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HOMOMORPHISMS INTO MAPPING CLASS GROUPS. AN ADDENDUM

JASON BEHRSTOCK, CORNELIA DRUTU, AND MARK SAPIR

ABsTRACT. This is an addendum to [BDS|. We show, using our methods and an auxiliary
result of Bestvina-Bromberg-Fujiwara, that a finitely generated group with infinitely many
pairwise non-conjugate homomorphisms to a mapping class group virtually acts non-trivially
on an R-tree, and, if it is finitely presented, it virtually acts non-trivially on a simplicial tree.

The goal of this addendum to [BDS] is to show that our methods together with a result of
Bestvina, Bromberg and Fujiwara [BBE, Proposition 5.9] yield a proof of the following theorem.

Theorem 1. If a finitely presented group I' has infinitely many pairwise non-conjugate homo-
morphisms into MCG(S), then T virtually splits (virtually acts non-trivially on a simplicial tree).

Ny This theorem is a particular case of a result announced by D. Groves]] From private emails
received by the authors, it is clear that the methods used by Groves are significantly different.
Note that the same new methods allow us to give another proof of the finiteness of the set of
homomorphisms from a group with property (T) to a mapping class group [BDS| Theorem 1.2]
which is considerably shorter than our original proof; see Corollary [0 below and the discussion
following it. Theorem 1.2 in [BDS|] may equally be obtained from Theorem [Il above and the fact
that every group with property (T) is a quotient of a finitely presented group with property (T)
[Shall Theorem p. 5.

The property of the mapping class groups given by Theorem [Il can be viewed as another “rank
17 feature of these groups. In contrast, note that a recent result of [LRT] shows that the rank
2 lattice SL3(Z) contains infinitely many pairwise non-conjugate copies of the triangle group
A(3,3,4) = (a,b | a® = b = (ab)* = 1). Also, as was pointed out to us by Kassabov, although
the group SL3(Z[z]) has property (T) [Sha2], it has infinitely many pairwise non-conjugate
homomorphisms into SL3(Z) induced by ring homomorphisms Z[z] — Z.

The following proposition contains one of the main auxiliary results in [BBE| and the key
ingredient missed in our treatment of groups with many homomorphisms into mapping class

groups in [BDS].

Proposition 2 (Bestvina, Bromberg, Fujiwara, Proposition 5.9 of [BBE]). There exists an ez-
plicitly defined finite index torsion-free subgroup BBF(S) of MCG(S) such that the set of all
subsurfaces of S can be partitioned into a finite number of subsets Cy,Co, ...,Cs, each of which
is an orbit of BBF(S), and any two subsurfaces in the same subset overlap and have the same
complexity.

The proof of this important result, explained to us by Bestvina, is surprisingly simple: the
subgroup BBF(S) is the subgroup of mapping classes from MCG(S) acting as identity on the
factor 71 (S)/B over certain characteristic subgroup B of 1 (.S) of finite index which is explicitly
constructed.
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We consider the set of colors K = {1,2,..., s}, and we color each subsurface of S contained in
the subset C; by i. Note that the whole surface S has a color which is different from that of any
proper subsurface.

Recall that for every sequence of subsurfaces U from II/w we defined an R-tree Ty (see
[BDS, Notation 4.4]) and that there is an equivariant bi-Lipschitz embedding v of AM into
[Tuens . Tu (see [BDS| Corollary 4.17]). Let Cy be the set of all subsurfaces of S with the given

color k € K. Let 7 be the projection of HUEHB/w Ty onto HUenck/w Tu.

Remark 3. By [BDS| Lemma 2.1], we have that [[y;cpg,,, Tu can be written as

I

k€K UEICy,/w
In what follows we use the notion of tree-graded space introduced in [DST].

Theorem 4. Consider an arbitrary color k € K and the image Tj, = mp(AM).

For every subsurface U € IICy, /w consider the tree Ty = Tu x [ Ivenc, o\ uplav} where av
is the point in Ty which is the projection of OU to Ty .

The space Ty, is tree-graded with respect to T{; and with transversal trees reduced to singletons.
In particular it is an R-tree.

Proof. Step 1. We prove by induction on n that for any finite subset F' C IIC}, /w of cardinality
n the projection 7r(AM) of AM onto the finite product [ [;¢r Tu is an R-tree. The case n =1
is obvious, the case n = 2 follows from [BDS, Theorem 4.21, (2)], since the subsurfaces in F
pairwise overlap. Assume that the statement is proved for n and consider F C TIC}/w, F of
cardinality n + 1.

Both ¥(AM) and its projections are geodesic spaces. For ¢(AM) this follows from Propo-
sition 4.18, while for projections it follows from the fact that the distance is £*. To prove that
7 (Y (AM)) is a real tree it suffices therefore to prove that it is O-hyperbolic, i.e. for every
geodesic triangle its three edges have a common point. By Lemma 4.30 the subset g (1 (AM))
is median, thus it suffices to prove that for an arbitrary triple of points v, p, o in g (¥ (AM))
and every geodesic g joining v, p in mp(¢»(AM)) the median point p of the triple is on g.

Assume that there exist U,V such that the projection of g on Ty x Ty is not (v, u). Assume
that it is (z,u), with & # v (the other case is similar).

Consider the projection on the product ][y ¢ g\ (v T By the inductive hypothesis, 7y (1/(AM))
projects onto a real tree, in particular there exists g’ on g such that its projection on HYGF\{V} Ty
coincides with that of p. In particular 7y (') = mu(p) = x. This implies that the projection
on Ty X Ty of both ' and p is (z,v) (the unique point with first coordinate x). This implies
that all coordinates of ' and p are equal, thus the two points coincide.

Assume now that for every pair U,V in F the projection of g on Ty x Ty is (v,u) . Fix such
a pair. By the inductive hypothesis and an argument as above there exists 1 € g such that its
projection on [ [y F\{U} Ty coincides with that of . Similarly there exists po € g such that its
projection on HYGF\{V} Ty coincides with that of . Then on Ty x Ty the point g, projects
onto some (x,u) and po projects onto some (v,y). This implies that there exists some g’ on g
between g1 and po projecting on Ty X Ty in (v,u). Note that for every Y € F'\ {U,V} the
projection of u’ coincides with that of 1 and po, hence with that of g . It follows that p' = p.

We now prove by induction on n that for any finite F' C IIC}/w of cardinality n the pro-
jection 7p(AM) of AM onto the finite product [[y.rTu is tree-graded with respect to the
trees T, = Ty X HveF\{U}{aV}v where avy is the projection of OU to Ty . It only remains

to prove that 7p(AM) is complete and that it is covered by T¢; . Both statements are proved
simultaneously when proving that mp(AM) equals the union (Jyep T - Clearly the union is
contained in 7p(AM). Conversely, consider a point © = (21, ...,2p41) in 7p(AM). The in-
ductive hypothesis applied to (z1,...,2,) and (z2,...,2,41) implies that for each n-tuple there
exists U € F such that for every V # U the corresponding coordinate is my(U), that is the
point in Ty which is the projection of OU to Ty. Assume that in (21, ...,z,) the surface U
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corresponds to the first coordinate, and that in (z9, ..., x,41) the surface U’ corresponds to the
last coordinate. The projection (z1, Zp41) of © on Ty x Ty is either of the form (7y(U’), 2p41)
or of the form (z1,mu/(U)). In the first case z is in [[y ¢y {7v(U’)} x Ty, in the second
z is in Tu X [[yep quy {mv(U)}.

Step 2. We now prove the statements on T} . First we prove that T}, is a real tree, using an
approximation argument similar to that in the proof that AM is a median space ([BDS, Theorem
4.25]). Since T}, is a complete geodesic space, it suffices to prove that it is zero hyperbolic. Thus
it suffices to prove that for every triple o, 3, v and p its median point, g is on any geodesic g
joining a and 3 in ¥(AM).

Assume that the distance from p to g is € > 0. Take a finite set of surfaces F' s.t. the
projections of a, 3, p in HUgF Ty compose a set of diameter £/4. Since the projection on the
cartesian product [[ycpTu is a tree, the projection of g contains that of p, hence there exists
p' on g with the same projection as p in [[ycp Tu.

Then the distance from p’ to p is

S distu(, ) < Y [distu(, @)+ distu(er, p)| <e/d+e/d=c/2.
U¢F Ug¢Fr
The tree T} is complete. Consider two points g and v in AM . There exists a countable family
C C TICk /w equal to the set of subsurfaces {U ; disty(p, v) > 0}. Let h be a hierarchical path
joining p and v. Let a and B be the endpoints of a minimal sub-arc by ~on b such that
disty(a, B) = disty(p, v) . Assume that there exists V # U, V € C, such that distv(a, 3) > 0.
Then by projecting h on Ty x Tv and using the tree-graded structure of the projection of AM
we obtain that the arc hy has a strict sub-arc of endpoints @’ and 3’ such that disty(a/,3’) =

Cfli\S/tU(p,,l/). This contradicts the minimality of hy . It follows that for every V. #£ U,V €

C, distv(c,8) = 0. Hence hu is entirely contained in a factor Tu X [[yec vyu{av}. Since
given any subsurface V # U the arc hy contains points with first coordinate distinct from the
projection of V on Ty it follows that av is the projection of U on Ty, . Hence hy is contained
in the tree T, and the arcs hy with U € C cover ) up to a subset of zero measure. O

As an immediate consequence of Theorem Hl we obtain the following, which also immediately
follows from the main result of [BBE].

Corollary 5. There exists an equivariant embedding of AM into a finite product of R-trees.

Now let I" have infinitely many pairwise non-conjugate homomorphisms into MCG(.S). Theo-
rem 4] and Proposition 2 imply that I" has a finite index subgroup I'” that acts on the R-trees Ty
for each k € K, further, since the global action is non-trivial (i.e., without a global fixed point)
at least one of the actions on a factor tree is non-trivial.

Corollary Bl and the standard argument of Bestvina and Paulin [Bes| [Pau] imply the following

Corollary 6. If a finitely generated group A has infinitely many pairwise non-conjugate homo-
morphisms into the group MCG(S), then A has a subgroup of index at most | K| which is not an
FR-group (i.e., acts non-trivially on an R-tree).

Since in a group with property (T) every subgroup of finite index has property FR [Paul,
Corollary 6.3 in [BDS] follows from Corollary [6l

It is still unknown if every finitely generated group acting non-trivially on an R-tree also acts
non-trivially on a simplicial tree. In order to obtain such an action in our case, we apply the
theorem of Bestvina and Feighn below.

Definition 7. Given an action of a group on an R-tree, an arc go is called stable if the stabilizer
of every non-trivial subarc of gg is the same as the stabilizer of go.
The action is called stable if every arc g contains a non-trivial stable subarc gg.

Theorem 8. (Bestvina-Feighn, [BEL Theorem 9.5]). Let G be a finitely presented group with a
nontrivial, minimal, and stable action on an R-tree T. Then either (1) G splits over an extension
E-by-cyclic subgroup where E is the stabilizer of a non-trivial arc of T, or (2) T is a line. In the
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second case, G has a subgroup of index at most 2 that is the extension of the kernel of the action
by a finitely generated free abelian group.

In order to show stability of the action, as in [DS2], we describe stabilizers of pairs of points
and of tripods in T}.

The following Lemmas [ and [[1] describing stabilizers of arcs and tripods have similar proofs
as Lemmas 5.14 and 5.15 in the main text.

Lemma 9. There exists a constant N = N(S), such that if p and v are distinct points in AM
that are not in the same piece, then the stabilizer stab(u,v) is the extension of a finite subgroup
of cardinality at most N by an abelian group.

Proof. By hypothesis, for every representatives (u,) and (1) of p and v respectively, the fol-
lowing is satisfied:

(1) lim diste gy (fn, Vn) = 00.
Let g = (g»)“ be an element in stab(u, ). Then

0n(g) = max(dist (fin, gnpin) , dist(vn, gnm))

satisfies 0,(g) = o(d,). Let g, be a hierarchy path joining u, and v, and let f, and 7,
be points on g, at distance ed,, from p,, and respectively v,,. By hypothesis for € small enough
lim,, distc(s) (fin, Upn) = 00. Thus there exist i, and 7, on q,, between fi,, and 7,, and at respective

C(S)-distance 3 from them. Denote by ¢/, the sub-arc of q,, between fi,, and 7.
Divide g, into three consecutive sub-arcs that shadow geodesics in C(S) of equal length
diste(s) (fin,7n)
= .

Let us show that there exists a point @ = (x,)* on the first part and a point

y = (yn)“ on the third part which are at distance O(1) from gp’ (the points do not depend on
9)-
All large domains on g/, are w-almost surely large domains for g,q,. Suppose that the whole
surface S is the only large domain of a part p,, of q/, of size O(d,,). Then we can take a projection
of g, and g, g, to the curve complex C(S) and deduce from the hyperbolicity of C(S) that the
geodesics pl, and g,p,, are at C(S)-distance O(1) w-a.s. Thus in that case we can take points
(xn)¥ and (yn)“ arbitrarily.

Suppose that such a large domain in p,, cannot be found w-a.s. Note that the distance between
the entry points of g/, and g,g,, into large domains S’ C S are at C(S)-distance 1. Thus in this
case we can take (z,,)* and (y,)* to be the entrance points of the geodesic into large domains.

Obviously lim,, diste(g)(2n, yn) = 00.

For every g = (gn)* € stab(u, v) we define a sequence of translation numbers. Since z,, is w-
almost surely at distance O(1) from a point z;, on g,y define £,(gy) as (—1)“diste(s)(Tn, gnn),
where € = 0 if 2/, is nearer to g, i, than g,x, and e = 1 otherwise.

Let ¢,: stab(u,v) — IIR/w defined by £.(g) = (¢z(gn))*. It is easy to see that ¢, is a
quasi-morphism, that is
(2) [lz(gh) — la(g) — la(h)| <o O(1).

It follows that |¢, ([g, h])| <. O(1).

The above and a similar argument for y,, imply that for every commutator, ¢ = lim,, (¢, ), in
the stabilizer of p and v, diste(g)(Tn, cnn) and diste(s)(yYn, cnyn) are at most O(1). Bowditch’s
acylindricity result [Bow, Theorem 1.3] and Lemma 2.1 imply that the set of commutators of
stab(u, v) has uniformly bounded cardinality, say, N. Then any finitely generated subgroup G
of stab(p, v) has conjugacy classes of cardinality at most N, i.e. G is an FC-group [Neu]. By
[Neu], the set of all torsion elements of G is finite, and the derived subgroup of G is finite of
cardinality < N(S) (by Lemma 2.13). O

Lemma 10 (Lemma 2.20, (2), in [DS2]). Let F be a tree-graded space. For every non-trivial
geodesic g in the tree obtained by collapsing non-trivial pieces, T = F /=, there exists a non-
trivial geodesic p in F such that its projection on T is g, and such that given an isometry ¢ of F
permuting the pieces, the isometry ¢ of T induced by ¢ fizes g pointwise if and only if ¢ fizes the
set of cutpoints Cutp (p) pointwise.
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The quotient tree AM /~ is described in [BDS| Lemma 3.8].

Lemma 11. Let py, iy, and fu5 be three points in the quotient tree AM/~ which form a non-
trivial tripod. Then the stabilizer stab(fi, [y, ft3) in MCG(S)Y is a finite subgroup of cardinality
at most N = N(S).

Proof. For every i € {1,2,3} let g; denote the geodesic joining f1; and g, in T', where {i, j, k} =
{1,2,3}, and let p; denote a geodesic in AM associated to g; by Lemma By eventually
replacing the endpoints of p; with cut-points in their interiors we may assume that the three
geodesics p1, po and ps compose a triangle in AM of vertices o, 3 and «. Note that the
elements in stab(fy, fig, 1) fix point-wise all the cut-points of all the geodesics p,;. Since the
set of cut-points does not change, we may replace the three geodesics by three paths h?, each
of which is an ultralimit of a sequences of hierarchy paths, lim,, (b;), with the property that
the endpoints of hL,h2 b3 are in the set of vertices of a triangle, ul, u2, u2. Each hi projects
onto a geodesic 7}, in the curve complex C(S), and according to [BDS, Lemma 4.15] we also have
lim,, (length(v})) = oc.

By hyperbolicity of C(S) for every a > 0 there exists b > 0 such that for any triple of points
x,y,z € C(S) the intersection of the three a—tubular neighborhoods of geodesics [z, y], [y, z|, and
[z,2] is a set Cy(x,y,z) of diameter at most b. In particular for every n the three a—tubular
neighborhoods of the geodesics 7., 42, 43 intersect in a set C), of diameter at most b. Fix an
€ > 0 and consider a sub-path €. of h. such that the limit path & = lim,, ({?}L) has endpoints

at dist-distance € and 2¢ from po. Consider a (sufficiently) large proper domain Y,? for €. If
no proper large domain exists for €} (i.e. the only large domain for this hierarchy path is 9)
then pick instead a marking pl on £.. Since we started with a non-trivial tripod, for e small
enough the sub-arc ¢ is at positive dist-distance from ha, hence Y2 is w-almost surely not a large
domain of h2 (or, in the second case, p is not at uniformly bounded C(S)-distance from h2).
Therefore Y,2 is a large domain of h> (respectively pl is at C(S)-distance O(1) from h3). Let
g = (gn)“ be an element of stab(ft,, fi,, ft5). Consider any geodesic quadrangle with two of the
opposite edges being h. and g,hl. Since €& is at positive dist-distance both from o and from
3, the domain Y,2 (or the marking pl) cannot be at uniformly bounded C(S)-distance from the
edges [u2 , gnp2] and [u , gopl] of the quadrangle. Thus, Y,? can only be a large domain of h.
and g,h. (respectively, only these two edges contain points at C(S)-distance O(1) from pl). A
similar argument shows that Y,? is a large domain of (or pl is at C(S)-distance O(1) from) g,h3 .

In a similar manner we take a sub-path €2 of h2 such that the limit path & = lim,, (Efl) has

endpoints at dist-distance € and 2¢ from w1, we fix Y, proper large domain for €2 (or a marking
pL on €2 if no such domain exists). Then we show that Y,! is also a large domain for b3, g, h?
and g,h> (respectively pl is at C(S)-distance O(1) from these paths). Likewise, we find a large
domain Y,? for h. and h2 and their translations by g, (or a marking p3 at C(S)-distance O(1)
from all these paths).

Let bL be the sub-arc of h: between the sub-arcs corresponding to the domains Y,2 and Y;3
(respectively the sub-arc between the markings p2 and p3 ), and 7} its projection into the complex
of curves. Note that 3! is a sub-arc of v1. Likewise consider b and 77 for i = 2,3. The set
C,, equals also the intersection of the three a-tubular neighborhoods of the geodesics 3, 72, 73 .
Indeed, it clearly contains this intersection. On the other hand, the existence of a point in C,
not in the intersection would imply, up to reindexing, the existence of a point in v} \ 7} at finite
C(9)-distance from both 72 and ~3 . All elements in 7} \ 4} are projections in C(S) of sub-arcs
of hL with limits at dist-distance at most 2¢ from either po or ps. For e small enough these
limits are therefore at positive dist-distance from either ho or b3, hence the ultralimit of the
C(9)-distance of the corresponding sequence of sub-arcs of h), either to h2 or to b2 is oco.

The translation g, C), is the intersection of the three a-tubular neighborhoods of the geodesics
Gk, gn2, gn7ys . For every i, on the path g,h! the two large domains Y,/ and g,,Y;? occur such
that the corresponding sub-arcs have limits at dist zero. Then with an argument as above it can
be proved that g,,C,, is also the intersection of three a-tubular neighborhoods of geodesics of C(.S)
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joining the projections of Y1, V.2, V2. It follows that C,, and g¢,,C,, are at Hausdorff distance at
most D = D(S5).

According to the above, there exists \, satisfying lim,, (\,) = oo and points «,, on 7} at
distance at least 2)\, from the projections of the domains Y,2,Y,?, g,Y,2, g,Y,> and such that
gnuy, is at distance O(1) from av, . We pick 3, on ! at distance A, from «,, . Then g,3, is on
gnYL at distance )\, from g, .

Since 3, is on a geodesic between «,, and the projection of Y;2, say, and both endpoints are
at distance O(1) from g, it follows that there exists 3/, on g,7, at distance O(1) from 3,. It
follows that 3/, is at distance A\, + O(1) from g,a,,, hence it is at distance O(1) from g,/, . We
have thus obtained a, and §,, at C(S)-distance \,, such that g, is at C(S)-distance O(1) from
ay, and g,05, is at C(S)-distance O(1) from 5,. It now follows from Bowditch’s acylindricity
result [Bow, Theorem 1.3] and [BDS| Lemma 2.1] that stab(gy, fio, ft5) has uniformly bounded
cardinality. (]

Lemma 12. Let BBF(S)y be the subset in I MCG(S)/w composed of elements (x;)* with x; €
BBF(S) w-almost surely. Then BBF(S)s is a torsion-free subgroup of index |MCG(S)/BBF(S)]|
in I MCG(S)/w. Moreover BBF(S){ acts on each Ty, faithfully.

Proof. Only the last statement requires a proof. An element g, = (g,)* in I MCG(S)/w which
acts by fixing T} pointwise must fix pointwise Ty for each U € IICy/w. In particular, for
each U € () the mapping class g,, fixes w-almost surely its boundary 0U. Each Cj, contains
a pair of subsurfaces whose boundaries fill the surface, and the only mapping classes which fix
a pair of filling curves are those of finite order (uniformly bounded by the complexity of S).
Hence only finite order elements of II, MCG(S)/w can be in the kernel of the homomorphism
BBF(S)y — Isom(T}). Since BBF(S)y is torsion free, the proof is complete. O

Corollary 13. A finitely generated FR group A cannot have infinitely many pairwise non-
conjugate homomorphisms into the group BBF(S).

Let U = (U;)“ be an element of IIC} /w and let T{; be the corresponding sub-tree in T .

Lemma 14. (1) The stabilizer in BBF(S); of a non-trivial arc in T{; has a homomorphism
onto a (finite of cardinality at most N = N(S) )-by-abelian subgroup A of b, MCG(U;)/w.
The kernel W of that homomorphism acts identically on T{;.

(2) The stabilizer in BBF(S)¢ of a non-trivial tripod in T{; has a homomorphism onto a
finite of cardinality at most N = N(S) subgroup of Iy MCG(U;)/w; the kernel of that
homomorphism is W.

Proof. Let g be an element in BBF(S)$ stabilizing a non-trivial arc b in 7¢;. Then g stabilizes
U. Indeed, we have g7¢; = T,y. If gU # U then Ty; and T}y, intersect in more than one point
(since they both contain h), which is impossible since these trees are the pieces in a tree-graded
structure. Therefore the stabilizer of h in BBF(S)# must stabilize U. Hence there exists a
homomorphism from that stabilizer to MCG,(U) whose kernel fixes T{; pointwise. By Lemma [J]
the image A of that homomorphism is (finite of cardinality at most N = N(5))-by-abelian.

If instead of the stabilizer of an arc in T{; we consider the stabilizer of a tripod, the argument
is similar, except that we use Lemma [I1] instead of O

Lemma 15. Let A be a finitely generated group with infinitely many pairwise non-conjugate
homomorphisms into MCG(S). Then A contains a subgroup A’ of index at most |K| which acts
on each of the limit trees Ty,. Moreover, each of the actions of A’ on Ty is stable.

Proof. That A contains a subgroup A’ of index at most |K| which acts on each of the trees T},
follows immediately from Corollary Bl We now prove that these actions are stable.

By Theorem [ the tree T} is a tree-graded space with pieces the trees T{; and with all the
transversal trees consisting of singletons. Hence every geodesic g in T}, is covered, up to a subset
of measure zero, by (countably many) non-trivial arcs in trees Ty;.

Consider an arbitrary U € IIff/w and the intersection of A’ with the stabilizer of T{; in
MCGE(S), denoted by Ay. In view of Lemma [[4] in order to prove stability it suffices to prove
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that stabilizers in Ay of non-trivial arcs in T7{; satisfy the ascending chain condition. Consider
the homomorphism 7: Ay — I MCG(U;)/w defined in Lemma [[4 The stabilizer in Ay of a
non-trivial arc h in 7{; is the inverse image by 7 of the stabilizer of  in 7(Ay). Thus it is enough
to prove that stabilizers of arcs in w(Ay) satisfy the ascending chain condition. According to
Lemma [[4] the stabilizers of arcs in m(Ay) are (finite of cardinality at most N(S))-by-abelian,
and stabilizers of tripods are finite of cardinality at most N(S). According to [DS2, Lemma
2.35] an arc with stabilizer in w(Ay) of order larger than (N + 1)! is stable. (Note that the
hypothesis in Lemma 2.35 that the group acting be finitely generated is not needed in the proof.)
The ascending chain condition is obviously satisfied on the set of stabilizers of sub-arcs of order
at most (N + 1)!. O

Now Theorem [ follows from Theorem [§ and Lemma
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