|W' ||y < B'VE) + exp(—B7k).

We now make the following important designations,
ro == Vk and 50 := 25¢g 1 (Vm + VE)t. (2.45)
Recall from (2.17) that for r, s > 0 we defined the cylinder
L= {9 c RFF2 . HG[HHQ <r and [Ogy1]| < 8, |Okr2| < s, }
Claim 2.5.4. There exists © € S C R¥t2 50 that®

(Targ,16 \ T2rg,s0 + ) NS # 0. (2.46)

Proof of Claim 2.5.4. We look to apply Lemma 2.4.1 with s = sg. For this, we bound

a,b,y

M = max {'yk (Fy(S; a,b) — F,(S;a, b)) }

above by €”/4T, thus giving a lower bound on 7j42(S) and allowing us to apply Lemma 2.4.1.
Use Fact 2.5.3 to see that for any y, a, b, we have

F,(S;a,b) — Fy(S;a,b) C Fy(Swy (4m);0,0) . (2.47)
Now carefully observe that
Fo(Swy (4m); 0,0) = {a[k] €RY : |Woyy|lr < \/4m} = Sy (4m),

which is a level-set corresponding to the (“decoupled”) event P (|[W7T7'|2 < £'Vk), where
7'~ Q(2d,27%) and B’ € (0,1/2) is as in the hypothesis. Thus we may apply Lemma 2.5.2
along with (2.47) to obtain

M < yi(Fo(Swy (4m), 0,0)) = v(Sw (4m)) < e™*T. (2.48)
So combining (2.48) with (2.44), gives
Yer2(S) = (1/4)e™/ 16207k (Rp)2 N1/ > 8s2e /8 4 6453 M4, (2.49)

allowing us to apply Lemma 2.4.1 and complete the proof of the claim. The last inequality at
(2.49) follows from a simple check: each term on the right-hand side of (2.49) is at most half of

SNote that this claim shows, in particular, that so < 16.
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the left-hand side. First note that
53 = 2%2c5 2 (Vm + VE)? 12 < 233 (k + m)(t/co)? (2.50)

and so
8536”“/8 < éem/87252k(Rt)2675’2k/4

follows from 8’ < 1/2 and the definition of R. On the other hand, use (2.50) to bound

1
643%6’”/16 < 239t2062(220052ﬁ2k +8(m/8)) < (]~275)2<a’”/8+’32]C

|

thus showing the second inequality at (2.49) and finishing the proof of the claim. O

We now observe the simple consequence of Claim 2.5.4.

Claim 2.5.5. We have that Sy, (4m) N (Parg.16 \ T2rg,s0) 7 0.

Proof of Claim 2.5.5. By Claim 2.5.4, there exists z,y € S = Sy, (m) so that y € (I'ary,16 \
'org.50 +$) NS. Set ¢ := y—x and observe that ¢ € Sy, (4m) N (Cary,16 \['2rg.s0 ), by Fact 2.5.3.
O

We now conclude the proof of Lemma 2.5.1 with the following claim.

Claim 2.5.6. If ¢ € Sy, (4m) N (D2ry,16 \ T'2rg,s0) then there exists i € {k+ 1,k + 2} so that

1Y |z < min{y;]|Y|2/2, Vad} .

Proof of Claim 2.5.6. Note that since ¢ € Sy, (4m) there is a p € Z2? so that Wyy €
Baa(p, 2¢/m). So if we express

0
Wy = Wby + ¢rt1 g2 |
04 Y
we have that
0
Vrt1 0 + it [; € Bay(p, 2v/m) — Wibyy € Bog(p,2v/m + 4Vk), (2.51)
d

where the last inclusion holds because 1 € I'ap 16 and so [y [l2 < 270 < 2k and |[W]| < 2.

Since ¢ & T'ayy.s, we have that at least one of [¢y1], [¢ky2| are > sg. So, assume without loss
that |1g41] > so and that g1 > 0 (otherwise replace ¥ with —). Now project (2.51) onto
the first d coordinates, to obtain

Yr1Y € Ba(ppa, 2v/m + 4Vk). (2.52)
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We now observe that [|{p1Y |1 < w’“%”y”z Indeed,

¢k+12|y||2 N 50||2Y||2 . (215(\/7720+ \/E)t) <21on) > (2y/m + ), (2.53)

where we have used the definition of sy and that ||Y]|2 > 270¢/t.

Finally, we note that m < 2 %*ad. To see this, we use (2.44), yx12(S) < 1 and our lower bound
t > exp(—2~%ad) to see

T8 > 0 (S)e ™ = (RE)2e PR > exp(—27 7 ad),

where we have used k < 27%ad and ' < 1 for the last inequality, thus m < 2 %ad. Therefore
from (2.52) and (2.53) we have

k1Y |l < 2v/m + 4V < Vad,

as desired. This completes the proof of the Claim 2.5.6. O

Let ¢ and i € {k + 1,k + 2} be as guaranteed by Claim 2.5.6. Then v; < 16, and
1Y [lr < min{[[¢;Y]2/2, Vad},

and so D, (Y) < 16 thus completing the proof of Lemma 2.5.1. O

2.5.3 Proof of Lemma 2.3.1

Before turning to prove Lemma 2.3.1, we require one further result which tells us that |[Wo||2 is
anti-concentrated when o is a random vector and W is a fixed matrix. While there are several
interesting results of this type in the literature [64, 79, 132] (and we will encounter another
in Subsection 2.7.2), we state here a variant of the Hanson-Wright inequality with an explicit

constant. A proof can be found in Appendix D in [33], the arXiv version of this paper.

Lemma 2.5.7. Ford € N, v € (0,1), let 6 € (0,4/v/16), let o ~ Q(2d,v), and let W be a
2d x k matriz satisfying |W|las = vVk/2 and |W|| < 2. Then

P(|WTo|s < 6VE) < 4exp(—2712vk) (2.54)

We now turn to prove Lemma 2.3.1.

Proof of Lemma 2.3.1. Setting ' := 4,/co, we look to apply Lemma 2.5.1. For this, note
that the hypotheses in Lemma 2.3.1 imply the hypotheses in Lemma 2.5.1 with respect to
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co,d,a, k, Y, W and 7 (and we have the extra condition on ||[W{lgs). So if we additionally
assume D, (Y) > 16, we may apply Lemma 2.5.1 (in the contrapositive) to obtain

oo 1/4
L (W,%, BVE+ 1) < (2832t /2)2e Pk ([P’(HWTT/HQ <BVE) +e P ’f) . (2.55)

To deal with the right-hand side, we apply Lemma 2.5.7 to take care of the quantity involving
7€ {-1,0,1}?¢, our v = 27 lazy random vector. Note that 4y/co < 2719 < \/v/16, and that
our given W satisfies |W|lgs > vk/2 and ||[W|| < 2. Thus we may apply Lemma 2.5.7, with

d =" and o = 7/, to see
P(|WTr |2 < B'VE) < dexp(—2~vk). (2.56)

Plugging this into the right-hand side of (2.55) yields

1/4
exp(45°k) <IP’(HWTT'H2 < BVE) + exp(—B’Qk)) < 2exp(4cok — 272 k) + 2 exp(2cok — 4cok)
< dexp(—cok).
Putting this together with (2.55), yields
£ (W, BVE+1) < (RY? exp(—cok),

as desired. O

2.6 Inverse Littlewood-Offord for conditioned random matrices

In this section we lift the main result of the previous sections (Lemma 2.3.1) to study the
concentration of the vector H1 X, where H; is a random (n — d) X d matrix, conditioned on
having & singular values which are much smaller than “typical” and X is a fixed vector for

which | X;| ~ N for each 1.

Here N should be thought of as = 1/e, in the context of the proof (see Section 2.1.1) and H;

comes from its appearance in our matrix M,

v — | Qi HY

Hi  Ogy1m)x(de1n]

The main result of this section is the following theorem”.

"For convenience, we define o;(H) = 0 for j > rk(H).
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Theorem 2.6.1. Forn € N and 0 < ¢y < 272, let d < c&n, and for a € (0,1), let 0 <
k<2 %d and N < exp(2~Pad). Let X € R? satisfy || X||2 > co2~'n'/2N, and let H be a
random (n — d) X 2d matriz with i.i.d. (1/4)-lazy entries in {—1,0,1}.

If Do(ry, - X) > 16 then

R 2n—2d
Py (02d— k11 (H) < o2~ 4/n and | H1 X |2, | Ha X |2 < n) < e~conk/4 (N) . (257)
where we have set Hy := Hp,,_qjx(q), H2 := Hpp—_djx[dt1,2d) Tn = 166\0/5 and R = 239c63.

To understand the numerology in Theorem 2.6.1, notice that if we only consider the “soft”
constraints on the singular values (without the constraints imposed by X) we would expect

something like
Py (U2d_k+1(H) < 602_4\/5) ~ an, (2.58)

for some absolute ¢ € (0, 1), which depends on the value of ¢y. Here we are using, crucially, that
H is a rectangular matrix with aspect ratio bounded away from 1. Indeed, if H were a square

matrix then owyin(H) ~ n~ /2, with high probability®.
On the other hand, the inverse Littlewood-Offord theorem of Rudelson and Vershynin [129]

(with a bit of extra work) tells us that if X is such that |X;| ~ N for all i € [d], and

R 2n—2d
BT Xl <0 > ()

then Do(n~'/2X) = O(1). Thus Theorem 2.6.1 is telling us that we maintain an inverse
Littlewood-Offord type theorem even in the presence of many additional constraints imposed

by the condition on the least singular values.

2.6.1 A tensorization step

We need the following basic fact.

Fact 2.6.2. If r >t > 0 and X is a random variable taking values in R¥*2, then

L(X,t) < L(X,r) < (1+2r/t)F2L(X,1).

Proof. The lower bound is trivial. The upper bound follows from the fact that a ball of radius
r in R¥*2 can be covered by (1 + 2r/t)¥*2 balls of radius . O

8While we can refer the reader to [130, 131] for more on the singular values of rectangular random matrices,
we were not able to find any result such as (2.58) in the literature. However, it is not so hard to deduce (2.58)
from the Hanson-Wright inequality [132] along with a “random rounding” step similar to that in Appendix E in
[33] .
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We now prove a “tensorization” lemma which shows that anti-concentration of a single row in
a random matrix H (with iid rows) implies the anti-concentration of matrix products involving
H.

Lemma 2.6.3. Ford <n andk >0, let W be a 2d x (k+2) matriz and let H be a (n—d) x 2d
random matriz with i.i.d. rows. Let 7 € R% be a random vector with the same distribution as

the rows of H. If 5 € (0,1/8) then

Po (| HW s < 82V/(k + D(n - d)) < (2% 5L (wTr, ﬁ\/m))nfd.

Proof. Apply Markov’s inequality to see that

P(|[HW ||lus < 82y (k + D(n—d)) < exp (282(k + 1)(n — d)) Ege 21HTWlis/5* - (2.59)

Letting 71, ..., 7,_q denote the i.i.d. rows of H, we may rewrite
n—d n—d
o e 2HHW I%s/8% _ H E. e 2WTTi|2/8% _ <ET 672||WT7-||2/62> ) (2.60)
i=1

Observe now that

E, 6_2”WTT||2/52 — /OO P (€—2||VVTT||2/52 > u) du = /OO 4U€_2uQP(||WTTH2/5 < u) du.
0 0

Splitting the integral on the right-hand side gives

Vk+1 00
B, e 2IW7Tl/6% — / due " P(|WTr|y < Bu) + / due 2 P(|W Ty < Bu).
0 VE+1

We then appeal to Fact 2.6.2 to write

—2|WTr|?/82 T e = 2u \** e
Ere <,C(W T,ﬂ\/k—l-l) due du + 1+ 4due du | .
0 VEFT Vk+1

Here the first integral is < 1, while the second integral is < 8 and thus
E, e W18 oo (WTr, pVE + 1) . (2.61)
Combining lines (2.61) with (2.60) and (2.59) gives
n—d
Pr(|HW s < B2V (k+ 1)(n —d)) < (9 exp(282(k + 1) L(WTr, BVE + 1)) ,

and the result follows. O
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2.6.2 Approximating matrices W with nets

Note that in Theorem 2.6.1, the least singular values of the matrix H could, a priori, correspond
to any of a huge number of possible directions. To limit the number of directions we need to
consider, we build nets for k-tuples of these directions. Luckily, the construction of these nets is
rendered relatively simple (unlike the nets N;) by appealing to a randomized-rounding technique

pioneered in the context of random matrices by Livshyts [103] (also see Section 3 of [104]).

With this in mind, let U4 be the set of all 2d x k matrices with orthonormal columns. The

x[k]

following theorem provides a net for Usq 1, when viewed as a subset of RI[2) A proof can be

found in Appendix E of [33], the arXiv version of this paper.
Lemma 2.6.4. For k < d and 6§ € (0,1/2), there exists N' = Nagy, € RPUXEL with |N] <
(26/6)2 so that for any U € Usq e, any m € N and r x 2d matriz A there exists W € N so that
1. JAW = U)|lus < 8(k/2d)"/?||Alus,
2. |W = Ullus < 0vVk and

3. |W —U| < 86.

Recall, for a 2d x k matrix W and Y € RY, we defined (at (2.15)) the augmented matrix

04 Y
Wy = | W,

0g

)

Y

2.6.3 Proof of Theorem 2.6.1

We recall a standard fact from linear algebra, reworded to suit our context.

Fact 2.6.5. For 3d < n, let H be a (n — d) X 2d matriz. If o9q_1+1(H) < x then there exist
k orthogonal unit vectors wi,...,wy € R?? so that |Hw;l|o < x. In particular, there exists
W e Z/{QdJc so that HHW”HS < x\/E

We also note that if H is a (n — d) x 2d matrix with entries in {—1,0,1} then we immediately
have ||H||gs < v/2d(n — d).

Proof of Theorem 2.6.1. Write Y := 1(570\/5 - X. We use Fact 2.6.5 to upper bound the left-hand-
side of (2.57) as

00274 n and ||H1XH2, ||H2XH2 < 77,)
P(3U € Usap |HUy |lus < 3co/n(k+1)/16).

P(ooqg—k+1(H) <
<

47



Set  := cy/16, and let W be the d-net for Usqy, given by Lemma 2.6.4.

We fix a matrix H for a moment. If there exists a matrix U € Usqy so that ||[HUy|las <
coy/n(k +1)/16, apply Lemma 2.6.4 to find W € W so that

IHWy|lus < [H(Wy = Uy)llus + [ HUy s < 8(k/2d)"/? | H[us + 3co/n(k +1)/16
which is at most co\/n(k + 1)/4, since ||H||lus < v2nd. Thus

P (U € Uaap : | HU llns < 53/l +1)) < P(HWew |HWy llus < 2o/nlk+1)) .

16

So by the union bound, we have

P(3W eW: [HWylus < (co/)V/n(k+1)) < S P (IHWy |lus < (co/4)/nlk+1)).

wew

Now
IW| < (29/6)%% < exp(32dklog cot) < exp(cok(n — d)/4),

where the last inequality holds since d < cOn and so

cok(n—d) /4 o
Z ]P’(HHWYHHS 4 n(k + )) <e é/ﬂg;(vP(HHWYHHS " (k—i—l))
Wew

(2.62)

Let W € W be such that the maximum in (2.62) is attained, apply Lemma 2.6.3 with 5 := /co/2
to obtain

P(||HWy|lus < (co/4)v/n(k+1)) < (25€cok/2£(WYTT o PVE+1 ))H. (2.63)

We now look to apply Lemma 2.3.1. We define t := 16/(coN) > exp(—2~%ad) and
Ry :=2""coR = 277¢(2%%¢;?) = 232¢;? so that we have

1Y |2 = col| X2/ (16n1/2) > 271EN = 27106 /t.

By the construction of W in Lemma 2.6.4 we have |[W|| < 2 and ||[W||us > vk/2. We also have

k <27 %d and D, (160\(%)() D(Y) > 16, therefore we may apply Lemma 2.3.1 to see that

2
E(WET 61/2\/k +1) < (Rot)? exp(—cok) < (;V) exp(—cok).

Substituting this bound in (2.63) we get

2n—2d
max Py ([[HWy |2 < (co/4)/n(k +1)) < <N> exp(—cok(n — d)/2)
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and finally combining it with the previous bounds gives

N

R 2n—2d
P(o2g—k+1(H) < cov/n/16 and |H1 X |2, [|[H2X |2 < n) < <> exp(—cok(n — d)/4).

This completes the proof of Theorem 2.6.1. ([

2.7 Nets for structured vectors: Size of the Net

In this section we take a important step towards Theorem 2.1.1 by bounding the size of our net
Nz = {v € A 1 (Le)™ < P(||Mv||2 < 4ev/n) and L4 p(v,ev/n) < (2°Le)"} |
where we recall that
A. := B,(0,2) N (4en™V2 - 2™) N T'([d)).

In particular, our main goal of this section will be to prove the following theorem on the size of

Ne.

Theorem 2.7.1. For L > 2 and 0 < ¢o < 2724, let n > L%, let d € [cdn/4,cin] and let
e > 0 be such that loge™! < nL=3%<%. Then

C n
<\ %72 )
Al <C€'L2€>

where C' > 0 is an absolute constant.

As the geometry of the set A. is a bit complicated, we follow an idea of Tikhomirov [165], by
working with the intersection of N; with a selection of “boxes” which cover (an appropriately
re-scaled) A..

Definition 2.7.2. Define a (N, k, d)-bozx to be a set of the form B = By x ... x B, C Z" where
|Bi| > N for all i > 1; B; = [-kN,—N|U [N, kN], for ¢ € [d]; and |B| < (kN)".

The advantage of working with these boxes is that they lend themselves naturally to a proba-

bilistic interpretation, which we now adopt. We ask “what is the probability that

L

n
Pudexte <> ()

where X is chosen uniformly at random from B?”. This interpretation was used to ingenious
effect in the work of Tikhomirov, who called this the “inversion of randomness”. While we do

take this vantage point, our path forward is considerably different from that of Tikhomirov.
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We now state our key “box” version of Theorem 2.7.1, in this probabilistic framework. Indeed,
almost all of the work in proving Theorem 2.7.1 goes into proving the following variant for

boxes.

Lemma 2.7.3. For L > 2 and 0 < ¢y < 2_24, let n > L% and let %cgn <d < C%n. For
N > 2, satisfying log N < coL=8"4d, and k > 2, let B be a (N, k,d)-box and let X be chosen

uniformly at random from B. Then

(s (5)) < (8)"

where R := Cca?’ and C > 0 is an absolute constant.

2
<

2.7.1 Counting with the least common denominator

In this subsection, we prove the following simple lemma, which says that the probability of
choosing X € B with “large” least common denominator is super-exponentially small. This will
ultimately allow us to apply Theorem 2.6.1, which requires an upper-bound on the D, (X) for

application.

We point out that in Lemma 2.7.4, we rescale by a factor of r, = ¢g2~*n~"1/2, despite the fact
we are working in d < n dimensions. This is just a trace of the fact that R™ is our true point

of reference. Additionally we will only need Lemma 2.7.4 when K = 16.

Lemma 2.7.4. Fora € (0,1),K > 1 and x > 2, letn > d > K?/a and let N > 2 be so that
KN < 2% Let B=([-xN,—N]UI[N, &N and let X be chosen uniformly at random from B.
Then

Px (Da(rn - X) < K) < (2%0a)¥4, (2.64)
where we have set ry, = ¢g2 4n~1/2.

Proof. 1f D,, (rn-X ) < K then let ¢ € (0, K] be the minimum? in the definition of least common

denominator. Set ¢ := r,1 and observe that ¢ satisfies
|oX|r < Vad and ¢ € [(2eN)"1, r, K] . (2.65)

To see the bound ¢ > (26N)~!, note that if ¢ < (2kN)~! then each coordinate of ¢ - X lies in
(—=1/2,1/2) which would imply ||[¢X || = ||¢X||2 = ¢||X||2. Using the non-triviality condition

in the definition of least common denominator (2.2), this would imply

PN Xll2 = ll¢- Xz = lv(rn - X)llr < @llra - Xl12/2 = 6l X]]2/2,

9Technically the least common denominator is defined in terms of an infimum, however the minimum is always
attained for non-zero vectors.
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which is a contradiction. Thus the bounds in (2.65) hold.

Now to calculate the probability in (2.64), we discretize the range of possible ¢. For each integer
i€[l/a,2KN/a] =: I we define ¢; := i/ (2kN) and note that if X, ¢ satisfy (2.65) then there
exists ¢; for which

l¢: X1 < 2Vad  and ¢; € [(26N)~1, r, K],

by simply choosing ¢; for which |¢; — ¢| < a/(kN) and using triangle inequality
19X Ir < 19X |l + [|(é: — )X ll2 < Vad + |¢i — ¢| - Vd(xN) < 2Vad.  (2.66)
Thus we have that

Py (Da(rn - X) < K) < 3 Px (6:X |12 < 2vad). (2.67)

el

To bound the terms on the right-hand side, note that if ||¢; X ||t < 2V ad then

d
1
Sl l1R < 4
j=1

By averaging, there is a set S(X,7) C [d] with |S(X, )| > d/2 for which ||¢; X[t < 4y/a for all
j € S(X,1). Union bounding over all sets S C [d] and using the independence of the coordinates

X we have

/2
Px(Da(rn - X) < K) <2 [ Px, (Il6:iX;lr < 4Va) . (2.68)
iel j=1
We now claim that
Px, (16 X;llr < 4va) < 32v/a. (2.69)
For this, note that if ||¢; X|r < 4V/a, then |¢;X; — p| < 4\/a, where p € Z satisfies |p| <
|0iX;|+1< ¢;kN +1=:T;. And so
T; -1
2T; +1)(8a/2¢ 1 +1)
Px. (||¢:X|r < 4 < Px.(|X; < ( :
x, (16X r < 4v/a) p:ZT, x(1X; = po7' < dvagi) < 20— )N

where we have used that X is uniform on [-xN, —N]U[N, kK N] and the lower bound kK N¢; > 1/2
from (2.66) along with the assumption x > 2. Also note that 8a1/2¢;1 > 1 since ¢ < rp K <
d=12K , allowing us to conclude (2.69).

Now, plugging (2.69) into (2.68) and bounding || < (2KN/a + 1) < 3% completes the proof of
Lemma 2.7.4. O
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2.7.2 Anti-concentration for linear projections of random vectors

In this subsection we prove the following anti-concentration result for random variables H X,
where H is a fized matrix and X is a random vector with independent entries. One small

remark regarding notation: H as stated in Lemma 2.7.5 will actually be H” in Section 2.7.3.

Lemma 2.7.5. Let N € N, n,d, k € N be such that n—d > 2d > 2k, H be a 2d x (n—d) matriz
with ooq_k(H) > co/n/16 and By, ...,B,_q C Z with |B;| > N. If X is taken uniformly at
random from B := B1 X ... X B,,_q4, then

Cn 2d—k
Py (|HX|5 < 1) < ,
c(lXT <) < (o5 )

where C' > 0 is an absolute constant.

We derive this from the following anti-concentration result of Rudelson and Vershynin. This is
essentially Corollary 1.4 along with Remark 2.3 in their paper [133], but we have restated their

result slightly to better suit our context.

Theorem 2.7.6. Let N € N and let n,d,k € N be such that n —d > 2d > k. Let P be an
orthogonal projection of R"~% onto a (2d — k)-dimensional subspace and let X = (X1,..., X,_q)

be a random vector with independent entries for which
L£(X;,1/2) <N,

for alli € [n—d]. Then, for all K > 1

yERN— d N

CK 2d—k
max Py (||[PX -yl < \/2d—/<:)<<) :

where C > 0 is a absolute constant.

We can now deduce Lemma 2.7.5.

Proof of Lemma 2.7.5. Since H' H is a symmetric (n — d) x (n — d) matrix with rk(H) < 2d,

by the spectral theorem we have HTH = Z?dl oi(H)?vivl', where v1,...,v99 € R" ¢ are

2d— k;U

orthonormal. Define the orthogonal projection P := ) 7% ﬂ}ZT Then we have

2d—k

|HX|3 = (X, HTHX) = Zaj VX, 0)? > aaa n(H)? S (Xou)? > 2783n| PX 3.
j=1
Therefore
Px(||HX |2 <n x(||PX||2 < 16¢, \/ﬁ) (2.70)
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We now apply Theorem 2.7.6 to the orthogonal projection P with K = 16061 n/(2d — k) to
see

o 2d—k
Px(lPXle < KvVET—R) < (o5 ) .1)
which together with (2.70) completes the proof of Lemma 2.7.5. O

2.7.3 Proof of Theorem 2.7.3

We take a moment to prepare the ground for the proof of Theorem 2.7.3. We express our

random matrix M, as in the statement of Theorem 2.7.3, as

N [%}x[d} HY ]
H, O[n—d}x[n—d}’

Where Hj is a (n — d) x d random matrix with iid 1/4-lazy entries in {—1,0,1}. We shall also
let Hs be an independent copy of Hy and define H to be the (n — d) x 2d matrix

H = [Hl Hz} .
For a vector X € R", we define the event A; = A;(X) by
Ay = {H : ||Hi X[gll2 < n and ||HoX[gl2 < n}
and let Ay = As(X) be the event

Ay = {H : |H X(g41,pl2 < 2n} .

We now note a simple inequality linking H, A; and Ay with the event {||M X |2 < n}.

Fact 2.7.7. For X € R", let Ay = Ai1(X), Az = A2(X) be as above. We have

Pu(|[MX |2 < n))* < Py(Ar N As).

Proof. Let M’ be an independent copy of M. Expand 1(||M X||2 < n) as a sum of indicators,
apply Ej; and square to see

Par(IMX[2 <n)* = Y P(M)BM)L(|MX |2, [|M'X |2 < ),
M, M’

which is at most

> P(H)P(Ha) (|| Hi Xgll2 < n, | HaXgll2 < n and [|[H" Xig4q0]l2 < 2n),
Hy,Hz
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which is exactly Pg(A; N Ag). O

¢

We shall also need a “robust” notion of the rank of the matrix H: Define £ to be the event

gk = {H : Ugd,k(H) = CO\/E/16 and O'Qd,k+1(H> < C()\/ﬁ/lﬁ}
and note that always exactly one of the events &, ..., Eyq holds.

We now set
o =213 =8n/d, (2.72)

and, given a box B, we define the set of typical vectors T'(B) C B to be
T =T(B) = {X € B: Da(co2 'n X)) > 16} . (2.73)

Now set K := 16 and note that Lemma 2.7.4 implies that if X is chosen uniformly from B and

n > L64/¢3 > 28 /o we have

Py (X ¢ T) =Px(Dalco2 *n 2 Xy) < 16) < (233L_8”/d> / < (2) . (2.74)

Proof of Lemma 2.7.3. Let M, Hy, Ho, H, Ay, Ao, &, a and T := T'(B) be as above. We denote
&= {X eB:Pu(IMX|2 <n) > (L/N)"}

and write

Py (E) <Px(EN{X €T}) +Px(X ¢ T).

Now define
fX) =Py (|MX[2<n)L(X €T)

and apply (2.74), the bound on Px (X ¢ T'), to obtain
Px(€) <Px (f(X) > (L/N)") + (2/L)™ < (N/L)*™Ex f(X)* + (2/L)*", (2.75)

where the last inequality follows from Markov’s inequality. So to prove Lemma 2.7.3, it is
enough to prove Ex f(X)? < 2(R/N)?".

From Fact 2.7.7 we may write

d
Py (|MX |2 < n)2 <Pr(AiNAr) = Z]P)H(AQ‘Al NE)Pu (AL NEL) (2.76)
k=0
and so J
f(X)? < ZPH(A2’A1 NE)Pr(ALNE)L(X €T). (2.77)
k=0
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We now look to apply Lemma 2.6.1 to obtain upper bounds for the quantities Pg(A; NE), when
X € T. For this, note that d < ¢3n, N < exp(L~*"%d) < exp(2~an) and set Ry := 2%%¢;?
(This is the “R” in Theorem 2.6.1). Also note that, by the definition of a (V, k, d)-box and the
fact that d > cZn, we have that || X2 > d'2N > ¢p2719/nN. Now set o/ := 279 to see
that for X € T and 0 < k£ < &/d,

R 2n—2d
Prr(AL O &) < exp(—conk/4) <N°) .

Moreover by Theorem 2.6.1,

Z Py(A1 N&) <Py ({O’Qd_a/d(H) < cov/n/16} N Al) < exp(—cod’dn/4).

k>a'd

Thus, for all X € B, we have

o'd 2n—2d
f(X)?2< ZPH(A2 | A1 N E) exp(—conk/4) <]]%\/9> + exp(—cod/dn/4) . (2.78)
k=0

We now consider the quantities gi(X) := Py (As | Ay N &) appearing in (2.78). Indeed,

Exlon(X)] = ExEy[As | A1 N €] = Ex,, Byt [Exgy,, , 1iAs] | AN &]

d+1,n]

We now consider a fixed H € A; N &, for k < o/d. Each such H has o9q_(H) > ¢gy/n/16 and
thus we may apply Lemma 2.7.5 to see that

T
By 1] =Py U Xl < < (o) < (55)

for an absolute constant C’ > 0, using that d > icgn. And so for each 0 < k < d/d, taking
R := max{8C"cy % 2Ry}, we have

2d—k
Ex[ge(X)] < (211%\7) : (2.79)

We apply Ex to (2.78) and then use (2.79) to obtain

2n o'd k
Exf(X)? < <2§V> kzo <2;V> exp(—conk/4) + exp(—coa/dn/4).

Using that N < exp(con/4) and N < exp(coL~8"/d) = exp(coa’d/8) gives

R 2n
2

< — . .
Ex f(XP <25y ) (2.80)
Combining (2.80) with (2.75) completes the proof of Lemma 2.7.3. O
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2.7.4 Proof of Theorem 2.7.1

The main work of this section is now complete with the proof of Lemma 2.7.3. We now just
need to go from X in a “box” to X in a “sphere” A.. To accomplish this step, we simply cover

the sphere with boxes. Recall that
7'([d)) = {v e R™ : kon Y2 < Jug| < kin V2 for all i € [d]} ,

Ac = By(0,2) N (den™ 2. 2" nT'([d]),

and that 0 < kg < 1 < k7 are absolute constants defined in Section 2.2.

Lemma 2.7.8. For all ¢ € [0,1], & > max{x1/ko,28ky*}, there exists a family F of (N, k,d)-
bozes with |F| < k"™ so that
A C | (4en™'?) . B, (2.81)
BeF
where N = ko /(4e).

Proof. For £ > 1 define the interval of integers Iy := [—ZKN, QEN] \ [—25_1N, 25_1N] and Iy :=
[-N,N]. Also take J := [~kN,sN]\[-N,N|. For (gi1,...,¢n) € Z%; we define the box
Blgy1,... b)) = J%x [Tj—4y11¢; and the family of boxes

F =< Bllas1,---,4ln): Z 2% < 8n/Kd
Jjil;>0

We claim that F is the desired family. For this, we first show the inclusion at (2.81). Let
v € A.. Since v € 4en~ V22" X = wvn'/?/(4e) € Z". For i € [d + 1,n], define ¢; so that
X; € I(¢;). We claim X € B({441,...,£4,). For this, observe that X; € J for ¢ € [d]: since
v € Z'([d]), we have kg < |v;|n'/? < Ky, for i € [d]. So ko/(4e) < |Xi| < k1/(4e), for i € [d].
Thus X; € J since N = ko/(4¢e) and k > k1/ko. Thus v € B(l441,...,¢,). We now observe
that B(0g41,-..,0n) € F, since

n

ST 267N <N X <n/(4e)? (Z v§> < 4AnN? /K3,
j=1 i

j:l;>0
Thus we have (2.81).

We now show |F| < k™. For this we only need to count the number of sequences (£gyi1,...,4y)

of non-negative integers for which >, _, 4% < 8n/k2. For each t > 0 are at most 8n/(4x3)

values of i € [d+1,n] for which ¢; = ¢ and there are at most (_g /¢,:,2)) choices for these values
<8n/(4'kF)

of i. Hence, there are at most

t=>0
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such tuples.

It only remains to show an upper bound on the size of B({411,...,¢,) € F. We have
[B(layts- - )| < N"612725 5 < k(16 /3)"N™ < (5N)"

n
where the second inequality holds due to the fact [[; 2t < (% > 22¢5 ) < (8/k3)"™ and the
last inequality holds due to the choice of k. ([l

We may now use our covering Lemma 2.7.8 to apply Theorem 2.7.3 to deduce Theorem 2.7.1,

the main result of this section.

Proof of Theorem 2.7.1. Apply Lemma 2.7.8 with x = max{r1/ko, 25k, *} and use the fact that
N. C A, to write
N, C U ((4&?7171/2) . B) NN

BeF

and so

< -1/2, <|Fl- -1/2, .
WE’\BXG;KM B) NN| < || max [(4en™ "2 B) N NE|

By rescaling by \/n/(4¢) and applying Lemma 2.7.3, we have
R 2n
(4en~Y2 . B) N NL| < HX € B Py(|MX|2 <n) > (Le)”H < <L> 1B.

Here the application of Lemma 2.7.3 is justified as 0 < ¢p < 2724, cgn/Z <d< c%n; K = 2; we
have log1/e < n/L*¥<% and therefore

log N =log Ko/ (4e) < n/L32/C(2> < oL ™84,

as specified in Lemma 2.7.3, since kg < 1, d > L_l/cgn, co > L71/% and 8n/d < 16/c3. So,
using that |F| < k™ and |B| < (k)" for each B € F, we have

. R 2n . R 2n . C n
N < (L) Bl < s (L) (k) <(8L) ,

where C' = /12R208, thus completing the proof of Theorem 2.7.1. [l

2.8 Nets for structured vectors: approximating with the net

While we have spent considerable energy up to this point showing that N; is small, we have so
far not shown that it is in fact a net. We now show just this, by showing that vectors in X are

approximated by elements of N.. As we will see, this is considerably easier and is taken care of
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in Lemma 2.8.2, which, in a similar spirit to Lemma 2.6.4, is based on randomized rounding.

For this, we recall that we defined
Y. ={veZ(d): Tp(v) € e, 2]} c S" 1, (2.82)

where T (v) = sup{t € [0,1] : P(||Mv||2 < tv/n) > (4Lt)"}, and d = cin < 2732n. Also recall

the definition of our net
N ={v €A : P(||Mvlls < 4ev/n) > (Le)" and L4 op(v,ev/n) < (2°Le)"}.
We also make the basic observation that if 77 (v) = s, then

(2sL)" < P(||Mvlj2 < sv/n) < (8sL)™.

Until now, we have almost entirely been working with the matrix M. The following lemma
allows us to make a comparison between M and our central object of study: A, a uniform n xn
symmetric matrix with entries in {—1,1}. The proof of the lemma is based on a comparison
of Fourier transforms and is deferred to Appendix B. This is similar to the replacement step in
the work of Kahn Komlés and Szemerédi [88] and subsequent works [30, 153]. However, here

we only need to “break even”, whereas they are looking for a substantial gain at this step.

Lemma 2.8.1. Forv € R" andt > Tr(v) we have

L(Av,ty/n) < (50Lt)™.

We now prove Lemma 2.8.2 which tells us that A is a net for X..

Lemma 2.8.2. Let ¢ € (0,k0/8), d < n/32. If v € X then there is u € N with ||u — v|eo <

4en~1/2,

Proof. Given v € ¥, we define a random variable r = (ry, ..., r,) where the r; are independent,
Er; =0, [r;] <4en~Y2 and such that v — r € 4en~1/2Z", for all r. We then define the random

variable u := v — r. We will show that with positive probability there is a choice of u € N-.

Note that ||7]|ec = ||t — v||eo < 4en~/2 for all u. Also, u € Z'([d]) for all u, since v € Z([d]) and
lu — v]|oo < 4e/v/n < Kko/(24/n). So, from the definition of N, we need only show that there

exists such a u satisfying

P(||Mulls < 4ev/n) = (Le)™ and L4 op(u,ev/n) < (28Le)™. (2.83)
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We first show that all u satisfy the upper bound at (2.83). To see this, write £ = {|| 4| < 4y/n}
and let w(u) € R", be such that

Laop(u,ev/n) =P (||Av — Ar — w(u)|| < ev/n and €)
<P (||Av — w(u)|| < 5ey/n and &)
< La,0p(v,5ev/n) < L(Av,5ey/n).
Since v € 3., Lemma 2.8.1 bounds
L(Av,5ev/n) < (28Le)™. (2.84)
We now show that
Eu Par(||Mull2 < dev/n) = (1/2)Pp (|| Moz < 2ev/n) > (1/2)(2eL)"™, (2.85)

where the last inequality holds by the fact v € ¥.. From (2.85), it follows that there exists
u € A, satisfying (2.83).

So to prove the first inequality in (2.83), we define the event & := {M : ||[Mv|2 < 2¢/n}. For

all u, we have

Pu (| Mull2 < 4ev/n) = Pu(|| Mo — Mr||a < 4ey/n) = Py (||Mr||2 < 2ey/n and E);
Thus
Py (| Mull2 < dev/n) > Par([[ M7 < 2ev/n |€)P(
> (1P ||M7"H2>2€f\5 Pur([[Mvll2 < 2ev/n).

Taking expectations with respect to u gives,
EuPuy ([ Mull2 < 4ev/n) = (1 — EuPa (|| M7z > 2ev/n |€))Pas (| Mull2 < 2ev/n) (2.86)

and exchanging the expectations reveals that it is enough to show

Eum [Pr(|Mr|l2 > 2ev/n) | €] <1/2.

We will show that P,.(||Mr|l2 > 2ey/n) < 1/4 for all M € £, by Markov’s inequality. For this,
fix a n x n matrix M with entries |M; ;| <1 and M;; =0, if (,7) € [d+ 1,n] x [d+ 1,n], and

note that

E, [Mrl5 =Y EMr)?=> Er}> M <32°d < n
i, i J

where, for the second equality, we have used that the r; are mutually independent and Er; = 0,

for the third inequality, we used ||r||o < 4¢/+/n and for the final inequality we used d < n/32.
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Thus by Markov, we have

P, (||Mrll2 > 2ev/n) < (26v/m)°Er [ M| < 1/4. (2.87)

Putting (2.87) together with (2.86) proves (2.85), completing the proof of (2.83). O

2.9 Proof of Theorem 2.1.1

In this section we put together our results to prove Theorem 2.1.1. But before we get to this,

we note a few reductions afforded by previous work. Let us define

an(y) == max Pa(Fv e R"\ {0} : Av =w, p(v) =), (2.88)
w
where
p(v) rggﬂ){gﬂ” (Z EiV; = w)
and €1,...,e, € {—1,1} are i.i.d. and uniform. One slightly irritating aspect of the definition

(2.88) is that the existential quantifies over all non-zero v € R™, rather than all v € S* !, as
we have been working with. So, as we will shortly see, we will need to approximate this extra

dimension of freedom with a net.

These small issues aside, we will use the following inequality, which effectively allows us to

remove very unstructured vectors from consideration.

Lemma 2.9.1. Let A be a random n x n symmetric {—1,1}-matriz. For all v > 0 we have

2n—2

P(det(A) = 0) < 16n Z ( 18 4 Qm—l(V))

gl

We record the details of this lemma in Appendix C of the arXiv version of this paper [33],
although an almost identical lemma can be found in [37], which collected elements from [41, 62,
113].

2.9.1 Non-flat vectors

Here we note a lemma due to Vershynin [166] which tells us that it is enough for us to consider
vectors v € Z. For this, we reiterate the important notion of compressible vectors, introduced by
Rudelson and Vershynin [129]. Say a vector in S*~! is (6, p)-compressible if it has distance < p

from a vector with support < on. Let Comp (4, p) denote the set of such compressible vectors.
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In [166, Proposition 4.2], Vershynin provides the following lemma which allows us to disregard

all compressible vectors.

Lemma 2.9.2. There exist 6,p,c € (0,1) so that for alln € N,

max P4 U {|Av — w|j2 < ev/n} | <2,

weR™
veSP—1\Comp (4,p)

where A is a random n x n symmetric {—1, 1}-matriz.

The following lemma of Rudelson and Vershynin [129, Lemma 3.4] tells us that incompressible

vectors are “flat” for a constant proportion of coordinates.

Lemma 2.9.3. For §,p € (0,1), let v € Incomp (6, p). Then
(p/2)n_1/2 < ’Uz‘ < 5_1/271_1/2

for at least p*dn/2 values of i € [n)].

Now recall that we defined
Z(D) = {v e " (ko + Ko/2)n Y2 < i < (k1 — ko /2)n Y2 for all i e D}

and T = Upcpy,pj=a Z(D). Here we fix ko = p/3 and k1 = 612 + p/6, where 4, p are as in
Lemma 2.9.2. We also fix cg = min{2-24 p6/2/2}.

The following lemma is what we will apply in the proof of Theorem 2.1.1.
Lemma 2.9.4. Forn €N, letd < cgn. Then

P Av e {t- Al <4 < 16ctemem.
weln A egpl\z{ v € {t-who, Al <4vn} € ¢

Proof. Apply Lemma 2.9.3 along with the definitions of k1, k2 and Z to see S"~1\Z C Comp (4, p).
Now take a cy/n-net X for {t-w}o s m of size 8¢, Then

{A: Ave{t-whso, A <4vn} C | {A:]JAv—w'|s < evn}.

w'eX

Union bounding over X and applying Lemma 2.9.2 completes the lemma. ([
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2.9.2 Proof of Theorem 2.1.1

As we noted in Section 2.2, matrices A with [|A]| > 4y/n will be a slight nuisance for us. The
following concentration inequality for the operator norm of a random matrix will allow us to

remove all such matrices A from consideration.

Lemma 2.9.5. Let A be uniformly drawn from all n x n symmetric matrices with entries in
{=1,1}. Then for n sufficiently large,

P (||All > 4v/n) < 4e /32,

This follows from a classical result of Bai and Yin [11] (see also [149, Theorem 2.3.23]) which
implies that the median of | A|| is equal to (2+0(1))+/n, combined with a concentration inequality
due to Meckes [106, Theorem 2]. A version of Lemma 2.9.5 without explicit constants, is
well-known and straightforward, though we have included a version with explicit constants for

concreteness.

We will also need the following, rather weak, relationship between the threshold 77, defined in
terms of the matrix M, and p(v), the “one-dimensional” concentration function of v. For this

we define one more bit of (standard) notation

pe(v) = 1112%%(]? (Zvlez —E,b+5)> .
Lemma 2.9.6. Let v € S" ! and e = T, (v). Then pe(v)* < 2'2Le.
We postpone the proof of this lemma to Appendix B and move on to the proof of Theorem 2.1.1.
Proof of Theorem 2.1.1. Tt is not hard to see that P(det(A) = 0) < 1 for all n, and therefore it

is enough to prove Theorem 2.1.1 for all sufficiently large n.

Now, as in Section 2.2, we set v = e~ ", where we now define, ¢ := L_32/‘%/8 L := max{226C1,16/k0},

where C; = C/c§ cg is the constant appearing in Theorem 2.7.1. We also let ¢y > 0 be as defined
above and d := [c¢in/2].

From Lemma 2.9.1 we have

2n—2

P(det(A) = 0) < 16n Z ( /8 | qm—l(’Y)>

v

and so it is enough to bound g, (7) for all large n. Let ¥ = {v € S"~1 : p(v) > v}, as defined in
Section 2.2, and note that

{A:FvelR", Av=w, p(v) 2y} C{A:Fvel, Ave {t-whso}.
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Since d = [c3n/2], by Lemma 2.9.4 and Lemma 2.9.5, we have

gn(7) < max Py ({JveINY: Av e {t-whso} N{||A| <4Vn}) +32cte™  (2.89)

weR™

and so it is enough to show the first term on the right-hand-side is < 27". Using that 7 =
UpZ(D), we have the first term of (2.89) is

<2" Dren[S]}({d) max Pa({FveZ(D)NX: Ave {t-whso} N{||A| < 4vn}) (2.90)
= 2" max Py ({0 € Z((d) NS+ Av € {t-whizo} 0 {|A] < 4v/n}). (2.91)

where the last line holds by symmetry of the coordinates. Thus it is enough to show that the

maximum at (2.91) is at most 47".
Now, for v € 3 we have p(v) > v and so, by Lemma 2.9.6, we have that
7 < p(0)* < pry 0y (v)* < 2P LTL(v).
Define 7 := 4*/(2'2L) < Tz (v). Also note that by definition, 77(v) < 1/L < ko/8.

Now, recalling definition (2.82) of ¥, = ¥.([d]) from Section 2.2, we may write

n . ' logy (k0/16m)
I(d)nsc|J{veZ: Tuw) e @ 2n} = | B,
i=1 j=0

and so by the union bound, it is enough to show

ggﬁx Py ({31} €. Ave{t-whsotN{|A4] < 4f})

for all € € [n, ko/16]. Fix an ey/n-net X for {t - w}cy<y /m Of size 8/ < 2" to get

{A: Ave{t-whso, |4 <4vn} C [ {A: [|Av — w2 <evin, || Al <4V},

w'eX

So by taking the union bound over X it is enough to prove that

Q: = max Pa({FveS: Av—wls <evn}n{||4]| < 4v/n}) < 9~4n, (2.92)

Let w € R™ be such that the maximum at (2.92) is attained. Now, since € < ko /8 for v € ¥,
we apply Lemma 2.8.2, to find a u € Nz = N:([d]) so that ||v —ufl2 < 4e. So if [|A]| < 4y/n and
|Av — w| < ey/n, we see that

[Au = wllz < [[Av = wllz + [|A(v — u)ll2 < [Av — wll2 + [|A][[[(v — u)[|l2 < 32ev/n
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and thus
{A: T e |[Av—w| <evn}n{||A]| <4v/n} C{A:Tue N : |[Au—w]|| < 32ev/n,||A| < 4v/n}.
So, by union bounding over our net N., we see that

Qe <Pa (FueN:: [ Au — wl| < 32ey/n and ||A|| < 4v/n) < > Lagp (u,32ev/n) .
uENs

Now note that if u € N, then L4 op(u,ey/n) < (28Le)™ and so by Fact 2.6.2 we have that
La0p (u,32ey/n) < (219Le)™. As a result,

C

n
Qa < |A/'8|(216L€)n < <L2€> (216L€)n < 27411'

where the second to last inequality follows from our Theorem 2.7.1 and the last inequality holds
for our choice of L = max{226Cy,16/ko}. To see that the application of Theorem 2.7.1 is valid,
note that

log1/e < log1/n =log2'2L /" < nL™%%/% /2 + log 2'2L < nL ™%/,

where the last inequality hold for all sufficiently large n. This completes the proof. ([
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Chapter 3

The least singular value of a random

symmetric matrix

This chapter presents joint work with Matthew Jenssen, Marcus Michelen and Julian Sa-

hasrabudhe. It is adapted from the paper [34] which has been submitted for publication.

3.1 Introduction

Let A be a n x n random symmetric matrix whose entries on and above the diagonal (A; ;)i<;

are i.i.d. with mean 0 and variance 1.

In this chapter we study the extreme behavior of the least singular value of A, which we
denote by omin(A4). We prove a bound on this quantity which is optimal up to constants,
for all random symmetric matrices with i.i.d. subgaussian entries. This confirms the folklore

conjecture, explicitly stated by Vershynin in [166].

Theorem 3.1.1. Let { be a subgaussian random variable with mean 0 and variance 1 and let A
be a n x n random symmetric matriz whose entries above the diagonal (A; j)i<; are independent

and distributed according to (. Then for every e > 0,
P(omin(A) < en™Y?) < Ce + e, (3.1)
where C,c > 0 depend only on (.

We also prove a conjecture of Nguyen, Tao and Vu [116] on repeated eigenvalues.

Theorem 3.1.2. Let { be a subgaussian random variable with mean 0 and variance 1 and let A

be a n x n random symmetric matriz where (A, j)i<j are independent and distributed according
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cn

to (. Then A has no repeated eigenvalues with probability 1 — e~ where ¢ > 0 is a constant

depending only on C.

We actually prove the following stronger result, that is necessary in the proof of 3.1.1.

Theorem 3.1.3. Let { be a subgaussian random variable with mean 0 and variance 1 and let A
be a n x n random symmetric matriz where (A; j)i<; are independent and distributed according

to . Then for each £ < cn and all € = 0 we have

max P Aee(A) — M(A)] < en /%) < (Ce)f + 2677,

k<n—/¢

where C,c > 0 are constants, depending only on (.

3.1.1 Approximate negative correlation

Before we sketch the proof of Theorem 3.1.1, we highlight a technical theme of this chapter: the
approximate negative correlation of certain “linear events”. While this is only one of several
new ingredients in this chapter, we isolate these ideas here, as they seem to be particularly
amenable to wider application. We refer the reader to Section 3.2 for a more complete overview

of the new ideas in this chapter.

We say that two events A, B in a probability space are negatively correlated if

P(AN B) < P(A)P(B).

Here we state and discuss two approzimate negative correlation results: one of which is a variant

of Theorem 2.1.2, but is used in a entirely different context, and one of which is new.

We start by describing the latter result, which says that a “small ball” event is approximately
negatively correlated with a large deviation event. This complements Theorem 2.1.2 which says
that two “small ball events”, of different types, are negatively correlated. In particular, we
prove something in the spirit of the following inequality, though in a slightly more technical

form, which will be sufficient for our purposes:
Px (|(X,v)| < e and (X,u) > t) < Px(|(X,v)| < e)Px((X,u) > 1), (3.2)

where u,v are unit vectors and t,e > 0 and X = (X,...,X,) with i.i.d. subgausian random

variables with mean 0 and variance 1.

To state and understand our result, it makes sense to first consider in isolation the two events

present in (3.2). The easier of the two events is (X, u) > ¢, which is a large deviation event for
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which we may apply the essentially sharp and classical inequality (see Chapter 3.4 in [167])
Px((X,u) > t) <e

where ¢ > 0 is a constant depending only on the distribution of X.

We now turn to understand the more complicated small-ball event |(X,v)| < e appearing in
(3.2). Here, we have a more subtle interaction between v and the distribution of X, and thus
we first consider the simplest possible case: when X has i.i.d. standard gaussian entries. Here,
one may calculate

Px(|(X,v)| <¢e) < C¢, (3.3)

for all € > 0, where C' > 0 is an absolute constant. However, as we depart from the case when
X is gaussian, a much richer behavior emerges when the vector v admits some “arithmetic

structure”. For example, if v = n~"/2(1,...,1) and the X; are uniform in {—1,1} then
Px(|(X,0)| <) =O(n'/?),

for any 0 < & < n~1/2. This, of course, stands in contrast to (3.3) for all e < n~1/2 and suggests

that we employ an appropriate measure of the arithmetic structure of v.

For this, we use the notion of the “least common denominator” of a vector, introduced by Rudel-
son and Vershynin [129]. For parameters a,~y € (0,1) define the Least Common Denominator
(LCD) of v € R™ to be

Dqy(v) :=inf {qb >0: [[¢v|lr < min {'ygi)HvHQ, \/@} }, (3.4)

where ||v||T := dist(v, Z"), for all v € R™. What makes this definition useful is the important
“inverse Littlewood-Offord theorem” of Rudelson and Vershynin [129], which tells us (roughly
speaking) that one has (3.3) whenever D, - (v) = Q(e71).

This notion of Least Common Denomonator is inspired by Tao and Vu’s introduction and
development of “inverse Littlewood-Offord theory”, which is a collection of results guided by
the meta-hypothesis: “If Px((X,v) = 0) is large then v must have structure”. We refer the
reader to the paper of Tao and Vu [155] and the survery of Nguyen and Vu [118] for more
background and history on inverse Littlewood-Offord theory and its role in random matrix

theory.

-1

We may now state our approximate version of (3.2), which uses D, (v)™" as a proxy for

P([{X,v)| <e).

Theorem 3.1.4. Forn € N, ,t > 0 and a,v € (0,1), let v € S*! satisfy Dy (v) > C/e and

let w e S*1. Let ¢ be a subgaussian random variable and let X € R™ be a random vector whose
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coordinates are i.i.d. copies of (. Then
Px ((X,v)| <€ and (X,u) > t) < Cee~t* 4 e—C(Om—i-tz)’

where C,c > 0 depend only on v and the distribution of (.

In fact, we need a significantly more complicated version of this result (Lemma 3.5.2) where the

small-ball event |(X, v)| < ¢ is replaced with a small-ball event of the form
[f(X1,.. Xl <,

where f is a quadratic polynomial in variables X1,..., X,. The proof of this result is carried
out in Section 3.5 and is an important aspect of this chapter. Theorem 3.1.4, on the other hand,
is only stated here to illustrate the general flavor of this result and is not actually used in this
chapter. We do provide a proof in Appendix A of [34] for completeness and to suggest further

inquiry into inequalities of the form (3.2).

We now turn to discuss our second approximate negative dependence result, which deals with
the intersection of two different small ball events. TA variant of this theorem was proved in

Chapter 2, but is put to a different use here. This result tells us that the events

(X, ,v)| <e and (X, w)| <1, ..., (X, wg)| <1, (3.5)
are approximately negatively correlated, where X = (Xi,...,X,) is a vector with i.i.d. sub-
gaussian entries and wi,...,w; are orthonormal. That is, we prove something in the spirit

of

k k
Px ({|<X,v>| <} N (X w)] < 1}) < Px (|(X,0)]| < E)mem,w < 1}),
=1

though in a more technical form.

To understand our result, again it makes sense to consider the two events in (3.5) in isolation.
Since we have already discussed the subtle event [(X,v)| < ¢, it remains only to consider the
event on the right of (3.5). Returning to the gaussian case, we note that if X has independent

standard gaussian entries, then one may compute directly that
Px ((X,w)] <1, [(X,we)| < 1) = P(IX0]| < 1, [ Xi < 1) <e W (3.6)

by rotational invariance of the gaussian. Here the generalization to other random variables
is not as subtle, and the well-known Hanson-Wright inequality tells us that (3.6) holds more

generally when X has general i.i.d. subgaussian entries.
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Our innovation in this line is our second “approximate negative correlation theorem”, which

-1

allows us to control these two events simultaneously. Again we use D, (v)™" as a proxy for

P(|(X, v)| < ).

Here, for ease of exposition, we state a less general version for X = (Xy,...,X,) € {-1,0,1}
with i.i.d. c-lazy coordinates, meaning that P(X; = 0) > 1 — ¢. Our theorem is stated in full

generality in Section 3.9, see Theorem 3.9.2.

Theorem 3.1.5. Let v € (0,1), d € N, o € (0,1), 0 < k < ciad and € > exp(—ciad). Let

v e ST let w, ..., wy € S¥L be orthogonal and let W be the matriz with rows wy, ..., w.

If X € {-1,0,1}? is a 1/4-lazy random vector and Dq (v) > 16/ then
Py (|<X,v>] <e and |[WX]2 < ch/%) < Ceeak,

where C,c1,c0 > 0 are constants, depending only on .

In this chapter we will put Theorem 3.1.5 to a very different use to that in Chapter 2, where

we used it to prove a version of the following statement.

Let v € S~! be a vector on the sphere and let H be a n x d random {—1,0, 1}-matrix
conditioned on the event |[Hvl||y < en'/?, for some ¢ > e~". Here d = cn and ¢ > 0 is a

ckn

sufficiently small constant. Then the probability that the rank of H isn — k is < e~

In this chapter we use (the generalization of) Theorem 3.1.5 to obtain good bounds on quantities
of the form
Px(||BX|l2 < en'/?),

where B is a fixed matrix with an exceptionally large eigenvalue (possibly as large as e“), but
is otherwise pseudo-random, meaning (among other things) that the rest of the spectrum does
not deviate too much from that of a random matrix. We use Theorem 3.1.5 to decouple the
interaction of X with the largest eigenvector of B, from the interaction of X with the rest of B.

We refer the reader to (3.16) in the sketch in Section 3.2 and to Section 3.9 for more details.

The proof of Theorem 3.9.2 follows closely along the lines of the proof of Theorem 2.1.2, requiring
only technical modifications and adjustments. So as not to distract from the new ideas presented

in this chapter, we have sidelined this proof to the supplementary paper [36].

Finally we note that it may be interesting to investigate to what extent one may sharpen these

approximate negative correlation theorems in the direction of their idealized forms.
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3.2 Proof sketch

Here we sketch the proof of Theorem 3.1.1. We begin by giving the rough “shape” of the proof,
while making a few simplifying assumptions, (3.8) and (3.9). We shall then come to discuss
the substantial new ideas of this chapter in Section 3.2.2 where we describe the considerable
lengths we must go to, in order to remove our simplifying assumptions. Indeed, if one were to
only tackle these assumptions using standard tools, one cannot hope for a bound much better
than /3 in Theorem 3.1.1 (see Section 3.2.2.2).

3.2.1 The shape of the proof

Recall that 4,11 is a (n+1) X (n+ 1) random symmetric matrix with subgaussian entries. Let

X :=Xy,...,X,41 be the columns of A, 11, let
V= Span{XQa s 7Xn+1}

and let A,, be the matrix A, with the first row and column removed. We now use an important
observation from Rudelson and Vershynin [129] that allows for a geometric perspective on the

least singular value problem!

P(0umin(Ans1) < en 2 < P(dist(X, V) < e).

Here our first significant challenge presents itself: X and V' are not independent and thus the
event dist(X, V) < e is hard to understand directly. However, one can establish a formula for
dist(X, V') that is a rational function in the vector X with coefficients that depend only on V.
This brings us to the useful inequality? due to Vershynin [166],

P(omin(An+1) < en2) SsupPa, x ({4, X, X) — 7| <] A7 X o), (3.7)
reR
where we are ignoring the possibility of A,, being singular for now. We thus arrive at our main

technical focus of this chapter, which is bounding the quantity on the right-hand-side of (3.7).

We now make our two simplifying assumptions that shall allow us to give the overall shape of
our proof without any added complexity. We then layer-on further complexities as we discuss

how to remove these assumptions.

Here and throughout we understand A < B to mean that there exists an absolute constant C' > 0 for which
A< CB.

2In this sketch we will be ignoring a few exponentially rare events, and so the inequalities listed here should
be understood as “up to an additive error of e~ ".”
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As a first simplifying assumption, let us assume that the collection of X that dominates the
probability at (3.7) satisfies
1A X 12 ~ [ A7 s, (3.8)

where we point out that ||A;!||3g = Ex ||4,,' X||3. This seems to be a fairly innocent assumption
at first, as the Hanson-Wright inequality tells us that || 4,1 X |2 is concentrated about its mean,

for all reasonable A~!. However, as we will see, mere concentration is not enough for us here.

As a second assumption, let us assume that the relevant A,, in the right-hand-side of (3.7)
satisfies
IA; s ~ en'/2. (3.9)

This turns out to be a very delicate assumption, as we will soon see, but is not entirely unrea-
sonable to make for the moment: for example we have ||A;!||lgs = ©5(n'/?) with probability
1 — 6. This, for example, follows from Vershynin’s theorem [166] along with Corollary 3.8.5,
which is based on the work of [57].

With these assumptions, our task reduces to proving
minPx ([(A71X, X) —r| <en'/?) S, (3.10)
T

for all ¢ > =", where we have written A~! = A, ! and think of A~! as a fixed (pseudo-random)

matrix.

We observe, for a general fixed matrix A~! there is no hope in proving such an inequality:

indeed if A=' = n~1/2J, where J is the all-ones matrix, then the left-hand-side of (3.10) is
> cen~'/? for all € > 0, falling vastly short of our desired (3.10).

Thus, we need to introduce a collection of fairly strong “quasi-randomness properties” of A
that hold with probably 1 —e~". These will ensure that A~! is sufficiently “non-structured” to
make our goal (3.10) possible. The most important and of these quasi-randomness conditions

is to show that all of the eigenvectors v of A satisfy
Dq . (v) > €7,

for some appropriate «, 7y, where D (v) is the least common denominator of v defined at (3.4).
Roughly this means that none of the eigenvectors of A “correlate” with a re-scaled copy of the

integer lattice tZ", for any e “" <t < 1.

To prove that these quasi-randomness properties hold with probability 1 — e~ is a difficult
task and depends fundamentally on the ideas presented in Chapter 2. The details are carried

out in a supplementary paper [36].
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With these quasi-randomness conditions in tow, we can return to (3.10) and apply Esseen’s
inequality to bound the left-hand-side of (3.10) in terms of the characteristic function ¢(6) of
the random variable (A1 X, X),
1/e
rr%ninIP’X(]<A*1X,X> —r| < 8n1/2) S 8/1/8 lp(0)| df.

While this maneuver has been quite successful in work on characteristic functions for (linear)
sums of independent random variables, the characteristic function of such quadratic functions
has proved to be a more elusive object. For example, even the analogue of the Littlewood-
Offord theorem is not fully understood in the quadratic case [40, 108]. Here, we appeal to
our quasi-random conditions to avoid some of the traditional difficulties: we use an application
of Jensen’s inequality to decouple the quadratic form and bound () point-wise in terms of
an average over a related collection of characteristic functions of linear sums of independent
random variables

(0)]” < Eylp(AT1Y;0)],

where Y is a random vector with i.i.d. entries and ¢(v;6) denotes the characteristic function of
the sum ) . v; X;, where X; are i.i.d. distributed according to the original distribution ¢. We

can then use our pseudo-random conditions on A to bound
P(A71Y:6)] < exp (—cf?),

for all but exponentially few Y, allowing us to show

1/e

1/e 1/e
/ OIS / By [p(A~1y;0))]* < / (exp (—ct?) + ") df = O(1)
—1/8 —1/5 —1/5

and thus completing the proof, up to our simplifying assumptions.

3.2.2 Removing the simplifying assumptions

While this is a good story to work with, the challenge starts when we turn to remove our
simplifying assumptions (3.8), (3.9). We also note that if one only applies standard methods
to remove these assumptions, then one would get stuck at the “base case” outlined below. We
start by discussing how to remove the simplifying assumption (3.9), whose resolution governs

the overall structure of the chapter.
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3.2.2.1 Removing the assumption (3.9)

What is most concerning about making the assumption ||A;,'(|gs ~ n~'/? is that it is, in a

< n'/2, we would be

~

sense, circular: If we assume the modest-looking hypothesis E||A~!||ug

able to deduce

P(omin(An) < &/n'/?) = Plomax(4;") = n'/?/e) SP(|A; s > n'/?/e) S,

n

by Markov. In other words, showing that ||A~!||ig is concentrated about n~1/? (in the above
sense) actually implies Theorem 3.1.1. However this is not as worrisome as one might first
suspect: if we are trying to prove Theorem 3.1.1 for (n + 1) x (n + 1) matrices using the above
outline, we only need to control the Hilbert-Schmidt norm of the inverse of the minor A;*.
This suggests an inductive or (as we use) an iterative “bootstrapping argument” to successively

improve the bound. Thus, in effect, we look to prove
Ea | A7 |fis1(0min(An) > ™) & n®/2,

for successively larger o € (0,1). Note we have to cut out the event of A being singular from

our expectation, as this event has non-zero probability.

3.2.2.2 Base case
In the first step of our iteration, we prove a “base case” of
P(0umin(An) < e/v/n) S et/ 4 e7en (3.11)
without the assumption (3.9) which is equivalent to
B, 145 116 1(0min(An) > e=) » nl/%.

To prove this “base case” we upgrade (3.7) to

€ (AIX, X) — 7 _1 ni/2
P ( omin(Ang1) < ) <e+supP n__ <Cq ||A lus < — | - (3.12)
< S Un e+ A7 X |2 c

In other words, we can intersect with the event
A lns < n'/?/e (3.13)

at a loss of only Cc in probability.
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We then push through the proof outlined in Section 3.2.1 to obtain our initial weak bound
of (3.11). For this, we first use the Hanson-Wright inequality to give a weak version of (3.8),
and then use (3.13) as a weak version of our assumption(3.9). We note that this base step
(3.11) already improves the best known bounds on the least singular value problem for random

symmetric matrices.

3.2.2.3 Bootstrapping

To improve on this bound we use a “bootstrapping” lemma which, after applying it three times,

allows us to improve (3.11) to the near-optimal result

P(0min(4n) < e/v/n) Se/logl/e +e . (3.14)

Proving this bootstrapping lemma essentially reduces to the problem of getting good estimates
on

Px ([[A7'X]]2 < 5), (3.15)

for s € (e,n1/2), where A is a matrix with ||A™!(|,, = 6~ and § € (&, en™/2) but is “otherwise
D

pseudo-random”. Here we require two additional ingredients.

To start unpacking (3.15), we use that A7, = 6! to see that if v is a unit eigenvector

corresponding to the largest eigenvalue of A~! then
|A71X ||2 < s implies that [(X,v)| < ds.

While this leads to a decent first bound of O(ds) on the probability (3.15) (after using the
quasi-randomness properties of A), it is not enough for our purposes and we have to use that X
must also have small inner product with many other eigenvectors of A (assuming s is sufficiently

small). Working along these lines, we show that (3.15) is bounded above by

Px <|<X,v1)] < sdand (X, v)| < ojsforalli=2,...,n— 1>, (3.16)

where wj is a unit eigenvector of A corresponding to the singular value o; = 0;(A). Now, appeal-
ing to the quasi-random properties of the eigenvectors of A~!, we may apply our approximate

negative correlation theorem (Theorem 3.1.5) to see that (3.16) is at most
O(ds) exp(—cNa(—c/s,c/s)) (3.17)

where ¢ > 0 is a constant and N4(a,b) denotes the number of eigenvalues of the matrix A in

the interval (a,b). The first O(ds) factor comes from the event (X, v1)| < s and the second
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factor comes from approximating
Px (\(X, w;)| < ¢ for all i s.t. soy < c) ~ exp(—cNa(—c/s,c/s)). (3.18)

This bound is now sufficiently strong for our purposes, provided the spectrum of A adheres

sufficiently closely to the typical spectrum of A.

This now leads us to understand the rest of the spectrum of A, and, in particular, the next
smallest singular values o,,_1,0,—2,.... This might seem like a step backwards as we are now
forced to understand the behavior of many singular values and not just the smallest. However,
this “loss” is outweighed by the fact that we need only to understand these eigenvalues (for the
most part) on scales of size Q(n~1/2), which is now well understood due to the important work
of Erdés, Schlein and Yau [57]. Although some additional information is needed about how the
eigenvalues cluster on much smaller scales. Here we can use the work of Nguyen [115] and our

own Theorem 3.1.3 on the crowding of the spectrum.

These results ultimately allow us to derive sufficiently strong results on quantities of the form
(3.15), which in-turn allow us to prove our “bootstrapping lemma”. We then use this lemma

to prove the near-optimal result

P(omin(An) <e/vn) Sey/logl/e +e . (3.19)

3.2.2.4 Removing the assumption (3.8) and the last jump to Theorem 3.1.1

We now turn to discuss how to remove our simplifying assumption (3.8), made above, which

will allow us to close the gap between (3.19) and Theorem 3.1.1.

To achieve this, we need to consider how |[|A~1 Xy varies about ||A~!||gs. Now, the Hanson-
Wright inequality tells us that indeed ||A~1X||2 is concentrated about || A~!||us, on the scale of
< |A7Y|op. While this is certainly useful for us, it is far from enough to prove Theorem 3.1.1.

For this, we need to rule out any “macroscopic” correlation between the events
{{A™'X, X) —r| < Kel| A7} |lus} and {||[A7'X|]2 > K[| A7 ||us} (3.20)

for all K > 0. Our first step towards understanding (3.20) is to replace the quadratic large

deviation event [|A™1X || > K||A™!|lgs with a collection of linear large deviation events:

(X, w;) > Klog(i + 1),
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where wy,, w,_1, ..., w; are the eigenvectors of A corresponding to singular values o, < 0,1 <
... < o7 respectively and the log(i 4+ 1) factor should be seen as a weight function that assigns

more weight to the smaller singular values.

Interestingly, we run into a similar obstacle as before (although we don’t go into details here):
if the “bulk” spectrum of A~! is behaving erratically this replacement step will be too lossy
for our purposes. Thus we are lead to prove another result showing that the spectrum of A~}

adheres sufficiently to its typical spectrum. This reduces to proving

Z?:l UggiAUOg ’5)2
-2
Z;’L:l Opn—i—1

where the left-hand-side is a statistic which measures the degree of distortion of the smallest

Ea

= O(1),

n

singular values of A,,. To prove this we again lean on the works of Erdés, Schlein and Yau [57],

Nguyen [115] and our own Theorem 3.1.3 on the crowding of the spectrum.

Thus we have reduced the task of proving the approximate independence of the events at (3.20)

to proving the approximate independence of the collection of events

{{A7IX, X) — 7| < Ke|| A" |las} and {(v;, X) > Klog(i + 1)}.

This is something, it turns out, that we can handle on the Fourier side by using a quadratic
analogue of our negative correlation inequality, Theorem 3.1.4. The idea here is to prove an

Esseen-type bound of the form

P(ATXX) — < 0. (X) > ) S e [

’Ee2me<A—1x,X>+<X,u> do. (3.21)
~1/5

Which introduces this extra “exponential tilt” to the characteristic function. From here one
can carry out the plan sketched in Section 3.2.1 with this more complicated version of Esseen,

then integrate over s to upgrade (3.19) to Theorem 3.1.1.

3.2.3 Outline of the rest of the chapter

In the next short section we introduce some key definitions, notation, and preliminaries that we
use throughout this chapter. In Section 3.4 we establish a collection of crucial quasi-randomness
properties that hold for the random symmetric matrix A,, with probability 1—e ") and that we
condition on for most of the chapter. In Section 3.5 we detail our Fourier decoupling argument
and establish an inequality of the form (3.21). This allows us to prove our new approximate
negative correlation result Lemma 3.5.2. In Section 3.6 we prepare the ground for our iterative

argument by establishing (3.12), thereby switching our focus to the study of the quadratic
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form (A,;'X,X). In Section 3.7 we prove Theorem 3.1.2 and Theorem 3.1.3, which tell us
that the eigenvalues of A cannot ‘crowd’ small intervals. In Section 3.8 we establish regularity
properties for the bulk of the spectrum of A~!. In Section 3.9 we deploy the approximate
negative correlation result (Theorem 3.1.5) in order to carry out the portion of the proof sketched
between (3.15) and (6.9). In Section 3.10 we establish our base step (3.11) and bootstrap this to
prove the near optimal bound (3.19). In the final section, Section 3.11, we complete the proof

of our main Theorem 3.1.1.

3.3 Key Definitions and Preliminaries

We first need a few notions out of the way which are related to Chapter 2.

3.3.1 Subgaussian and matrix definitions

Throughout, ¢ will be a mean-zero, variance 1 random variable. We define the subgaussian

moment of  to be
1
= sup — (E|¢[P) /P
Gl = sp —=(EICP)

A mean 0, variance 1 random variable is said to be subgaussian if ||(||,, is finite. We define I'
be the set of subgaussian random variables and, for B > 0, we define I'g C I" to be subset of (
with [[Cly, < B.

For ¢ € I, define Sym ,,({) to be the probability space on n x n symmetric matrices A for which
(A;;)i>; are independent and distributed according to ¢. Similarly, we write X ~ Col,(() if

X € R” is a random vector whose coordinates are i.i.d. copies of (.

We shall think of the spaces {Sym ,({)}» as coupled in the natural way: the matrix A,1; ~
Sym ,;1(¢) can be sampled by first sampling A,, ~ Sym ,(¢), which we think of as the principle
minor (An+1)[2,n+1x[2,n+1]> and then generating the first row and column of A;, 41 by generating
a random column X ~ Col,(¢). In fact it will make sense to work with a random (n+1) x (n+1)
matrix, which we call A, throughout. This is justified as much of the work is done with the

principle minor A, of A,11, due to the bound (3.7) as well as Lemma 3.6.1.

3.3.2 Compressible vectors

We shall require the now-standard notions of compressible vectors as defined by Rudelson and
Vershynin [129].
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For parameters p,d € (0,1), we define the set of compressible vectors Comp (4, p) to be the
set of vectors in S”~! that are distance at most p from a vector supported on at most én
coordinates. We then define the set of incompressible vectors to be all other unit vectors, i.e.
Incomp (8, p) := S*~ 1\ Comp (6, p). The following basic fact about incompressible vectors from

[129] will be useful throughout:

Fact 3.3.1. For each §,p € (0, 1) there is a constant c, 5 € (0,1) so that for all v € Incomp (4, p)
we have that |vj|y/n € [c, 5, c;(ls] for at least c, sn values of j.

Fact 3.3.1 assures us that for each incompressible vector we can find a large subvector that
is “flat.” Using the work of Vershynin [166], we will safely be able to ignore compressible
vectors. In particular, [166, Proposition 4.2] implies the following Lemma. We refer the reader

to Appendix B in [34] for details.

Lemma 3.3.2. For B> 0 and ( € I'p, let A ~ Sym, ((). Then there exist constants p,d,c €
(0,1), depending only on B, so that

sup P(3z € Comp (6, p),3t € R: Az = tu) < 2"
u€R”™

and
P(3u € Comp (6, p), 3t € R: Au = tu) < 2e” .

The first statement says, roughly, that A~ u is incompressible for each fixed u; the second states
that all unit eigenvectors are incompressible.
Remark 3.3.3 (Choice of constants, p, d, ¢, s). Throughout, we let p, § denote the constants guar-

anteed by Lemma 3.3.2 and c, s the corresponding constant from Fact 3.3.1. These constants

shall appear throughout this chapter and shall always be considered as fixed.

Lemma 3.3.2 follows easily from [166, Proposition 4.2] with a simple net argument.

3.3.3 Notation

We quickly define some notation. For a random variable X, we use the notation Ex for the
expectation with respect to X and we use the notation Px analogously. For an event &£, we
write 1g or 1{€} for the indicator function of the event €. We write E€ to be the expectation
defined by E€[-] = E[-1¢]. For a vector v € R™ and J C [n], we write v for the vector whose

ith coordinate is v; if 4 € J and 0 otherwise.

We shall use the notation X < Y to indicate that there exists a constant C' > 0 for which
X < CY. In a slight departure from convention, we will always allow this constant to depend

on the subgaussian constant B, if present. We shall also let our constants implicit in big-O
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notation to depend on B, if this constant is relevant in the context. We hope that we have been
clear as to where the subgaussian constant is relevant, and so this convention is to just reduce

added clutter.

3.4 Quasirandomness properties

In this technical section, we define a list of “quasi-random” properties of A, that hold with

©(n), This probability is large enough that we can assume that these properties

probability 1—e™
hold for all the principle minors of A, 1. Showing that several of these quasi-random properties
hold with probability 1 — e~ will prove to be a challenging task and our proof will depend
deeply on ideas presented in Chapter 2. Most of this work is not present in this chapter, but is

available in a supplementary paper [36].

3.4.1 Defining the properties

It will be convenient to assume throughout that every minor of A,y is invertible and so we
will perturb the matrix slightly so that we may assume this. If we add to A, 41 an independent
random symmetric matrix whose upper triangular entries are independent gaussian random

—n) the singular values of

variables with mean 0 and variance n~", then with probability 1 —e
Ap+1 move by at most, say, n~"/3. Further, after adding this random gaussian matrix, every
minor of the resulting matrix is invertible with probability 1. Thus, we will assume without

loss of generality throughout that every minor of A, is invertible.

In what follows, we let A = A, ~ Sym ,(¢) and let X ~ Col,(¢) be a random vector, indepen-
dent of A. Our first quasi-random property is standard from the concentration of the operator

norm of a random symmetric matrix. We define & by

&1 ={[[Allop < 4v/n}. (3.22)

For the next property we need a definition. Let X, X’ ~ Col,,(¢) and define the random vector
in R” as X := X; — X/, where J C [n] is a y-random subset, i.e. for each j € [n] we have
j € J independently with probability u. The reason behind this definition is slightly opaque at
present, but will be clear in the context of Lemma 3.5.2 in Section 3.5. Until we get there it is
reasonable to think of X as being essentially X in particular, it is a random vector with i.i.d.
subgaussian entries with mean 0 and variance p. We now define & to be the event in A defined
by

& = {IP’;( (A_1X/||A_1)?||2 e Comp (9, p)) < e—m} . (3.23)
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We remind the reader that Comp (4, p) is defined in Section 3.3.2, and d, p € (0, 1) are constants,

fixed throughout this chapter, and chosen according to Lemma 3.3.2. In the (rare) case that

X =0, we interpret IP’)?(AA)?/HA*U?HQ € Comp (d,p)) =1

Recalling the least common denominator defined at (3.4), we now define the event £3 by

E3 = {Dq~(u) > e=" for every unit eigenvector u of A}. (3.24)

The next condition tells us that the random vector A~1X is typically unstructured. We will
need a slightly stronger notion of structure than just looking at the LCD, in that we will need
all sufficiently large subvectors to be unstructured. For p € (0,1), define the subvector least

common denominator as

~

Da,%u(v) = min - Dq 4 (vr/llvrll2) -
ICn]
[11>(1-2p)n

If we define the random vector v = v()?) .= A~1X, then we define & to be the event that A

satisfies
&) = {IP’X (f)m,u (v) < ec4”> < e—@m} . (3.25)

As is the case for &, under the event that X = 0, we interpret IP’;((ZA)O[’%“(U) < ety =1.

We now define our main quasirandomness event £ to be the intersection of these events:

E=ENENESNE,. (3.26)

The following lemma essentially allows us to assume that £ holds in what follows.

Lemma 3.4.1. For B > 0, ( € TI'g, and all sufficiently small o,y,n € (0,1), there exist
constants ca, c3,cq € (0,1) appearing in (3.23), (3.24) and (3.25) so that

PA(£°) < 2e UM, (3.27)

Remark 3.4.2 (Choice of constants, «,~y, ). We take a,y € (0, 1) to be sufficient small so that
Lemma 3.4.1 holds. For u we will choose it to be sufficiently small so that (1) Lemma 3.4.1
holds; (2) we have p € (0,271) and so that; (3) u > 0 is small enough to guarantee that every
set I C [n] with |I| > (1 — 2u)n satisfies

lwll2 < ¢, 3llwill2, (3.28)

for every w € Incomp (0, p). This is possible by Fact 3.3.1. These constants «,~y, u will appear
throughout this chapter and will always be thought of as fixed according to this choice.
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3.4.2 Statement of our master quasi-randomness theorem and the deduction
of Lemma 3.4.1

We will deduce Lemma 3.4.1 from a “master quasi-randomness theorem” together with a handful

of now-standard results in the area.

For the purposes of the following sections, we shall informally consider a vector as “structured”
if

N

Dayu(v) < e

where ¢y, € (0,1) is a small constant, to be chosen shortly. Thus it makes sense to define the

set of “structured directions” on the sphere

Y=Y = {veS" 1 Dy uv) < e (3.29)

We now introduce our essential quasi-randomness measure of a random matrix. For { € T,

A ~ Sym,, (¢), and a given vector w € R", define
an(w) = gn(w; o, v, 1) :=P4 (Fv € ¥ and s, t € [-4v/n,4v/n] 1 Av = sv + tw) (3.30)

and set

Gn = qnla,v, ) == sup gu(w). (3.31)
wesSn—1

We now state our “master quasi-randomness theorem”, from which we deduce Lemma 3.4.1.

Theorem 3.4.3 (Master quasi-randomness theorem). For B > 0 and ( € I'p, there exist
constants «, v, i, cx, ¢ € (0,1) depending only on B so that

qn(o, v, 1) < 2"

The proof of Theorem 3.4.3 is quite similar to the proof of Theorem 2.1.1, albeit with a few
technical adaptations, and a complete proof is available in the supplementary paper [36]. Note
that g, (o, 7y, ) is monotone decreasing as «,y and p decrease. As such, Theorem 3.4.3 implies

that its conclusion holds for all sufficiently small o, ~, 1 as well.

We now prove that our pseudorandom event & = & N & N & N &4 holds with probability
1— e SUn),
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Proof of Lemma 3.4.1. The event £: From [61] we may deduce® the following concentration
bound
B(|Allop > (3+)vn) S e, (3.32)

which holds for all ¢ > 0. Thus, by (3.32), the event & at (3.22) fails with probability < e=™).

The event &: By Lemma 3.3.2 there is a ¢ > 0 so that for each u # 0 we have

Pa(A™ u/|[ A ulls € Comp (3, p)) < "

Applying Markov’s inequality shows
P (Pg (A7 X/|ATI Xz € Comp (6,p), X #0) > /%) < emenl?,

and so the event in (3.23) fails with probability at most O (e‘Q(")), under the event X # 0. By
Theorem 3.1.1 in [167] we have that

(X =0) < e ) (3.33)
Choosing ¢y small enough shows an exponential bound on P(&5).

The event E3: If Dy ,(u) < e®™, for an u an eigenvector Au = v, we have that

A~

Doy u(u) < Doy (u) < e7,

where the first inequality is immediate from the definition. Now note that if & holds then

A € [—44y/n,4y/n] and so
P(&S) < P(u € B, ) € [~4v/n, 4v/n] : Au = M) +P(ES) < g, (0) + e,

where the first inequality holds if we choose ¢3 < ¢y. We now apply Theorem 3.4.3 to see
4n(0) < gn < e M yielding the desired result.

The event £4: Note first that by (3.33), we may assume X = 0. For a fixed instance of X #0,

we have
P4 (Da,w (A—lff/uf(ug) < ecw) <PA(FveS: Av=X/|X]s) < n (X/HXHQ) . (3.34)

which is at most e*Q("), by Theorem 3.4.3. Here the first inequality holds when ¢4 < cx.

3Technically, the result of [61] is sharper and for random matrices whose entries are symmetric random
variables. However (3.32) follows from [61] along with a “symmetrization trick”. The details are written out in
Appendix C of [34].
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We now write v = A~ X /|| X||2 and apply Markov’s inequality
P(€7) =Pa (Px (Damu(v) < ec‘*”) > e‘c‘”‘) < € ¢ P A (Do (V) < €%n) = e UM,

where the last line follows when ¢4 is taken small relative to the implicit constant in the bound
on the right-hand-side of (3.34).

Since we have shown that each of £, &, €3, &4 holds with probability 1 —e (™) the intersection
fails with exponentially small probability. ]

3.5 Decoupling Quadratic Forms

In this section we will prove our Esseen-type inequality that will allow us to deal with a small

ball event and a large deviation event simultaneously.

Lemma 3.5.1. For B >0, let ( € I'g and X ~ Col (). Let M be an n xn symmetric matriz,
u€eR" teR and s,0 > 0. Then

1/6 ‘
P((MX,X) —t] <8, (X,u) >s) < 5e—5/ ‘E 2O MY X)HXu) ) g (3.35)
~1/5

We will then bound the integrand (our so-called “titled” characteristic function) with a decou-
pling maneuver, somewhat similar to a “van der Corput trick” in classical Fourier analysis. This
amounts to a clever application of Cauchy-Schwarz inspired by Kwan and Sauermann’s work on
Costello’s conjecture [97] (a similar technique appears in [19]). We shall then be able to mix in
our quasi-random conditions on our matrix A to ultimately obtain Lemma 3.5.2, which gives us
a rather tractable bound on the left-hand-side of (3.35). To state this lemma, let us recall that
& (defined at (3.26)) is the set of symmetric matrices satisfying the quasi-randomness conditions
in the previous section, Section 3.4. Also recall that the constant u € (0,27!9) is defined in

Section 3.4 so that Lemma 3.4.1 holds and is treated as fixed constant throughout this chapter.

Lemma 3.5.2. For B > 0, let ( € I'g, X ~ Col,(¢) and let A be a real symmetric n X n
matriz with A € £ and set 11 1= omax (A7), Also let s > 0,6 > e~ and u € S*~!. Then

1/5
Px ((A71X, X) — t| < o1, (X, u) > 5) < 568/ 1(0)Y2 g + e~
—1/s

where

1(0) :=Ej.x, x) exp (((X +X') g, u) = | ATHX — X')JH%) :

X' ~ Col,(C) is independent of X, and J C [n] is a u-random set. Here ¢ > 0 is a constant
depending only on B.
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While the definition of I() (and therefore the conclusion of the lemma) is a bit mysterious at

this point, we assure the reader that this is a step in right direction.

All works bounding the singularity probability for random symmetric matrices contain a related
decoupling step [35, 37, 62, 87, 113, 166], starting with Costello, Tao and Vu’s breakthrough [41]
building off of Costello’s earlier work [40] on anticoncentration of bilinear and quadratic forms.
A subtle difference in the decoupling approach from [97] used here is that the quadratic form
is decoupled after bounding a small ball probability in terms of the integral of a characteristic
function rather than on the probability itself; the effect of this approach is that we do not lose

a power of &, but only lose by a square root “under the integral” on the integrand I(6).

3.5.1 Proofs

We now dive in and prove our Esseen-type inequality. For this we shall appeal to the classical
Esseen inequality [59]: if Z is a random variable taking values in R with characteristic function
©0z(0) := Ez e*Z  then for all t € R we have

1/6
Px(Z2 -1 <) S5 [ loz(o)]ds
~1/5
We shall also use the following basic fact about subgaussian random vectors (see, for example,
[167, Prop. 2.6.1]): If ( € I'p and Y ~ Col,,(¢) then for every vector u € R"™ we have

EyeY" < exp(2B2||ul|2). (3.36)

Proof of Lemma 3.5.1. Since 1{z > s} < e*~%, we may bound
Px((MX,X) —t| <6,(X,u) >s) <e°E|1{|{{MX,X)—t| < 5}e<X7“>} . (3.37)
Define the random variable Y € R™ by
P(Y € U) = (EeX") R[1yeXw], (3.38)

for all open U C R™. Note that the expectation EeX:%) is finite by (3.36). We now use this
definition to rewrite the expectation on the right-hand-side of (3.37),

Ey [1{]<MX,X) it < (5}6<X7“>} - (E e<X’“>) Py ([(MY,Y) — | < 0).
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Thus, we may apply Esseen’s Lemma to the random variable Y to obtain
1/6 A
Py ((MY,Y) —t| <68) < 5/ |Ey 2™ 0MYY)| g
~1/5

By the definition of Y we have

Ry (2F0(MY.Y) _ (EX 6<X,u>) -1 | 270 (MX.X)+{X.u)
completing the lemma. (I

To control the integral on the right-hand-side of Lemma 3.5.1, we will appeal to the following

decoupling lemma, which is adapted from Lemma 3.3 from [97].

Lemma 3.5.3 (Decoupling with an exponential tilt). Let ¢ € T', let X, X' ~ Col,(¢) be
independent and let J U I = [n] be a partition of [n]. Let M be a n X n symmetric matriz and
let w e R™. Then

A 2 A
Ey e2m0(MX,X)+(Xu) | Ex, x (XX g yu) EXIe4me<M(X_X')J,X,>+2<XI,u) .

Proof. After partitioning the coordinates of X according to J and writing Ex = Ex,Ex,, we

apply Jensen’s inequality to obtain

. 2 . 2
E = |Ey e2mi0(MX.X)+(Xu) < Ex, p2mi0(M X, X)+(X u)

2 .
_ )EX]EXJ 2miO(M X, X)+(X u) Ex,

2mi0(M X, X)+(X u) ‘2

We now expand the square ‘E X, € as

, eQTF’Le(M(X[-I—XJ),(X]+XJ)>+((XI+XJ)7U>—2FZG<M(XI+X§)7(XI+X9))+<(XI+X9)7U)

Ex, x

— EXJ,XG647”0<M(X‘]7X‘l])’XI>+<X‘]+X‘/]7u>+2<XI’U>+27m'<MXJ’XJ>727”'<MX‘II’X‘,]>7

where we used the fact that M is symmetric. Thus, swapping expectations yields
E < EX X EXI647T’L'9<M(XJ7X/J),X]>+(XJ#»X(IJ,u>+2<X[,U>+2ﬂ"i<MXJ,X‘]>727T’L'<MXIJ,X‘/]>
Jsh g

]EX 64777:0<M(X‘]7X(l])7XI>+<XJ+X3,u>+2<X[7U>+27ri<MXJ,XJ>727TZ.<MX(II,X(IJ>
I

< Exxy

Ko+ Xu) ||y ATiOM (X=X, XD)+2(X 10|

=Ex,x; €

as desired. Here we could swap expectations since all expectations are finite, due to the sub-

gaussian assumption on (. (I

We need a basic bound that will be useful for bounding our tilted characteristic function. This

bound appears in the proof of Theorem 6.3 in Vershynin’s work [166].
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Fact 3.5.4. For B > 0, let ( € T'g, let ¢’ be an independent copy of ¢ and set & = —('. Then

for all a € R™ we have

1 Eel cos(2nay)| < exp (—c min Hm||12r> ;
- rell,e=1]

where ¢ > 0 depends only on B.

A simple symmetrization trick along with Cauchy-Schwarz will allow us to prove a similar bound

for the tilted characteristic function.

Lemma 3.5.5. For B >0, let ( € ', X ~ Col,(¢) and let u,v € R™. Then

Ey 627Ti<X,v>+(X,u>

<exp(—c min ||7‘v||121~—|—c_1HuH§ , (3.39)
re[l,c—1]

where ¢ € (0,1) depends only on B.

Proof. Let ¢’ be an independent copy of ¢ and note that
E; e2micvitius 2 Eco e2mi(C—C v +(CH¢u; E¢ ¢ e+ cos(2m (¢ — ;)

Let X = (X;)™,, Y = (Y;)"_, denote vectors with i.i.d. coordinates distributed as & := ¢ — ¢’/
and ¢ + ¢/, respectively. We have

1/2
, 2 > ~ S \1/2
Ex 2 X0+ X" < g efYu) H cos(2mXv;) < (E};62<Y’“>) H E¢| cos(2mév;)| ,
J J
(3.40)
where we have applied the Cauchy-Schwarz inequality along with the bound | cos()|? < | cos(z)|

to obtain the last inequality. By (3.36), the first expectation on the right-hand-side of (3.40) is
at most exp(O(||ul|3)). Applying Fact 3.5.4 completes the Lemma. O

3.5.2 Quasi-random properties for triples (J, X, X))

We now prepare for the proof of Lemma 3.5.2 by introducing a quasi-randomness notion on
triples (J, X, X’;). Here J C [n] and X, X" € R". For this we fix a n x n real symmetric matrix
A € & and define the event F = F(A) as the intersection of the events Fi, Fa, F3 and Fy, which
are defined as follows. Given a triple (J, X s, X’), we write X :=X;— X'
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Define events F, Fa, F3(A) by

Fi = A{]J] € [un/2,2un]} (3.41)
Fo = {||X|lan~Y? € [e,¢ ']} (3.42)
F3(A) := {A71X/||A"1X ||z € Incomp (5, p)} . (3.43)

Finally, we write v = v(X) := A~'X and I := [n]\ J and then define F4(A) by

Fa(A) := {Da,w (’Zju) > em} : (3.44)

We now define F(A) := F1 N FaNF3(A) N Fi(A) and prove the following basic lemma that will
allow us to essentially assume that (3.41),(3.42),(3.43),(3.44) hold in all that follows. We recall
that the constants d, p, u, @,y were chosen in Lemma 3.3.2 and Lemma 3.4.1 as a function of

the subgaussian moment B. Thus the only new parameter in F is the constant ¢ in lines (3.42)
and (3.44).

Lemma 3.5.6. For B > 0, let ( € T'p, let X, X' ~ Col,(¢) be independent and let J C [n] be
a p-random subset. Let A be a n X n real symmetric matriz with A € £. We may choose the

constant ¢ € (0,1) appearing in (3.42) and (3.44) as a function of B and p so that

Prx,x,(F)Se ™.

Proof. For Fi, we use Hoeffding’s inequality to see P(F{) < e, To bound P(F§), we note
that the entries of X are independent, subgaussian, and have variance 24, and so X /(1/2z) has
i.i.d. entries with mean zero, variance 1 and subgaussian moment bounded by B/+/2u. Thus
from Theorem 3.1.1 in [167] we have

B(|IX |2 — /24| > 1) < exp(—cut®/BY).

For F3(A), F4(A), recall that A € £ means that (3.23) and (3.25) hold, thus exponential bounds
on P(F%5) and P(F) follow from Markov’s inequality. O

3.5.3 Proof of Lemma 3.5.2

We now prove Lemma 3.5.2 by applying the previous three lemmas in sequence.
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Proof of Lemma 3.5.2. Let § > e~“1™ where we will choose ¢; > 0 to be sufficiently small later

in the proof. Apply Lemma 3.5.1 to write

(AT X x) “
Py ([(A7'X, X) — t| < dpur, (Xou) > s) S de™ / Ex ™ T ag, (3.45)

~1/8

where we recall that j11 = omax(A™1). We now look to apply our decoupling lemma, Lemma 3.5.3.
Let J be a p-random subset of [n], define I := [n]\ J and let X’ be an independent copy of X.
By Lemma 3.5.3 we have

_ 2 13
AT IXX) amio( A2X x VN qocx
2716 m +(X,u) < EJEXJ X e i < T 1>+ (X71,u)

Exe . (3.46)

(X+X")you) ‘EX, .

where we recall that X = (X — X') ;.

We first consider the contribution to the expectation on the right-hand-side of (3.46) from
triples (J, X7, X’;) ¢ F. For this let Y be a random vector such that Y; = X; + XJ’, if j € J,
and Y; = 2X;, if j € I. Applying the triangle inequality, we have

(XX ) |y 647”'9“;? X1)+2(X1,u) (XAX) g 2w — g7 efYu)

JX,X'€ :

_FC ]:c
EJ,XJ,Xj, e < EJ,XJ,Xj, e

By Cauchy-Schwarz, (3.36) and Lemma 3.5.6, we have

c 1/2

ET% x e < Byxx [6’(3/’2”)} P, x, (F)Y? S e, (3.47)
We now consider the contribution to the expectation on the right-hand-side of (3.46) from
triples (J, X, X’;) € F. For this, let w = w(X) := A;‘% and assume (J, X7, X)) € F. By
Lemma 3.5.5, we have

[Ex

I

rell,e—1]

Note that [Jwr]ls < || X2 < ¢~ */n, by the definition of 1 = omax(A™!) and line (3.42) in the
definition of F(A).

Now, from property (3.44) in that definition and by the hypothesis § > e~ ", we may choose
c1 > 0 small enough so that

Doy (wi/llwrll2) = 2¢72n'/2 /6 > 267wy |2 /6.

By the definition of the least common denominator, for |f| < 1/6 we have

wy
[wrll2

min
C—l

€fL, ]|

|2r0wr||r = min ‘
ref[l,c—1]

2rf||wr||2 -

> min {’y¢9||w1||2, \/oz|I|}. (3.49)
T
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So for || < 1/6 we use (3.49) in (3.48) to bound the right-hand-side of (3.46) as

AX+X) ) | Ex, eAmiflw, X)+2(X1u) | < gF ) e((X—i—X’)(],u)e—cmin{7292||w1||§,oc|[\}'

~ B1X X
(3.50)
We now use that (J, Xy, X)) € F to see that w € Incomp (6, p) and that we chose p to be

].'
Eyx,.x,

sufficiently small, compared to p,d, to guarantee that
[wll2 < Cllwill2,

for some C' > 0 (see (3.28)). Thus the right-hand-side of (3.50) is

F (X+X") g u) =005 | ,—Q(n)
SJELXLX&e e 2te :

Combining this with (3.50), (3.46) obtains the desired bound in the case in the case (J, X j, X/}) €
F. Combining this with (3.47) completes the proof of Lemma 3.5.2.

3.6 Preparation for the “Base step” of the iteration

As we mentioned at (3.7), Vershynin [166], gave a natural way of bounding the least singular

value of a random symmetric matrix:

P(0min(An+1) < &/n'?) SsupPy, x ({4, X, X) —r| < el 4" X|2)
reR
where we recall that A, is obtained from A, .1 by deleting its first row and column. The
main goal of this section is to prove the following lemma which tells us that we may intersect
with the event opin(4,) = €/ n'/2 in the probability on the right-hand-side at a loss of only
Ce. This will be crucial for the base step in our iteration, since the bound we obtain on

P(omin(Ant1) < e/ nt/ 2) deteriorates as omin(A,) decreases.

Lemma 3.6.1. For B >0, ( € I'g, let A1 ~ Sym,,1(¢) and let X ~ Col,(¢). Then for all
e >0,

(A,'X, X) — 7|
147" Xl

g
P omin(An < — §€+supIP<
( (Arsr) ﬁ> up

where C' > 0 depends only on B.

€ —Q(n)
< i > —
~X 067 Umln(An) = \/ﬁ) + € b

We deduce this lemma from a geometric form of the lemma. For this, we let X; denote the jth
column of A, 1, let H; be the linear span of X1,..., X;_1, Xj41,..., Xpq1, and let d;(Apq1) :=
dist(X;, Hj).
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Lemma 3.6.2. For B >0, ( €', let Apt1 ~ Sym,,{(¢). Then for all € >0,
P(0min(Ans1) < €/v/n) e+ P (di(Ant1) < Ce and omin(Ay) > e/v/n) +e 4,

where C' > 0 depends only on B.

3.6.1 Preparations

We require an elementary, but extremely useful, fact from linear algebra. This fact is actually
a key step in the work of Nguyen, Tao and Vu on eigenvalue repulsion in random matrices (see
[116, Section 4]) and we reproduce their short proof here for completeness. If M is a n x n
matrix and j € [n], let M) denote the jth principle minor of M, i.e. M with the jth row and

column removed.

Fact 3.6.3. Let M be a n x n real symmetric matriz and let X\ be an eigenvalue of M with
corresponding unit eigenvector u. Let j € [n] and let N be an eigenvector of the minor M)

with corresponding unit eigenvector v. Then
(0, XU <A = N[/ |y,

where XU is the jth column of M with the jth entry removed.

Proof. Without loss of generality, take j = n and express u = (w, u,) where w € R"~!. Then
we have (M) — X)w 4+ X ™, = 0. Multiplying on the left by vT yields

[un (0, XT) = A = N[[(v,w)] < ]A =X
O

We will apply Fact 3.6.3 to see that when both owyin(An+1) < en~1/2 and O’min(A(j)) < en1/2
hold we have |(v, X))| < ¢, assuming that |u;| ~ n~/2. We then show that this latter event
holds, subject to appropriate pseudo-random conditions, with probably O(g). The only wrinkle
in this line of thinking is that we cannot rule out the possibility that for a given j we have
luj| < n=12. We can, however, rule out the possibility that many such |uj| are small, which
will be enough for us. For this, we use a theorem of Rudelson and Vershynin [134] which we

state here in a specialized form.

Theorem 3.6.4 (Theorem 1.5 of [134]). For B >0, ( € ', let A ~ Sym,,(¢) and let v denote
the unit eigenvector of A corresponding to the least singular value of A. Then there exists co > 0

such that for all sufficiently small c; > 0 we have

P(I{j : loj] < (c2e1)°n ™2} = ein) < ™",

90



for n sufficiently large.

To understand the event that |(v, X))| < & (mentioned above), we need the Littlewood-Offord
theorem of Rudelson and Vershynin [129], which we state here in a specialized form. Recall

that Dy ~(v) is the least common denominator of the vector v, as defined at (3.4).

Theorem 3.6.5. Forn € N, B> 0, v,a € (0,1) ande > 0, let v € S"! satisfy Do (v) > ce™?
and let X ~ Col,(¢), where ¢ € T'g. Then

B(I(X, v)| < &) S e e .

Here ¢ > 0 depends only on B.

The final ingredient in the proof of Theorem 3.6.1 is the observation that the event
. A(l) < on—1/2 (A < on—1/2
{omin( n+1) S EN } N {omin(Ang1) < en }
(as in Lemma 3.6.1) is roughly equivalent to the event
{there exist > cn values of j for which amin(AgJ)rl) < 5n71/2} N {omin(An+1) < 5n*1/2}.

Before we make this rigorous we prove this latter event has probability < e + e,
Lemma 3.6.6. For B >0, ( € I'p, let A1 ~ Sym,,1(¢). Then, for e >0, we have
P (amm(AnH) <en Y2 and {7 : amin(AgJ)rl) < anfl/Z}] > cn) Se+ e ) , (3.51)

where ¢ > 0 depends only on B.

Proof. Let A; denote the event on left-hand-side of (3.51). Let v be a unit eigenvector corre-
sponding to the least singular value of A, 1. We first show that if .4; holds then with probability
1 — e ") we can find > cn/2 values of j € [n] so that (A7) ;) < en™/2 and |v;| = n~1/2.
With this in mind we let

(4)
n-+

S1:={j: an(Agil) <en Y2} and So:={j: v;| < (cea/2)n 12}

where ¢y is the constant from Theorem 3.6.4. We let Ay denote the event that |Sa| < e¢n/2 and
apply Theorem 3.6.4 with ¢; = ¢/2 to see that P(AS) < e=“/2. Now set S := S; N ([n] \ S2)
and note that if .A; N A holds then |S| > ¢n/2.

Now, for j € [n], let wj = w(ASL gj—

singular value of Afﬁl. Note that if j € SN ([n] \ S2) then, by Fact 3.6.3, we have

) denote a unit eigenvector of A, corresponding to the least

[(wj, XDY| < 26/ (cac/2)8 =: Ce. (3.52)

91



Now let Q; be the event that w; satisfies D, ,(w;) > €™ where a,~, c3 are chosen according
to Lemma 3.4.1 and set Q@ = N;Q;. By Lemma 3.4.1 we have P(Q°) < e—n),

Putting this all together, we define the random variable

R:=n""!

J

1(|(wj, XW)| < Ce and Q;),
1

n
and then observe that

P(A1) S P(A1 N AN Q) +e ¥ < P(R > ¢/2) + e %M,

We now apply Markov and expand the definition of R to bound
]P)(R 2 0/2) 5 n_l ZEA(J') PX(J') <\(wj,X(j)>\ < Cen Qj) 5 9
=1 n+1

where the last inequality follows from the fact that X is independent of the event Q; and w;
and therefore we may put the property 9, to use by applying Theorem 3.6.5. [l

To prove Lemma 3.6.2, we will also use a basic fact which is at the heart of the geometric

approach of Rudelson and Vershynin (see, e.g., [129, Lemma 3.5]).

Fact 3.6.7. Let M be an n x n matriz and v be a unit vector satisfying || Mvl|la = omin(M).
Then
omin(M) = |vj| - d;j(M)  for each j € [n].

Proof. Let X; denote the jth column of M and let H; denote the span of the remaining columns.
Then
O’min(M) = HMUHQ > diSt(MU, Hj) = diSt(Uij, Hj) = ”l}j’dj(M) .

3.6.2 Proofs of Lemma 3.6.2 and Lemma 3.6.1
With these preliminaries in-hand, we are now in a position to prove Lemma 3.6.2.

Proof of Lemma 3.6.2. We look to bound the quantity
P(Umin(An—l—l) < En_l/z)-
Let v denote a unit eigenvector corresponding to the least singular value of A, 1. Let A denote

the event that v € Incomp (6, p): at least c,sn coordinates of v have absolute value at least
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cpsn /2. By Lemma 3.3.2, P(A°) < e %™ and so
P(0min(Ant1) < en?) < P(omin(Ant1) < en /2 and A) + e 9.

Now let ¢ > 0 denote the constant from Lemma 3.6.6 and let B denote the event that at most

1/2

cn principal minors of 4,11 satisfy amin(Aglj_)H) < en”'/%. Also note we may assume ¢ < ¢, 5/2.

By Lemma 3.6.6 we have
P(0umin(Ans1) < en /% and B°) < e 4 e 40
and so
P(0min(Ant1) < en ?) < P(omin(Ans1) <en % and AN B) + Ce + =),

Now let
S :={j:dj(Ans1) <e/c,s and amin(AgJ)rl) > en~1/2),

Observe that if omin(Ani1) < £/y/n and j € [n] is such that [vj| > ¢, sn /2, then dj(An41) <
e/cps, by Fact 3.6.7. Thus if oyin(Ant1) < €/4/n and A hold, then then there are > c,sn
values of j for which d;(A,41) < €/c,s. If B holds in addition to oy,41(An41) < €/y/n and A,

then at most ¢, 5n/2 of these values of j have Jmin(AgJ)rl) < en~'/2. In other words,

ANBA{oni1(Ans1) < e/v/n} € {IS| > cp5m/2}. (3.53)

Using (3.53) along with Markov’s inequality tells us that

2

P(0min(Ant1) < &/v/n and ANB) < P(|S]| = ¢,5n/2) < " E|S]|. (3.54)
If we write
S| = Z 1(dj(Apt1) < €/Cp,570min(z4££1) > en~1/?),
J
then we see that
E|S| = P (d1(Ans1) < &/ps, omn(Al) > 5/VR) | (3.55)
by symmetry. Putting (3.53),(3.54),(3.55) together gives us our desired conclusion. O

Lemma 3.6.1 now follows.

Proof of Lemma 3.6.1. If we set aj 1 to be the first entry of A = A,,1; then, by [166, Prop. 5.1],

we have that .
(A7 X, X) — a1

1+ [[A71XJ3

di(Ap+1) =
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Additionally, by [166, Prop. 8.2], we have ||A~1X||s > 1/15 with probability at least 1 —e ="

Replacing a1 with r and taking a supremum completes the proof of Lemma 3.6.1. Il

3.7 Eigenvalue crowding (and the proofs of Theorem 3.1.2 and
Theorem 3.1.3)

The main purpose of this section is to prove the following theorem which gives an upper-bound
on the probability that k > 2 eigenvalues of a random matrix fall in an interval of length . This
will be key in our work on the “bulk” of the spectrum of A~! in Section 3.8. This result is of
independent interest as the € = 0 case of this theorem tells us that the probability that a random
symmetric matrix has simple spectrum (that is, has no repeated eigenvalue) is 1 — e~ M) which

is sharp and confirms a conjecture of Nguyen, Tao and Vu [116].

Given an n x n real symmetric matrix M, we let A\{(M) > ... > A\, (M) denote its eigenvalues.

Theorem 3.7.1. For B >0, ( € I'g, let Ap41 ~ Sym,,1({). Then for each j < cn and all
e > 0 we have

max P(\ess(4n) = M(4n)| < e/v/n) < (Ce)f +2¢7,

k<n—j

where C,c > 0 are constants depending on B.

We suspect that the bound in Lemma 3.1.3 is actually far from the truth, fore > e and j > 1.
In fact, one expects quadratic dependence on j in the exponent of . This type of dependence
was recently confirmed by Nguyen [115] for ¢ > e~ . As we shall also need Nguyen’s result, we

discuss it further in Section 3.8.

For the proof of Lemma 3.1.3, we remind the reader that if u € R™ N Incomp (p, ) then at least

¢p,sn coordinates of u have absolute value at least cpy(;nfl/ 2,

In what follows, for a n x n symmetric matrix A, we use the notation A1) to refer to the
minor of A for which the rows and columns indexed by i1,...,4,. have been deleted. We also

use the notation Agx7 to refer to the |S| x |T'| submatrix of A defined by (A; ;)ics jer-

The following fact contains the key linear algebra required for the proof of Theorem 3.1.3.

Fact 3.7.2. For 1 < k—+j <mn, let A be a n x n symmetric matrix for which
At (A) = M(A)] < en™ 2.

Let (iy,...,i1) € [n]¥ be such thatiy, ..., ij are distinct. Then there exist unit vectors w® ... w®)
for which
(", X,) < (en™?) - (/| 7)),
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where X, € R"™" is the i.th column of A with coordinates indexed by i1, ...,i, removed. That

i8, Xo = Ap\fir,ivyx{ir} and w™ is a unit eigenvector corresponding to )\k(A(il""’iT)).

Proof. For (i1,...,i;) € [n}?, define the matrices Mo, M, ..., M; by setting M, = Aliasir) for
r=1,...,j and then My := A. Now if

et (A) = A(A)| < en™/2,
then Cauchy’s interlacing theorem implies
Me(My) = Me(My1)| < en™ /2,

for all » = 1,...,7. So let w(") denote a unit eigenvector of M, corresponding to eigenvalue
Ai(M;). Thus, by Fact 3.6.3, we see that

[(w®, X)) < (en™V2) - (1/ w1,

forr=1,...,7, where X, € R" " is the i,th column of M,_;, with the diagonal entry removed.
In other words, X, € R™ " is the i,th column of A with coordinates indexed by iy,...,%,
removed. This completes the proof of Fact 3.7.2. ([

Proof of Theorem 3.1.3. Note may assume that € > e~ “"; the general case follows by taking
¢ sufficiently small. Now, define A to be the event that all unit eigenvectors v of all (?) of
the minors Agl"”’ij) lie in Incomp (p,d) and satisfy D, (v) > e®", where a,~,c3 are chosen

according to Lemma 3.4.1. Note that by Lemma 3.4.1 and Lemma 3.3.2, we have

IP)(AC) < n B_Q(n) <n en ]e—Q(n) < pmcn
J+1 j ~ ’

by taking ¢ small enough, so that jlog(en/j) < c¢n is smaller than the Q(n) term.
With Fact 3.7.2 in mind, we define the event, &; ;. , for each (i1,...,i;) € [n)7, to be the event

that
(w™, X)) <efc,s forall r € [j],
where X, € R"™" is the 7,th column of A with coordinates indexed by i1, ...,4, removed and
w") is a unit eigenvector corresponding to Ay (A1),
If A holds then each w(™) has at least cp,sn coordinates with absolute value at least cpﬁn_l/ 2,

Thus, if additionally we have
Nt (An) = A (An)| <en™'/?,

Fact 3.7.2 tells us that &, ;. occurs for at least (c,sn/2)’ tuples (i1,...,4;).

J
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Define N to be the number of indices (i1, ...,7;) for which &, ;. occurs, and note

)l

P(| Ak (An) = Ak(An)| < e/vn) SP(N > (cp5n/2)’ and A) + O(e™") (3.56)

< <2>J P(&1,...; NA) +0(e™ ™) (3.57)

Cp,6

where, for the second inequality, we applied Markov’s inequality and used the symmetry of the

events 52'1,,..,1']--

Thus we need only show that there exists C' > 0 such that P(&;, ; NA) < (Ce)l. To use

independence, we replace each of w(™ with the worst case vector, under A

IP)(51,...,]‘ N -A) < max IEDXl,.‘.,XT« <‘<UJ7«,XT>| < 5/0/),6 for all r € []]) (3'58)

W1,y Wi Doy (w5) >€3™

< max HPXT< wy, Xp)| < e/cp,(;) < (CeY, (3.59)

W1y, Wii Doy oy (wy)>ec3™

where the penultimate inequality follows from the independence of the X, and the last inequality
follows from the fact that D, (w,) > e®" 2 1/e (by choosing ¢ > 0 small enough relative to
c3), and the Littlewood-Offord theorem of Rudelson and Vershynin, Lemma 3.6.5.

Putting (3.57) and (3.59) together completes the proof of Theorem 3.1.3. O

Of course, the proof of Theorem 3.1.2 follows immediately.

Proof of Theorem 8.1.2. Simply take € = 0 in Theorem 3.1.3. O

3.8 Properties of the spectrum

In this section we describe and deduce Lemma 3.8.1 and Lemma 3.8.2, which are the tools we
will use to control the “bulk ” of the eigenvalues of A~!. Here we understand “bulk” relative
to the spectral measure of A~!: our interest in an eigenvalue A of A~! is proportional to its
contribution to ||A™!||gs. Thus the most delicate and important aspect of our analysis amounts

to studying the smallest singular values of A.

For this we let 0, < 0,1 < -+ < 01 be the singular values of A and let u; > ... > u, be the

singular values of A=, Of course, we have p; = 1/op—k41 for 1 <k < n.

In short, these two lemmas, when taken together, tell us that

On_kr1 ~ k/v/n, (3.60)
for all n > k > 1 in some appropriate sense.
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Lemma 3.8.1. Forp > 1, B > 0 and ( € I'p, let A ~ Sym,(¢). There is a constant C),
depending on B,p so that
P
B (YY) <o)
ik

for all k.

We shall deduce Lemma 3.8.1 from the “local semicircular law” of Erdés, Schlein and Yau [57],
which gives us good control of the bulk of the spectrum at “scales” of size > n~1/2. The next
result is a type of “reverse” of Lemma 3.8.1 and will follow from a result of Nguyen [115] along

with our Theorem 3.1.3.

Lemma 3.8.2. Forp > 1, B > 0 and ¢ € T'g, let A ~ Sym (). There exist constants
Cp, ¢p > 0 depending on B,p so that for all k € [Cp,n] we have

E [(%)p 1 < ecw}] <C,. (3.61)

We point out that the condition k > C), is a very important assumption in Lemma 3.8.2 and
the above statement with £ = 1 and p = 1 would imply our main theorem. Thus one might

think of Lemma 3.8.2 as a weaker relative of our main Theorem.

We also record a useful corollary of these two lemmas. For this, we define the function || - ||, for

a n X n symmetric matrix M to be
M7= on(M)*(log(1 + k)% (3.62)
k=1

The point of this definition is to give some measure to how the spectrum of A~! is “distorted”
from what it “should be”, according to the heuristic at (3.60). Indeed if we have 0,11 =
©(k/+/n) for all k, say, then we have that

IA™ . = © ().

Conversely, any deviation from this captures some macroscopic misbehavior on the part of the
spectrum. In particular, the “weight function” k +— (log(1+k))? is designed to bias the smallest

singular values, and thus we are primarily looking at this range for any poor behavior.

Corollary 3.8.3. Forp>1, B>0and( € I'p, let A~ Sym, (). Then there exists constants
Cp,cp > 0 depending on B,p such that

—1 p
(2 s ]
1
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In the remainder of this section we describe the results of Erdds, Schlein and Yau [57] and of
Nguyen [115] and show how to use them to deduce Lemma 3.8.1 and Lemma 3.8.2 respectively.
We then deduce Corollary 3.8.3.

3.8.1 The local semi-circular law and Lemma 3.8.1

For a < b we define N4(a,b) to be the number of eigenvalues of A in the interval (a,b). One of
the most fundamental results in the theory of random symmetric matrices is the semi-circular

law which says that

lim
n—oo

Na(ay/n,byn) _ 1/b(4_x2)1/2 i
n 27 J, o

almost surely, where A ~ Sym ,(¢).

We use a powerful “local” version of the semi-circle law developed by Erdés, Schlein and Yau
in a series of important papers [50, 51, 57|. Their results show that the spectrum of a random
symmetric matrix actually adheres surprisingly closely to the semi-circular law. In this chapter,
we need control on the number of eigenvalues in intervals of the form [—t,t], where 1/n'/? <«

t < n'/2. The semi-circular law predicts that

t/nl/? 1/2
Na(=t,1) ~ "/ (4— 22z = 27 (1 4 o1)).

m 7t/n1/2 s

Theorem 1.11 of [56] makes this prediction rigorous.

Theorem 3.8.4. Let B >0, ¢ € T', and let A ~ Sym ,(C). Then for all t € [Cn=/2 n/?] we
have

P (\NA(—t, £)/(n'/2t) — 277 > 7r> < exp (—cl(tzn)1/4) (3.63)

where C,c1 > 0 are absolute constants.

Lemma 3.8.1 follows quickly from Theorem 3.8.4. In fact we shall only use the follow corollary.

Corollary 3.8.5. Let B > 0, ( € I'p, and let A ~ Sym (). Then for all s > C and k € N

satisfying sk < n we have

P (ﬁ > 3> Sexp (= e(sk)'?)

where C,c > 0 are absolute constants.

Proof. Let C' be the maximum of the constant C from Lemma 3.8.4 and w. If MT\/ﬁk > s then
Na(—skn=2, skn=1/2) < k. We now apply Lemma 3.8.4 with t = skn=1/2 > sn=1/2 > Cn~1/2
to see that this event occurs with probability < e=cVsk, O
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Proof of Lemma 3.8.1. Let C be the constant from Corollary 3.8.5. From bounds on the upper
tail of ||Allop (like (3.32)), we immediately see that for all & > n/C we have

B (L) <ka (ZE) = 0y((aibr) = 0,0

Thus we can restrict our attention to the case when k < n/C. Define the events

i ec), (e - a1}

N

We may bound

p p p
E <\/ﬁ) <CP+E (‘/ﬁ> g, +E <‘/ﬁ) 1p, . (3.64)
ik ik ik

To deal with the second term in (3.64), we use Corollary 3.8.5 to see that

p n/k

To deal with the third term in (3.64), we note that since n/k > C we may apply Corollary 3.8.5,
with s = n/k, to conclude that P(E3) < e~¢V". Thus, by Cauchy-Schwarz, we have

» o\ 1/2
E(fk) 1E3<<E<Ulz§/ﬁ ) ) P(E3)"/2 < 0,(1) - nPe™V" = 0,(1),

where we have used the upper tail estimate at (3.32) to see Ea%p = Op(n?). O

3.8.2 Eigenvalue crowding and Lemma 3.8.2

In [115], Nguyen proved the following result which gives good estimates on the probability that
kth smallest singular value is much smaller than typical, where k > 1. In fact he proved a more
general result which bounds the probability that k eigenvalues fall into any interval of length ¢.

Here we need only the following less general result, which comes from Theorem 1.12 of [115].

Theorem 3.8.6. For B >0, ( € T'p, let A~ Sym, (¢). Then for all k € [b;',b1n] and ¢ > 0
we have
P (an_kH(A) < sn_1/2) < (Ce/k)F* /4 4+ 0(e™),

where C,by,by > 0 are absolute constants.

With Nguyen’s result in hand, we quickly take care of the proof of Lemma 3.8.2.

Proof of Lemma 3.8.2. Let b1, by denote the constants by, by from Theorem 3.8.6 and note that

we may assume k < byn since for k > bin we may bound pi < pp,n. We now may assume

99



that C), the constant in the statement of Theorem 3.8.2, satisfies C), > ma,x{bl_l, 3p}. Thus we
may restrict our attention to k for which £ > max{bl_l, 3p}. We let ¢, > 0 be a constant to be

determined later. We set R = ™ and integrate to see that

ik \? -
I=E|—] 1 <e?
<\/ﬁ) e <7}
is at most

R eCpn
/ kPpsP 1P (an,kﬂ < n*1/2/3> ds +/ pkPsP~1P (Un,kﬂ < n*1/2/s) ds =: I+ 1.
0 R

Here we could truncate the integral I; at e®” since 0y g1 = 0p = 1/ = e ™.

We bound these two ranges by applying different results. To bound Iy we use Theorem 3.8.6
with ¢ = 1/s to see
B (i <n7/2/s) < (C/ks) + O,

since k > 2,/p. Thus integrating gives Iy = Op(1).

To bound I, we use our Theorem 3.1.3 with j = k > 3p and € = 1/s to see that
P (on-ns1 <0 2/s) <supP (i — Al < 207Y2/s) S (C/5) + exp(~ban)
i

for some c3 > 0. Assuming that ¢, > 0 is small enough relative to b3 allows us to bound

Iy = Op(1). Thus we see I = Iy + I} = Opy(1), completing the proof of Lemma 3.8.2. O

3.8.3 Deduction of Corollary 3.8.3
We now conclude this section by deducing Corollary 3.8.3 from Lemma 3.8.1 and Lemma 3.8.2.

Proof of Corollary 3.8.3. Let ¢ be the constant from Lemma 3.8.2 and C' = Cs,, be the maximum
of the two constants from Lemmas 3.8.1 and 3.8.2. Now define the event & = {u; < e®”} and
express
n
IATHE = ui(log(1 + k)%,
k=1
Note that we may omit the first C' terms in this sum, as we can (trivially) bound pi < ui.
Further, by Holder’s inequality we may assume without loss of generality that p > 2. Applying

the triangle inequality for the LP/2 norm gives

2(log 2(1 k2p/22/p p2/p
E& (Z i(loa2(1 + F)) ) < (log(1 + k))2ES [“’;}

2
k>C M1 k>C !
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which is

1/ 1/
5~ (og(L+ £))° (EEO <m> < ﬁ)p>2/p <3 los(l k)2 (Ego <m>> ’ (E <m>> ’
2 = 2 N e ’
k>C K Vi 1 P! k vn g}
by Cauchy-Schwarz. Thus Lemmas 3.8.1 and 3.8.2 tell us that this is O,(1), completing the
proof of Corollary 3.8.3. U

3.9 Controlling small balls and large deviations

The goal of this section is to prove the following lemma, which will be a main ingredient in our
iteration in Section 3.10. We shall then use it again in the final step and proof of Theorem 3.1.1,

in Section 3.11.

Lemma 3.9.1. For B > 0 and ( € T'g, let A = A,, ~ Sym ,({) and let X ~ Col, (). Let
u € R"! be a random vector with ||u|lz < 1 that depends only on A. Then, for 6, > =" and
s = 0, we have

ATIX, X)) —r 1 _
EASEPPX<’< ”A_l”i | <90, (Xyu) > s, ﬁgf 1>
w7 ( 6/7
< ge* []EA (1 105 <! L, (3.65)
~ Vn n

where ¢ > 0 depends only on B > 0.

Note that with this lemma we have eliminated all “fine-grained” information about the spectrum
of A=! and all that remains is 1, which is the reciprocal of the least singular value of the matrix
A. We also note that we will only need the full power of Lemma 3.9.1 in Section 3.11; until

then, we will apply it with s = 0,u = 0.
We now turn our attention to proving Lemma 3.9.1. We start with an application of Theo-
rem 3.1.5, our negative correlation theorem, which we restate here in its full-fledged form.

Theorem 3.9.2. Forn € N, a,y € (0,1), B > 0 and u € (0,271%), there are constants ¢, R > 0
depending only on «,~y, i, B so that the following holds. Let 0 < k < can and € > exp(—can),
let ve S, and let wy,...,w, € S ! be orthogonal. For ( € T'g, let ¢’ be an independent
copy of ¢ and Z,, a Bernoulli variable with parameter u; let X € R" be a random vector whose

coordinates are i.1.d. copies of the random variable (( — (') Z,.
If Do ~(v) > 1/e then

k
Px | (X,v)| <e and Z<wj’)?>2 <ck| <Re-e k. (3.66)
j=1
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The proof of Theorem 3.9.2 is provided in [36]. We now prove Lemma 3.9.3.

Lemma 3.9.3. Let A be an x n real symmetric matriz with A € £ and set p; == 0;(A™1), for
alli € [n]. For B> 0, ( € I'p, let X, X' ~ Col,(¢) be independent, let J C [n] be a p-random
subset with p € (0,27%9), and set X = (X — X')y. If k € [1,¢n] is such that s € (e™", /1)
then

Pg (A7 Xl < spar) S s, (3.67)

where ¢ > 0 depends only on B.

Proof. For each j € [n] we let v; denote a unit eigenvector of A~! corresponding to p;. Using

the resulting singular value decomposition of A~!, we may express

JATX|3 = (AT X, ATIX) = pd(X ;)

and thus
N k2
Py <||A‘1X||2uf1 < 3) <Py | (0, X Z*% v, X)2< 8% . (3.68)
We now use that s < 1 and ug/p1 < 1in (3.68) to obtain
~ ~ k ~
Py (|]A‘1X||2pf1 < s) <Py [0, X)| < sand Y (v, X)? <1 . (3.69)
j=2

We now carefully observe that we are in a position to apply Theorem 3.1.5 to the right-hand-
side of (3.69). The coordinates of X are of the form (¢ — ¢/)Z,, where Z, is a Bernoulli
random variable taking 1 with probability x4 € (0,2715) and 0 otherwise. Also, the vs, ..., vy are
orthogonal and, importantly, we use that A € & to learn that* D, (v1) > 1/s by property (3.24),
provided we choose the constant ¢ > 0 (in the statement of Lemma 3.9.3) to be sufficiently
small, depending on p, B. Thus we may apply Theorem 3.1.5 and complete the proof of the
Lemma 3.9.3. (I

With this lemma in hand, we establish the following corollary of Lemma 3.5.2.

Lemma 3.9.4. For B> 0 and ¢ € I'p, let X ~ Col,(¢) and let A be a n x n real symmetric
matriz with A € €. If s >0, 6 € (e, 1) and u € S*~! then

cn 2/3
sup Px (|(A~ X, X) - r| <pr, (X, u) > 5) S de” Ze_Ck <le€> +e ", (3.70)
" k=2

where ¢ > 0 is a constant depending only on B.

4Recall here that the constants o,y > 0 are implicit in the definition of £ and are chosen so that Lemma, 3.4.1
holds.
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Proof. We apply Lemma 3.5.2 to the left-hand-side of (3.70) to get
1/6
sup Px ([(A71X, X) — r| < Opn, (X, u) = 5) S de / 1(0)Y2df + e~ | (3.71)
r -1/6

where
1(0) := By x, x, exp (X + X') g, u) = dOPp? [ A7HX = X')403)

and ¢ = ¢/(B) > 0 is a constant depending only on B and J C [n] is a y-random subset. Set
X=(X—-X')jandv=A"'X,

and apply Hélder’s inequality

’ ’ 1 8/9 , 1/9
10) = Ejx, x, [€<<X+X )gs) e 92||v||§/u§} < (Exe_c e%u%m?) (ELXLX} NXHXN) 7))

(3.72)
Thus we apply (3.36) to see that the second term on the right-hand-side of (3.72) is O(1). Thus,

for each 6 > 0 we have

[(0)9/8 SB Eie—c”%llvllg/u% < 6_0”61/5 + IP))?(||U||2 < #19—9/10) )

As a result, we have

1/6 1/6 1
/ 10)2dh < 1 +/ P (|[v]l2 < 619 do <1 +/ sTIOP(|v]l2 < pas)Y? ds.
—1/8 1 )

To bound this integral, we partition [0, 1] = [8, pen/ 1 |UU5e s [k / 1115 ftk—1/ 1] and apply Lemma
3.9.3 to bound the integrand depending on which interval s lies in. Note this lemma is applicable
since A € £. We obtain

Br—1/m1 Br—1/p1
/ s TP L ([loll2 < ms)™? < ec’“/ s ds < e (/) *?,
B/ 1 B/ 1
while /
Men /K1
/ 8719/91?55(”1)”2 < M15)4/9 < efcn573/2 < 67Q(n)‘
é
Summing over all k£ and plugging the result into (3.71) completes the lemma. |

We may now prove Lemma 3.9.1 by using the previous Lemma 3.9.4 along with the properties

of the spectrum of A established in Section 3.8.

Proof of Lemma 3.9.1. Let £ be our quasi-random event as defined in Section 3.4 and let

1 -1
= — < .
& gﬂ{\/ﬁ\é }
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For fixed A € & and u = u(A) € R" with |lull2 < 1, we may apply Lemma 3.9.4 with
§ = (5% to see that

A1 . cn 2/3
sup Px ( ‘(A_lX,X> — 7| <O||All, (X, u) > s) S de® (HH) Ze_d“ <MI> +e M.
reR H1 2 Mk

By Lemma 3.4.1, P4(€°) < exp(—Q(n)). Therefore it is enough to show that

6/7
A1, 2/3 7/9
£ <” ” ) <“’1> <k-ES (’“) , (3.73)
I ke Vn
for each k € [2,cn]. For this, apply Holder’s inequality to the left-hand-side of (3.73) to get
_ _ 14 28/371/14 7/976/7
gy (L) <m)”3 < x| (1) () / ] ey [(4) /9]
A S By A :
01 [k 11 vn

ik
We now apply Corollary 3.8.3 to see the first term is O(1) and Lemma 3.8.1 to see that the
second term is O(k). This establishes (3.73) and thus Lemma 3.9.1. O

1/14
&o
EA

3.10 Intermediate bounds: Bootstrapping the lower tail

In this short section we will use the tools developed so far to prove an “up-to-logarithms” version
of Theorem 3.1.1. In the next section, Section 3.11, we will bootstrap this result (once again)

to prove Theorem 3.1.1.

Lemma 3.10.1. For B >0, let ( € I'p, and let A,, ~ Sym ,(¢). Then for all e >0

P(amiH(An) < 5/\/5) < ey/log 1/5 + e~ n)

To prove Lemma 3.10.1, we first prove the following “base step” (Lemma 3.10.3) which we then
improve upon in three steps, ultimately arriving at Lemma 3.10.1. This “base step” is an easy
consequence of Lemma 3.6.2 and Lemma 3.9.1 and actually already improves upon the best
known bounds on the least-singular value problem for random symmetric matrices. For this we
will need the well-known theorem due to Hanson and Wright [81, 175] (see also [167, Theorem
6.2.1]).

Theorem 3.10.2 (Hanson-Wright). For B > 0, let ( € I'g, let X ~ Col,(¢) and let M be a

m X n matriz. Then for any t > 0, we have

ct?
IP>X( [[[MX |2 — ||M|las| > t) < 2exp <_R4'HJ\J|]2> )

where ¢ > 0 is absolute constant.
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We now prove the base step of our iteration.

Lemma 3.10.3 (Base step). For B >0, let ( € I'p and let Apy1 ~ Sym,,1(¢). Then for all
e >0,

IP)(O'min(fanrl) < 5/\/5) ,S 51/4 + G_Q(n) .

Proof. As usual, we let A := A,,. By Lemma 3.6.1, it will be sufficient to show that for » € R,

P X, X < > < /4 Q(n) )
A,X ( AT < Ce,0p(A) 2 Ji) S e’ +e (3.74)

By the Hanson-Wright inequality (Theorem 3.10.2), there exists C’ > 0 so that
Px (A1 X2 > C'\/log1/e|| A |lns) < e (3.75)
and so the left-hand-side of (3.74) is bounded above by

[(ATX, X) — 7]
A= s

e+ Pax ( <0, on(4) > e/ﬁ) ,

where § := C"e4/log1/e. Now, by Lemma 3.9.1 with the choice of u =0, s = 0, we have

[(A™1X, X) —r| € —2/3 | _—Q(n) 1/4 | —Q(n)
p <46 A > — | <§ < + 76
AX < || A 1|| S x ¢, O’n( ) = \/ﬁ ~ 0€ € ~ € € ) (3 )

where we have used that [|[A™!|, > ||A~!|us. We also note that Lemma 3.9.1 actually gives
an upper bound on E 4 sup, Px(A), where A is the event on the left-hand-side of (3.80). Since
sup, P4 x(A) < E4sup, Px(A), the bound (3.76), and thus Lemma 3.10.3, follows. O

The next lemma is our “bootstrapping step”: given bounds of the form
P(omin(An) <e/vn) Se+e ",

this lemma will produce better bounds for the same problem with A, 41 in place of A,,.

Lemma 3.10.4. (Bootstrapping step) For B >0, let ¢ € I'p, let Ayy1 ~ Sym . 1(¢) and let
k€ (0,1)\ {7/10}. If for all e > 0, and all n we have

P(0min(An) < £/v/n) S+ e M (3.77)
then for all e > 0 and all n we have

P(0min(Ans1) < /v/n) S emntb6e/TH1/3E flog1 /e + e
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Proof. Let ¢ > 0 denote the implicit constant in the exponent on the right-hand-side of (3.77).

Note that if 0 < € < e~ by the assumption of the lemma, then we have

P(0min(An) < e/vn) S e ),

for all n, in which case we are done. So we may assume ¢ > e~ “".

Asin the proof of the “base step”, Lemma 3.10.3, we look to apply Lemma 3.6.2 and Lemma 3.9.1

in sequence. For this we write A = A,, and bound (3.65) as in the conclusion of Lemma 3.9.1

—7/9

H1 7/ H1 c / /
E = 1{—=< -1 < P min A < /T 12 .
A <\/ﬁ> {\/ﬁ € } /0 (a (A) <x™7'n ) dz, (3.78)

where we used that oy, (A) = 1/u1(A). Now use assumption (3.77) to see the right-hand-side

of (3.78) is

e=7/9

<1+ / (2727 4 ™) dz < max {1,5”77/9} . (3.79)
1

Now we apply Lemma 3.9.1 with § = Cey/log1/e, s =0 and u = 0 to see that

H1
Vi

where we have used that ||A=!|gs < |47«

< 0,

N

sup PA,X

T

==

— 7!} < max {5,56"‘/7“/3} log1/e + e %™ | (3.80)
A= s

Now, by Hanson-Wright (Theorem 3.10.2), there exists C’ > 0 such that

Px (A7 X2 = C'||A7 lusy/log 1/¢) < e.
Thus we choose C” to be large enough, so that

[(ATX, X) — 7]
[A=1 X2

<" s & )< 6r/7+1/3 —Q(n)
SL;p]P’A,X < < C",0n(A) > \/ﬁ> < max {E,E } logl/e+e

Lemma 3.6.1 now completes the proof of Lemma 3.10.4. [l

Lemma 3.10.1 now follows by iterating Lemma 3.10.4 three times.

Proof of Lemma 3.10.1. By Lemma 3.10.3 and Lemma 3.10.4 we have
P(Umin(A) < E/\/ﬁ) 5 513/21 log 1/6 + e—Q(n) S 513/21—7) + e—Q(n)’

for some small > 0. Applying Lemma 3.10.4 twice more gives an exponent of % — gn and

then 1, for i small, thus completing the proof. O
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3.11 Proof of Theorem 3.1.1

We are now ready to prove our main result, Theorem 3.1.1. We use Lemma 3.6.1 (as in the

proof of Lemma 3.10.1)) and Lemma 3.26 to see that that it is enough to prove

ATIX X)) —r _ —Q(n
P® <|< HA1X|>]2 | < Ce¢, and 0,(A) > en 1/2> Se4e UM (3.81)

where C' is as in Lemma 3.6.1 and the implied constants do not depend on r. Recall that £ is

the quasi-random event defined in Section 3.4.

To prepare ourselves for what follows, we put & := & N {omin(A) = £/v/n} and

(ATIX, X) —r|
[ATLX |2

[(A7'X, X) — 7]

e = AT,

and Q«(A,X) :=

where

IATYZ2 =" pi(og(1 + k))?,
k=1

as defined in Section 3.8. We now split the left-hand-side of (3.81) as

IA™X )

P2 (Q(A, X) < Ce) < P (Q4(A, X) < 2C¢) + P (Q(A, X) < Ce, AL

> 2> . (3.82)

We can take care of the first term easily by combining Lemma 3.9.1 and Lemma 3.10.1.

Lemma 3.11.1. Fore > 0,

]PEO(Q*(AaX) < 206) S €+ e_Q(n) .

Proof. Apply Lemma 3.9.1, with § = 2Ce, u = 0 and s = 0 to obtain

(o 6/7
PE(Q. (A, X)<20e)<e B4 (L) 10 FEL ¢! —Q(n)
(Q«(A, X) Cﬁ)N6<A<\/ﬁ> {\/ﬁ 5 }) +e

By Lemma 3.10.1 and the calculation at (3.79), the expectation on the right is bounded by a

constant. O

We now focus on the latter term on the right-hand-side of (3.82). By considering the dyadic
partition 27 < ||A71X|]2/[|A7 |« < 277! we have

1 logn 1
pé (Q(AX) <c. w > 2) <3 P (Q*(A, X) < 2J'+1Ce,w > 2]’) e,

(3.83)
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Here we have dealt with j > logn by using Hanson-Wright (Theorem 3.10.2) and the fact that
| A=Y+ = [|A7||us to see

Px (A7 X2 > vallAY) S e

We now show that the event ||A71X||s > t||A~!||s implies that X must correlate with one of

the eigenvectors of A.

Lemma 3.11.2. Fort > 0, we have

1 n
Py <Q*(A,X) < 20te. w > t) <23 Py (Qu(A X) < 2Cte, (X, vp) > tlog(1 + k)
* k=1

where {vi} is an orthonormal basis of eigenvectors of A.

Proof. Assume that |A='X]|| > t||A7!||« and use the singular value decomposition associated

with {vg}r to write
2y pilog(k +1)* = | A2 < JAT'X|3 = Y pi(ow, X))
k k

Thus
(1A X o = ¢ A7} < (J{I(X k)| > tlog(k +1)}
k

To finish the proof of Lemma 3.11.2, we union bound and treat the case of —X the same as X

(by possibly changing the sign of vg) at the cost of a factor of 2. O

Proof of Theorem 3.1.1. Recall that it suffices to establish (3.81). Combining (3.82) with
Lemma 3.11.2 and Lemma 3.11.1 tells us that

logn n

P2 (Q(A, X) < Ce) Se+2> Y PP (Qu(A,X) < 27MCe, (X, v) > 27 log(1 + k) + e ).
j=1 k=1
(3.84)

We now apply Lemma 3.9.1 for all ¢ > 0, with § = 2Cte, s = tlog(k+ 1) and u = vy, to see that,

P2 (Qu(A, X) < 2Cte, (X, vy) > tlog(1 + k) Set(k+ 1)~ I16/7 4 7% (3.85)

where

Using (3.85) in (3.84) yields

logn n _
PO(Q(A, X) < Ce) SeI¥TY N "2 (k+ 1) + e M S e 197 4 00,
j=1 k=1
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since 377 >0, 2(k+1)"% = O(1). Now we write
—-7/9
(AN (4 /6 ' —9/7. ~1/2
I=E 1 < < g min A < d
. < vn > N 0 (U A se i ) )

and apply Lemma 3.10.1 to see

e=7/9 [e’e]
/ P <O'min(A) < w’9/7n’1/2> de < / s Tds+1< 1.
0 1

Thus, Lemma 3.6.1 completes the proof of Theorem 3.1.1.
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Chapter 4

A new proof of the efficient

container lemma

4.1 Introduction

In this chapter we will provide a much simpler proof of the efficient hypergraph container lemma,

with slightly improved bounds.

In order to state the main result of the chapter, we will need to introduce a couple of important
notions, which we will use to measure the ‘size’ of our containers. Let G and H be hypergraphs,

and write

(G)=J{FcV(@):EcF}

Eeg

for the up-set generated by G. We say that G is a cover for H if H C <g> In other words, G is
a cover for H if for every edge F' € H there exists an edge £ € G with £ C F.

Next, for each p > 0, define the p-weight of G to be

wp(G) = pF.

Eeg

Note that w,(G) is just the expected number of edges of G in a p-random subset of V(G).
Finally, let Z(#) denote the family of independent sets of 1. We are now ready to state our

new container theorem.

Theorem 4.1.1. Let H be an r-uniform hypergraph with n vertices, and let 0 < p < 1/4r.
There exists a family S of subsets of V(H), and functions

g IH) =S  and  f:S—2V00
such that:
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(a) For each I € Z(H) we have g(I) C I C f(g(1)).
(b) For each S € S, we have |S| < 16r?pn.

(¢) If X = f(S) for some S € S, then there exists a cover G for H[X] with
wp(G) < plX]|

and |E| > 2 for oll E € G.

4.2 The algorithm

As in the original proofs of the container theorem, we will define f and g using an algorithm.
However, our algorithm will differ from previous ones in several important ways. We will first

give an informal description of the algorithm, and then provide a precise definition.

The algorithm will receive as inputs an r-uniform hypergraph H, and an independent set I €
Z(H), and will output sets S, X C V(H), and a cover G for H[X]. The algorithm proceeds in
rounds: in round 4, the inputs will be an r-bounded antichain H® and a set S; C V(H), and
the output will be an r-bounded antichain #(*Y and a set Sj;; C V(#). The hypergraph
H @+ will moreover be a cover for H¥) (and thus for #). In order to define H*+Y | we will use

the p-degree

dg(va) = Z plE‘

LCEeG

of aset L C V(G). Note that the set itself does not count towards the p-degree.

We begin with HO = and Sy = 0, noting that since H is r-uniform it is an r-bounded

antichain. To perform round ¢, we first define a hypergraph
Y = Qgi) U...ug® where g](i) ={E¢ HD Bl = i} (4.1)

for each 1 < j < r. We also define a set X; C V(#H) by removing every vertex v € V(H)
such that {z} is an edge of H(®). If wp(”Hy(f)) < p|X;| then we will stop the algorithm and show
that g(1) = S;, f(Si) = X; and G = 1 have the required properties. On the other hand, if
wp(’}-lgf)) > p|X;| then we define H0*Y and S;;; as follows.

Let s > 1 be minimal such that there exists L C X, satisfying

d .o (L.p) > P 4.9
ggi)( 7p) > ? ( . )

and let L C X; be a maximal set such that (4.2) holds. We now ask whether or not L C I, and
update £ and S; accordingly. To be precise, if L C I, then we will add L to the fingerprint
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S;i, add the link graph
G(L)y={E\L: LcEeg®}

to #(®, and remove all edges of £ containing one of these added edges. That is, we set
Siy1:=5; UL and
HED = (1O (GI(L))) LGP(L).

On the other hand, if L ¢ I then we set S;y1 :=.5; and define

HY = (O (L)) U{L},

that is, we replace all edges of H() containing L with the single edge L.

We suspect that for most readers the above description of the algorithm will suffice; however,
for the benefit of those readers who prefer a more compact description, the algorithm is defined

as follows.

Definition 4.2.1. Let H be an r-uniform hypergraph, and let I € Z(#) be an independent set
of H. Set H(® := H and Sy := 0, and set 7 := 0. Repeat the following steps until STOP:

1. Define hypergraphs Qj(i (for each 1 < j < r) and # as in (4.1), and set

=VH)\ | E (4.3)

Eegii>

2. If wp(’HSki)) < p|Xi|, then set J := i and STOP.

3. Otherwise let s > 1 be minimal such that there exists L C X; satisfying (4.2).
4. Let L; C X; be a maximal set! such that (4.2) holds with L = L;.

5. If L; C I, then set Sj 1 := S; U L; and HOTD .= (H®\ (G (L,))) UL (Ly).

6. If L; ¢ I then set S;;1 :=.5; and H+D) = (H(Z < >) U {L }
Define G := ) , S :=57and X = X ;. These are the outputs of the algorithm.

The motivation for the choice of L; above is that we always want to push weight towards the
smaller uniformities while also guaranteeing certain maximum co-degree conditions. This way
most of the weight will eventually go to edges of size 1, which will imply wp(”;'-[g)) < p|Xil-
The condition that L, satisfies (4.2) will imply that the algorithm is always pushing enough

weight towards the smaller uniformities. On the other hand, the minimality of s guarantees

If there is more than one maximal L;, fix a canonical way to choose among the maximal sets with the desired
property.
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that the co-degrees of gj@ will be appropriately bounded for all j < r and the maximality of L;

guarantees the same for géi)(Li).

We will show in the analysis that we will always be able to reconstruct the process from S,
that H® is a cover for H and, crucially, that I € I(’H(i)) for all 0 < ¢ < J. This last
property motivates the dichotomy between Steps 5 and 6, since if L; C [ and [ € T (?—[(i)) then
Ie I(gé“(Li)), as we will see in Lemma 4.3.4. Otherwise if L; ¢ I then by definition we may
add L; as an edge and I will still be an independent set.

4.3 The analysis

We will next prove various simple properties of the algorithm described in the previous section.
Throughout this section we fix the hypergraph H and the independent set I € Z(H) that were
the inputs of the algorithm. We will later see that the algorithm always terminates; for the
next few lemmas I will assume that it does in this case, and let G, S and X be the output of
the algorithm. The first step is to observe that H(? is an antichain.

Lemma 4.3.1. For every 0 < ¢ < J, the hypergraph HD is an antichain. In particular, every

edge of the hypergraph Hy(j) 18 contained in the set X;.

Proof. Note that #(©) = H is an antichain, since it is r-uniform. For the induction step, suppose
that H() is an antichain, and that E, F € H(*tD with E c F. Note first that if £, F € H®,
then E = F, since H(*) is an antichain. Next, if £ € H0TD \ HO then H+Y) N (E) = E, by
Steps 5 and 6 of the algorithm, so in this case we must also have E = F. Finally, if E € H®
and F e H0+D \H(i), then either FUL; € H® or F = L,;. Since E C FUL; and HO is
an antichain, we must have F = L;. However, if E C L; and E € H®, then since H® is an
antichain, L; would have degree 0, contradicting our choice of L;. This completes the induction
step, and hence shows that H(¥ is an antichain.

To deduce that E C X; for every edge E € ) observe that for each vertex z € V(H)\ X;

we have {x} € H@ . Since H® is an antichain, it follows that no other edge of H(®) contains z,

and hence the only edges of () that intersect V(#) \ X; have size 1, as claimed. O
(1)

Next, we need to observe that our lower bound on wy,(#H;’) implies that there exists s > 1 and
a set L C X; such that (4.2) holds.

Lemma 4.3.2. If wp(Hg)) > p|X;|, then there exists s > 1 and L C X; such that

!

d % L) 2
g (Lip) =
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Proof. Observe first that there exists 2 < s < r such that wp(ggi)) > p|X;|/r, since
¢ = w (D) > pl X,
> wp(G;”) = wp(H") > plXil.
=2

By Lemma 4.3.1, it follows that there exists v € X; such that dga) (v,p) = sp/r, since

Z dggi) (v,p) =s- wp(gs(z)) > p’T @|'
UEX.L' )
Taklng L = {U} we have
|Z]
Sp P
d 2 L, 2 —_ 2 —_—
Gl )( p) . .
as claimed. ]

We will next show that the output G, S and X of the algorithm has the desired properties. We
begin with property (c), which is straightforward to verify.

Lemma 4.3.3. G is a cover for H[X]. Moreover, w,(G) < p|X| and |E| > 2 for all E € G.

Proof. Since G = ’HSJ]), it follows immediately from the definition (4.1) of " that |E| > 2 for
all £ € G. Similarly, the bound w,(G) < p|X| holds because the algorithm does not terminate
until wp(HSf)) < p|X;|. Thus we only need to show that G is a cover for H[X].

To do so, we claim first that HTY is a cover for H? for each 0 < i < J. To show this, let
E € H9, and suppose first that L; C I. By Step 5 of the algorithm, either

EeHD c (DY or B e(g(Ly)) c (M),

since H® \7—[(”1) C <Q§i) (LZ)> and gﬁi) (L;) C #(+1) . On the other hand, if L; ¢ I, then by
Step 6 of the algorithm, either

BeH) c (DY or Ee (L) c (HEHD),

since H® \ HO+D ¢ (L;) and L; € H+D. Since in either case we have E € (H0+D) | it follows
that #0*Y is a cover for H(?), as claimed.

Since being a cover is transitive? this implies H) is a cover for H. To deduce that G = HSEJ)
is a cover for H[X], let E € H[X] and (recalling that H C (H()))) let E' € H(/) be such that
E’ C E. Now, observe that if |[E’| = 1, then E' N X = @, by the definition of X = X, a
contradiction with the fact that £/ ¢ E C X. Therefore |E'| > 2, and so E' € H =g 1t
follows that G is a cover for H[X], as required. O

We next show that S and X satisfy property (a) of Theorem 4.1.1.

*Indeed, if H; C (Hiy1) and Hi—1 C (Hs), then Hi—1 C (Hiy1).
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Lemma 4.3.4. SC I C X.

Proof. 1t follows immediately from Steps 5 and 6 of the algorithm that S C I, since S = S
and we only add L; to S; if L; C I. To show that I C X, we will prove that I is an independent
set in H(/), and therefore does not contain any singleton edge of H(/). Recall that I € I(H(O));
we will prove that I € Z(H®) for every 0 < i < J by induction on i.

Let 0 < i < J, and assume that I € Z(H¥). Suppose that I ¢ Z(H*Y), and let E € HO+D
with E C I. Note that E ¢ HW, since I € Z(H®). If L; C I, then it follows from Step 5 of the
algorithm that F € gﬁ“(Li), and therefore E U L; € H®. Since E C I and L; C I, it follows
that I ¢ Z(H?), which is a contradiction. Similarly, if L; ¢ I then it follows from Step 6 of
the algorithm that FF = L;. But this is again a contradiction, since we assumed that £ C I.
Hence I € 7 (7—[(”1)), and this completes the induction step.

The induction above implies that I € Z(#(/)), and hence {z} ¢ QE‘]) for every x € I. By the
definition (4.3) of X = X, it follows that I C X, as required. O

It remains to show that the algorithm always terminates, and that |S| < 16r?pn. To do so, we
will show that wp(g@) < 2pn, and that

i i 1
wp(GEFY) > w68 + o (4.4)

whenever L; C I, where g(jl = QY) U...u gﬁi_)l. It follows from these bounds that there are at
most 167pn rounds of the algorithm in which L; C I, and this implies the claimed bound on

the size of the fingerprint S, since |L;| < r. We will also show that
i+1 iy, P
wp(G5Y) > wp(G8) + 5 (4.5)

when L; C I, which (together with the bounds above) implies that the algorithm terminates

after a finite number of rounds.

These three bounds are all fairly straightforward consequences of the following upper bound on

the co-degrees in the hypergraphs gs(“. Given a hypergraph G and ¢ € N, we write
A¢p(G) = max {dg(L,p) : L C V(G), |L| = ¢}

for the maximum degree of a set of size £ in G. We will use the minimality of s and maximality

of L; in the proof of the next lemma, which is the crucial step in the proof.

Lemma 4.3.5. Let 0 <i<J. Forevery2<j<r—1and1 <{<j—1, we have

. 2
8ep(G7) < 5 (16)
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Proof. We prove the lemma by induction on ¢. Note first that the base case ¢ = 0 is trivial,
since H is r-uniform, so the hypergraph g§°) is empty forall 1 < s <r—1.

For the induction step, assume that the lemma holds for some 0 < ¢ < J. Let s > 1 be the

integer chosen in Step 2 of the algorithm, and observe that, by the minimality of s,

d (L P 47
g;i)( ,p) < s (4.7)

for every j < s and L C X;. Similarly, by the maximality of L;, we have

p|Li|+|L|
4r

di (Li U L,p) < (4.8)

for every L C X; \ L;. We will again consider two cases, depending on whether or not L; C I.

First, if L; C I, then by Step 5 of the algorithm we have H0+D \ H®) ¢ géi)(Li), and therefore

every new edge of H(+1) has size exactly s — |L;|. We therefore have

I

d.i+1(L,p) <d, o (L,p) < ——,
g+ (Lp) S dgr (L,p) < 5

for every j # s — |L;| and every L C V(H), by the induction hypothesis. We are similarly done
if L ¢ X;\ L;, since every edge of QS(Z) (L;) is contained in X;, by Observation 4.3.1, and disjoint
from L;, by Step 5 of the algorithm. On the other hand, if j = s — |L;| and L C X; \ L;, then

we have

|L]
V , =Ll g (L P
dgj(l+1) (L7p) < dg](l) (Lap) +p dggz) (L’L U va) < o

as required, where the final inequality follows using (4.7) and (4.8), since j = s — |L;| < s.

Now, if L; ¢ I then, by Step 6 of the algorithm, the only edge of H(+1 \’H(i) is L;. Note that
|L;| < s, since the set L; is not counted in the degree of L;, and L; has non-zero degree in ng).
Observe also that unless j = |L;| and L C L;, we have

4

p
d_ i+y(L,p) <d u(L,p) < =,
gt (Lp) S dgo (Lyp) < o

by the induction hypothesis. Finally, if j = |L;| and L C L;, then we have

dgin (Lyp) < d '(Lp)+p|Li|<Zﬂ+p|L|+1<]ﬁ
g](1+ ) ) X g;z) 3 RS 1 < o
again using (4.7) (since j = |L;| < s), and the bounds |L| < |L;| and p < 1/4r. n

For each 0 < ¢ < J, define gff) = gé“ u...u gff'_)l. We will actually use the following immediate

consequence of Lemma 4.3.5.

Lemma 4.3.6. For each0<i< J and1 <{<r—1, we have

. 4
Ar,p(G) < %
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We are now ready to prove the three inequalities, (4.4), (4.5), and wp(g(j)) < 2pn, which
together will allow us to show that the algorithm terminates, and also to deduce the desired

bound on the size of S. We begin with the upper bound on wy( (l))

Lemma 4.3.7. For all 0 < i < J, we have
wp(gg) < 2pn.

Proof. Recall that g‘;,l = QY) U...u gﬁ?l, and observe that
wp(GY)) = wy(G1) +Z Y dyw(v.p).
5=2 vEV (H)

Since d ) (v,p) < p/2r for every v € V(H), by Lemma 4.3.5, it follows that

r—1
(i) D) pn pnlogr

wp(Gr) S wp(Gy”) + ; s <pn+ e < 2pn,
where in the second inequality we used the fact that QY) is a simple 1-uniform hypergraph, so

has at most n edges. (I

We next prove (4.4), which says that wp(g(jl) increases by at least 1/8r whenever L; C I.

Lemma 4.3.8. Let 0<i< J. If L; C I, then
i+1 1
wp(G5) > wp(GE) + o

Proof. Observe first that gé") (L)) N H® = (), since H is an antichain, by Observation 4.3.1,
and L; # (). By Step 5 of the algorithm, it follows that if L; C I, then

wp(GE) ~wy(G9) > wy(GP(L)) = Y dgy (B.p).

EEQ@(LI')
Using Lemma 4.3.6 to bound dg(i y(E,p) = dg(z)( p), it follows that
<r
. . || @r,.
i+1 % p w (gS (Ll)) 1
T R I S e I
Eegsi)(Li)
by our choice of L;, as required. O
Finally, we prove (4.5), which implies that wp(g(jl) increases in every round.
Lemma 4.3.9. Let 0 < i< J. If L; ¢ I, then
i+1 iy, P
wp(G5Y) > wp(68) + -
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Proof. Observe first that L; ¢ H®, since ) is an antichain, by Observation 4.3.1, and L; has
non-zero degree in H(). By Step 6 of the algorithm, it follows that if L; ¢ I, then

i+1 i .
wp (G5 —wp(@L) > pM! —dgo (Li.p).
Using Lemma 4.3.6 to bound d ) (Li, p) = dg (L;,p), it follows that
<r

| L] T
s P

2 7 927

1 : P
wp(G7V) — wy(68) > p!
as required, since |L;| < 7. O

It follows immediately from Lemmas 4.3.7, 4.3.8 and 4.3.9 that the algorithm terminates after

1—r

a bounded number (to be precise, at most 4p*~"n) steps. The bound on |S| that is required for

property (b) of Theorem 4.1.1 also follows easily.

Lemma 4.3.10. |S| < 16r%pn

Proof. Suppose there are exactly m rounds of the algorithm in which L; C I. By Lemmas 4.3.8

and 4.3.9, we have
—;n <w (gi{)) < 2pn,
r P

and hence m < 16rn. Since |S;| increases by at most r in each of these rounds, and does not

increase otherwise, the claimed bound follows immediately. ]

4.4 The proof of the efficient container theorem

We are now almost ready to complete the proof of Theorem 4.1.1; the only missing observation
is that the container X of an independent set I € Z(#) is determined by S, the fingerprint of

I. This is shown in the following lemma.

Lemma 4.4.1. Suppose the algorithm applied to I,1 € Z(H) outputs (S,X,G) and ( S, X C;)
respectively. If S =S, then X = X.

Proof. The proof is not difficult, but it is a little subtle. Observe first that the algorithm only
depends on the hypergraph H and the decision (in each round) whether to perform Step 5 or
Step 6. Thus, if the outputs of the algorithm applied to I and I are different, then there must
be a round ¢ for which L; C I but L; ¢ I, or vice versa. Consider the first such round, and
note that (by symmetry) we may assume that L; C I and L; ¢ I.

The crucial observation is now as follows. Note that by Steps 5 and 6 of the algorithm we have
L; c S and L; € HOY, Since S is an independent set in H(® for every 0 < i < J, it follows
that L; ¢ S, giving the desired contradiction.
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To spell out the details, recall from the proof of Lemma 4.3.4 that I € I(H(i)) for every
0<i<J. Since S C I (again by Lemma 4.3.4, though in this case the proof was immediate),
it follows that we also have S € Z(H®) for every 0 < i < J. Now, since L; € H(+1) | it follows
that L; ¢ S, as claimed. O

We are now ready to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. For each independent set I € Z(H), define g(I) := S and f(S5) := X,
where (S, X, G) is the output of the algorithm with inputs H and I, and set S := {g(I) : I €
Z(H)}. By Lemma 4.4.1, the function f is well-defined.

Now, by Lemma 4.3.4 we have g(I) C I C f(g(I)) for every I € Z(H), so property (a) holds.
By Lemma 4.3.10 we have |S| < 16r?pn for every S € S, so property (b) holds. Finally, if
X = f(g(I)) then, by Lemma 4.3.3, the hypergraph G is a cover for H[X] with w,(G) < p|X]|,
and moreover |E| > 2 for all E € G, so property (c) holds. This completes the proof of the

efficient container theorem. O

4.5 Deducing the standard container theorems

In this section we will show that the usual formulations of the hypergraph container lemma can
be easily deduced from Theorem 4.1.1. Given an r-uniform hypergraph H and a set L C V(H),
let

du(L) :=|{E€M: LCE}|

and for each ¢ > 1 define
A¢(H) :=max {dy(L) : |L| = (}.

We will first deduce the following slight strengthening of the efficient container lemma of Balogh
and Samotij [18, Theorem 1.1], which itself significantly strengthened the original container

lemmas of Balogh, Morris and Samotij [15] and Saxton and Thomason [142].

Corollary 4.5.1. Let H be an r-uniform hypergraph on n vertices. Suppose that T € (0,1) and
K > 0 are such that

A (7‘[) < K. T 1 6<H) (4 9)

QTS 25 K12 v(H) '

for every £ € {1,...,r}. Then there exists a family S of subsets of V(H), and functions
g:I(H) =S and f:8—2V0),

such that
(a) For each I € I(H) we have g(I) C I C f(g(I)),
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(b) For each S € § we have |S| < Tn,

(¢) For each S € S we have |f(S)| < (1 —9d)n,
where § = (2K)71.

For comparison, in [18] the statement above was proved with 2° Kr? replaced by 10%°, and
with § = (10373 K)~!, while in [15, 142] the parameters had super-exponential dependence on

r (see, for example, Section 3 of the survey [16]).
Proof of Corollary 4.5.1. We apply Theorem 4.1.1 with p = 7/16r2. We obtain a family S and
functions f and g satisfying properties (a) and (b), so we only need to verify property (c).

To do so, let S € S and set X := f(.5). By property (c¢) of Theorem 4.1.1, there exists a cover
G for H[X] with w,(G) < p|X| and |E| > 2 for all E € G. It follows that

El=1e e e
e(HIX) < S du(B) < Y (;’) B < wy(gy. 4 )

Eeg Eeg

where the first inequality holds by the definition of a cover,® the second follows by (4.9) and
our choice of p, the third follows from the definition of w,(G), and the fourth follows from the
bound w,(G) < p|X| < pn. In the second and third steps we also used the fact that |E| > 2 for
all £ € G.

On the other hand, if |X| > (1 — 0)n, then

e(H)
2 Y

e(HIX]) = e(H) — (n— | X)) A1(H) >

since A1(H) < K - 283 and 6 = (2K)~!. This contradiction shows that |f(S)| < (1 — &)n for

every S € S, as required, and therefore completes the proof of the container lemma. (Il

Remark 4.5.2. A careful examination of the proof allows one to improve the bounds in Corol-
lary 4.5.1 somewhat further. To be precise, we only needed the bounds

7 e(H)
257“2> v(H)

e(H)
v(H)

A(H)< K and  Ay(H) < (
for ¢ > 2. Moreover, if we halt the algorithm as soon as | X| < (1 — §)n, then we gain a factor
of roughly r/logr in Lemma 4.3.7 (since the bound on A;(H) implies that K > r), and hence
also in the size of the fingerprint S. In this case the bounds

e()

Ai(H) < K- e

T >“ e(H)

<
and M) < <25r10g7" v(H)

would suffice to obtain the conclusion of Corollary 4.5.1.

3Indeed, for every edge F' € H[X], there exists an edge E € G with E C F.
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In most applications of the method of hypergraph containers one needs to iterate the hypergraph
container lemma, and doing gives a ‘packaged’ hypergraph container theorem, see e.g. [18,
Theorem 1.6]. We can deduce the following much cleaner packaged version with better bounds

by applying Theorem 4.1.1 directly.

Corollary 4.5.3. Let H be an r-uniform hypergraph with n vertices. Suppose that 0 < 7 <

1/41"2 and m > n are such that

Tf_lm

Ay(H) < (4.10)

n
for every £ € {2,...,r}. Then there exists a family C of subsets of V(H), with

IC| < exp (161"2 log ((1“27')_1)7'71)7

such that

(i) For every I € I(H), there exists C € C such that I C C.

(i7) For every C € C, we have e(H[C]) < m.

Proof. We apply Theorem 4.1.1 to H with p = 7, and set
C:{f(S):SES}.

Observe that

16r27mn

’C| < |S’ < Z <Z> < exp (167“2 log ((7“27')_1)7'”),

s=0

since by property (b) of Theorem 4.1.1 we have |S| < 16r%mn for every S € S. Note also that
for each I € Z(H) there exists C' = f(g(I)) € C such that I C C, by property (a).

Finally, let C' € C, and observe that, by property (c¢) of Theorem 4.1.1, there exists a cover G
for H[C] with w,(G) < 7|C|. It follows that

7Bl
e(H[C]) < Z dy(E) < Z — < m,
Eeg Eeg

where the first inequality holds by the definition of a cover, the second follows* by (4.10), and
the third follows from the definition of w,(G) and from the bound w,(G) < 7|C| < Tn. O

Finally, we conjecture that the dependence on 7 in the bound on the size of the fingerprint in

Theorem 4.1.1 can be removed completely.

Conjecture 4.5.4. There exists a constant C' > 0 such that the following holds. Let H be an
r-uniform hypergraph with n vertices, and let p > 0. There ezists a family S of subsets of V(H),

“Note that (4.10) holds for £ > 2, and that |E| > 2 for all E € G.
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and functions

g IH) =S  and  f:S—2V00
such that:
(a) For each I € Z(H) we have g(I) C I C f(g(I)).
(b) For each S € S, we have |S| < Cpn.
(¢) If X = f(S) for some S € S, then there exists a cover G for H[X] with
wp(9) < plX|

and |E| > 2 for all E € G.
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Chapter 5

On the number of sets with a given
doubling constant

This chapter is adapted from the paper [31] which has been published at Israel Journal of

Mathematics.

5.1 Introduction

Our main theorem in this chapter confirms Conjecture 1.4.1 for all K = o(s/(logn)?).

Theorem 5.1.1. Let s,n be integers and 2 < K < O(W). The number of sets J C [n] with
|J| = s such that |J + J| < K|J| is at most

20(8) %KS )
S

We will in fact prove stronger bounds on the error term than those stated above, see Theorem
5.4.1. Nevertheless, we are unable to prove the conjecture in the range K = Q(s/(logn)?), and

actually the conjecture is false for a certain range of values of s and K >> s/logn. More precisely,

4log(24C)s

clogn there

for any integers n, s, and any positive numbers K, € with min{s, nl/Q*G} > K >

sets J C [n] with |J| = s and |J 4+ J| < Ks. The construction is very simple: let P be an

are at least

arithmetic progression of size Ks/8 and set J = Jy U J1, where Jy is any subset of P of size
s — K /4, and J; is any subset of [n] \ P of size K/4. For convenience we provide the details in

the appendix of [31].
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Our methods also allow us to characterize the typical structure of an s-set with doubling constant
K, and obtain the following result.

Theorem 5.1.2. Let s,n be integers and 2 < K < o(m). For almost all sets J C [n]
with |J| = s such that |J + J| < K|J|, there is a set T C J such that J\ T is contained in an

arithmetic progression of size H%(UKS and |T| = o(s).

In the case s = Q(n) (and hence K = O(1)), this result was proved by Mazur [105]. We will

provide better bounds for the error terms in Theorem 5.5.1, below.

5.1.1 Abelian Groups

Notice that the doubling constant is defined for finite subsets of any abelian group. So, given
a finite subset Y of an abelian group, one might ask: how many subsets of Y of size s with
doubling constant K there are? We are also able to provide an answer to this more general
question. From now on, fix an arbitrary abelian group G throughout this chapter. To state our
main result formally in the context of general abelian groups we define, for each positive real
number ¢, the quantity 3(t) to be the size of the biggest subgroup of G of size at most ¢, that
is,

B(t)=max {|H|: H <G, |H| <t}. (5.1)
Theorem 5.1.3. Let s,n be integers, 2 < K < O(W), and Y C G with |Y| = n. The
number of sets J CY with |J| = s such that |J + J| < K|J| is at most

20(3) <%(K$ + B))

S

where B := (1 +0(1))Ks).

Again we will actually prove somewhat stronger (although slightly more convoluted) bounds
for Theorem 5.1.3, see Theorem 5.4.1. We remark that Theorem 5.1.3 implies Theorem 5.1.1,
since the only finite subgroup of Z is the trivial one, so in this case 5(t) = 1 for all ¢. Finally let
us remark that Theorem 5.1.3 is best possible in many cases. Indeed suppose for some integers

I,m, that the largest subgroup H < G with |H| < m < |G| is of size 8 = 57, then there are

()

sets J C G of size s such that |J + J| < m. To see this, take an arithmetic progression
P C G/H of size | (there exists one because of the choice of H) and consider B = P+ H. Since
|B+ B| < |P + P||H| = m, for every set J C B of size s we have |J + J| < |B + B| < m.

(#9-()
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sets J C B of size s with |J + J| < m.

5.2 The Asymmetric Container Lemma

In this section we will state our main tool and give a brief explanation of how we will apply it
to our problem. Let Y C G, with |Y| = n, and observe that when trying to count sets J C Y
with |J| = s and |J + J| < K, one may instead count sets J C Y such that thereisaset I CY
with J +J C I and |I| < Ks. Keeping this in mind, the following definition will be useful.

Definition 5.2.1. Given disjoint copies of Y +Y and Y, namely Yy, Y1 respectively, and A C Yy
and B C Y1, we define H(A, B) to be the hypergraph with vertex set V(H(A, B)) := (Yo \ A)UB
and edge set

E(H(A,B)) = {({c}. {a,b}) :c€ Yo\ 4, a,b€ B, a+b=c}.

Sometimes when A and B are clear from the context we will denote H(A, B) simply by H.
Notice that H(A, B) is not uniform since there are edges ({c}, {a}) corresponding to a + a = ¢,
but these will not be a problem. The usefulness of Definition 5.2.1 is that now for every pair of
sets (I,J) with J + J C I we know that (Yp \ I) U J doesn’t contain any edges of H(A, B), so
(Yo \ 1) U J would usually be called an independent set, but instead we will call the pair (I, J)
independent for convenience. Since we have a method for counting what are usually called
independent sets in hypergraphs, and each of those is in correspondence to what we call an

independent pair, we can obtain a theorem for counting independent pairs.

To state the main tool in this chapter we will need to go into some more slightly technical
definitions. We first define a useful generalization of uniform hypergraphs, that includes the
hypergraph presented in Definition 5.2.1. Given disjoint finite sets Vp, Vi we define an (rg,71)-
bounded hypergraph H on the vertex set V = V5 UV] to be a set of edges E(H) C (gvroo) X (g}l)
Note that the hypergraph in Definition 5.2.1 is (1, 2)-bounded. Given a pair (Wy, W1) € 2% x
2Y1 we say (Wo, W1) wviolates (eg,e1) € E(H) if eg C Vo \ Wy and e; C Wy. If a set (Wy, Wh)
doesn’t violate any (eg,e1) € E(H) then we call (Wy, W1) independent with respect to H. Let
Fem(H) € 2V be the family of independent pairs (Wo, Wy) such that |Wo| < m, and observe
that for any pair of sets (I,.J), with [I| < m and J + J C I, we have (I,J) € F<n(H(D,Y)).

We define the codegree d(r, 1,)(H) of Lo C Vo, L1 C V1 to be the size of the set
{(ep,e1) € E(H): Lo Cey, L1 Cer}
and we define the maximum (£, ¢1)-codegree of H to be

A(Zo,h) = max{d(Lo,Ll)(H) : LO - Vb? Ll C ‘/h |L0| = 607 |L1’ — f1}
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With all of this in mind we introduce a variant of the asymmetric container lemma of Morris,
Samotij and Saxton [111] that we can, once we have suitable supersaturation theorem to check

the codegree condition, apply iteratively and prove Theorem 5.1.1.

Theorem 5.2.2. For all non-negative integers ro,r1, not both zero, and each R > 0, the
following holds. Suppose that H is a non-empty (ro, r1)-bounded hypergraph with V (H) = VoUVy,
and b, m, and q are integers with b < min{m, |V1|}, satisfying

plo+t1—1 1[6o>0]
A0y (M) < RWG(H) <q> (5.2)

for every pair (bo,01) € {0,1,...,r70} x {0,1,...,71} \ {(0,0)}. Then there exists a family

S C (g‘i%b) X (g‘flb) and functions

f:8—2% x " and g: Fem(H) = S,

such that, letting & = 2~ (rotri+1)(ro+r) p—1.

(i) If f(g(I,J)) = (A, B) with A C Vo and B C Vi, then AC I and J C B.
(ii) For every (A, B) € f(S) either |A| = 0q or |B| < (1 —0)|Vi].

(i1i) If g(I,J) = (So,S1) and f(g(I,J)) = (A, B) then Sy C Vo \ I and S; C J, and |Sp| > 0
only if |A| = dq.

The proof of this variant of the asymmetric container lemma is virtually identical to that in [111],
but, for the sake of completeness, it is provided in the appendix of [31]. Let us remark that the
main difference between this statement of the asymmetric container lemma and the one in [111]
is that we partition the vertex set in two parts and treat them differently, which is essential in
our application. More specifically, we will apply the container lemma iteratively in such a way
that Vi will shrink much more than 4, and to account for this imbalance we must differentiate
between the two sets of the partition. Another small difference is that the hypergraph H doesn’t
need to be uniform. Finally we observe that if Sy is non-empty, where g(I,J) = (Sp, S1), then
we must have |A| > dq, where f(g(I,J)) = (A, B).

5.3 The Supersaturation Results

We would like to remind the reader that G will always be a fixed abelian group throughout this
chapter. To apply Theorem 5.2.2 to our setting we will need, for sets A, B C (G, bounds on the
number of pairs (b1, by) € B x B such that by + by € A. In the case G = Z, one such result is
Pollard’s Theorem [123], which tell us that if |B| > (1/2+¢)|A| and € < 1/2 then at least an €
proportion of all pairs (b1, b2) € B x B are such that by + be ¢ A. To prove similar results for
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arbitrary abelian groups one has to have some control on the structure of the group. With this

in mind, we define the following quantity.

Definition 5.3.1. Given finite sets U,V C G, we define

(U, V) =max {|V'| : V' C G, V| <|V], (V)| <|Ul+|V|-|V'[}.

Given U,V C G and x € G we will use the notation 17 * 1y (x) to denote the number of pairs
(u,v) € U x V such that u+ v = z. The following theorem is the generalization we want of
Pollard’s theorem for arbitrary abelian groups. It is a simple variant of a result of Hamidoune

and Serra [80], but for completeness we provide a proof in the appendix of [31].

Theorem 5.3.2. Let t be a positive integer and U,V C G with t < |V| < |U| < oco. Then

> min(ly # 1y(z),t) > t(|U] + [V] -t — a), (5.3)
zeG

where o := a(U, V)

This implies the following corollary.

Corollary 5.3.3. Let A, B C G be finite and non-empty sets, let 0 < € < % and set B :=
B((1+4e)|A]). If |B] = (3 + €)(|A| + B) then there are at least €*|B|? pairs (b1,bs) € B? such
that by + by € A.

Proof. Note first that if |B| > (1 + €)|A| then the result is trivial, since for each element a € A
there are at most |B| pairs (by,by) € B? with by 4+ by = a, and therefore there are at least
|B|? — |A||B| > €?|B|? pairs in B whose sum is not in A. When |B| < (1 + ¢)|A| we will apply
Theorem 5.3.2 with U =V = B and ¢ = ¢|B|. We first observe that

a(B, B) < max (3,2|B| — (1 +4¢)|A]).

Indeed, suppose that B’ C G satisfies [(B')] < 2|B| — |B/|. If (B’)] > (1 + 4e)|A| then
|B'| < 2|B| — |(B')| < 2|B| — (1 + 4€)|A|. Otherwise, if |[(B')| < (1 + 4¢)|A|, then by the
definition (5.1) of 3, we have |B'| < |(B')| < .

Now by Theorem 5.3.2, we have

Z min(1p * 1p(z),€|B|) = €|B| ((2 — €)|B| — max (3,2|B| — (1+ 46)|A|)>.
z€G

By subtracting from both sides the sum over x € A, we obtain

3" min(lp * 15(x),¢|B|) > ¢|B| ((2 — €)|B| — max (8,2|B| — (1 + 4€)| A|) — \A|).
zeG\A
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Now, if 2|B| — (1 + 4¢)|A| > 5, then, using that |B| < 2|4,

Z 1p*1p(z) > €|B|(4¢|A| — €|B]) > 2| B|?
z€G\A

as required. Otherwise, if 5 > 2|B| — (1 + 4¢)|A|, then

S 1w 1s@) > dBI(2 - B~ 6 - |A) > &|BP,
z€G\A

since |B| > (%+e)(|A|+ﬁ) and 0 < € < %, SO (2—6)—ﬁ > e O
To prove a stability theorem for almost all sets with a given size and doubling constant we will

also need the following result of Mazur [105].

Theorem 5.3.4. Let | and t be positive integers, with t < 1/40, and let B C Z be a set of size
l. Suppose that

> “min(lp x 1p(x),t) < (2 + )i,
TEZ

for some 0 < 0 < 1/8. Then there is an arithmetic progression P of length at most (1+28)l+ 6t
containing all but at most 3t points of B.

From Theorem 5.3.4 we can easily deduce the following corollary:

Corollary 5.3.5. Let s be an integer, K > 0, and 0 < ¢ <2719, If A, B C 7Z, with (1 — e)% <
|B| < (1+ 26)% and |A| < Ks then one of the following holds:

(a) There are at least 42 K?s? pairs (by,by) € B? such that by + by & A.

(b) There is an arithmetic progression P of size at most % + 32eKs containing all but at

most 8¢K s points of B.

Proof. Suppose first that

> “min(lp * 15(x),t) < (2 + 8¢)2¢[B| K. (5.4)
TEL

In this case we apply Theorem 5.3.4 with | := |B|, 6 := 8¢, and t = 2eKs < [/40, and deduce
that (b) holds. Therefore suppose (5.4) doesn’t hold, in this case

Z min(1p * 1p(x),t) > (2 + 8¢)(1 — €)eK?s* — t| A,
z€Z\A

since |B| > (1 — €)4 K's. Noting that ¢|A| < 2eK2s? it follows that

Z Ip*1p(z) > ((2 +8¢)(1 —€) — 2)€K252 > 42 K252,
T€Z\A

since € < 2710 s0 (a) holds as required. O
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5.4 The Number of Sets with a given Doubling

In this section we prove the following statement which implies Theorems 5.1.1 and 5.1.3.

Theorem 5.4.1. Let s,n be integers, let 2 < K < 2_36m, and let Y C G with |Y| = n.

The number of sets J C'Y with |J| = s such that |J + J| < K|J| is at most
1
exp (29)\K1/685/6 /log n) (2(Ks + 5))7
s
where B := B(Ks + 26K7/6s5/6\/10gn) and A := min {%,log 5}.

Theorem 5.4.1 will follow easily from the following container theorem combined with Corollary

5.3.3. We will also use it together with Corollary 5.3.5 to prove Theorem 5.5.1.

Theorem 5.4.2. Let m,n be integers with m > (logn)?, let Y C G with |Y| = n, and let
0<e< %. There is a family A C 2¥Y+Y x 2V of pairs of sets (A, B), of size

1
|A| < exp (2166—2\/m(log n)3/2) (5.5)
such that:

(1) For every pair of sets J CY,I CY +Y, with J+J C I and |I| < m there is (A,B) € A
such that AC I and J C B.

(it) For every (A,B) € A, |A] <m and either |B| < 7 or there are at most €2|B|? pairs
(b1,b2) € B x B such that by + by & A.

Proof that Theorem 5.4.2 implies Theorem 5.4.1. Let A be a family given by Theorem 5.4.2
applied with m := Ks and € > 0 to be chosen later. Then by condition (i), for every s-set J
with doubling constant K there is a pair (4, B) € A such that J C B and A C J + J. Define
B to be the family of all sets B that are in some container pair, that is

B={B CY :3A such that (4, B) € A}.

Observe that, by Corollary 5.3.3 and condition (ii) on A, for every B € B we have |B| <
(3 +€)(m + B), where 8 := B((1 + 4€)m), since the number of pairs (b1, bs) € B? such that
bi + by € A is at most €2|B|? and (22~ < (3 4+ €)(m + B). Therefore the number of sets of size s

logn =3
with doubling constant K is at most
B 1 14+2¢ K
|B| max |31 < exp (29— VKs(logn)3/? (55)(Ks +5) . (5.6)
BeB \_ €2 s
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Let A\ := min{%,log s}, suppose first that % < logs. By applying the inequality (%) <
(C;:%]f)k(’;) with k=5, c=1+2eand n = Ks;ﬁ, it follows that in this case (5.6) is at most

1 Ks+p8
exp (216—2\/KS(10g n)3/? + 26>\s> < 2 >
€ S

Now choosing ¢ := 24(§)1/6\/10g n, by our restrictions on K we see that

1/6

1 1
(o) Vi = L
€= 2 \2% (logn)? 8=y

It follows that there are at most exp (29/\K1/655/6\/10g n) (%(KSSJFB)) sets of size s with doubling

K

% Slogs. If logs < % we use the binomial estimate

((1526)(1(5 + B)) < exp (4eslog %) (KS;ﬁ)

S S

constant K, when

and the result follows by a similar calculation. Since B(m + 4em) = B(K s+ 20K 7/655/6,/logn),
this proves the theorem. O

Before we proceed with the proof of Theorem 5.4.2, let us give a brief overview of how we will
deduce it from Theorem 5.2.2. We fix from now on a finite subset ¥ C G with |Y| = n, and
recall that the (1,2)-bounded hypergraph #H(A, B) in Definition 5.2.1 was defined to have as
edges pairs ({c},{a,b}) where a + b = ¢, with a,b € B and ¢ ¢ A. Note that condition (ii)
in Theorem 5.4.2 implies that H (A, B) has at most %]BP edges, as long as [B| > 7. We
remind the reader that a pair of sets I CY +Y and J C Y with J + J C I correspond to an
independent set in H (A, B) forany A C Y+Y and B C Y, since there are no ¢ ¢ I and a,b € J

such that a + b = c. If we additionally assume that (I,J) € F<p(H), then we know that every

J that is in such an independent pair satisfies |J + J| < m.

Our strategy will be to iteratively apply the container lemma until either there are few edges in
the hypergraph H (A, B), or |A| > m, in which case the container doesn’t contain any elements
of Fem(H). More precisely we will build a rooted tree 7 with root H(0),Y) whose vertices
correspond to hypergraphs H(A, B) and whose leaves correspond to a family A satisfying the
conclusion of Theorem 5.4.2. Given a vertex H (A, B) of the tree, such that |A| < m, |B| > 22

logn

and

62
e(H(A, B)) > 5;312, (5.7)

we will generate its children by applying the following procedure:

(a) Apply the asymmetric container lemma (Theorem 5.2.2) to H := H(A, B) setting

2 m m
= —= = b:= .
r 2 1 logn’ \/ logn
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Notice that the co-degrees of H satisfy

2 €2|B|? e(H)
< = — <
maX{A(l,O)(H)vA(O,l)(/H)} X |B’ 2 2|B| <R |B|
and
Do) = Ay (H) = Ay (H) = 1= 2 1B < R ey
(0,2) =21 =212 T @yBPR2 S q\B|2e ,
since (5.7) holds. Since b < ¢ < |B|, it follows that
A2y (H) < Rie(H) < Rie(H)
A () < R=—e(#) < R=e()
WOVEES T BRTY S Tyl
e (H) _ o)
e(H e(H
A H)<R < R——,
(1,0)( ) ’B| q
as required.
(b) By Theorem 5.2.2, there exists a family C ¢ 2V +YN\A 5 2B of at most
2
<72 > <|2B;!) < 0t < AVToET (5.8)

pairs of sets (C, D) that satisfies the conditions of the container lemma. That is for each
independent pair (I,J) € F<p(H), with I CY +Y and J C Y, there is (C, D) € C such
that C' C I and J C D, and either |C| > §-=2-, or D < (1 —0)|B].

logn?’

(¢) For each (C,D) € C, let H(AUC, D) be a child of H(A, B) in the tree T.

Now to count the number of leaves of T we will first bound its depth.

Lemma 5.4.3. The tree T has depth at most d = 2'%¢2logn.

Proof. We will prove that after d iterations either [A| > m, [B| < {2 e(H(A, B)) < %|B[2.
Notice that the ¢ provided by Theorem 5.2.2 in this application is 27 3¢2 and in each iteration
either we increase the size of A by dq or we decrease the size of B by d|B|. After d iterations,

either we would have increased the size of A more than g times, in which case

d 2B logn m
41> 500 = —F—27 ¢

)

or we would have reduced the size of B at least % times, in which case

[B] < (1-9)
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In either case, we would have stopped already by this point because we only generate children

of H(A, B) if [A| <m, |B| > 7 and (5.7) holds. O

Proof of Theorem 5.4.2. Let L be the set of leaves of the tree T constructed above, and define
A:={(A,B): ACY+Y, BCY, H(A,B) € L, |A] <m}.

Notice that for every (A, B) € A, we have either the bound e(#H(A, B)) < %|B|2 or |B| < &

logn?

since they come from the leaves of 7 and |A| < m. Since the edges of H(A, B) correspond
exactly to pairs a,b € B such that a + b & A, it follows that A has property (ii).

To bound the size of A, notice that the number of leaves of the tree 7 is at most Z¢ where Z
denotes the maximum number of children of a vertex of the tree and d denotes its depth. Thus,
by (5.8) and Lemma 5.4.3,

1 .
Al < |£] < 2% < exp (216:2@(10%)3/2),
so A satisfies (7.4), as required.

Finally, observe that for every pair of sets J C Y, I C Y +Y with J+J C I and |I| < m, there
is (A,B) € A such that A C I and J C B. Indeed (I,J) € F<p(H(D,Y)) and therefore, by
property (b) of our containers, there exists a path from the root to a leaf of 7 such that A C I
and J C B for every vertex H(A, B) of the path, so (i) holds. O

5.5 Typical Structure Result

In this section we use Theorem 5.4.2 to determine the typical structure of a set J C [n] of a

given size with doubling constant K.

Theorem 5.5.1. Let s,n be integers, let 2 < K < gmogagys, and let J C [n] be a uni-

formly chosen random set with |J| = s and |J + J| < K|J|. With probability at least 1 —
exp(—K1/655/6,/Togn) the following holds: there is a setT C J, of size |T| < 29 K'/655/6\/logn,
such that J\ T is contained in an arithmetic progression of size

% + 217K7/6s5/6\/10g n.

The proof of Theorem 5.5.1 is similar to that of Theorem 5.4.1, but we use Corollary 5.3.5 as
well as Corollary 5.3.3.

Proof of Theorem 5.5.1. Let G := Z and apply Theorem 5.4.2 to the set Y := [n] with m := Ks
and € > 0 to be chosen later. We say B C [n] is (¢, Ks)-close to an arithmetic progression if
there is an arithmetic progression P with |P| < % +2%Ks, and aset T C B with |T| < 2%¢|B|
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such that B\ T C P. We claim that if A is the family provided by Theorem 5.4.2, then for
every pair (A, B) € A either

1) 1Bl < (1 - %2 or

(IT) B is (e, Ks)-close to an arithmetic progression.

To see this, note first that, by condition (ii) in Theorem 4.2, for every pair (A, B) € A either
there are at most €2|B|? pairs by, by € B with by + by & A or |B| < g and so, by Corollary
5.3.3, | B] < (1+ 2¢)5%. Now, if (I) doesn’t hold, that is |[B| > (1 — €)&%, then, by Corollary
5.3.5, (I) holds, since there are at most €2| B|? < 42 K2s? pairs by, by € B such that by +by € A.

Now we will count the number of sets J of size s and doubling constant K such that J is not
(2%, Ks)-close to an arithmetic progression. Recall from Theorem 5.4.2 (i) that, for any such
set, there exists (4, B) € A such that J C B. Now, observe that there are at most ].A] ((1 < KS)
sets J of size s that are contained in a set B such that (A, B) € Aand |B| < (1—€)5¢. Choosing

€= 26( ) /6\/logn < 2710 and using the bound (7.4) on the size of A, we obtain

S

Ks
<exp(— 25K1/635/6(10gn)1/2) < 2 >

Finally we count the number of sets J of size s that are not (2%, Ks)-close to an arithmetic

progression and are contained in a set B such that (A,B) € A and B is (e, Ks)-close to

an arithmetic progression. For each such B, let P be an arithmetic progression with |P| <
Bs 1 25%¢Ks, and T C B be a set with |T| < 2°¢|B| < 2%¢Ks, such that B\ T C P. Observe

that, there at most
1+ 2) 83\ /25K s
> <( 3_3),2>< ¥ ) (5.10)

s'>2%s

s-sets J C B that are not (2%, Ks)-close to an arithmetic progression, since they must have
s — &' elements in B\ T and s’ elements in T for some s’ > 2%s. Indeed, otherwise J \ T' C P,
with |P| < Ks+ 2%Ks and |J NT| < 2%]J|. To bound this we will use

(") (@) = ()G
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valid for d < ¢ < a/4. Note that, by our choice of €, we have |A] < e (cf. (5.9)). Hence
summing (5.10) over (A, B) € A we obtain®

B2\ (2°eK B2\ (28es\
|A| - s max(1+46)5<8_28,)< 6/ S)<|A|.s max(1—|—4€)s<2)( fs)

s'>2%s S s'>2%s S S

28e5\ 2%s Ks Ks
< ( ) 2655< 2 ) < exp(_211K1/685/6 ﬁlogn)( 2 >
S S

29%s

(5.11)

Finally observe that the bound (5.9) and (5.11) imply the probability we claimed in the state-
ment since, by taking all subsets of size s of an arithmetic progression of length %, there are

Ks
at least (?) sets of size s and doubling constant K. (Il

We remark that if K < 16 then (25255) =0 for all s’ > 2%s, so we may suppose that K > 16.
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Chapter 6

The typical structure of sets with

small sumset

This chapter presents joint work with Mauricio Collares, Robert Morris, Natasha Morrison
and Victor Souza. It is adapted from the paper [32] which has been published in the journal

International Mathematics Research Notices.

6.1 Introduction

Here we will obtain a significantly more precise structural description in the case A = O(1). For

each A > 3 and ¢ > 0, define
c(\e) == 22922 log(1/e) + 279032, (6.1)

Our main theorem, which determines (up to an additive constant) the length of the smallest

arithmetic progression containing a typical set with bounded doubling!, is as follows.

Theorem 6.1.1. Fiz A > 3 and ¢ > 0, let n € N be sufficiently large, and let k > (logn)*. Let
A C [n] be chosen uniformly at random from the sets with |A| = k and |A + A| < Ak. Then

there exists an arithmetic progression P with

ACP  and |P|< %4—0()\,5)

with probability at least 1 — €.

'"We (informally) call |A + A|/|A| the doubling of A, so A has bounded doubling if |A + A| = O(]A]).
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When ) is large and ¢ is very small the constant c¢(\,¢) is not far from best possible. Indeed,
a simple construction (see Section 6.10) shows that with probability at least ¢ the smallest

arithmetic progression containing A has size Ak/2 + Q(A*log(1/¢)).

We will use Theorem 6.1.1 to deduce the following counting result.
Corollary 6.1.2. For every A > 3, and every n,k € N with (logn)* < k = o(n), we have

n?
[{ACI): Al =k [A+A] < M} = 0(1) - <A’;/2>. (6.2)

The upper bound in Corollary 6.1.2 is an almost immediate consequence of Theorem 6.1.1, and
our lower bound follows from a straightforward calculation (see Sections 6.9 and 6.10). For both
bounds we obtain a constant of the form exp ()\@(1)) for A large, and it would be interesting to

determine the correct exponent of A.

We remark that similar results can be deduced from our proof for all 2 < A < k°1) (see
Section 6.9), but the constant given by our method tends to infinity as A — 2. In order to
keep the calculations as simple as possible, we have chosen to focus on the case A > 3. Let us
note here also that the bound k > (logn)* can be improved somewhat (see Theorem 6.9.1);
however, some polylogarithmic factor is necessary, since (as was observed in Chapter 5) the
union of an arithmetic progression of length £ — A + 2 with A — 2 arbitrary points satisfies
|A| = k and |A + A| < Mk, and there are at least ©(n?) such sets, which is larger than (6.2)
when k = o(logn). It seems plausible, however, that Theorem 6.1.1 and Corollary 6.1.2 could
hold (for A fixed) whenever k/logn — oo.

In order to understand why Theorem 6.1.1 should be true, recall first that, by Freiman’s theorem,
a set has bounded doubling if and only if it is a subset of positive density of a generalised

d+1) generalised arithmetic

arithmetic progression of bounded dimension. Now, there are O(n
progressions P of dimension d, and if A were a random subset of P of positive density, then
A + A would be unlikely to ‘miss’ many elements of P + P, which implies that (typically)
|A+ Al > (d+1+o0(1))-|P|].> This suggests that the number of choices for A should be
roughly nd+1. (Ak/(]jﬂ)), which (for k£ > logn) is maximised by taking d = 1, and this leads to
the intuition that most sets of bounded doubling should in fact be contained in an arithmetic
progression of size roughly |A + A|/2. As explained in Chapter 5, this intuition was partially
confirmed in previous works, which showed that there typically exists an arithmetic progression

P of length (1/2 + 0o(1))|A 4+ A| such that |A\ P| = o(|4]).

The main tool in the proof of Theorem 6.1.1 is Theorem 5.4.2 proved in Chapter 5. We will

use this container theorem in three different ways: first, to control the rough structure of a

2The factor of d + 1 is attained by a union of d (unrelated) arithmetic progressions; for most d-dimensional
generalised arithmetic progressions the doubling would be even larger.
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set with bounded doubling (see Theorem 6.3.3 and Lemma 6.5.2); then to prove a variant of a
probabilistic lemma of Green and Morris [76] (see Lemma 6.4.1); and finally to control the fine
structure of the set near the ends of the progression containing it (see Section 6.8). We consider
this last step to be the most interesting aspect of the proof, since we are not aware of any
previous application of containers to the task of ‘cleaning up’ a set, that is, replacing a rough
structural result with a precise one. We hope that our proof will inspire further applications of

this type in other combinatorial settings.

6.2 An overview of the proof

In this section we will prepare the reader for the details of the proof by giving a rough outline
of the main ideas. Let us fix A > 3, and let £ € N be sufficiently large. We will mostly work
with sets of integers that are ‘close’ to being a subset of the interval [Ak/2], since Theorem 5.5.1
implies that almost all of the sets that we need to count are close to an arithmetic progression
of length A\k/2, and any such progression can be mapped into [Ak/2] (see Section 6.5 for the
details).?

Given a set A C Z, let us write
b(A) :=|A\ [\k/2]| and r(A) := max(A) — min(A) — \k/2. (6.3)

Let us also fix £ > 0 and set 6 := 2732\73. By Lemma 6.5.1, below, the problem will reduce to

bounding the size of the following family of sets.

Definition 6.2.1. Let Z denote the family of sets A C {—=\k/2,..., \k} with |A| = k and
|A+ Al < Ak, such that

b(A) < 0k and r(A) = (A e),

and the sets {:L’ cA:x< O} and {x cA:x> )\k/Z} are mon-empty.

We will partition the family Z according to the ‘density’ of the set B := A\ [A\k/2]. To be
precise, set
fN) = 21003, (6.4)

and say that B is sparse if r(A) > f(A\)b(A). The following lemma, which is proved in Sec-
tion 6.6, bounds the number of sets A € Z such that B is sparse.

3For simplicity, we will assume throughout the paper that Ak/2 is an integer.
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Lemma 6.2.2. For every A > 3 and ¢ € (0,1), and every k € N, we have

{aez: () > roona}| < ;3(”2/2)

To bound the number of choices for A, we will bound separately the choices for B and A" := A\ B.
Assume (for simplicity) that min(A) = 0, so max(A) = Ak/2+r. The proof of Lemma 6.2.2 uses
the following simple idea: the set (A’ + max(A)) \ [Ak] typically contains about 2r /) elements,
and this restricts the size of the set A’ + A’, and hence the number of choices for A’. More
precisely, we will use a straightforward counting argument when (A’ 4+ max(A)) \ [Ak] is much
smaller than r/A (see Lemma 6.6.3), and an application of the container theorem when it is
larger (see Lemma 6.6.4). Moreover, the assumption that B is sparse allows us to (trivially)

bound the number of choices for B.

We remark that our application of the container theorem in the proof of Lemma 6.2.2 proceeds
via a probabilistic lemma (Lemma 6.4.1), which is a generalisation of a result of Green and
Morris [76]. This lemma gives a (close to tight) upper bound on the number of k-subsets of
[n] whose sumset missed many elements of {2,...,2n}, and is proved in Section 6.4, using

Theorem 5.4.2.

When r(A) < f(A)b(A), we will say that the set is dense. In Sections 6.7 and 6.8 we will prove

the following lemma, which bounds the number of dense sets in Z.

Lemma 6.2.3. For every A > 3 and ¢ € (0,1), and every k € N, we have
e (Ak/2
: < < — .
{aez:r) <ron@l] < 5 ( ! >

The proof of Lemma 6.2.3 is significantly more difficult than that of Lemma 6.2.2, and is the
most interesting and novel part of the argument, involving a surprising and unusual application
of the container method. Set A’ := AN [Ak/2] and B := A\ A, as before, and suppose that
|B| = b and |(B + B) \ [Mk]| = pub. The main difficulties arise when r = O(ub) and u = ©(\),

and we first take care of the remaining cases in Section 6.7.

For these ‘easy’ cases (see Lemmas 6.7.4 and 6.7.5) we use similar ideas to those used in the
proof of Lemma 6.2.2 (see the sketch above), except that instead of using a trivial bound, we
will need to apply the container theorem (via Theorem 6.3.2) in order to bound the number of
choices for the set B (see Lemma 6.7.2), and the calculations are significantly more delicate.
In particular, we will need to use our bounds on the size of both (A’ + max(A)) \ [M\k] and
(B + B) \ [\k] to bound the size of A’ + A’ and thus the number of choices for A’.

Counting the sets with » = O(ub) and p = ©()) is the most interesting part of the proof. The

key idea is to use the container theorem to obtain a collection of ‘containers’ (C, D) for the
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‘missing’ set M (A) := [Ak] \ (A+ A), which is typically (see Lemma 6.8.2) contained in the set
Y + Y, where Y is the set of points that are ‘close’ to the endpoints of [\k/2]. The containers
satisfy M(A) C C and ANY C D, and moreover D misses roughly |C|/2 points of Y (for the
precise statement, see Corollary 6.8.1). The key step (Lemma 6.8.3) then uses these properties
to bound the number of sets A corresponding to each container. Taking a union bound over

containers, it follows that there are at most

r Ak /2
AT AN
sets A € Z with r(A) =r < f(A)b(A), and this easily implies Lemma 6.2.3.

The rest of the paper is organised as follows. First, in Section 6.3, we recall the main results
of Chapter 5, and deduce the container theorem we will use in the proof (Corollary 6.3.4). In
Section 6.4 we use this container theorem to prove the probabilistic lemma mentioned above
(Lemma 6.4.1), and in Section 6.5 we will use the results of Chapter 5 to reduce the problem
to that of bounding the size of the set Z. In Section 6.6 we prove Lemma 6.2.2, in Sections 6.7
and 6.8 we prove Lemma 6.2.3, and in Section 6.9 we put the pieces together and prove The-
orem 6.1.1. Finally, in Section 6.10, we provide two simple constructions that show that the

upper bounds in Theorem 6.1.1 and Corollary 6.1.2 are not far from best possible.

6.3 The container theorem

In this section we will recall the main results of Chapter 5, which will play an important role
in the proofs of our main theorems. We begin by restating the main container theorem from

Chapter 5 in a slightly simpler form.

Theorem 6.3.1 (Theorem 5.4.2). Let m > (logn)?, let Y C Z with |Y| =n, and let 0 < vy <
1/4. There is a family A C 2¥TY x 2Y of pairs of sets (A, B), of size

Al < exp (29972 /m (log n)*?) (6.5)

such that:

(i) For each J CY with |J+ J| < m, thereis (A,B) € A with AC J+J and J C B.

(13) For every (A,B) € A, |A| < m and either |B| < en OT there are at most Y| B|? pairs
(bl,bg) € B x B such that by + by ¢ A.
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The reader may find it useful to imagine* the statement of Theorem 6.3.1 as saying that for

each set J C Y, there exists a ‘container’ (A, B) € A such that
J C B, B+B~A and ACJ+J

Moreover, and crucially, the number of containers is sub-exponential in m.

We will also use the following two consequences of Theorem 6.3.1, which were both proved in
Chapter 5. The first determines the number of sets A C [n] with |A] = k and |A 4+ A| < Ak up
to a factor of 2°K). We will use it in Section 6.7 to bound the number of choices for A\ [\k/2].

Theorem 6.3.2 (Theorem 5.4.1). Let n,k € N, and let 2 < A < 2736@' The number of
sets A C [n] with |A| =k such that |A + A| < Mk is at most

exp (29)\1/6k5/6 log k+/log n) <)\kl;/2) .

The second gives structural information about a typical set with small doubling; we will use it
in Section 6.5. The following is a slight generalisation of Theorem 5.5.1, but follows from the

same proof; the details can be found in [32, Appendix A].

Theorem 6.3.3 (Theorem 5.5.1). Let n,k € N and 2 < A < 27120 (logkn)g. Suppose that
2BN/6k=1/6,/logn < v < 278, For all but at most

i <)\IZ/2>

sets A C [n| with |A] = k and |A + A| < Ak, the following holds: there exists T C A, with
|T| < 299k, such that A\ T is contained in an arithmetic progression of size \k/2 + 27y \k.

The upper bounds on A in Theorems 6.3.2 and 6.3.3 are the reason why we require the bound
k > (logn)* in Theorem 6.1.1 and Corollary 6.1.2. We remark that some log-factor is necessary
here, since it was observed in Chapter 5 that the conclusions of the theorems fail to hold if
k= 0()\ log n)

We will apply Theorem 6.3.1 (in Sections 6.4 and 6.8) via the following corollary.
Corollary 6.3.4. Let 0 <y < 1/4, let Sy, So C Z be intervals, and set

Y :=5US5 and X = (514 51) U (S2+ 52). (6.6)
Then there is a family B C 2% x 2¥ of size at most

exp (2177—2 VT (log|v])* 2) (6.7)

4This intuition will be sufficient in this chapter; however, in Chapter 7 we will need a more refined notion of
B+ B = A.
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such that:

(a) For every pair of sets U CY and W C X \ (U + U), there exists (C,D) € B such that
WcCandU C D.

(b) For every (C,D) € B,

(6.8)

Y
|D|<max{(1+47)|Y|—|C‘ 3Y }

2 log|Y]|

Note that replacing W C X\ (U+U) by W = X \ (U +U) in part (a) would give an equivalent
statement; however, we will find this formulation convenient. To deduce Corollary 6.3.4 from

Theorem 6.3.1, we will need the following easy lemma.
Lemma 6.3.5. Let v > 0, let S1,S52 C Z be intervals, and set
Y :=51US5 and X = (514 51) U (S2 + S2).
LetCC X and DCY. If
ID| = (1+4)[Y| = 1|C|/2

then there are at least ¥2|D|? pairs (b1, b2) € D x D such that by + by € C.

Proof. Suppose first that S NSy is non-empty, so X =Y 4+ Y, and let the elements of D be
di < ---<dy. Then D+ D C X contains the 2¢ — 1 elements

di+di<di+do<---<di+dp<dog+dp<---<dy+dy,

and 20—1 > (24+87)|Y|—|C|—-1 = | X|—|C|+87|Y|, since | X| = 2|Y|—1. Since C' C X, it follows
that there are at least 8y|Y'| pairs (b1,b2) € D x D such that by +be € C and {b1,b2} N{d1,d}
is non-empty. Removing d; and dy from D, and repeating the argument ~|Y| times, we obtain
72|Y |2 pairs (b1,b2) € D x D such that by + by € C.

When S; and S are disjoint, we simply apply the argument above for the two sets Dy := DN S}
and Dy := D N Sy. To spell out the details, for each i € {1,2} there are 2|D;| — 1 pairs
(b1,b2) € D; x D; with distinct sums such that either by = min(D;) or by = max(D;). Moreover,
Dy + Dy and D3y 4+ D5 are disjoint subsets of X, and

2[D] =22 (2+8y)[Y] - [C] =2 =[X] = |C] + 87]Y],

since | X | = 2|Y'|—2. As before, it follows that there are at least 8y|Y| pairs (b1, b2) € D x D such
that by + be € C and either by € {min(D;), min(D2)} or by € {max(D;), max(D3)}. Removing
the minimum and maximum elements of D and D, and repeating the argument v|Y'| times,

we obtain 72|Y'|? pairs (by,b2) € D x D such that by + by € C, as claimed. O
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Proof of Corollary 6.3.4. Applying Theorem 6.3.1 with n := |Y| and m := 3]Y|, we obtain a
family A C 2¥Y+Y x 2V with

Al < exp (27572 VY [(log [Y]) ™),
satisfying properties (i) and (i7) of the theorem. We claim that
B:={(X\A,B): (A B)e A} Cc2* x2"

satisfies properties (a) and (b) of Corollary 6.3.4.

To show that property (a) holds, let U C Y and W € X \ (U + U), and set J := U. Noting
that J C Y, and that
T+ J| <Y +Y|<3|Y|=m,

it follows from Theorem 6.3.1(7) that there exists (4, B) € A with A C J+ J and J C B, and
hence there exists (C, D) = (X \ A, B) € B such that W C C and U C D.

For property (b), let (C, D) € B, and observe that, by Theorem 6.3.1(ii), either |D| < ljg|T3L|’

there are at most v2|D|? pairs (b1,b2) € D x D such that by + by € C. In the latter case, we
have |D| < (1 4+ 47)|Y| — |C|/2, by Lemma 6.3.5. Since |B| < |A|, the corollary follows. O

or

6.4 A probabilistic lemma

Green and Morris [76, Theorem 1.3] used their bounds on the number of sets with small sumset
to prove that if S is a random subset of N, with each element included in S independently with
probability 1/2, then

P(IN\ (S +5)| > m) = 27m/2om),

We will use Corollary 6.3.4 to prove the following generalisation of their theorem. We remark

that a similar result (with a slightly larger error term) for larger values of k can be deduced

from exactly the same proof.

Lemma 6.4.1. Let n,k € N, with k < 2n/3, and set p := k/n. If S is a uniformly-chosen

random subset of [n] of size k, then

m/2

P(HQ, L2np\ (S+9)| > m) < exp (216m7/8) -(1-p) (6.9)

In the proof of Lemma 6.4.1 we will also use the following well-known inequality (see, e.g., [3,
Lemma 5.2]).
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Lemma 6.4.2 (Pittel’s inequality). Let n,k € N with k < n, and set p :== k/n. IfZ is a

monotone decreasing property on [n], then

IF’(I holds for a random k-subset of [n]) <2 IP’(I holds for a p-random subset of [n])

Proof. Following the proof in [3], recall that Bin(n,p) < [pn] = k holds with probability at

least 1/2. Since Z is monotone decreasing, the claimed bound follows. ]

We first prove a simple lemma that will also be useful in Section 6.8.
Lemma 6.4.3. Letn € N and k € [n], set p:=k/n, and let M € N. If S is a uniformly-chosen

random subset of [n] of size k, then

P({M+1,...,2H—M+1}¢S+S) <§2_(1_p2)M/2‘

p
Proof. Observe that the left-hand side is at most
2n—M+1 n+1
Y Plzg¢S+S)<2 Y Plzg¢gS+S9),
z=M+1 z=M+1

since, by symmetry, IP’(ac ¢S+ S) = P(Zn +2—x¢ S+ S). Now, for z < n + 1, we can use
Pittel’s inequality to bound

[z/2]
P(m ¢S+ S) = P( ﬂ ({Z ¢ S} U {:L’ —i ¢ S})) < 2(1 _p2)(x—1)/2.
i=1
It follows that
IP’({M—i—l,...,Qn—M—i—l} v S+S> <1 Y (- %(1 AV
r=M+1 p
as claimed. 0

We are now ready to deduce Lemma 6.4.1 from Corollary 6.3.4.

Proof of Lemma 6.4.1. Observe first that, since 1 —p > e™2 for 0 < p < 2/3, the claimed
bound holds trivially if pm < 2'6m7/8. We may therefore assume that m > 2128p=8,

We will use Lemma 6.4.3 to deal with the case that the ‘middle’ is not covered by S +.S. To be
precise, set M := [4m/p] and let us write £ for the event that {2M—|—1, .. ,2n—2M—|—1} C S+5S.
Note that if £ holds, then

{2,....2n}\(S+S)c X :={2,....2M} U {2n—2M +2,...,2n}.
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Setting W := X \ (S +5), it follows that
P([{2,...,20}\ (S + ) > m) <P(IW] > m) + P(£°).

By Lemma 6.4.3, we have®

8

8
P2 (1-p)" <

P& < e (1-p)"

where the second inequality follows since 1 — 22 < (1— x)x/ 2forall0 <z < 1.

To complete the proof, we will use Corollary 6.3.4 to bound the probability that |W| > m.
Indeed, applying the corollary to the set

Y = {1,...,M}U{n—M—|—1,...,n},

and noting that the set X defined above is the same as that defined in (6.6), we obtain a family

B c 2% x 2Y of containers of size at most
exp <218’y_2\/ M (log M)3/2) =(1-p) M (6.10)

where v > 0 is chosen so that the equality holds. In particular, if (C, D) € B, then

il Y|
D| <m 1+4y)|y] — =4 : 11
|D| aX{( +Y[ =5 og Y (6.11)

and if U CY and W C X \ (U + U), then there exists (C,D) € B with W C C and U C D.

To apply Corollary 6.3.4, we need to check that v < 1/4. Using the bounds 1 — p < e ? and
M > m/p, and noting that the function = — (logx)®/?/\/z is decreasing for x > 2°, it follows
from (6.10) that

218(log M)s/z 918 m /2
3« < (log ) .
M N/

p
Therefore, since M < 8m/p, we have

8 99,7,5/6 1/2
< < 2 (g ™) <om (612

where the final inequality follows from the assumption that m > 2'28p=8. Since M > 4m, it
follows from (6.12) that v < 1/4, and so this is a valid choice of « in Corollary 6.3.4.

We next claim that

P(Wizm)< > P((Wcc)n(snycp)). (6.13)
(C,D)eB

®Note that if m > pn/4, then M > n, and so the event & holds trivially.
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To see this, observe first that
W=X\(5+9)cX\({(SNY)+(SnY))

since SNY C S. By the property of B guaranteed by Corollary 6.3.4(a), applied with U := SNY,
it follows that there exists a pair (C, D) € B with W € C'and SNY C D.

To bound the right-hand side of (6.13), observe first that

IP(SmYcD)g<”_Y\D‘><”)_1 (6.14)

pn pn

for every (C, D) € B, since S is a uniformly-chosen set of size k = pn, and if SNY C D then
SN (Y \ D)=0. Moreover, by (6.11), if |IW| > m then

YA\D|> Y| =D > Z

— 8yM (6.15)

for every (C, D) € B with W C C. Tt follows from (6.10), (6.13), (6.14) and (6.15) that

—-m n\ ! m/2—
P(W] = m) < (1) (TR ERA (M) e )

where the second inequality follows from the standard binomial inequality

a—c\ _(a— b\ /a (6.17)
b ) o a b) ’
Combining (6.12) and (6.16), and noting that 1 —p > =P for 0 < p < 2/3, it follows that

P(|W| = m) < exp <2l4m5/6p71/6(10gm)1/2) " _p)m/g

Since p~/6(logm)'/? < m!'/?*, by our lower bound on m, the claimed bound follows. O

We will usually apply Lemma 6.4.1 in the following form. Recall that § = 273273,

Corollary 6.4.4. Let A > 3 and k,m,b € N, with m > 229°)X24 and b < k. There are at most
m/2
o (A=2Y" (k)2
A k—0b
sets A’ C [\k/2] of size k — b such that |[Ak]\ (A" + A')| = m.
Proof. We simply apply Lemma 6.4.1 with p = 2(k — b)/\k < 2/3, and observe that

. A—2 m/2
exp (216m7/8) (1 —p) /2 < 2 ( S > ,
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by our bounds on b and m. To spell out the details, note that

since 6 = 2732)\73 and m > 2%90X%%, Now, observe that

m/2 m/2
w2 (A=2420\™2 sm \ [A—2
(1 p) X < \ — X eXp 7A 5 7A .

Since A > 3, the claimed bound follows. (I

Since we will often only need a weaker bound, let us note here, for convenience, that

N_2 m/2 A1 m/2
> (057) < (%) (019

since § = 2732\ 3.

6.4.1 Tools and inequalities

To finish this section, let us state some standard tools that we will use in the proof of Theo-
rem 6.1.1. The first is known as Ruzsa’s covering lemma (see, e.g., [151, Lemma 2.14]), and was

first proved in [137]. For completeness, we give the proof.

Lemma 6.4.5 (Ruzsa’s covering lemma). Let A, B C 7Z be non-empty sets of integers, and
suppose that |A + B| < p|A|. Then there exists a set X C B with |X| < p such that

BCcA-A+ X.

Proof. Let X C B be maximal such that the sets A + x for z € X are disjoint. Observe that
|A+ B| > |A||X|, and therefore | X| < p. Now, since X is maximal, A + b intersects A + X for
every b € B\ X, and hence B C A — A+ X, as claimed. O

We will also use the following special case of the Pliinnecke-Ruzsa inequalities [121, 122, 136],

which is also an immediate consequence of Ruzsa’s triangle inequality [135].

Lemma 6.4.6 (Pliinnecke-Ruzsa inequality). If |A + A| < \|A|, then |A — A| < \2|A|.

Proof. To prove that |A — A| - |A| < |A + A%, it suffices to construct an injective map ¢: (A —
A) x A — (A+ A)%2. To do so, choose an arbitrary function f: A — A — A? such that if
f(z) = (a,b) then a — b = =z, and define p(z,c) — (a + ¢, b+ ¢), where (a,b) = f(x). To see
that ¢ is injective, observe that x = (a + ¢) — (b + ¢) and that (a,b) = f(z). O

In Section 6.7 we will use a simple special case of the following result of Freiman [68].
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Lemma 6.4.7 (Freiman’s 3k — 4 theorem). If |A + A| < 3|A| — 4, then A C P for some
arithmetic progression P of size |A+ A| — |A| + 1.

We will also make frequent use of the following standard inequality in the calculations below:
b—d d
a—c a—c b a
< : 6.1
(oo = () (@) 6) 619
Nk /2 2\ [ M\k/2
< | —— . 2
(:23) < (Z) (% 020
We will also use the following inequality once, in Section 6.7.
ca) _ ¢ “
a)  \(c—1)1)"

Proof. Set y = (¢ — 1)/¢, and note that y/(c — 1) = y'~¢. It follows that

() = ((ramg)en)

= (o =3 ()= (7).

=0

In particular, note that

Observation 6.4.8.

for everya € N and 1 < c € R.

where the last step follows by considering the term i = a. (Il

6.5 Reducing to an interval

Let us fix A > 3, and for each n, k € N define
A=A(nk):={AC[n] : |A|=k and |A+ A| < \k}. (6.21)

Let us also fix e € (0,1) (since Theorem 6.1.1 holds trivially for € > 1) and, writing ¢(A) for

the length of the smallest arithmetic progression containing A, define
AN =AN(n,k) := {A €N U(A) < Nk/2+ c()\,e)}. (6.22)

In this section we will prove the following lemma, which reduces the problem of bounding |A\ A*|
to that of bounding |Z| (see Definition 6.2.1). Recall that § = 2732\73.
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Lemma 6.5.1. Let A >3 and n,k € N, with k > 21993 (logn)3. We have
. n? ok Ak /2

To prove Lemma 6.5.1, we will successively refine A\ A*, at each step showing that some subset
with a particular property is small. The first step in the proof of Lemma 6.5.1 is the following

stability lemma, which is an almost immediate consequence of Theorem 6.3.3.

Lemma 6.5.2. Let A >3 and n,k € N, with k > 24°\%5(logn)3. There are at most
. 5k \ [ M\k/2
S
PUT 293 )k

A\ P| > ok

sets A € A such that

for every arithmetic progression P of size Ak /2.
Proof. Set v = 279A71§ = 274 \=* and observe that, since k > 219°0)\?%(log n)3, we have

28)\1/6k_1/6\/10gn <y <278

Therefore, by Theorem 6.3.3, for all but at most

oo () ()

sets A € A, there exists T C A, with |T| < (22 + 2"\)yk < &k (moving some elements of
the progression given by the theorem into T'), such that A\ T is contained in an arithmetic

progression of size \k/2, as required. O

The next step is to show that almost all sets A € A are contained in an arithmetic progression

of length 3\k/2. Let us write F for the family of sets A € A such that
Ac{a+jd: =Mk/2<j<Ak} and  |A\{a+jd:1<j<Ik/2}| <Ok

for some a,d € Z. Recall that we assume, for simplicity, that Ak/2 is an integer.

Lemma 6.5.3. Let A > 3 and n,k € N, with k > 2499X25(logn)3. Then

‘A\f|<eXp<_2‘fé‘;\> </\12/2>'

Proof. Fix an arithmetic progression P = {a +7d:1<5< )\k/2}. We will bound the number
of sets A € A\ F with |A\ P| < 0k, and then sum over choices of P. We will then use

Lemma 6.5.2 to count the remaining sets, and hence prove the lemma.
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Note first that if A € A\ F and |A\ P| < 0k, then
AZP+P—-P,

solet Z:= A\ (P+ P — P) and choose an element z € Z. We will first count the possible sets
A" := AN P, and then (given A’) the choices for B := A\ P. Observe that

(z+A)N (A" +4") =0,

since A’ C P, and that if |A\ P| < 0k, then |z + A'| = |A'| > k — k. Since A € A, it follows
that
|A"+ A'| < Mk — (k — 0k) < Ak — k/2.

Hence, by Corollary 6.4.4 (applied with m = k/2 > 2490)X24) and using (6.18) and (6.20), it

follows that, for each b < dk, there are at most

A—1\"*/\k/2 e k\ [ Ne/2
AT <exp| — —
A k—b PUTa)\
choices for the set A’ = AN P such that |A’| =k —b.

To count the sets B (given A’), we apply Ruzsa’s covering lemma (Lemma 6.4.5) to the pair
(A, B) to obtain a set X C B, with |X| < |A" + B|/|A"| < Me/(k —b) < 2, such that
B c A" — A"+ X. Moreover, by the Pliimnecke-Ruzsa inequality (Lemma 6.4.6),

|A"— A+ X| < |X|-|A = A') <203k

Hence, choosing X first and then B\ X, and recalling that b < 6k = 2732X\73k, and that
k > 2400)\25(log n)3, it follows that there are at most

on [ 2Nk 3 1/2
oy < exp <5klog (2eX/6) + 2)\logn) < exp (6'%k)

choices for the set B, given a set A" with |A'| =k —b.

Combining the bounds above on the number of choices for A’ and B, it follows that the number

of sets A € A with Z non-empty is at most

ok
k Ak/2 k Ak /2
/2. % -
Yo (77 55) () < o (- 5) (1)
b=1
Summing over choices of P, and using Lemma 6.5.2 to bound the number of sets such that

|A\ P'| = 0k for every arithmetic progression P’ of size Ak/2, the lemma follows. O

Finally, to bound |A\ A*| in terms of |Z|, we need to map our arithmetic progression P into the

interval [Ak/2]. Lemma 6.5.1 will follow from Lemma 6.5.3 and the following bound.
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Lemma 6.5.4. Let A > 3 and n,k € N. Then

TL2

AN < — - |Z).
<

Proof. We will define a function : F \ A* — Z such that |~ 1(S)| < n?/k for every S € T,
which will suffice to prove the lemma. To do so, let A € F\ A*, and choose a,d € N such that

Ac{a+jd: —Xk/2<j< Nk}
and such that the sets
{reA:z<a} and {zeA:z>a+ \kd/2} (6.23)

are both non-empty and together contain at most dk elements. Indeed, to obtain such a pair,
take the arithmetic progression given by the definition of F, and (recalling the definition (6.22)
of A*) translate it if necessary so that the sets in (6.23) are both non-empty. Now define

©(A):={j€Z : a+jde A},
and observe that ¢(A) C {—=Ak/2,..., Ak}, and that
b(p(A) = [{z € p(A) : & <O} + |{z € p(A) : & > \k/2}| < Ok

Moreover, we have

r(cp(A)) = max (go(A)) — min ((p(A)) — % > c(\€),

since A ¢ A*, and hence p(A) € Z, as required.

Finally, observe that |¢~!(S)| is bounded from above by the number of pairs (a,d) € Z? such
that A :={a+jd:j € S} C [n]. For each set S of size k there are at most

2

n—a _n?
215k
such pairs (a,d). Hence |o~1(S)| < n?/k, as claimed, and the lemma follows. O

We are now ready to prove Lemma 6.5.1.
Proof of Lemma 6.5.1. By Lemmas 6.5.3 and 6.5.4, we have

. . Sk \ (Ak/2\ 0
AT < T A < (g0 ) () +

as claimed. O
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6.6 Counting the sparse sets in 7

Recall that, for any A C Z,
b(A) = |A\ [Mk/2]| and r(A) = max(A4) — min(A) — A\k/2,
and that f(A\) = 2!A3) and (recalling Definition 6.2.1) let us write
S = {A e :r(A) > f()\)b(A)}

for the family of ‘sparse’ sets in Z. In this section we will bound the size of S, and hence prove

the following quantitative version of Lemma 6.2.2.

Lemma 6.6.1. Let A > 3 and € € (0,1), and let k € N. Then
c(Xe)\ [Ak/2
e (-5 ()

For each B C {—Mk/2,...,\k}\ [Ak/2], let us define®

G(B):={AeTI: A\[\k/2] =B}. (6.24)
Recalling Definition 6.2.1, observe that G(B) = ) if either min(B) > 0 or max(B) < A\k/2, and

also if either |B| > 6k or r(B) < ¢(\, ) (note that r(A) = r(B) for every A € G(B)).

We will deduce Lemma 6.6.1 from the following bound on the size of G(B) by summing over
r > ¢(\, e) and sets B with |B| < r/f()).

Lemma 6.6.2. If B C {—\k/2,...,\k}\ [\k/2], then

G(B)| < exp < _ m) @k_/i)

where b = |B| and r = r(B).

For each A € G(B), set A’ :== A\ B. The idea of the proof is simple: if A’ contains many
elements close to its ends, then we can add these to min(B) and max(B), and obtain many
elements of A+ A outside [Ak]. Therefore, either A’ + A’ misses many elements of [Ak], in which
case we can apply Corollary 6.4.4 to bound the number of choices, or it has few elements close

to its ends, and it is straightforward to count sets A’ with this property.

5Note that we include sets of Z\ S in G(B); we will not need to use the bound r(A) > f(\)b(A) when bounding
the size of G(B) (we use it only when counting the choices for the set B), and we shall also want to reuse our
bounds on |G(B)| in Section 6.7, below, where we will be dealing with dense sets.
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To be precise, define
Y :={z<0:2-min(B) € A} U{z > Ak : 2z —max(B) € A"}, (6.25)

and set m(B) := r(B)/8\. The following bound follows from some simple counting.

Lemma 6.6.3. If B C {—\k/2,..., Ak} \ [\k/2], then there are at most

o—mi(B) [ Ak/2
k—b

sets A € G(B) with |Y| < m(B).

Proof. We claim first that if r := r(B) > Ak/2, then there are no such sets A € G(B). Indeed,
if max(B) —min(B) > Ak then for each y € A’ either y +min(B) < 0, or y+max(B) > Ak, and
therefore |Y| > |A'|. Tt follows that if A € G(B) with |Y| < m :=m(B), thenm > Y| > |A'| =
k—b> k/4, since b(A) < ok for every A € Z. But this implies that » = 8\m > Ak, which is
impossible. Let us therefore assume that r < \k/2.

Now, the number of sets A € G(B) with |Y| < m is at most
T (Nk/2 =7 " ler\t 2\ 2 N IAk/2
< Yy (12 . : 6.26
;@Q_b_e) Z;(f) (3% () (Y ew
where the inequality holds by (6.19). Now, observe that

or\ bt 2\ ¥/? r
1—— <|(1-— < —— ) =%
(%) (%) e (-5) -

since b+ £ < k/2 and r = 8\m, and that

" (er 2 \* /2% m\t 2teA \™ 7 \m
> (7 ata) <X (ia ) <omen(3) <@

/=0 /=0

since 7 = 8\m and A > 3, and since (C/x)” is increasing for z < C/e. It follows that the
right-hand side of (6.26) (and hence the number of sets A € G(B) with |Y| < m) is at most

)" ()< (M)

as claimed. O

It remains to count sets A € G(B) with |Y| > m. To do so, set X := A’ + A’ and observe that
X and Y are disjoint subsets of A + A. Since |A + A| < Ak, it follows that

[[AK]\ X| = Y| > m(B). (6.27)
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We will use Corollary 6.4.4 to count the sets with |[[Ak] \ X| > m(B).

Lemma 6.6.4. If B C {—\k/2,...,\k} \ [\k/2], then there are at most

(570

sets A € G(B) with |[Ak] \ X| = m(B).

Proof. We want to bound the number of sets A" C [A\k/2], with |A’'| = k — b, such that [[AK] \
(A" + A" = m := m(B). Recall that |B| < dk and r(B) = ¢(\, ) (otherwise G(B) is empty),
and note that therefore m = r(B)/8\ > 2400)\24, 1t follows, by Corollary 6.4.4 and (6.18), that

there are at most
A—1\"?(\k/2
A k—0b

sets A € G(B) such that |[Mk] \ (A" 4+ A")| = m, as claimed. O

We can now easily deduce the claimed upper bound on the size of G(B).

Proof of Lemma 6.6.2. By (6.27), |G(B)| is at most the sum of the bounds in Lemmas 6.6.3
and 6.6.4. Recalling that m(B) = r(B)/8\, this gives

G(B)] < (7P e/ (ik_/?)) S exp < G ) (Qk_/?)

as required. O

Lemma 6.6.1 is a straightforward consequence.

Proof of Lemma 6.6.1. Fix b and r, and consider the sets B C {—Ak/2,..., Ak} \ [Ak/2] with
|B| = b and r(B) = r. We may assume that » > f(A)b and r > ¢(),¢), since otherwise
G(B)NS = (). The number of choices for B (given b and r) is therefore at most

r 10,,,3\27 1A%y r
(b) < (2 el ) < exp (27)\2>

since /b > f()\) = 21°A3. By Lemma 6.6.2, it follows that

{A€S:b(A) = b, r(4) = 1}| < exp < - 27;) <2k‘_/i> - (_ 28&2) </\l;/2>’

where the second inequality follows from (6.20), since /b > f(A) and X\ > 3.

Summing over choices of > ¢(\, &) and b < r/f()\), it follows that

sl< Y )f(’"A)eXp ( _ 28&2) (Al;/z) . ( ) cég,;)) (Alz/2>7

r=c(\e
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as required. ([l

6.7 Counting the moderately dense sets

Recall from Definition 6.2.1 and (6.3) the definitions of b(A), r(A) and Z, and let us write
D= {A €T : r(A) < f(/\)b(A)} (6.28)

for the family of ‘dense’ sets in Z, where f()\) = 2!°A3. In the next two sections we will prove

the following quantitative version of Lemma 6.2.3.

Lemma 6.7.1. Let A > 3 and € € (0,1), and let k € N. Then
c(\e)\ (Ak/2
meen (52)()

Let us fix A > 3, e € (0,1) and k£ € N until the end of the proof of Lemma 6.7.1. In this section,

we will deal with some relatively easy cases using the method of the previous section. Observe
that
> 255029 (6.29)

for every A € D, since r(A) > ¢(\, ¢) for every A € Z, and by the definition (6.1) of ¢(A, €).
For convenience, let us define, for each b € N and p > 1,
D(b, p) := {A €D : |B|=b and |(B+ B)\ [\k]| = ub, where B = A\ [)\k:/2]}. (6.30)

The first step is to use Theorem 6.3.2 to bound the number of choices for B = A\ [Ak/2]. We

will use the following lemma several times in the proof of Lemma 6.7.1.

Lemma 6.7.2. Let b€ N and p > 2. There are at most

b ub/2
a5t (b — 2 2
(52 (9

sets B such that B = A\ [\k/2] for some A € D(b, ).

We will use the following observation in the proof of Lemma 6.7.2, and then again (several

times) in the applications below.

Observation 6.7.3.

for every x,y > 2.
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Proof. Set q(z,y) == (z/y)*/%- ((y — 2)/(x — 2))(‘%2)/2, and observe that

2 r x—2 z(y —2) 2 ¢z -2 z(y—2)
1 2/ = 2 og = | s 1 . =0
o8 (a(x,9)™") = 2 -log y e 8 (y(x—2)> Og< v ya—2) ’

using the concavity of the log function. O

Proof of Lemma 6.7.2. Set By := {z € B:x < 0} and By := {z € B : x > \k/2}, and recall
from (6.29) that b > 2°59A2% and that § = 2732\73. Observe first that, since 7(A4) < f(A\)b for
each A € D(b, ), for each i € {1,2} there are at most

f(A)b 5
( p3/4 < exp (b3/4 logh) < e b (6.32)
choices for the set B; with |B;| < b%/%. Moreover, by Lemma 6.4.7, if | B; + B;| < 2|B;], then B;
is contained in an arithmetic progression of size |B;| + 1, and so in this case there are at most

3 < 2300983 < % choices for B;. Note that £ _2 (ﬁ)“ﬂ > 1 for every u > 2, so these bounds
suffice when either |B;| < b%/* or |B; 4+ By| < 2]B |.

Now, set b; = |B;| and u;b; = |B; + B;|, and suppose that b; > b3/4, and p; > 2. In this case we
will use Theorem 6.3.2 to count the number of choices for B;, and hence prove that, for each
i € {1,2}, the bound (6.31) holds with the pair (B,b) replaced by (B;,b;). Since b = by + b,
multiplying these two bounds will give (6.31) for the pair (B,b).

To check the condition on p;, observe that B; + B; C [2min(B),2max(B)] \ [Mk], and therefore
by < 2 7(A) < 2f(\)b, (6.33)

for every A € D(b, 1), by (6.3) and (6.28). Since b; > b3/4, and recalling that b > 250\ it

follows that”
2f(\)b 936 bi

bi (log(f(\)B)*

Hence, by Theorem 6.3.2, the number of choices for B; (given b; and ;) is at most

where the final inequality holds since u1/6b5/6 < (pibi) V9034 < 4N - b%/6 by (6.33), so

29,1/56%/% 1og b;\/log(f < 21\ 9/ (log b)2 < 6b,

since 6 = 2732073 and b > 2°90)\29,

"Using the bound b; > b%/#, the second inequality reduces to b > 274f()\)2(10g(f()\)b))6, which follows (with
room to spare) from b > 25°°X2% since f(\) = 2'°\3.
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Now, by Observations 6.4.8 and 6.7.3, it follows that

pibif2) (=2 (e NPT 2\ e\ 6.35
w )<\ s < (55 ) I (XS
i 75 [

Since pub = p1b1 + pobe, the lemma follows from (6.32), (6.34) and (6.35). O

We can now bound the number of sets A € D(b, i) such that r(A) > 21 ub.

Lemma 6.7.4. Let b€ N and p > 1. If r > 2" ub, then there are at most

o () ()

sets A € D(b, ) with r(A) =r.

Proof. Observe first that if y < 2, then B is contained in two arithmetic progressions of com-
bined size at most |B| + 2, by Lemma 6.4.7 (cf. the proof of Lemma 6.7.2), and so in this case

there are at most r% choices for B. By Lemma 6.6.2 and (6.20), it follows that there are at most

EB: G(B)| < r®exp < - 2&2) (Az_Q)b(A]jf) (6.36)

sets A € D(b, u) with r(A) = r, where the sum is over sets with [(B + B) \ [\k]| < 2|B| = 2b
and 7(B) = r. Now, since r > 2! > 256122 by (6.29), and A > 3, we have®

70 72 b<ex S
_2) SEP orx )

and combining this with (6.36), we obtain the claimed bound.

Let us therefore assume from now on that p > 2. By Lemma 6.7.2 and Observation 6.7.3, it

A—2\l/ A M2
20b
(52 () o)

sets B such that B = A\ [Ak/2] for some A € D(b,p). In order to count the sets A for a
given B, we will need to consider three cases. For each set B that is counted in (6.37), set
m :=m(B) = r(B)/8\, and for each A € G(B), let Y = Y (A) be the set defined in (6.25).

follows that there are at most

Case 1: |Y| < m.

8Indeed, if A > 4 then note that % < exp (r/27/\2), and if A < 4 then note that Foor/2t <exp (r/211).
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By Lemma 6.6.3 and (6.20), for each set B there are at most

()< () ()

sets A € G(B) with |Y| < m. Summing over sets B as in (6.37), noting that if 7(B) = r then
ub < 2~ pr <278 m, and recalling that A > 3, it follows that there are at most?

ub/2

sets A € D(b, ) with r(A) =r and |Y| < m.

Counting the sets with larger Y is somewhat more delicate, and we will need to partition into

two cases, depending on the intersection of Y with the set B + B.

Case 2: |Y| > m and |Y N (B + B)| <m/2.

In this case we will apply Corollary 6.4.4. To do so, observe first that
|A"+ A"+ |[Y U (B + B) \ [M\K]| < |A+ A| < Mk,

since A’ + A" C [Ak] and Y C (A" + B) \ [MK], by (6.25). Recall that |(B + B) \ [M\k]| = pb for
each A € D(b, 1), by (6.30). Therefore, if |Y| > m and |Y N (B + B)| < m/2, then

K]\ (A" + A))| > pb +m/2.

Moreover, if D(b, 1) is non-empty then 240X\ < b < 6k, by (6.29) and Definition 6.2.1, and
since D(b,u) C D C Z. Hence, by Corollary 6.4.4 and (6.20), it follows that for each set B

counted in (6.37), there are at most

e (5 (25 (49

sets A € G(B) such that |Y| > m and |Y N (B + B)| < m/2.

Summing over sets B, and using (6.37), it follows that there are at most

choices for A in this case. Now, since pub < 27 8Am and § = 2732)\73, we have

A —2\"4 m m
. - < —— ] < - —
exp (20 - (b+ pb+ m/2)) < 5y > < exp <<5)\m 2>\> \exp< 4)\>,

9Indeed, if A < 4 then 3** < gm/2° < em/25, and otherwise A\/(A — 2) < e2/(A=2) L et/
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and hence the number of sets A with |Y| > m and |Y N (B + B)| < m/2 is at most

oo () () e (- ) () o3

Finally, we count sets such that Y has large intersection with B + B.

Case 3: |Y| > m and |Y N (B + B)| > m/2.
Let B be such that B = A\ [Ak/2] for some A € D(b, ), and consider the set
Z:={x € [Ak/2] :  + min(B) € (B+ B) \ [M\k] or z+ max(B) € (B+ B)\ [\k]}.

Observe that |[A' N Z| > m/2 and |Z] < |(B + B) \ [Mk]|. It follows that the number of choices

for A’ is at most

A 3,55 (o () (),

£>m/2 >m/2

where the inequalities follow from (6.20) and the bounds b < 278Am and A > 3, which together

imply that
2eub 2 e 1

. X <7-
m  A—2 S 2\A-2) 4

By (6.37), and recalling again that ub < 2-8Am, it follows that there are at most

() ) () ()Y e

choices for A in this case. Summing (6.38), (6.39) and (6.40) gives the required bound on the
number of sets A € D(b, u) with r(A) =r. O

N

It will be useful in the next section (which deals with the case 7 < 2! ub) to be able to assume
that © = ©()A). The next lemma, which follows from Corollary 6.4.4, provides a suitable bound

on the size of D(b, u) when this is not the case.

Lemma 6.7.5. Let b € N. If r < 2tub and either u < 2 or p & (\/2,2)), then there are at

most
T Ak /2
SR\ 7oy )\ g

Proof. For each A € D(b, ), set A" := AN [Ak/2] and B := A\ [\k/2], and observe that

sets A € D(b, u) with r(A) =r.

R (4 4)] > [(B+B)\ (] = b
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since |A+ A| < Ak. Hence, by Corollary 6.4.4 applied with m = ub > 2409A24 and using (6.20),

there are at most b2 b
o (A= 2\ 2\ (k)2 (6.41)
X A—2 k) '

Suppose first that g > 2, and recall from Lemma 6.7.2 that in this case there are at most

b ub/2
asb [ 1 — 2 7
)

sets B with B = A\ [\k/2] for some A € D(b, ). Moreover, applying Observation 6.7.3 with
r=pand y =2\ — 2 gives

(52 ) (2
<O —2f(272) .
2 -2 A—2

Thus, if u > 2\ (and therefore p > 6), then the product of (6.41) and (6.42) is at most*’

A—1\""2 7\k/2 b\ [Ak/2 r o\ [(Ak/2
36ub _ob < _ M < —
w2 () (V) e (35) (0F) <o (-3) (1)

since r < 21 pub.

choices for the set A’.

Next, if © > 2 and X\ > 4, then applying Observation 6.7.3 with = p and y = A/2 gives

2 pw—2 S\ 4 A—4 ‘

Thus, if 2 < p < A\/2 (and therefore A > 4), then the product of (6.41) and (6.42) is at most

s (A2 W2 N A\ [ Nk/2 < gbia (A2
A—4 2\ — 4 k)= k)’

where the final step holds since § = 2732\73, ;1 < \/2, and

_ o\ RN 9 M4
ot. A A =(1+—"— < e
\—4 2\ — 4 \—4

Since r < 211#b < 2100, it follows that if 2 < i < A/2 then there are at most
o Ak /2
RS STES W A

OFor the penultimate step, recall that § < 277271, and apply the inequality 2 - e % < 671/16, which holds
for all z > 2, with z = p/\.

sets A € D(b, ) with r(A) = r.
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Finally, if ¢ < 2 then B is contained in two arithmetic progressions of combined size at most
|B| + 2, by Lemma 6.4.7, and so in this case there are at most r% < 27° < % choices for B,
by (6.29). Noting that ub > 2b — 2, it follows from (6.41) that there are at most

(5 () (1) 2o (-5) ()

choices for A, where the last inequality holds since A > 3 and r < 2 ub < 2'2b. [l

6.8 Counting the very dense sets with containers

It remains to bound the size of the family!!
D*(b, p) == {A e Db, ) : 1(A) < 211,1,5} (6.43)

of very dense sets, for each p > 2 with \/2 < p < 2X. To do so, we will once again use
Theorem 6.3.1, but this time our application of it will be rather different. Recall first, from
Lemma 6.4.3, that the ‘missing’ set M (A) := [Ak]\ (A + A) is typically contained near the ends
of [\k] (see Lemma 6.8.2, below). We will use Corollary 6.3.4 to find a family of 2°() containers
(C, D) for the parts of A ‘close’ to the endpoints, and for M (A) (see Corollary 6.8.1). We will
then, in Lemma 6.8.3, bound the number of sets A € D*(b, 1) corresponding to each container.
Our bound decreases exponentially with b, and we will therefore be able to take a union bound

over containers.

To state the version of Corollary 6.3.4 we will use, we need a little additional notation. First,
for each b € N, set Y'(b) := Y1 UYs and X (b) := (Y1 + Y1) U (Y2 + Y2), where

Yy = {0,...,2"8\%}, and Yo := {A\k/2 - 2"8X\%, ... \k/2},
Moreover, define M(A) := [Ak] \ (A+ A) and
Tb):={A€Z:b(A)=band M(A)C X(b)}.
As we will see below (see Lemma 6.8.2), this family contains almost all of D*(b, p).

Our key tool in this section will be the following immediate consequence of Corollary 6.3.4.

Corollary 6.8.1. For each b € N, there exists a family B(b) C 2X(®) 5 2Y®) of size at most

exp (250)\2b7/8)

"Recall that the family D(b, ) was defined in (6.30).
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such that:

(a) For each A € T(b), there exists (C,D) € B(b) with M(A) C C and ANY(b) C D.

(b) For every (C,D) € B(b),

ol < max { o) - S+ prppre, SEOLYL

Proof. We apply Corollary 6.3.4 with S; = Y, Sy = Y and v = |Y(b)|~/%/4. The bound on
the size of B(b) follows from (6.7), since log |Y (b)| < 26(A26)1/36 and

9172 Y (0)] = 221‘}/(())‘5/6 < 22! (220)\21))5/6 < 241)\5/31)5/67
where in both cases we used the bound |Y ()| < 229)\2b.

The bound on |D| for each (C,D) € B(b) follows from (6.8). Finally, for each A € T(b) we
apply Corollary 6.3.4(a) with U := ANY (b) and W := M(A) C X (b) \ (U +U). It follows that
there exists (C, D) € B(b) such that M(A) C C and ANY(b) C D, as claimed. O

Recall from (6.29) that b(A) > 2°99A%° for every A € D*(b,u) C D. Since § = 2732\73, it
follows that
Y (b)[/ < 6b. (6.44)

In the calculations below, we will also need the inequalities

(T () (@) me (<) e

Before bounding the number of sets in each container, let’s first observe that, by our choice of
X (b), most members of D*(b, ) are also in T (b).

Lemma 6.8.2. For each b < 0k and p < 2\, there are at most

e? <MZ 2> (6.46)

sets A € D*(b, ) such that M(A) ¢ X(b).

Proof. Recalling (6.43), let A be a uniformly random k-subset of L := [—2ub, \k/2 + 2 pb],

and observe that

P(M(4) ¢ X(0)) SP({M'+1,..., Mk~ M ~1} ¢ A+ A),
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where M’ := 2¥9)2b, by the definitions of M(A) = [Ak] \ (A + A) and X (b). By Lemma 6.4.3
(applied with n = M\k/2 + 22pub+ 1 and M = M’ + 2'2ub + 2), it follows that

P(M(A) ¢ X(b)) < ;2 ()M,

where p = k()\k/Q +22ub + 1)_1. Now, recall that b < 6k and p < 2\, and observe that
therefore p > 1/\. Since M > M’ = 29)\2p, it follows that

P(M(A) ¢ X(b)) < 8AZ . e M2V exp (- 217b),

since b > 2°93%9. In order to deduce a bound on the number of sets such that M(A) ¢ X (b),
we simply need to multiply by the total number of k-subsets of L. There are at most

(Ak/2 + i;l?,ub-i- 1) < <1 N ifﬁb;):)k(ﬁm) < exp (21%) (M;/2>

such sets, where the first inequality holds by (6.45), and the second because A > 3 and p < 2.

Hence, there are at most

Ak /2 Ak /2
exp(—217b+216b)< k/ > <eb( k/ >

sets A € D*(b, u) with M(A) ¢ X (b), as claimed. O

To deduce Lemma 6.7.1 from Corollary 6.8.1, we will need to bound the size of the containers

in B(b). The following lemma provides the bound we need.

Lemma 6.8.3. Let b < 6k and p > 2, with \/2 < p < 2X\. For each (C, D) € B(b), there are

at most
—b/32) (/\k/2>
¢ k

sets A € D*(b, u) such that M(A) C C and ANY(b) C D.

In the proof of Lemma 6.8.3, we will need the following binomial inequalities, whose (straight-

forward, but slightly tedious) proofs are given in [32, Appendix B]. Set a := 22°X2§ = 27"\ ~L.

Observation 6.8.4. Let b < 0k and p > 2, with \/2 < p < 2\, and let s <t < 222)\2p. Then
Ak/2 = pb— 5\ _ (A2 M9 NP Nk/2 - s
k—b—s = A A—2 k—s )’

R/2 = ub/2 = 5/2 =t + 0B _ o (A =2 w2 o NP IAR/2— /2 —t
k—b—s ST A—2 k—s ‘

and

We are now ready to prove our key lemma.
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Proof of Lemma 6.8.3. First, by Lemma 6.7.2 and Observation 6.7.3, there are at most

o200 p—2\"1 u Mb/2<€26b A=2\"( A WP (6.47)
2 w2 = 2 A—2 ‘

sets B such that B = A\ [Ak/2] for some A € D*(b,u) C D(b,u). Fix such a set B, let
A € D*(b, u) with B = A\[A\k/2], and recall that M (A) = [Ak]\(A+A). Note that |M(A)| > ub,
since |A + A| < Mk and |(B + B) \ [\k]| = ub. Now, define!?

C:=C — {min(B),max(B)}  and  D:= ([\k/2]\ Y (b)) UD, (6.48)
and observe that if ANY (b) C D, then A’ C D, where (as usual) A’ = AN [\k/2]. Set
S:=CnA and T:=CnNnD,

and observe that S C T', and that for each z € S, either x4+ max(B) or x +min(B) is contained
in C N (A+ A). Moreover, the sets S + max(B) and S + min(B) are disjoint, since S C [\k/2]
and max(B) — min(B) > Ak/2. It follows that if M(A) C C, then

C1 = [M(A)] +[S]| = pb+|S]. (6.49)

For each s,t € N| let us write g(s,t) for the number of sets A € D*(b, u) such that M(A) C C
and ANY(b) C D, and such that

|S| = s and |T| = t.

Since S C T, we have at most (i) choices for S. We will bound g¢(s,t) in two different ways,

depending on the values of s and ¢.

Claim: If s < b/16 and t < Ab, then

Ak /2
g(s,t) < e_b/8< k/ ) (6.50)
Proof of claim. In this case we will use the bound
S~ Ak Ak
]D\C|<?—|C]<?—,ub—s. (6.51)

The second inequality is (6.49), and therefore, recalling that D C [Ak/2], to prove (6.51) it will
suffice to show that
|IC N [Ak/2]| > |C). (6.52)

126 avoid any possible confusion, we emphasize that C is the union of two shifted copies of the set C.
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To prove (6.52), observe first that 219A2b < \k/8, since b < dk and § = 2732A73, and therefore
C C X(b)c{0,..., \k/8} U{TAk/3,... \k}. (6.53)

Moreover, 7(A) < 21 ub < 212X - 6k < A\k/8 for every A € D*(b, i), and therefore
—Ak/8 < min(B) <0 and Ak/2 < max(B) < 5Ak/8. (6.54)

It follows from (6.53) and (6.54) that ’C’ N [)\k/2]’ > |C, as claimed.

Now, recalling that A’ ¢ D and S = C' N A’ it follows from (6.47) and (6.51) that

o(5.1) < 625b<>\ ; 2>b<)\ i 2>ub/2 ()\klé2—bub5— 8> <z>

< 2|C| < 2|X(b)] < 222X2b. Thus, by Observation 6.8.4, we have

Observe that s <t < \C~'

/2= b =5\ _ (A2 Hr9 NP NE/2 — s
k—b—s h A A—2 k—s )’
and therefore, by (6.45),
—2\"/2 17k /2 — —2\M/2 19 S k)2
g(s,t) < eQab A )‘k/ S t < e2ab A = gt )‘k/ )
A k—s S A A s k
Since s < b/16 and ¢t < Ab, and recalling that x> A/2, it follows that

gls,t) < b 2 (320)"10 (M?f) <t (AIZ 2),

as claimed. 0

We may therefore assume that either s > b/16 or ¢ > A\b. In this case observe that \D| =
Ak/2 — Y (b)| + | D], by (6.48) (and since D C Y (b) C [Ak/2]), and therefore

M |C]

Ak O] Ak —ub—s
2 2

+Y )P < L

|D| < + 6b, (6.55)

by Corollary 6.8.1(b), together with (6.44) and (6.49). Since A’ C D and S = C'N A4/, it follows
from (6.47) and (6.55) that

s(6.8) < 625b</\ - 2>b()\ i 2>ub/2 ()\k:/Q - MZ/Ebj/SQ t+6b> <z>

Since s <t < 222)\26, it follows by Observation 6.8.4 that

g(s,1) < e20b (W 2}:2 2= t) <t> (6.56)

S
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Now, if s > b/16 then, by (6.17), we have

(Ak/zk_s£2t> C) . <)\k:/2k s/2> . ()\)\2>5/2 <A12/2> R <A12/2>.

On the other hand, if s < /16 and t > Ab, then using (6.45) and (6.17), and noting that
t—s/2>1/2, we obtain

</\k/2k_sé2t> <z> . (i ‘ €;>s<)\k§/2 +ks/2t> < <2)\€:>s<)\/\2>t/2<,\2/2>'

Now, observe that (for s < b/16 and ¢ > Ab) the right-hand side is increasing in s and decreasing
in ¢, since 2et/As > 32e (and by simple calculus). It follows that

2et\* /A —2\"? b/16  _p b
- - < e 'K 7/2.
(As) < A > = (326) © o5

Combining these bounds, and recalling that o = 2=7A~!, we obtain

o0 < (e ) (1) ¢ o (), -

Finally, summing the bounds (6.50) and (6.57) over s < t < 2?22, and recalling that b >

2950229 e obtain the claimed bound. O

We are finally ready to prove Lemma 6.7.1.

Proof of Lemma 6.7.1. Let us fix b, € N and > 1, and bound the number of sets A € D(b, p)
with r(A) = 7. Recall first that if > 21 b then, by Lemma 6.7.4, there are at most

( : ) (%)

such sets, and if » < 2 ub and either u < < A/2 or p > 2\, then by Lemma 6.7.5 there
are at most
Ak/Q
exp 216)\
such sets. Now, if » < 2! ub and A\/2 < p < 2, then by Lemma 6.8.2 there are at most

“’(”?!2> <ov () (V)

such sets that are not in 7(b). Moreover, by Corollary 6.8.1, there exists a family B(b) of size

at most
exp (250>\2b7/8)
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such that for every A € T (b), there exists (C, D) € B(b) with M(A) C C and ANY(b) C D.
Finally, by Lemma 6.8.3, for each (C, D) € B(b) there are at most

_ Ak/2 T Ak /2
b/32A
() oo (o) ()

sets A € T(b) N D*(b, u) such that M(A) C C and ANY(b) C D.

Combining these bounds, it follows that there are at most

Ak /2

sets A € D(b, u) with r(A) = r. Now, summing over choices of b < r and p < 2r/b such that
ub € N, and recalling that » > 259232 it follows that there are at most

o (~ame) (V)

Finally, summing over r > ¢(\, ¢), we deduce that

D] < exp ( _ CZ(QAO;)> (AIZ/2>’

as claimed. O

sets A € D with r(A) =r.

6.9 The proof of Theorem 6.1.1

In this section we will prove the following quantitative version of Theorem 6.1.1, which allows

us to control the typical structure of A when A = k°(M). Recall that § = 2732\ 3,

Theorem 6.9.1. Let A > 3 and n,k € N be such that k > 219°X\%(logn)3, and let € > ek,
Let A C [n] be chosen uniformly at random from the sets with |A| =k and |A+ A| < X\k. Then

there exists an arithmetic progression P with

Ak
ACP and |P| < 74—6()\,8)

with probability at least 1 — €.

There is only one piece still missing in the proof of Theorem 6.9.1: a lower bound on the size
of the set
A={AC[n]: |Al=k and |[A+ A| < \k}.
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The following very simple bound will suffice for our current purposes; a stronger lower bound

(at least, for large A) will be proved in Section 6.10.
Lemma 6.9.2. Let A > 3 and n, k € N, with \k < n. Then

1 n?/)\k/2
{ACn]:|A] =k, |A+A1<Ak}\>ﬂ-k< " )

Proof. We consider, for each arithmetic progression P of length Ak/2 in [n], all subsets A C P of
size k containing both endpoints of P. All of these sets are distinct, and all satisfy |A+ A| < Ak.

There are at least n?/2\k choices for the arithmetic progression, and therefore

A >nz<)\k/2—2> >712()\k/2>’

20k k—2 ~ Nk k
as claimed, where the final step follows since (}) = zgz:ll)) (‘;:g) O

We can now deduce Theorem 6.9.1 from Lemmas 6.5.1, 6.6.1, 6.7.1 and 6.9.2.

Proof of Theorem 6.9.1. For simplicity, we will assume that Ak < n; the case Ak > n is dealt
with in [32, Appendix C]. Recall from (6.22) that A* denotes the collection of sets A € A
that are contained in an arithmetic progression of length A\k/2 + ¢()\, e). Observe first that, by
—8%k

Lemma 6.5.1 and our assumption that ¢ > e , we have

n? ok Ak /2 n? e (Ak/2
P = < . = i
A\ A" < i |I|+exp( 210)\>( i >\ 3 ]I\+2)\3< i )

Now, by Lemmas 6.6.1 and 6.7.1, and recalling that S UD = Z, we have

1Z| = S|+ |D| < 2.exp<_ C(/\vﬁ)> (Ak/2> < €</\k/2>

220 )\2 k TN\ k

since c(\, €) = 22022 log(1/¢) + 2°0A32. By Lemma 6.9.2, it follows that

. e n?(Ak/2
< g (M) <em

as required. O
When A € (2,3), the proof of Theorem 6.9.1 implies the following weaker bound.

Theorem 6.9.3. For each vy > 0, there ezists a constant C(7y) > 0 such that the following holds.
Let 2+ < A <3 ande > 0 be fived, let n be sufficiently large, and let k > (logn)*. If A C [n]
is chosen uniformly at random from those sets with |A| = k and |A+ A| < Ak, then there exists

an arithmetic progression P with
Ak
ACP and |P| < -5 + C(7)log(1/e)
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with probability at least 1 — 2¢.

Theorem 6.9.3 follows by repeating the (entire) proof of Theorem 6.9.1, replacing (everywhere)
the condition A > 3 by the condition A > 2 4 v, and the conditions 7(A4) > ¢(\, &) and
k > 2490)\%(logn)3 by the conditions r(A) > C(vy)log(1/e) and k > (logn)*. We leave the

details to the reader.

To finish the section, let us quickly deduce Corollary 6.1.2.

Proof of Corollary 6.1.2. The lower bound follows from Lemma 6.9.2 (see also Proposition 6.10.2,
below), so it remains to prove the upper bound. To do so, note that (by increasing the implicit
constant in the upper bound if necessary) we may assume that logn > 232°A?% and hence we
may apply Theorem 6.9.1 with € := 1/2. Since there are at most n?/k arithmetic progressions
of length \k/2 + ¢(), ), it follows that

) o (B30 () o £ 4)

as required. O

6.10 The lower bounds

In this section, we prove lower bounds for the size of A, and for the typical size of the smallest
arithmetic progression containing a set A € A. The bounds we obtain indicate that the upper
bounds in Theorem 6.1.1 and Corollary 6.1.2 are not far from best possible. We begin with the

construction for the typical structure, which is very simple.

Proposition 6.10.1. Given A > 4, let € > 0 be sufficiently small, and let n, k € N be sufficiently
large. If A C [n] is chosen uniformly at random from the sets with |A| =k and |A+ A| < Ak,
then with probability at least €,

Mk
|P| > 5 27%)%1log(1/¢)

for every arithmetic progression P containing A.

Proof. Set r := 27%)\%log(1/¢), and consider the family A(r) of sets A = A’ U {0,v}, where
A" C [Mk/2 — 8r/\ with |A'| = k — 2, and v = Ak/2 + r. We claim that most such sets
satisfy |A + A] < Ak. Indeed, since A" + A’ C [Ak — 16r/)], this holds as long as the set
{r e A :x>Nk/2—r—16r/A\} has at most 167 /) elements. If k& > 16r/), then the expected

number of elements of this set is

k-2 <T+8r> _ 2048

k=2 8r < 8r
Ak/2 — 8r/A A

r
A—1 X T A
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since A > 4, and it follows by Markov’s inequality that |A + A| < Ak with probability at least

1/2, as claimed. Now, observe that

= () e -5) () - 07

where the first inequality follows from the binomial inequalities

(22)2z() = (07)>(-22) 6)

again using the bound k > 167/), and the second follows since r < 27°A(\ — 1) log(1/¢). Now,
for each a € [n/Ak] and b € [n/4], and each set A as above, we apply the linear map x — az +0b
to A. We obtain at least

U;J .Z.é.\ﬁ(f!ﬂ S 223, ’i(”jf) (6.58)

distinct sets A C [n] with |A| = k and |A + A| < Ak.

Finally, note that few of these sets A are contained in a shorter arithmetic progression, since
such an arithmetic progression would have length at most A\k/4 + r/2 < A\k/3. Recalling the
upper bound on |A| given by Corollary 6.1.2, and that £ was chosen sufficiently small, it follows

that the right-hand side of (6.58) is at least €|A|, as required. O

Obtaining our lower bound on the size of |A| will be slightly more delicate.

Proposition 6.10.2. If A > 230 and n,k € N are sufficiently large, then

2
{ACn]:|Al =k, |A+ Al < \k}| > exp (2—%1/2)% (”Zz) (6.59)

In the proof of Lemma 6.10.2, we will need the following simple bound on the number of

independent sets of a given size in a graph.

Lemma 6.10.3. Let G be a graph with n vertices, m edges and £ loops. Let R be a uniformly

chosen random subset of k vertices, where k < |n/2]. If B is the event that R is an independent
Imk® 30k k
> - -2 - —— ).
P(B) > exp ( 52 - > exp < 16)

Lemma 6.10.3 is an almost immediate consequence of the FKG inequality for the hypergeometric

set, then

distribution, see, e.g., [17, Lemma 3.2].

Lemma 6.10.4 (Hypergeometric FKG Inequality). Suppose that {B;}icr is a family of subsets
of an n-element set Q. Lett € {0,...,|n/2]}, let R be the uniformly chosen random t-subset
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of Q, and let B denote the event that B; € R for alli € I. Then for every n € (0,1),

P(B) > H (1 - (OZW)lBi> —exp(— n*t/4).

i€l

Proof of Lemma 6.10.3. The claimed bound follows immediately from Lemma 6.10.4, applied
with ¢ = k and n = 1/2, and with the sets B; being the edges and loops of G, using the fact
that 1 — 2 > e 2 for 0 < = < 3/4. O

Proof of Proposition 6.10.2. Set ¢ := 273 and r := 2¢A%/2. We will first prove that there are at
least exp (20)\1/2) ()‘12/2) subsets A C [Ak/2 + r] of size k with |A + A| < Ak, each containing
the endpoints 1 and Ak/2+ r. Since this bound can be applied in each of the (at least) n?/4\k
arithmetic progressions of length Ak/2 4+ r in [n], and since the sets A obtained for different

arithmetic progressions are distinct, it will follow that

2 2
|A| 2 fﬁ - exp (20)\1/2) <>\k/2> 2 exp (C)\l/Q) nf <)\k/2>’

as required.

To prove the claimed bound, let R be a uniformly chosen subset of [2, Ak/2+r — 1] with exactly
k — 2 elements, and set A := RU {1, \k/2 + r}. Observe first that

() ) () o

where the first inequality holds since (g) = ZEZ:;; (g:g

since r = 2¢A%/2, and because A and k were chosen sufficiently large.

) and using (6.19), and the second follows

It will therefore suffice to prove that |A + A| < Ak with probability at least exp ( — eV 2). To
do so, define
A={zeA:x<Ak/2—71} and B:={ze€A:x>Ak/2—r1},
and set b := 16¢\'/2. Observe that E[|B|] < 47/\ = b/2, and hence
P(|B+ B| > b%) <P(|B| > b) < exp (—cAl/?), (6.61)
by Hoeffding’s inequality. We claim that, setting X := [Ak — 2r + 1, Ak — 2r + b?], we have

P((A'+B)NX =0) >2-exp (- cA/?). (6.62)
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Before proving (6.62), observe that, together with (6.60) and (6.61), it will suffice to deduce the
proposition. Indeed, if (4’ + B)N X = 0 and |B + B| < b* = |X|, then

|A+ Al < M —2r + |(A' + B) \ [\k — 27]| + |B + B| < Ak,

since A’ + A’ C [\k — 2r] and A’ 4+ B C [Ak], and noting that b = 28¢2\ < 4eA3/2 = 2r.

To prove (6.62) we will use Lemma 6.10.3. To do so, we define a graph G with vertex set
[Ak/2 + 7] and edge set

E(G)={azy : a<Xe/2—r,y>X/2—randa+ye X} U{z : 2+ k/2+71 € X}.

Observe that if R is an independent set in G, then (A’ + B) N X = (). Note that G has at most
2rb? < 210¢305/2 edges and at most b? = 25¢?) loops, and that

9.9210:3)5/22  3.98:2)\k <215E30\1/2 1

112 < cAV/2 _ 1
2(\k/2 + )2 + Mk/2 471 cse ’

since ¢ = 278 and A\ > 230, It follows by Lemma 6.10.3 that
P((A"+B)nX =10) >exp(—c)\1/2—i—1) —exp (—k/16) > 2-exp(—c)\1/2)

as required, since k is sufficiently large. This completes the proof of Proposition 6.10.2. O
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Chapter 7

The number of sumsets of a given
size

7.1 Introduction

In this chapter we will consider another natural counting problem in additive combinatorics:
how many sumsets of a given size are there in Z,? Our main result is the following theorem,

which provides a sharp bound on the number of sumsets of a given size and doubling constant.

Theorem 7.1.1. Let n be a prime, and let m,k € N with m > (2 + v/5)k and k > (logn)*.
There are at most .

golm) (2 1

(7)) (7.0)

sets of the form A+ A for some A C Zy, with |A| =k and |A+ A| =m.

Observe that (7.1) is maximised with m/k = ©(1), and so our main focus will be on sets with
bounded doubling. In fact, when m/k — oo a stronger bound follows from Theorem 5.1.1, by

simply counting all sets A of size k with |A + A| < m.

We will also prove the following (sharp) bound when m < (2 4 v/5)k.

Theorem 7.1.2. Let n be a prime, and let m,k € N with k > (logn)* and m = \k for some
fized 2 < A< 2+ /5. There are

1+v5
9o(m) ( 25 (m — 2k)> (7.2)
1 )

sets of the form A+ A for some A C Z,, with |A| =k and |A+ A| = m.

In order to deduce an upper bound on the number of sumsets of size m, we simply sum (7.1)

and (7.2) over k, noting that the maximum occurs for some k € (5m, 6m).
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The following construction provides a matching lower bound (in the critical range (2 + v/5)k <
m = O(k)) when m —k+1 < 2n/3. Let

3

n m-—k+1
P = Ly, : — <=+ —— 3,
{J:E n 3<x 3+ 5 }

and note for any {0} ¢ A C {0} U P we have (A+ A) N P = A. Moreover, since m = O(k),
there are roughly (MT_IC) such sets A of size k for which P+ P C A+ A. Since (P+ P)NP =0,

for each such set we have |A + A| = |P + P|+ |[A| = m.

The construction showing that Theorem 7.1.2 is sharp is slightly more complicated. Set s :=

L(l;\/‘gg) (m—2k)| and t := L%(m — 2k)|, and consider k-sets of the form A = A'UQ U {-s},

where

Q:{xGZn:s<x<s+k—t}

and A C P ={z € Z, : 0 < o < s}. Note that there are (}) choices for A’, and that if
m < 2n/3 then (A+ A)N (P —s) = A" — s, since 2(s + k — t) < n — s. Moreover, it is easy to
check that if A"+ A" = P+ P then |A + A| = m.

The rest of the chapter is organised as follows. In Section 7.2 we will deduce the container
theorem we need from Theorem 5.4.2 using a removal lemma due to Shao [143], in Section 7.3
we will prove a lemma about counting neighborhoods in graphs, and in Section 7.4 we will put

the pieces together and prove Theorems 7.1.1 and 7.1.2.

7.2 A container theorem for sumsets

In this section we prove our main container theorem for sumsets, Theorem 7.2.1, below. Since
in this part of the argument we will not require any specific properties of Z,, we will work in

an arbitrary subset X of a general abelian group G.

We will find a relatively small family of “containers” C such that for all J C X with bounded
doubling, there is a corresponding triple (A, B, T) € C, where A C X + X and B, Y C X, with

certain useful properties. More precisely, we will have
JCBUTY and J+J:AU((J\T)+T),
and also (less precisely) T is ‘small’ and B + B ~ A.

To see why this is a useful family to consider, it may help to consider the construction of sumsets
described in the introduction, where we set P to be an interval of length (/\_21)k, letting m = Ak,
and took all sumsets J + J with {0} € J C {0} U P. In this case one should think of B = P

and A = P+ P, so A is the ‘structured’ part of the sumset, and T = {0}.
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Theorem 7.2.1. Fiz A > 1 and § > 0, and let n € N be sufficiently large. Let k € N with
k > (logn)?, let G be an abelian group, and let X C G with |X| = n. Then there exists a family
C of triples (A, B,Y), where AC X + X and B, T C X, with

IC] < exp (30k), (7.3)
such that
(a) For all J C X with |J| =k and |J + J| = Ak, there exists (A, B,Y) € C such that

J+J=AU((J\T)+Y) and TYCJCBUT.

(b) For all (A, B,Y) € C we have |(B + B) \ A| < 6k and | Y| < 0k.

Roughly speaking, Property (b) says that B 4+ B is a good approximation for the structured
part A of the sumset J + J. In particular, this will allow us to deduce that J + J has a large
structured part. Property (a) tells us that the part of J + J that is not structured comes from
the sum of J with a small fixed set Y.

We will deduce Theorem 7.2.1 from Theorem 5.4.2 which we restate here for convenience.

Theorem 7.2.2 (Theorem 5.4.2). Let m,n be integers with m > (logn)?, let G be an abelian
group, let X C G with | X| =mn, and let 0 < € < i. There exists a family A C 2XTX x 2% of
size

Al < exp (216;2\/72(1% n)*?) (7.4)

such that:

(i) For every set J C X with |J + J| < m, there exists (C,D) € A such that

ccJ+J and J C D.

(ii) For every (C,D) € A we have |C| < 'm, and moreover either |D| < 2t or there are at
most €2|D|? pairs (di,d2) € D x D such that dy + doy & C.

One might initially think that D + D ~ C for every (C,D) € A, since for almost all pairs
(d1,d2) € D x D we have d; + d2 € C. However, notice that by adding a few random elements
to D, we can make D + D much larger than C without having many bad pairs. The point of
Theorem 7.2.1 is that we can remove these ‘unstructured’ elements and put them in a set T,
so that for B = D\ T we have B+ B =~ C. The following theorem of Shao [143] will be the

fundamental tool that allows us to make this intuition precise.

Theorem 7.2.3. Let G be an abelian group, and let D C G. Let K > 1 and € > 0, and let
' C Dx D with || > (1—¢€2)|D|?. If |D+r D| < K|D|, then there exists 6 := (e, K) = 0c_0(1)
and a subset B C D such that

B> (1 —=8)|D|  and  [(B+B)\ (D +r D)[<4[D].
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We are now ready to prove Theorem 7.2.1.

Proof of Theorem 7.2.1. Let A be the family given by Theorem 5.4.2 applied with m = Ak and

232\ (log n)3\ /4 18
€:— (5%) < (logn) / ,

by choosing n large enough with respect to A and §. Notice that, with this choice of parameters,

|A| < exp (216;2\/ﬁ(log n)3/2> = exp(dk). (7.5)

Now let J C X with |J| = k and |J + J| = Ak. By Property (i) of Theorem 5.4.2, there exists
(C,D) € Asuch that C C J+ J and J C D. Observe that

k=1J] < D] < 2)k, (7.6)

since for each d; € D there are at least |D| — |C| choices for dy € D such that d; +ds & C,
and thus if |D| > 2Ak = 2|.J + J| > 2|C|, then there would be at least 3|D|? pairs (d1, ds) € D?
with dy + dy & C, contradicting Property (ii) of Theorem 5.4.2.

We apply Theorem 7.2.3 to D, with K = X\ and
I'={(di,dy) e DxD:dy+dyeC}.
Notice that, by (7.6) and Properties (i) and (ii) of Theorem 5.4.2, we have
T|>(1—-€)D? and |D+rD|<|C|<|J+J| =Mk < \|D|,

so the conditions of the theorem hold. It follows that there exists a subset B C D such that

) )
> - < — .
|B| > <1 2)\> |D| and (B4 B)\C| < 2>\|Z)], (7.7)

since € — 0 as n — oo, and we chose n large with respect to § and .

Now, let A" C A denote the collection of (C,D) € A as above, i.e., that are the container of
some set J C X with |J| = k and |J + J| = Ak. For each (C,D) € A’ denote by B(C, D) the
set B C D satisfying (7.7) given by Theorem 7.2.3, define

C(C, D) := {(A,B,T) . B=B(C,D), T c D\ B, and
A=TU (Y +7T) for some (B—l—B)ﬂC’CTCB—}—B},

and set

c= |J ceD.

(C,D)e A’

In order to prove that C has the required properties, we will first verify Property (b), then
deduce the bound (7.3) on the size of C, and finally show that Property (a) holds.
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To show that Property (b) holds, let (C,D) € A" and (A, B,Y) € C(C, D). Note first that, by
the definition of C(C, D), there exists a set T such that (B+ B)NC C T C A. Using (7.6)
and (7.7), it follows that

1)
(B+B)\ A < |(B+B)\C| < -|D| < k.

Similarly, recall that Y C D\ B, by the definition of C(C, D), and that B C D. Again using (7.6)
and (7.7), it follows that

)
TI <D\ B| = |D| = Bl < 55 |D| < ok.

Having verified Property (b), we can now bound the size of C. To do so, recall that A" C A,
and thus by (7.5) we have |A'| < |A] < exp(dk). Now let (C,D) € A’, and note that B is
uniquely determined by (C, D), that there are at most 2°% choices for Y, since Y € D\ B and
|D\ B| < 6k, and that there are at most 2°F choices for T, since (B+ B)NC c T C B+ B
and [(B + B) \ C| < 6k. It follows that

i< S 1C(C,D)| < exp(6k) - 22 < exp(35k).
(C,D)eA!

It remains to show Property (a) holds, so let J C X with |J| = k and |J + J| = Ak, let
(C,D) € A be the container of J (so C C J+ J and J C D), and set B = B(C, D). We claim
that if

T=J\B and A=(B+B)n(J+J)U(YT+7), (7.8)

then (A, B,T) € C(C, D), and moreover that
J+J=AU((J\T)+T) and YCcJCBUTY,
as required. First, observe that since J C D and C C J + J, we have
J\BCD\B and (B+B)NnCc(B+B)n(J+J)C B+ B.

Hence, setting 7' = (B + B) N (J + J), it follows that (A, B,T) € C(C, D). Next, note that
YT C J C BUTY follows immediately from the definition of T = J \ B. Finally, observe that
J\YT=BnJ,so

J+J = (J\D+T\D)U(T+T)U((J\T)+T)
C((B+BNIJ+))U(X+T)U((J\T)+T)=AU((J\T)+T).

Since T C J, it follows from (7.8) that in fact J +J = AU ((J\ T) + T). This proves
Property (a), and hence completes the proof of the theorem. [l
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7.3 Counting Neighborhoods

For k € N and m > 2k the problem we are interested in is essentially to bound the size of the

following family

L, .
5m7k:{Ie< ):EIJWlthI:J—i-J, \J\:k}. (7.9)

m

Theorem 7.2.1 provides us with a collection of containers (A, B, Y) for this family of sets. For

any triple of sets A, B, Y C Z,, define the family
L,
T (A, B, T) = {I € <m> :3SCBwithI=AU(Y+S9), |S|=k— \T\}, (7.10)

and observe that if C is the family of containers given by Theorem 7.2.1, and (A, B,Y) € C is
the container corresponding to J, then J+J € Ty, x(A, B, Y). Since the number of containers is
™) we are thus left with the task of bounding |7, x(A, B, T)| for each container (A, B, T) € C.

The aim of this section is to provide suitable bounds.

We begin with a simple observation, which will suffice when |B| < w

Lemma 7.3.1. Let n be a prime, and let k and m be integers. For any A, B, T C Z,,

B
Tusta, 0l < (2

Proof. We only need to count the number of choices for S C B with |S| = k — | Y|, since every
element of 7, (A, B, T) is of the form AU (T + 5), where A and T are fixed. O

A1)k
2

quite so easy. To do so, we’ll prove a general lemma about counting neighborhoods in graphs

Proving a sufficiently strong bound on the size of 7, (A, B,YT) when |B| > will not be

(Lemma 7.3.2, below), and apply it to the auxiliary bipartite graph
F(A,B,Y):={(z,y) € (Zn\A) xB:z—y e T} (7.11)

To motivate this definition, observe that each set I’ := (T + S) \ A that we need to count is the
neighborhood in the graph F' = F(A, B,T) of some set S C B, i.e., a set of the form

Np(S) = | Nrp(z).

zeSs

Our main lemma for counting neighborhoods in graphs is as follows.
Lemma 7.3.2. Let t,{ € N, let F' be a graph, and let B C V(F') be an independent set. Then

there are at most
<|B| +t—€>
9.
t
sets of the form Np(S) with S C B, |S| =¥, and |[Np(S)| < t.
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When ¢ < ¢, Lemma 7.3.2 is tight up to a factor of 2, since if F' is a matching with |B| +¢ — ¢
edges, and B contains one endpoint of each edge of F', then every set S as in the lemma contains
exactly t vertices of degree 1, and all £ — t vertices in B of degree 0. Since each such set has

\B\Jgt—ﬁ)

a distinct neighborhood, it follows that in this case there are exactly ( sets of the form

Np(S) with S as described. We remark also that the slightly weaker! bound

t
> <|f‘> (7.12)
5=0

follows easily from the observation that if |[Np(S)| < ¢, then there exists a subset S’ C S such
that |S’| < t and Np(S") = Np(S). It follows that the number of sets S’ C B with |S'| <t is
an upper bound on the number of neighborhoods Np(S) with S C B and |Np(S)| < t. This
simple bound is actually enough to prove Theorem 7.1.1 when A > 5, but for A < 5 we will need

the stronger bound given by Lemma 7.3.2.

The basic idea of our proof of Lemma 7.3.2 is quite simple: for each set S as in the lemma, we
will carefully choose a subset S’ C S of size at most ¢ that ‘encodes’ the neighborhood of S,
and then count the sets S’ formed via this process. Our choice of S’ is inspired by the proof
of the graph container lemma: in each step we select a ‘maximum-degree’ vertex v; and reveal
whether or not it is in S. If v; € S, then we remove its neighborhood from the graph. Crucially,

the choice of v; will only depend on the set SN {vy,...,v;—1}.

The key observation about this process is given by the following simple lemma, which will allow
us to bound the number of sets S’ of a given size that can be produced by the algorithm in a

given number of steps.

Lemma 7.3.3. Let B be a finite set, and let f: 28 x N — B be an arbitrary function. For each
set S C B, define a sequence (v; s)icn of elements of B by setting

Si—1:=SN{vig,...,vi—15} and v;,5 = f(Si-1,1)
for each v € N. Then
a
a: B, |Sq| =bj| <
{Sa: 5 C B, |Sa| = b} (b>
for every a,b € N.
Proof. We claim that, for each S C B and ¢ € N, the set S; is uniquely defined by the set of

indices {j € [i] : vj g € S;}. Since when |S,| = b the number of choices for the set of indices is
exactly (‘;), this will suffice to prove the lemma.

To prove the claim, simply note that it holds for ¢ = 0 (since Sy is always the empty set), and
that the choice of v; ¢ depends only on S;_;. We may therefore use induction on 7, and deduce

Mn fact, if t — £ is sufficiently large then this bound is slightly stronger than that given by the lemma; however,
our main interest will be in the case t < /.
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that if two sets S and T satisfy
{j €li]:vjs € S’i} = {j eli]:vre Ti},

then S;_1 = T;—; (by the induction hypothesis), v; g € S if and only if v; 7 € T', and moreover

v, 5 = v; 7. Hence S; = T;, as claimed. O

We are now ready to prove Lemma 7.3.2.

Proof of Lemma 7.3.2. Fix aset S C B with |[S| = ¢ and |[Np(S)| < t. We will define a sequence
(v1,...,vp) of elements of B, and an auxiliary sequence (Ai,BZ-,Fi)LﬂH, where A; C V(F),
B; C B and F; C F for each 4, as follows:

(a) Set Ay :=V(F), By := B and F; := F.
Now, for each 1 < ¢ < |B], if we have already defined (v1,...,v;—1) and (A;, B;, F;), then:
(b) Choose v; € B; with dp,(v;) (the degree of v; in F;) maximal.?
(¢) If v; € S, then set
Aiy1 = A\ Ni,(vi), Bit1:=B;\{v;} and Fiq:=F[Ai].

If U; g S, then set Ai+1 = Ai, Bi-i—l = Bl \ {’Ul} and ﬂ+1 = Fl

Note that the choice of v; is determined by (A;, B;, F;), and that (A; 41, Bi+1, Fi41) is determined
by (Ai, B;, F;) and the event {v; € S}. It follows that for each 1 < ¢ < |B|, there exists a function
fi: 2B — B such that v; = f;(S;_1), where S; = SN {v1,...,v;}. Crucially, observe that these
functions do not depend on S.

The next observation we will need is that

’UjES
j<i
for every i € N, where S; := SN {vi,...,v;}. One direction is trivial, since F; C F for every

J € N, and the other direction holds because F; = F[A;], and any vertex in V(F') \ A; must be
contained in NFj,(vj/) for some j” < j such that v;; € S. Note also that the union in (7.13) is
in fact a disjoint union, that is

ij( j)ﬂNFj,(Uj/) = (7.14)

for every 1 < j < j' < with v;,vy € S, because v; € S implies that N, (v;) is removed from
Ajs in the algorithm, and recalling that Fj; = F[A;].

Now define
a=a(S) :=min {i € N: Np(S;) = Np(S)},

2If there is more than one vertex with the maximum degree in B;, then choose v; according to some arbitrary
(but fixed) rule.
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and note that this is well-defined since B is independent, so no vertex of B is ever deleted from
A;, and thus every vertex of B appears in the sequence (vy, ... ;)| B|). We will use Lemma 7.3.3
to bound the number choices for S,, and hence the number of sets Np(S). To do so we will
need the following bounds on a and the size of S,.

Claim 7.3.4. a < |B|+ |Sa| — ¢ and |S,| < t.

Proof. Observe first that
INF,(vi)| 2 [NFy, (Vig1)] (7.15)

for every 1 < i < |B], since the degree of v; in F; is maximal amongst vertices of B;, and since
Fit1 C F; and B;y; C B;. It follows that |Npg (v;)| > 1 for all ¢ < a, and hence, by (7.13)
and (7.14), we deduce that |S,| < |[Np(S)| < t. To bound a, simply note that

|B| —a=|B\{vi,v2...,00}| = |5\ {vi,v2..., 05} =€ — |5,
because S C B and |S| = ¢. It follows that a < |B| + |S,| — ¢, as claimed. O

It moreover follows from the proof of Claim 7.3.4 that if | S,| = ¢ then dp(v) < 1 for every v € S.
It follows that if B has x vertices of degree 0 in F', then the number of choices for Np(S) with

|Sa| =t is at most
t
s t

s=l—x

with equality when x € {¢ — ¢,/ —t + 1}. Moreover, by Lemma 7.3.3, the number of sets S,
such that S C B and |S,| <t —1 is at most

§<\B+s—€> B <|B\+t—€>
= S t
Since N (S,) = Nr(S), by the definition of a = a(S), the lemma follows. O

Applying Lemma 7.3.2 to the graph F'(A, B, T), defined in (7.11), we obtain the following bound
on the size of the set 7, x(A, B, T), which was defined in (7.10).

Lemma 7.3.5. Let n be a prime, and let k, m and t be integers. Then

[T (A, B, T)| < 2- <’B\ + \Tt\ +t— k)

for any sets A, B, Y C Z,, with |A| > m —t.

Proof. Fix A, B, C Zy, with |A| = m —t + 1. By the definition (7.10) of 7., x(A, B, T), our
task is to bound the number of sets I’ C Z,, with |I'| = m — |A| <t such that I’ = (T + S5)\ A
for some S C B with |S| =k — |Y|. Set F = F(A, B,Y), and observe that for each such pair
(I',S) we have I’ = Np(S). By Lemma 7.3.2, applied with £ = k — |Y|, it follows that there are

at most
.. (]B\+\T\+t—k>
t

such sets I’, as claimed. O
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7.4 Putting together the pieces to count sumsets

Theorems 7.1.1 and 7.1.2 are both fairly straightforward consequences of Theorem 7.2.1 and

Lemmas 7.3.1 and 7.3.5. We will also use the following simple fact.

Fact 7.4.1. For each x > 0, the function f(s) = (%s) is mazimised with s = x/v/5 + O(1).

Moreover,
z+s (1+V5)z
max(2>:(1+0(1))< 2\96/5 >
s S %
as T — 0.

Proof of Theorems 7.1.1 and 7.1.2. Fix A > 2 and § > 0, and let n be a sufficiently large
prime and k > (logn)*. Set m := Mk, and (recalling (7.9)) observe that in order to prove
Theorem 7.1.1, it will suffice to show that

(A\-1)k
Snal < Vo (7 ).

By Theorem 7.2.1, and recalling the definition (7.10) of 7, 1(A, B, Y), there exists a family C
of triples (A4, B,T), where A C X + X and B, YT C X, such that

Skl < €¥F max | Trx(4, B, Y.
(A,B,T)eC

Indeed, property (a) of Theorem 7.2.1 guarantees that for each sumset J 4+ J € S, 1, there
exists (A, B,Y) € C such that J + J € T, (A, B, T).

In order to bound |7, (A, B, YT)|, we will split into two cases, depending on the size of the set

B. When |B| < (A_Ql)k, it suffices to use Lemma 7.3.1, which implies that

(A—1)k AEY /A=DE . (A—1)k
A.B.Y < 2 < 2 < 2
Tt sl < () < () (7 ) <o (7).

where the second inequality follows since | Y| < 6k and (,*,) < (3) ().

[

To deal with the case |B| > (Agl)k, observe first that, by Lemma 7.3.5, we have

(7.16)

where s = m —|A|. To bound the right-hand side of (7.16), recall that || < dk, by property (b)
of Theorem 7.2.1, and observe that
Al > |[B+B|— 0k > 2/B|—1— 0k = m—t, (7.17)

where t := (14 0)k — 1. Indeed, the first inequality follows since |(B + B) \ A| < ¢k, the second
by Cauchy-Davenport®, and the third since |B| > @ and m = A\k.

31f B+ B = Zy, then m > |A| > n — 6k (since A C J + J and |(B + B) \ A| < k), and so there are at most

(;c) < (mk/‘l) sumsets J + J of size m in Z,, as required.
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It follows from (7.17) that s < ¢, and that |B| < |A‘+§k+1 < ™52 + 6k, and hence

<|B‘+’T’+S—k> _ <(/\—22)]€+S+25k;> _ (}\k><()\—22)k‘+s> _ ()\/5)35k<(A—22)k+8>
s h s =\ 26k s h s ’

since | Y| < 0k, and using the inequality (GZC) < (‘;) (a+c), which holds for all ¢ > b > c.

[

Now, if A > 2 4 /5 then, by Fact 7.4.1 applied with z = (A — 2)k, we have

(A=2)k+s (A—=1)k+dk (A=1)k
maX( 2 ) S}\ék( Z ) S(A/5)2§k< Z )7
S

s<t

as required. On the other hand, if 2 < A < 2+ /5, then

(A—=2)k+s (14+5)0
max( 2 ) <2 ( 2 >7

s<t S 0
where 0 = (’\\_/?k, again by Fact 7.4.1, and since k is sufficiently large. Combining the bounds
above, we obtain Theorems 7.1.1 and 7.1.2. [l
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Chapter 8

Towards Hadwiger’s conjecture via
Bourgain Slicing

This chapter presents joint work with Peter van Hintum, Robert Morris and Marius Tiba. It is

adapted from the paper [38] which has been submitted for publication.

8.1 Introduction

Define
N
N(K) = min {N €N :3ay,...,ax € R? such that K C | (; —|—int(K))}.
=1

Hadwiger [78] conjectured in 1957 that N (K) < 2% for all convex K C R? Note that this bound
is attained by the cube [0,1]%. The conjecture was proved when d < 2 by Levy [99] in 1955, but

for over 60 years the best known bound for general d was

2d

N(K) < (dlogd+dloglogd+5d)(d

> = 0(4"Vdlog d).
A few years ago, Huang, Slomka, Tkocz and Vritsiou [83] proved that
N(K) < e 2Vd) . yd (8.1)

Here we will prove the following almost-exponential improvement of their bound.

Theorem 8.1.1. If K C R? is a convex body, then

o ()
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as d — 00.

Given a convex body K C R?, define the isotropic constant of K to be

1/d
det(Z K)
Lx =\ %377 5
VOld(K )
where ¥ = E[X ® X] is the covariance matrix of the random variable X ~ Unif(K), that is,

X is a uniformly random point of K. A consequence of a theorem of Klartag and Lehec [92] is

that for every convex body K C R? it holds that Lx = O(logd)*.

Our main result is the following bound on the covering number of a convex body. Since Lx =

O(log d)#, it implies the bound in Theorem 8.1.1 for Hadwiger’s conjecture.

Theorem 8.1.2. If K C R? is a convex body, then

N(K) < exp ( - (2(;)) 44

as d — 00.

One of the key innovations of [83] was a method of deducing bounds on the covering number
N(K) from bounds on the Kévner—Besicovitch measure of symmetry

|K N (z— K)|
A K):= —_
kB(K) max T4

In particular, the authors of [83] improved the (straightforward, but until then best known)
lower bound Axp(K) > 27¢ by a factor of eV and used that bound to prove (8.1). We will

similarly deduce Theorem 8.1.2 from the following lower bound on Agp(K).

Theorem 8.1.3. If K C R? is a convex body, then

d —d
Agp(K) > exp <215L%(> 27

In addition to the application to Hadwiger’s conjecture described above, our method also has an
application to the geometry of numbers. To be precise, Ehrhart [44] conjectured in 1964 that a
convex body in R? centred at the origin' whose interior contains no lattice point other than the
origin has volume at most (d + 1)?/d! (this bound is attained by a simplex). The best-known
upper bound for the volume of K is of the form e~ V) -4%_ obtained by Huang, Slomka, Tkocz
and Vritsiou [83]. We will use the bound on Lk proved by Klartag and Lehec [92] to deduce

the following almost-exponential improvement of their bound.

!We say that a convex body K C R? is centred at its centre of mass E[X], where X ~ U(K).
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Theorem 8.1.4. Let K C R? be a convex body centred at the origin. If K NZ% = {0}, then

<o ()

as d — 00.

In order to prove Theorem 8.1.4, we will need a variant of Theorem 8.1.3 that provides a similar
lower bound on the ratio |K N (—K)|/|K| (see Theorem 8.4.1). The application of such bounds
to Ehrhart’s conjecture was first observed by Henk, Henze and Hernandez Cifre [82], who used
the bound |K N (~K)|/|K| > 27%, due to Milman and Pajor [110], together with Minkowski’s

theorem, to prove an upper bound of 4¢ for Ehrhart’s conjecture.

The rest of this note is organised as follows. In Section 8.2 we will prove Theorem 8.1.3, in
Section 8.3 we will deduce Theorems 8.1.1 and 8.1.2, and in Section 8.4 we will prove Theo-
rem 8.1.4.

8.2 Bounding the Kovner—Besicovitch measure

One of the key ideas introduced in [83] was that a lower bound on Agp(K) can be obtained by
considering the maximum density of the random variable X +Y ', where X and Y are independent
uniform elements of K. More precisely, they made the following observation. We write fx for

the probability density function of a random variable X.

Lemma 8.2.1. Let K C R? be a convex body of volume 1, and let X and Y be independent

uniformly-chosen random elements of K. Then, for any z € K,

f¥(z) =27, |K N (22 - K)|.
Proof. Observe first that
274 fxav (2) = fxav(22) = / fx (@) fy(2z — x) dx.
2 x€R4

Now simply note that

/ Ix(@)fy(2z —z)dx / 1z € K|1[2z — 2 € K| dx
z€R? z€R?

/ 1z € KN (2 - K)]dz = |KN (22 - K)|,
z€R4

as claimed. O

185



It follows immediately from Lemma 8.2.1 that if |K| = 1, then

P(F5+ € 4)

P(X € A) (82)

Arp(K) > 20 x> 270

for any measurable set A C RY. In order to prove their lower bound on Agxp(K), the authors
of [83] observed that the random variable H%Hz is typically about /2 times smaller than
| X |2, and applied the inequality (8.2) to a ball A with radius halfway between these two typical
values. They then used a ‘thin-shell’ theorem of Guédon and Milman [76], which implies that
if K ¢ R?%is a convex body in isotropic position then, for any fixed ¢ > 0,

P(|I1X]l2 ~ V| > evd) < exp (— (V) ). (83)
to deduce that P(% € A) ~1land P(X € A) < e~ V) for this set A, giving their bound

AKB(K) = 69(\/a) .27,

The Guédon—Milman bound (8.3) is best possible (to see this, consider the simplex), so it may
seem at first sight that there is not much hope of using the method of [83] to prove a significantly
stronger lower bound on Agp(K). In order to do so, we will replace the thin-shell estimate (8.3)
by a ‘small-ball’ bound which depends on Ly, and the random variable X + Y by a sum of
arbitrarily many independent random variables.

To be more precise, let X1, Xo,... be a sequence of independent random variables, each chosen
uniformly at random from the set K, and for each k£ € N, define

2k
1
Sk = of > X (8.4)
=1

Since K is convex, it follows from the Prékopa-Leindler inequality that fs, is log-concave.
The key step is the following lemma, which bounds fgs, () in terms of fx+v (2).
2

Lemma 8.2.2. For any convez body K C R with volume 1, we have

Fsu() < (Frpr ()"

for all z € R? and every k € N.

Proof. The proof is by induction on k. Note that the conclusion holds trivially in the case
k =1, solet £ > 1 and assume that the inequality holds for k; we will prove that it holds
for k + 1. Define T}, := 27F Zfil Xoky;, and note that Sy = S’“;T’“, and that Sy and T} are
independent and identically distributed random variables with support K. It follows that

f5k+1 (Z) = fm (Z) = 2d fSk (y)fsk@z - y) dy
2 yeK

186



for every z € K. Moreover, since fx and fy are indicator functions on K, and fg, is a log-
concave function supported on K,

Fs. () fs, (22 —y) dy < fs (2)? / Fx () f (22 — ) dy.

yeK yeK

Now, by the induction hypothesis, we have

Foule) < (fxmr(9)”

and therefore, noting again that

fxW)fy(2z —y)dy = 27¢- f¥(z),

yeK
we obtain
2(2F—1) ok+1_q
Foun () < (Frex () frm(e) = (far ()
for every z € K, as required. O

We remark that in order to prove Theorem 8.1.3 (and hence also Theorems 8.1.1 and 8.1.2) we
will only need the inequality

2k_1

Ifselloe < (IF2sv )

However, in the proof of Theorem 8.1.4 we shall require the full strength of Lemma 8.2.2.

Recall that, for any convex body K C R?, there exists an affine transformation that maps K to
a convex body K’ of volume 1 such that Yy = L2-1;, where Y = E[X ® X] is the covariance
matrix of the uniform random variable X ~ U(K"), and I is the identity matrix. For such a
convex body K', it is straightforward to calculate the covariance matrix of Sj.

Lemma 8.2.3. Let K be a convex body, let X ~ U(K), and suppose that E[X @ X| = L% 1,.
Then
E[Sk & Sk] = Q_kL%(Id

for every k € N.

Proof. Since Sj, = 27F Z?il X; and the X; are uniform and independent, it follows that

2k 2k
1 1
E[Sk ® Sk] = o Y EXi®X;] = o Y E[X©X,] =2 LIy,
ij=1 i=1
as claimed. O

We are now ready to prove Theorem 8.1.3.
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Proof of Theorem 8.1.3. By applying an affine transformation, we may assume that K has
volume 1 and is centred at the origin, and that E[X ® X] = L3I, where X ~U(K). Fixk € N
such that

1572 < ok < 21612

set R :=27"v/d, and observe that, by Markov’s inequality and Theorem 8.2.3, we have

214

214 ko 4L2 1
P(ISkle > B) < —--E[lISil3) = = 22 Ly = 5

Moreover, bounding P(|| X ||z < R) simply by the volume of the ball of radius R, we obtain

d/2 d 2 2 d/2
B(|X]2 < R) < TR < < erR ) < o201

rd+1 ~\ d =

Combining these two bounds, we deduce that

S 2d+1
<” ’“”2 ) € > o2, (8.5)

<

Now, by Lemma 8.2.2, it follows that
1/(2k—1 k-1
gl > (Wfsillee) ™77 > 7,

and hence, by Lemma 8.2.1 and since 2% < 216L%(7 we obtain

d
Agp(K) > 277 Hf%“oo Z exp (215LQ> 279,
K

as required. 0

We remark that the constant 27 in Theorem 8.1.3 could be improved somewhat by taking R
a little larger (and thus k a little smaller); however, we shall need (8.5) again in Section 8.4,

and we chose the constants in the proof above with the application there in mind.

8.3 Hadwiger’s conjecture

In this section we will deduce Theorems 8.1.1 and 8.1.2 from Theorem 8.1.3. We begin with
the proof of Theorem 8.1.2, for which we will need the following asymmetric variant of N(K):

given convex bodies A and B in R?, define

N
N(A, B) :min{NEN :3x1,...,zx € R? such that A C U (xi+int(B))}.
i=1
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We will use the following classical fact (see [127] or [112, Corollary 3.5]), which follows from

Rogers’ bound [125] on the density of coverings of R? with translates of convex bodies.
Lemma 8.3.1. If A, B C R? are convex bodies, then

|A - B
|B|

N(A,B) < O(dlogd)

We are now ready to deduce Theorem 8.1.2 from Theorem 8.1.3.

Proof of Theorem 8.1.2. By Theorem 8.1.3, there exists € R? such that

KN (- K)| ( d ) »
————= 2z exp|===]-2% (8.6)
0 L2,

Set S := K N (z — K), and note that
N(K)< N(K,S) and |K-S|<|K+K|=2%|K]|,

since S C K and S C x — K, respectively. It therefore follows from Theorem 8.3.1 that

K 5]
5]

K|
il

N(K) < N(K,S) < O(dlogd) < O(dlogd) - 2%

and hence, by (8.6), we obtain

Q
K K

as d — oo, as required. O

In order to deduce Theorem 8.1.1 and Theorem 8.1.4, we will need the following theorem of
Klartag and Lehec [92].

Theorem 8.3.2. If K C R? is a convex body, then

Lx = O(logd)*.

Theorem 8.1.1 now follows immediately.

Proof of Theorem 8.1.1. By Theorems 8.1.2 and 8.3.2, it follows that

as d — oo, as required. O
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8.4 Ehrhart’s conjecture

In order to prove Theorem 8.1.4, we will need the following variant of Theorem 8.1.3.

Theorem 8.4.1. If K C R? is a convex body centred at the origin, then

Agp(K) > M > exp <d> .9—d
K| K

We will deduce Theorem 8.4.1 from the proof of Theorem 8.1.3, together with the following

bound on the value of a log-concave function at its centre of mass [65, Theorem 4].

Theorem 8.4.2. If f: R — R, is a log-concave function, then

F)ze | fllo,

where y = [, pa f(2) - 2 dx is the centre of mass of f.

Theorem 8.4.1 now follows from Lemma 8.2.2, as before.

Proof of Theorem 8.4.1. Recall that the function fg, is log-concave, where Sy is the random
variable defined in (8.4), and note that, since K is centred at the origin, the centre of mass of
fs, is also the origin. By Theorem 8.4.2 and (8.5), it follows that

fsk(O) 2 e_d : ||fSkHoo P> €d~
Now, by Lemma 8.2.2, it follows that
k_
Frsr©) 3 (0 5 42

and hence, by Lemma 8.2.1 and since 2% < 216L%(, we obtain

KN (=K)| —d d _d
— . > ] -
K] 2 fXJ2rY (0) > exp 21672 274

as claimed. O

Finally, to deduce Theorem 8.1.4, recall that, by Minkowski’s theorem, every convex body
K C R? such that K = —K and K NZ% = {0} has volume at most 2¢.

Proof of Theorem 8.1.4. By Minkowski’s inequality and Theorems 8.3.2 and 8.4.1, we have

29 _ [KN(=K) d —d d —d
> > L27d > Q -2
K] K| 91612 P (og ay®

as d — oo, as required. [l
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Appendix A

The Proofs of two Esseen-type

lemmas

This appendix presents joint work with Matthew Jenssen, Marcus Michelen and Julian Sa-
hasrabudhe. In this appendix we prove our two Esseen-type lemmas, Lemma 2.3.2 and Lemma 2.5.2,
for random variables of the form W77, where 7 is a p-lazy random vector in {—1,0,1}?? and
W is a (fixed) 2d x £ matrix for some £ € N. Recall that for a vector u € R, we let ||uT denote

the Euclidean distance from u to the integer lattice Z.

A.1 Basics of Fourier representation

As above, we let 7 be a p-lazy random vector in {—1,0,1}?? and let W be a 2d x ¢ matrix.

Recall the characteristic function ¢x of a vector valued random variable X is defined as
ox(0) = Eexp(2mi(X, 0)),

and so we may express characteristic function of W1t as

©(0) = Eexp(2mi(r, W0)) 1) + peos(2m(W0);)) .

||’:]&

We note the elementary fact that for p € [0,1/4] we have
plllE < —log (1 — pu+ peos(2mx)) < 32uxF (A1)
from which we deduce

exp (=321 [WOI13) < (0) < exp (—puIWOJ2) . (A.2)
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We now note a standard fact regarding Fourier inversion (see [151] p.290).

Fact A.1.1 (Fourier inversion). Let X be a random vector in RY, then for w € R we have

X — w3 :
Eexp <_7T||2w”2> _ /R I =20 o (0) o

In particular, letting g ~ N(0, (27)~11;), we have

X —wl3 ‘
E exp (_’/TH . ’LUH2> :Eg(e—Qm(w,g)st(g)).

A.2 Proof of Lemma 2.3.2 and Lemma 2.5.2

Recall that for £ € N, 4, denotes the ¢ dimensional Gaussian measure defined by ~,(S) = P(g €
S), where g ~ N(0, (27r)~11;). We begin with the proof of Lemma 2.3.2.

Proof of Lemma 2.3.2. Let w € RY. We apply Markov’s inequality to obtain

T .. - _ 2
PT(HWTT —wl2 < 6\/@ < exp (gﬂ%) E;exp (—WHW T sz) .

2
As above, let ¢ be the characteristic function of W7 7. We apply Fact A.1.1 and (A.2) to obtain

m[Wh - — w3
2

E, exp (— ) = Ey[e™ 29 ()] < Eglexp(—v||Wg|3)].

The right-hand-side of the above may be rewritten as

o0

1 [e's)
/0 By(exp(—v|[Wll3) > t) dt = v /0 By(I Wl < we ™" du = v /0 (S ()™ du,

where for the first equality we made the change of variable t = e™"%.

Choosing m to maximize v,(Sw (u))e %2 (as a function of u), we may bound

l// ’Ye(SW(U))e_Vudu < I/’}/g(Sm/(m))e_Vm/2/ e—uu/2du — 2’7[(Sw(m))6_ym/2 )
0 0

Putting everything together we obtain

P, (|WTr — |y < 28VE) < 2626772, (Sy, (m)) .

The proof of Lemma 2.5.2 proceeds in much the same way.
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Proof of Lemma 2.5.2. Let us set X = |[WT - 7||o and write
Exe ™2 =Ex 1(X < BV0e ™2 4 Ex 1(X = V) e ™2 <Py (X < BVE) + e ™2
and therefore, using that exp(—m3%/2) < exp(—3%(),

il LU

E.exp < 5

> <P(IWT - 7|2 < BVE) + e P

As before, we let ¢ be the characteristic function of W77, and let g be a standard /-dimensional
Gaussian random variable with standard deviation (27)~/2. By Fact A.1.1 and (A.2) we obtain

W73

E; exp (— 5

) — By [o(g)] > Eylexp(—32u|Wg[}3)].

Similar to the proof of Lemma 2.3.2; we write

By exp (=320 W) = 321 [ el (u)e 2 du > 324 (S 0) [ e
0 t

where we have used that v¢(Sw (b)) = v¢(Sw(a)) for all b > a. This completes the proof of
Lemma 2.5.2. g
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Appendix B

Relating A to the zeroed out matrix
M.

This appendix presents joint work with Matthew Jenssen, Marcus Michelen and Julian Sa-
hasrabudhe. In this appendix we prove Lemma 2.8.1 and Lemma 2.9.6. To prove these results,
we compare Fourier transforms (that is the characteristic functions) of the random variables
Mwv and Aw, for fixed v. We first record the characteristic functions of these random variables.
For € € R™ we have

Py (£) i= E 200 (Hcos 27rvk5k>> [T @r(&on + &vy))

j<k

and

d n 1
Xo(§) =E e?mi{Mu ) H H ( *COS (27T(€]Uk + fk%))) .

Our comparison is based on two main points. First we have that x,(£) > 0. Second, we have

Yu(§) < xw(26) (B.1)

which follows from |cos(t)| < 2 + % cos(2t) and | cos(t)| < 1.

Fact B.1.1. Forv e R", and t > Tr(v), we have

Eexp(—r|[Mo|3/2) < (9L1)".
Proof. Now Eexp(—r||Mwv||3/t?) is at most

F(laroll < i) + v [ e (- 52”) P Moz < sv/)ds. (B.2)
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and since t > T7,(v), we have P(||[Mwvll2 < sy/n) < (8Ls)" for all s > t, and so we may bound

\/ﬁ/too exp (fff) P(|[Mula < sv/7) ds < /A(SLE)" /oo exp (—32”> (s/t)" ds

t t?
Changing variables u = s/t, the right hand side is equal to
o0 oo
=1 /n(SLE)" / exp(—u2n)u™ du < t~L\/m(8LE)" / exp(—u2/2) du < (9L1)",
1 1

as desired. 0

Proof of Lemma 2.8.1. Apply Markov’s inequality to bound
P(||Av — w|l2 < tv/n) < exp(mn/2)E exp (—||Av — wl|3/2¢?) . (B.3)

Using the Fourier inversion formula in Fact A.1.1 we write

E4 exp (—7|Av — wl|3/2t%) = / eIl . 6_2“fl<w75>1/1v(t_1§) dg . (B.4)

n

Rescaling, applying (B.1) and non-negativity of x, yields that the RHS of (B.4) is at most
[ eI 207 de < Basexp(~2a] Mol /22),
Now use Fact B.1.1 along with the assumption ¢ > 77 (v) to obtain
Eas exp(—27 || Mol|3/t%) < (9Lt)™,

as desired. O

We prove Lemma 2.9.6 in a similar manner. Recall p.(v) = maxpern P (D, vie; € (b—¢€,b+¢)).

Proof of Lemma 2.9.6. Set € = Tr(v) and let B be a n X n matrix uniformly drawn from all
matrices with entries in {£1} and apply Markov’s inequality to bound

p(v)" < max P(||Bv — wl]z < ev/n) < max exp(mn/2)Eexp (—||Bv — w|3/2¢*) . (B.5)
weR™

weR™

Apply Fact A.1.1 to write

Eexp (—n||Bv — wl|3/2e%) = / e mlEll L g 2miT w g H cos(2me ;&) d€ (B.6)
R”

1<j,k<n
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and use Holder’s inequality to bound the RHS of (B.6)

1/4
3/4
< </ 6727r||§H§/3 dg) (/ 6727r‘|§||g H COS(QT{'E*lUjgk)ZL d&) ) (B.7)

1<j,k<n

Now use [g, e~ 2mlEl3/3 g¢ = (%)n/2 and (cos(a) cos(b))? < 2 + 1 cos(2(a + b)), to see (B.7) is

3n/8 1/4 n/8
< <3> (2—n/2/ e—wllﬁ\lng(ﬁg—lg) d{) < < 27> (Eexp (—7THMU||%/62))1/4.

2 128
(B.8)
Taken together, lines (B.5), (B.6), (B.7), (B.8) tell us that
pe(0)" < (3/2)"/3(exp(n/2)/V2)" (Eexp (—n | Mul3/e%))" " . (B.9)

Now apply Fact B.1.1 to bound Eexp (—n||Mwv]|3/e?) < (9Le)™ and so p.(v)" < (212Le)™* | as
desired. 0
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