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ABSTRACT. We prove that a random group in the triangular density model
has, for density larger than 1/3, fixed point properties for actions on LP—
spaces (affine isometric, and more generally (2 — 2¢)1/2P—uniformly Lipschitz)
with p varying in an interval increasing with the set of generators. In the same
model, we establish a double inequality between the maximal p for which LP—
fixed point properties hold and the conformal dimension of the boundary.

In the Gromov density model, we prove that for every pg € [2,00) for a
sufficiently large number of generators and for any density larger than 1/3, a
random group satisfies the fixed point property for affine actions on LP—spaces
that are (2 — 2¢)/2P—uniformly Lipschitz, and this for every p € [2, po].

To accomplish these goals we find new bounds on the first eigenvalue of
the p-Laplacian on random graphs, using methods adapted from Kahn and
Szemerédi’s approach to the 2-Laplacian. These in turn lead to fixed point
properties using arguments of Bourdon and Gromov, which extend to LP-
spaces previous results for Kazhdan’s Property (T) established by Zuk and
Ballmann—gwi;;tkowski.

1. INTRODUCTION

One way to study infinite groups is through their actions on various classes
of spaces. From this point of view, of particular importance are the fixed point
properties, that is the properties stating that a group can act isometrically on a
certain type of metric space only when the action has a global fixed point. For
Hilbert spaces, this is the so called property F'H of J.P. Serre, which for locally
compact second countable topological groups (and continuous actions) is equivalent
to Kazhdan’s property (T). The research around similar properties for various types
of Banach spaces, or of non-positively curved spaces, has been very lively in recent
years. The relevance of fixed point properties is manifest in many important areas,
from combinatorics to ergodic theory, smooth dynamics, operator algebras and the
Baum-Connes conjecture.

Despite their importance, many questions related to fixed point properties re-
main open, even in cases such as the LP—spaces, which are in a sense the closest
relatives to Hilbert spaces, among the Banach spaces. In this paper we investi-
gate fixed point properties on LP—spaces and on spaces whose finite dimensional
geometry is related to that of LP—spaces, in the following sense.
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Definition 1.1. Letp € (0,00), L > 1 and m € N. A Banach space is said to have
an L-bi-Lipschitz LP geometry above dimension m if every m-dimensional subspace
of it is contained in a subspace L-bi-Lipschitz equivalent either to an £ for some
n > m, or to (% or to some space LP(X, ).

When the above property holds for every m, we say that the Banach space has
an L-bi-Lipschitz LP geometry in finite dimension.

Particular cases of spaces with L-bi-Lipschitz LP geometry in finite dimension
are given by the usual spaces LP(X, u), or spaces L-bi-Lipschitz equivalent to a
LP(X, ). Examples of spaces with L-bi-Lipschitz LP geometry above dimension m
include spaces of cotype p with all subspaces of dimension k (L — €)-bi-Lipschitz
equivalent, for some k > m and some small ¢ > 0 [BLO0, Theorem G.5].

The combinatorial construction that we use in this paper has a natural con-
nection to fixed point properties for actions on this type of spaces, which we now
formulate.

Definition 1.2. A topological group T has property FL? , if every affine isometric
continuous action of I' on a Banach space with L—bi—sz;schitz LP geometry above
dimension m has a global fized point.

We say that T has property F LY if every affine isometric continuous action of T
on a Banach space with L-bi-Lipschitz LP geometry in finite dimension has a global
fized point.

The continuity condition requires simply that the orbit map g — gv is continu-
ous, for every vector v in the considered Banach space. Recall that for p € (0,1)
the metric considered on LP (X, p) is given by the p-power of the p-norm, otherwise
the triangular inequality would not be satisfied.

In the case when Definition is restricted to isometric actions (L = 1) and the
Banach spaces are only LP—spaces, the property is also called the F LP—property. A
theorem of Delorme—Guichardet [Gui72l [Del77] together with a standard Functional
Analysis result [WWT5, Theorem 4.10] imply that for every p € (1, 2] property FLP
is equivalent to Kazhdan’s property (T) (see also [BEGMOT, Theorem 1.3]). For
p = 1 the equivalence is proved in [BGMI2].

For p > 2 property FLP implies property (T), but the converse is not true, at
least not for p large.

Indeed, it follows from work of P. Pansu [Pan89] and of Cornulier, Tessera &
Valette [dCTVO08| that given Hyy, the n-dimensional hyperbolic space over the field
of quaternions, its group of isometries I' = Sp(n, 1), which has property (T), does
not have property FLP for p > 4n + 2 (where 4n + 2 is the conformal dimension
of the boundary J.,HF;); moreover, it admits a proper action on such an LP-space.
Also, a result of M. Bourdon [Boul6], strengthening work of G. Yu [Yu05], implies
that non-elementary hyperbolic groups I' have fixed-point-free—in fact, proper—
isometric actions on an ¢P-space for p larger than the conformal dimension of the
boundary 0I" (see also Bourdon & Pajot [BP03] and Nica [Nic13]). In particular
this holds for hyperbolic groups with property (T).

This shows that for large p > 2 property FLP is strictly stronger than property
(T). The comparison between the two properties when p > 2 is close to 2 is unclear.
It is known that every group with property (T) has property FL? for p € [2,2+¢),
where e depends on the group [BEGMOT, [DK16].
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Like other strong versions of property (T), the family of properties F'L? separates
the simple Lie groups of rank one from the simple Lie groups of rank at least 2 (and
their respective lattices). Indeed, all rank one groups and their uniform lattices fail
to have FL? for p large enough [Yu05], while lattices in simple Lie groups of higher
rank have property FLP for all p > 1 [BEGMOT].

Interestingly, the other possible version of property (T) in terms of LP-spaces, re-
quiring that “almost invariant vectors imply invariant vectors for linear isometric ac-
tions”, behaves quite differently with respect to the standard property (T); namely
the standard property (T) is equivalent to this LP version of it, for 1 < p < o0
[BEGMOT7, Theorem A]. This shows in particular that the two definitions of prop-
erty (T) (i.e. the fixed point definition and the almost invariant implies invariant
definition) are no longer equivalent in the setting of LP spaces, for p large.

The importance of the properties F'LP comes for instance from the fact that in
various rigidity results known for groups with property (T), similar results requir-
ing weaker conditions of smoothness hold for groups with property FLP. See for
instance [Nav06], where the theorem of reduction of cocycles taking values in the
group of diffeomorphisms of the circle Diff ™7 (S!) to cocycles taking values in the
group of rotations is true for 7 = % when the group has property FLP.

Thus, the problem of estimating the maximal p for which a given group has
property F'LP is natural and useful, and several questions can be asked related to
this. To begin with, we note that for every group I' with property (T) the set §(I')
of positive real numbers p for which I' has FL? is open [DKI16]. Let p(T') be the
supremum of the set F(I"), possibly infinite.

Question 1.3 (|[Boul2], §0.2, Question 2; [CDH10], Question 1.9).

(a) Do there exist, for any po > 2, groups such that F(I') contains (0,py) and
p(T) is finite ¢

(b) Do there exist groups as above that moreover fail to have FLP for all p >
p(T), and eventually have proper actions on LP-spaces for p > p(T) ?

(¢) Does p(I') have any geometric significance ?

Up to now, the only known examples of groups with property (T) that fail to
have F'LP for all p larger than some py are the hyperbolic groups. In particular,
for hyperbolic groups the question about the geometric significance of p(T') can be
made more precise.

Question 1.4 ([Boul2], §0.2, Question 2; [CDHI0], Question 1.9). When T is
hyperbolic and with property (T), is p(T') equal to the conformal dimension of Do T ¢

Most examples of hyperbolic groups with property (T) come from the theory of
random groups, hence it is natural to consider the questions above in the particular
setting of random groups. It is what we undertake in this paper: a study of random
groups from the viewpoint of the properties F'L?, both in the triangular model and
in the Gromov density model.

1.1. Random groups and fixed point properties. We follow the notation
of [ALSlS]. Also, in what follows we write f ~ g for two real functions f, g de-
fined on a subset A C R if there exists C' > 0 such that f(a) < Cg(Ca + C) and
g(a) < Cf(Ca+C), Va € A.
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The source of the theory of random groups is in the work of Gromov [Gro93,
Gro03], and in the context of the triangular model and of property (T) it has been
reformulated by Zuk [Z03].

The triangular model of random groups that appears the most often in the
literature is the triangular density model M(m,d), defined for a density d € (0,1).
This is the model in which, for a fixed set of generators S, with |S| = m, a set of
(2m —1)34 relations R is chosen uniformly and independently at random, among all
the subsets of this cardinality in the full set of cyclically reduced relators of length
3 (with cardinality ~ m?). (As is standard, quantities such as (2m — 1)3? are
rounded to the nearest integer.) The groups I' = (S|R) are the elements composing
the model. For more details on this model, we refer to |[Z03] and [KK13].

A variation of this model, which is an analog for random groups of the Erdds—
Renyi model of random graphs, is the following.

Definition 1.5. Let p be a function defined on N and taking values in (0,1). For
every m € N, the binomial triangular model T'(m, p) is defined by taking a finite
set of generators S with |S| = m, and groups T = (S|R), where R is a subset of the
set of all ~ m?> possible cyclically reduced relators of length 3, each relator chosen
independently with probability p(m).

A property P holds asymptotically almost surely (a.a.s.) in this model if

lim P(T" € T'(m, p) satisfies P) = 1.
m—0o0
One of our main theorems is the following.

Theorem 1.6. For any 6 > 0 there exists C > 0 so that for p = p(m) > m®/m?,
and for every e > 0 a.a.s. a random group in the binomial triangular model T'(m, p)
has FL’()%Z&)]/% for every p € [2, C(logm/ loglog m)1/2]. In particular, a.a.s. we
have FLP for all p in this range.

The model I'(m, p) is closely related to the density model M(m,d), when pm3 ~
(2m — 1)3¢. Property FLP is preserved by quotients, in particular by adding more
relations, so it is a “monotone property” in the sense of [JEROO, Proposition 1.13]
(see Section. Thus, general results on random structures mean that our theorem
implies the following in the density model M(m,d).

Corollary 1.7. For any fized density d > 1/3 there exists C > 0 so that for
every € > 0 a.a.s. a random group in the triangular density model M(m,d) has
FL’(’272€)1/2P for every p € [2, C(logm/ loglog m)l/z]. In particular, a.a.s. we have
FLP? for all p in this range.

In the case of FL?, that is, property (T), this is a result of Zuk |Z03|, with steps
clarified by Kotowski-Kotowski [KK13].
Note that for any density d < 1/2 a random group in M (m,d) is hyperbolic
1203
The picture drawn by Theorem [I.6] is completed by the results of Antoniuk,
Luczak and Swiatkowski |[ALS15], improving previous estimates of Zuk [Z03], and
stating that:
e there exists a constant x such that if p <
model T'(m, p) is free;
e there exist constants sy, s such that if 75 < p <
group in I'(m, p) is neither free nor with property (T);

-7, then a.a.s. a group in the

1
~2986T " then a.a.s. a
m
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k3 logm

e there exists a constant k3 such that if p > pros

['(m, p) has property (T).

then a.a.s. a group in

In the first two of these cases, the failure of property (T) implies that the groups
have none of the FLP properties [BFGMO7]. In the third case we show a result
like Theorem with a bound growing a little slower than (loglog m)l/ 2. see
Theorem [3.4

As far as Corollary is concerned, Zuk had already proven |Z03] that for any
density d < 1/3, a random group in the triangular density model M (m, d) had free
factors, and hence property (T) and all F'LP properties fail. We give some partial
information at d = 1/3 in Section Note that the results in [ALS15] for the first
two cases do not immediately apply here, since the properties they deal with are
not monotone.

Another model for random groups is the Gromov density model G(k,l, d), where
for a fixed set of generators A with |A| = k, a random group in the model is a
group I' = (A|R) with presentation defined by a collection R of reduced relators of
length I, R of cardinality (2k — 1)¥, chosen randomly with uniform probability.

Like for the triangular model, there exists a version of this that is closer to
Erd6s—Renyi for graphs.

Definition 1.8 (Gromov binomial model). Fiz a number of generators k > 2, a
set of generators A with |A| =k, and a function p: N — (0,1).

A group T' = (A|R) in the k-generated Gromov binomial model G(k,l, p) is
defined by taking R a collection of cyclically reduced relators of length | in the
alphabet A, each chosen independently with probability p(l).

A property P holds asymptotically almost surely (a.a.s.) in this model if

llim P(T" € G(k,1, p) satisfies P) = 1.
—00

Remark 1.9. For a fized number of generators k > 2, a fived density d € (0,1),
and the function p(l) = (2k — 1)~ =D the model G(k,1, p) is closely related to
the Gromov density model G(k,1,d), since there are < (2k — 1)% cyclically reduced
words of length | in R, where A < B means %A < B < CA, for some constant
C > 0. See Section [I0 for more details.

In the density model G(k,l,d) as well, when d < 1/2 a random group is non-
elementary hyperbolic [Gro93, Chapter 9].
We prove the following.

Theorem 1.10. Choose p > 2, € > 0 arbitrary small and k > 10-2P. Fiz a density

d > 1/3. Then a.a.s. a random group in the Gromov density model G(k,l,d) has
FL’()2726)1/2p,
range.

for all2 < p’ < p. In particular, a.a.s. we have FLY for all p’ in this

This follows from the corresponding theorem in the Gromov binomial model
G(k,l, p), see Theorem m For any fixed k > 2 is it natural to expect a result
where p — oo as in Theorem however our methods currently do not show this.
We do find a new proof of property (T) for any fixed k > 2 and d > 1/3, which
moreover applies at d = 1/3 as well (see Theorem for a precise statement).

Previous progress on the problem of FLP—properties with p > 2 for random
groups in the Gromov density model had been made by P. Nowak in [Nowl5] (see

Remark [1.12]).
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In the class of groups with property (T), the subclass of hyperbolic groups plays a
special role, since by [OI105, §7171.3] and [dC05| every countable group with property
(T) is the quotient of a torsion-free hyperbolic group with property (T). Therefore,
Theorems and may be seen as an indication that the generic countable
groups with property (T) also have FL? for p in an arbitrarily large interval (2, po).

1.2. Conformal dimension. Another setting emphasizing the interest of the prop-
erties F'LP lies in their connection with P. Pansu’s conformal dimension. For a
hyperbolic group T', the boundary 0,,I' comes with a canonical family of met-
rics; the infimal Hausdorff dimension among these is the conformal dimension
Confdim(0,I"). This is an invariant of the group, and in fact, if two hyperbolic
groups are quasi-isometric then they have the same conformal dimension. For more
details, see [MT10].

Conformal dimension can sometimes be used to distinguish hyperbolic groups
even if their boundaries are homeomorphic, see Bourdon [Bou97]. For random
groups in the Gromov density model at densities d < 1/8, the second author has
found sharp asymptotics for the conformal dimension using small cancellation meth-
ods [Mac12l Mac16].

However, small cancellation methods completely fail for random groups at densi-
ties d > 1/4, and certainly do not work for random groups in the triangular models.
Therefore it is of interest that we are able to bound the conformal dimension in a
new way at densities d > 1/3 using the F'LP properties.

As mentioned above, Bourdon showed that if a Gromov hyperbolic group has
property FLP for some p > 0, then the conformal dimension of its boundary is
at least p. A consequence of this inequality, an upper bound computation, and
Corollary [1.7]is the following.

Theorem 1.11. For any density d € (%, %), there exists C > 0 so that a.a.s.
' € M(m,d) is hyperbolic, and satisfies

1 ( logm

1/2
S(_feem < < . B |
log logm) < p(I') < Confdim(d.I') < Clogm

C

In particular, as m — oo, the quasi-isometry class of T keeps changing.

Remark 1.12. P. Nowak has also obtained a lower bound for the parameter p(T")
and hence conformal dimension, that can be explicitly calculated, in the triangular
and in the Gromov density models, using spectral methods [Now15l, Corollary 6.4].
However, his bound is an explicit decreasing function slightly larger than 2.

Remark 1.13. Theorem[I.1]] provides in particular a positive answer to Question
(a). The first such example, also among hyperbolic groups, was provided by
Naor and Silberman [NS11, Theorem 1.1]. Theorem brings the additional
information that the situation described in Question , s in fact gemeric in
this standard model of random groups. In view of the remark following Theorem
it 1s expected that this same situation is generic for the whole class of countable
groups with property (T).

Remark 1.14. A consequence of Theorem s that for a generic hyperbolic
group T in the model M(m,d) with d € (3, %), there exists a constant k = r(d)
such that

(1.15) L (Confdim(0..T)]Y2¢ < p(T") < Confdim(.T),
K
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where € > 0 is fized. This illustrates that a formula relating p(T") and Confdim (9, T")
is plausible, in particular an equality as conjectured in Question [1.4)

1.3. Random graphs and strong expansion. Our results on random groups
rely on spectral results on random graphs. Indeed, every finitely presented group
I" has a presentation in which all relators are of length three, and every such pre-
sentation yields an action of I' on a simplicial 2-complex X, the Cayley complex.
The link of every vertex is a graph L(S), and if the smallest positive eigenvalue
A1(L(S)) of the Laplacian of this graph satisfies A{(L(S)) > %, then I' has prop-
erty (T). This has been shown by Zuk and Ballmann-Swiatkowski 1203, BS97], and
appears implicitly in [Gro03]. (See Sections [2]and [§])

In the case of a random group I' € I'(m, p), the link graph is nearly a union of
three random graphs coming from a suitable random graph model.

There is a large literature on the first positive eigenvalue of the Laplacian of a
random graph. In the case of constant degree the problem is equivalent to bounding
the second largest eigenvalue of the adjacency matrix, and this opens up methods
used by Friedman to give very precise asymptotics. In our context the bound
AM(L(S)) > 3 follows from a result of Friedman and Kahn-Szemerédi [FKS89] that
random graphs have \; close to 1.

In our setting we must replace the Laplacian by a non-linear generalization of
it, the p—Laplacian, for p € (1,00), see Section [2 The p-Laplacian has been used
in combinatorics and computer science [BH09] and turns out to be a useful tool for
estimates of the LP—distortion [JV13].

We use a sufficient condition for property FLY , described in the theorem below,
which can be obtained by slightly modifying arguments of Bourdon. The latter
arguments use Garland’s method of harmonic maps, initiated in [Gar73|, developed
by Zuk [Zuk%} and Wang [Wan98|, and further used and developed by Ballmann-
Swiatkowski [BS97], Pansu [Pan98] Gromov [Gro03|, Izeki, Nayatani and Kondo
[INO5, TKN09, TKN12] etc.

Here, given a graph L we denote by A ,(L) of a graph L the first positive
eigenvalue of the p-Laplacian of L (Definition .

Theorem 1.16 (Bourdon [Boul2]). Suppose p € (1,00) and X is a simplicial 2-
complex where the link L(z) of every vertex x has A p(L(x)) > 1 — ¢ and has at
most m vertices. If some group I' acts on X simplicially, properly, and cocompactly,
then I has the property FLZH,@?QE)I/QP.
Bounding A; ,(L) away from zero corresponds to showing that L is an expander,
but in changing p we can lose a lot of control, see Proposition So to show that
A1p is as close to 1 as we wish, we have to prove new results for random graphs.
Givenm € N and p € [0, 1], let G(m, p) be the model of simple random graphs on
m vertices, where each pair of vertices is connected by an edge with probability p.

Theorem 1.17. Given a function x : N — (0,00) with lim, o x(m) = 0, for
every & > 0 and every p > 2 there exists positive constants k = k(§), C = C(€§) and
C' = C'(&,x), such that the following holds.

For every m € N and every p satisfying

1/3
klogm << x(m)m
m m
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we have that with probability at least 1 — % a graph G € G(m, p) satisfies

Cp* Cy/logm

(pm)1/2P* — (pm)1/2 Ty <s,

where Ly<3 =1 if p' <3 and Ly <3 = 0 otherwise.

Vp/ € [2ap]7 Al,p/(G) Z 1-

The methods of Friedman are not available in this non-linear situation, but
Kahn—Szemerédi’s approach does adapt, as we discuss further in Section

1.4. Recent result for a larger class of Banach spaces. About a year after
this paper has been finished, Tim de Laat and Mikael de la Salle proved in [dLdS17]
that, given a uniformly curved Banach space X, for any density d > %, a.a.s. a
random group in the triangular density model M (m, d) has the fixed point property
Fx (i.e. every action of such a group by affine isometries on X has a global fixed
point). Uniformly curved Banach spaces were introduced by G. Pisier in [Pis10],
examples of such spaces are LP—spaces, interpolation spaces between a Hilbert and
a Banach space, their subspaces and equivalent renormings. A uniformly curved
space X has the following key property. Given a finite graph G with set of vertices
Gy and set of edges G1, Gy equipped with the stationary probability measure v for

the random walk on G, defined by v(z) = % (where val(z) denotes the
yE€G

valency of the vertex x), the norm of the Markov operator Ag on L3(Go,v; X) is
small provided that the norm of the Markov operator Ag on L2(Go,v) is small.
(Here by L% we mean square integrable functions with expectation zero.)

The outline of the proof of the de Laat-de la Salle theorem is as follows. They use,
like Zuk [ZOS] and Kotowski-Kotowski [KK13], the permutation model for groups
and, correspondingly, the configuration model for random graphs, and a theorem
of Friedman stating that for a random graph G in the latter model a.a.s. the norm
of the Markov operator Ag on L%(Go,v) is small, provided that the number of
permutations taken is large enough.

It follows that, for a random group I' in the permutation model (with a large
enough number of permutations), given the simplicial complex Ar of the corre-
sponding triangular presentation of I', a.a.s. for every vertex link L in Arp, the
norm of the Markov operator Ay, on L3(Lg,v; X) is small, uniformly in L. The
space X being uniformly curved, it is also superreflexive, hence by a result of Pisier
[Pis75] it admits an equivalent norm that is p—uniformly convex, for some p € [2, 00),
and preserved by the isometries of the initial norm on the space X. Thus the state-
ment is reduced to the case when X is p—uniformly convex, and I" is a group that
acts properly discontinuously cocompactly on a simplicial complex Ar with the
property that for all the vertex links L the Markov operators Az, on LZ(Lg,v; X)
have uniformly small norms. An adaptation of an argument of Oppenheim [Opp14]
can then be applied to conclude that the random group I' must have property Fx.

In the particular case of LP—spaces the theorem of de Laat-de la Salle gives that
for every po > 2, for any density d € (%, %), a.a.s. a group I in the triangular
model M(m,d) satisfies all the fixed point properties FLP with p € (0,po]. We
believe that if, instead of using the permutation model for groups, respectively,
the configuration model for random graphs, and Friedman’s Theorem, de Laat-
de la Salle would use the binomial triangular model for groups, the Erdos-Renyi
model for random graphs and the estimate in Theorem 1.17 for p = 2, then they
would obtain a version of Corollary 1.7 with a slightly larger interval, that is with
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p € [2,C(logm)2]. Therefore, in Theorem 1.11 one could suppress the loglogm
from the denominator in the lower bound, and in Remark 1.14 the exponent in the
first term in (1.15) would become 3 instead of 1 — .

We think nevertheless that the proof provided in this paper has its own intrinsic
value, firstly because it relies on elementary mathematics only, it is self contained
and independent of Pisier’s results, and secondly because we find it intriguing that
by two different approaches approximately the same lower bound estimates are
obtained. This may suggest that the first inequalities in Theorem 1.11 and Remark

1.14 may in fact be asymptotic equalities.

1.5. Plan of the paper. Section [2|is an introduction to the p—Laplacian, with
several interpretations and estimates of its first non-zero eigenvalue.

In Sections [3] to [7, Theorem is proven, by reducing the problem to a small
enough upper bound to be obtained for a finite number of sums varying with the set
of vertices, then by splitting each sum into light and heavy terms, and estimating
separately the two sums of light, respectively heavy terms.

Section |8 links values of A, to the properties F'L} ;. This is then used in
Section [9] to show the results on random groups in the triangular model, deduced
from Theorem

We describe how to use monotonicity to switch between models, and the appli-
cation to conformal dimension in Section [I0l

In Sections and the same strategy is applied to prove a similar result of
generic p-expansion for multi-partite graphs, and the latter is then applied to prove
Theorem .10

1.6. Notation. We use the standard asymptotic notation, which we now recall.
When f and g are both real-valued functions of one real variable, we write f = O(g)
to mean that there exists a constant L > 0 such that f(x) < Lg(z) for every z; in
particular f = O(1) means that f is uniformly bounded, and f = g + O(1) means
that f — g is uniformly bounded. The notation f = o(g) means that lim, ::E;c; =
0.

1.7. Acknowledgements. We thank Damian Orlef for pointing out an issue with
the p € (2,3) case in an earlier version.

2. EIGENVALUES OF p-LLAPLACIANS

In what follows G is a graph, possibly with loops and multiple edges (a multi-
graph). When the graph has no loops or multiple edges and the edges are considered
without orientation we call it simple. Let Gy be its set of vertices and G; its set
of edges. Given two vertices u, v, we write u ~ v if there exists (at least) one edge
with endpoints u,v and we say that u,v are neighbours.

Fix an arbitrary orientation on the edges of G, so that each edge e € G; has an
initial endpoint e_ and a target endpoint e, in Gy. Given a function x : Gy — R,
the total derivative of x is defined as dz : G; — R, dz(e) = z(ey) — x(e_). For
e € 1, we write the unordered set (with multiplicities) of endpoints of e as V(e) =
{e_,e+}. Observe that |dz(e)|, or indeed any symmetric function of e_ and e, is
independent of the choice of orientation of e € Gj.

Fix p € (1,00). Given z € R, we define {x}P~1 = sign(z)|z|P~! when z # 0,
and we set {0}?~! = 0. The graph p-Laplacian on G (see [Amg03| [BH09]) is an
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operator from R to R defined by

1
(Apz)(u) = val() Z {xy — x,}P~! for every u € Gy,
e€Gy, V(e)={u,v}

where val(u) is the valency of u. The operator A, is linear only when p = 2. Still,
by abuse of language, one can define eigenvalues and eigenfunctions which serve
the purpose in the LP-setting as well.

Definition 2.1. We say A € R is an eigenvalue of A, for G if there exists a
non-zero function x € R so that A,z = Mz }P~t. We call such a function x an
eigenfunction of A,,.

We denote by M\ ,(G) the smallest eigenvalue of A, which corresponds to a non-
constant eigenfunction.

The standard (normalised) graph Laplacian A = Ay can equivalently be defined
using a weighted inner product on R, Consider the degree sequence d = (d,) €
NG, d, = val(u), and define (z, Y)a = 2 ueg, Tuludu. Then for z € R% A is the
linear operator such that

<J}, Ax>d = ||dx||§ )

where the norm on the right hand side is on R®*. When the right hand side
becomes ||dz||b = 3" . [dz(e)|P, the same equality defines A, [BH09, Section 3J;
consequently all eigenvalues are > 0. Note that in [BH09, Section 3] the equality

1
definining A, is (z, Apz)q = 5 [dz||5. The reason is that in that paper, what stands

for |dz|[b, also denoted by Q,(f), is a sum where each term |z(e)—x(e—)[” appears
twice (in other words, no orientation is chosen on the edges).

The value of Ay, for a multigraph G may be calculated as follows. The Poincaré
p-constant 7, is defined as in the classical case to be the minimal constant 7 such
that for every function z € R0,

: P P
;gﬂf%;() |2, — P val(u) < |dz]]% .
We will use the following Rayleigh Quotient characterisation of A ,(G) [Amg03]
Theorem 1], see also [BH09, Theorem 3.2] and [Boul2 Proposition 1.2]. Note that
the constant functions are eigenfunctions with eigenvalues 0, and that for every
p > 1, the minimal eigenvalue for non-constant functions, A; ,(G), is 0 if and only
if G is disconnected; in this case we interpret m, as oo.

Proposition 2.2. Fiz p € (1,00) and a multigraph G. Then

(2.3)
1 dz||?
A p(G) = — =inf { - Izl . 2 € RE non-constant
’ T infeer D eq, [Tu — cfP val(u)
. ||dl’||§ . Go p—1 _
(2.4) = inf o w € REON{0}, Y {z, )P val(u) = 0
||pr,d =ten

(2.5) = inf {||dz|? : = € Spa(Go)},
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where in the above ||z||? 4 stands for - |xy [P val(u), for the degree sequence

d = (d,) € N d, = val(u), and

u€Go

(2:6) Sp.a(Go) = {ﬂf €RD: D {z, )P dy =0, [|z]f 4 = 1} .

u€Go

2.1. Varying p. Later we need the following estimate on how \; ,(G) varies as a
function of p.

Lemma 2.7. For a graph G, M\ ,(G) is a right lower semi-continuous function of
p. To be precise, forp>p' > 2,

A p(G) > Elfp/p’)\lyp, (G)p/p"
where E is the number of edges in G.
Proof. Let z € R0 be a non-constant function which attains Ap(G) in , ie.,
|3

infeer Y, eq, [Tu — [P val(u)

)‘l,p(G) =

Now, let 2’ = x +c where c is a constant chosen so that ), ¢, {2 37"~ 1val(u) = 0,
i.e., ¢ is the unique minimiser of the convex function ¢+ Y |20 — [P’ val(u).
Let y be a scaled copy of z’ so that
— ' —; _ P
L= 3l val(a) = n6 3y — ¥ val(a),

ueGo ueGo

u€eGo

where the last equality follows from »_ 5. {y.}? ' val(u) = 0. In particular, for
each u € Gy, |y,| <1 and thus |y,|? < |y.|*". So

M (G) = - [ de ||}
infeer D yeq, [Tu — cfP val(u)
Idac"l13 _ ldy|lz
N ZuEGO |4, [P val(u) B Eueco |y [P val(u)
ldyllb

2 / = [ldyli}-
> ueGo |Yul? val(u) g

Now Holder’s inequality gives

p'/p

ldyl% = " ldy(e)|”" < <Z dy(€)|p> B = | dy||p B
e€G1 e€Gy

SO

b (N
)\LP(G)Zde”p/E P/P = R TR/P f

/ p/p
I Iyl
inf.cpr ZuGGo |y, — P’ val(u)

> BN Q)P 0
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3. BOUNDING A, FOR RANDOM GRAPHS

Given m € N and p € [0, 1], recall that a random graph in the model G(m, p) is
a simple graph on m vertices, with each pair of vertices connected by an edge with
probability p.

Our goal, from now until the end of Section [7] is to show the following bound
on Ay, for a random graph in this model.
Theorem Given a function x : N — (0,00) with lim,,_,. x(m) = 0, for
every £ > 0 and every p > 2 there exists positive constants k = k(§), C = C(&) and
C' = C'(&,x), such that the following holds.

For every m € N and every p satisfying

1/3
klogm << x(m)m
m m

we have that with probability at least 1 — % a graph G € G(m, p) satisfies

Cp* C+/logm

() 1727~ (pmiz <

Vp/ € [2;]7]; Al,p’(G) > 1-

where Ly<3 =1 if p' < 3 and Ly <3 = 0 otherwise.

In fact, we prove lower bounds on A ,(G) when G is chosen from a more re-
strictive random graph model, G(m,d). For convenience, we let G € G(m, d) have
vertex set Go = {1,2,...,m}. Let d = (d;) € N™ denote a sequence of vertex
degrees, where we assume that ) d; is even (a necessary condition). The random
graph model G(m,d) is defined by letting G € G(m,d) be chosen uniformly at
random from all simple graphs with this degree sequence. For example, in the case
that d; = d for all 4, this is the model of random d-regular graphs.

Theorem 3.1. Consider a constant § > 1 and a function x : N — (0, 00) satisfying
limy, 00 X(m) =0.

Then for every & > 0 there exists C and C' depending on 0,&, with C' moreover
depending on the function x, so that for every m € N and p > 2, and every degree
sequence d € N™ with Zl d; even and min; d; > 3, with moreover d = max; d; <
O min; d;, and d < x(m)m'/3,

(32) P(G €Glm,d) hasVp' € [2,],

/
— 8Ly 3(1 — 9—2)) >1- 9

mé’

Cp*
)\l,p’(G) Z 1-— W
Theorem implies the result in G(m, p), when combined with the following
lemma.

Lemma 3.3. For any 6 > 0, with probability > 1 — 2mexp (—%62mp) a graph
G € G(m, p) has the property that every vertex has degree within dmp of the expected
value mp.

Proof. Let X; = valg(i) be the degree of i € Gy, which is a binomial random
variable with E(X;) = (m — 1)p = (1 + o(1))mp. Then using a standard Chernoff
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bound [JLRO0, Corollary 2.3], we have

2

1
< 2mexp <—352mp) . O

Proof of Theorem[I.17 Fix arbitrary £ > 0.

Lemmal3.3|applied for some small § implies that there exists x so that, provided p
is greater than xlog(m)/m, the ratio between the minimum and maximum degrees
of G is bounded by a constant § = (146)/(1—9) < 2 and the degree is (1+0(1))pm,
with probability at least 1 — 2/ (m_1+52"°/ 3). The latter probability is at least
1 — 1/m¢ if & is large enough.

The same argument gives that, as long as p > klog(m)/m, we can choose § =
V/3(€ + 1) log(m)/pm. In this case:

2 (1 _ 52
(14+6)*—-(1-9) <45<B logm
(1+0)? pm

1-072=

where B =4,/3(¢ +1).

All graphs G € G(m, p) with E edges arise with the same probability, namely
pP(1— p)(?)fE. Consequently, for a degree sequence d with > d; = 2F, all graphs
G € G(m,d) have the same probability of arising in G(m, p).

For every degree sequence d in [d/6, d]™, the inequality gives, with a prob-
ability at least 1 — C’/m® (uniform in d), that G € G(m,d) has inf, ¢ 5] M1, (G)
greater than 1 — C”p*/(pm)Y/2"" — Bl .3(logm)/2/(pm)'/2 (where C’ and C”
depend only on ¢, and C’ further depends on x). Therefore, we get our desired
bound in G(m, p). O

To approach Theorem (3.1} we consider again the characterisation ([2.5) of Ay
when we have a fixed degree sequence d = (d;) for a graph G. For every z € R

we have
> ([2ul? +l2o?) = Y |zulPdy = |21} o-
e€G1:V(e)={u,v} u€Go
So we can rewrite Z,(G) = ||dz|[5 in (2.5) as
(3-4) Z2(G) = |lzll}.a — Yo (P e —2f?)

e€G1,V(e)={u,v}
This motivates the following notation.
Notation 3.5. Given a real number p > 2 and two real numbers a,b, we define
Ry (a,b) = [af” + [b]” — |a —bJ".
Using this notation we can write
Xo(G) = |2llp.q — Z:(G) = >, Ry (2, o).
e€G1,V(e)={u,v}

In the particular case that x € S, a(Go), Z(G) =1 — X,(G).
Therefore, to prove Theorem [3.1] it suffices to show that with high probability
X.(G) is bounded from above by a suitable uniform small positive term, for all z €
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Sp.d(Go). This is proved using a variation of the Kahn-Szemerédi method [FKS89)
for bounding A 2, which is roughly as follows: every x € S, a(Go) can be approx-
imated by some function z’ in a suitable finite net, and if the approximation is
accurate enough then it suffices to show that with high enough probability X, (G)
has a uniform small positive upper bound for every z’ in the net, see Section
The reason for switching from the Erdés-Renyi model G(m, p) to the prescribed
degree model G(m,d) is that in our case this net is defined in terms of the vertex
degrees d. For each point z’ in this net, the terms in X,/(G) split into small and
large values, and the two contributions are bounded independently. We discuss this
further in sections BHZl

We remark that Kahn and Szemerédi worked in the permutation model for ran-
dom regular graphs. However, their method was adapted to the model G(m,d)
by Broder—Frieze-Suen—Upfal [BESU99, Theorem 7], and it is their proof that we
follow more closely.

4. APPROXIMATING ON FINITE SETS

In this section we define a net of points approximating well enough the points
in the set Sp 4, we provide bounds on the size of this net, and we show that good
enough bounds on an infimum defined as in but with Sy q replaced by the net
suffice to bound A; ;.

4.1. The net and its size. Suppose we have a graph G with vertex set Gy =
{1,2,...,m} and degree sequence d = (d;) € N™, with d = max; d;. Recall that
Sp.a(Go) is the set of x € R™ with Y, {z;}*~'d; = 0, and ][} g = > [wilPdi = 1.
For any R > 1 and small enough constant € > 0, we define a corresponding finite
net that will be used to approximate Sy, a(Go).

m . _ €d1/p -~
Tp,d,R(Go) = {117 e R™: Vi, {Jiz}p e WZ, XG: {l‘i}p ldi =0,
1€Go

lall? o < R }

Here we follow:

Convention 4.1. We let q denote the Holder conjugate p% of p.
Throughout all that follows, to simplify estimates we assume e satisfies:

Assumption 4.2. We have ef < 1.

Recall that § > maxd;/d; and is close to 1 in our applications.

Later we will take R = (1 + €0'/?)9, which by Assumption satisfies R < 4.

We need to know the size of T}, 4 r(Go). Before we bound this, it is helpful to
recall the following.

Lemma 4.3. There exists mg so that for all p > 2 and m > myg, the volume V4 (R)
of the radius R ball in R™ endowed with the norm || - |4 is bounded by

Vo(R) < (QeR>m.

ml/q
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Proof. 1t suffices to consider R = 1, where

(2r (1 +1))
(4.4) Vo) = —F—~—
r (ﬂ + 1)
q
Since 1 < (1/q) +1 < 2, we have T’ (% + 1) < 1. Moreover, for m > mg, where
mg > 2 is independent of p > 2, Stirling’s approximation I'(1 + z)/v2mz(2)* — 1

(as |z| = o0) gives us
m/q
r(Zea)z ()
q q \ge
Applying this to (4.4]), we see that

o= () = () :

Proposition 4.5. Suppose the degree sequence d = (d;) € N™ satisfies d; > %d, Vi,
where 0 > 1 and d = max; d;. Then the size of T a,r(Go) is bounded by

deR\™
|T ,d,R(G0)| < (6) .

Proof. Consider the set

" ed/p
T'= {QER ‘Y € mz Z|yi|qdi§R}-

We inject T into 7' by mapping x € T, 4,r(Go) to y € T, where for each 1,
yi = {7
For each y € T7, let Q, = {z ER™:y; <z <y; + %}. Clearly, each Q,
has volume
1 ed/P\™
(1.6 v - (5)

and Q, N Qy = 0 for y # y'. If z € Q,, then Minkowski’s inequality for the
weighted norm ||z]|g.a = (3, |zi\qdi)1/q shows that

1/q
di/p B drv/r  9l/pmli/a
gd < ||y||q,d + fnﬁ . (Zd1 qd¢> < Rl/q + jnl/q . dl# <R+ 691/177

I2

so each @), is contained in the R’ ball B in R" with the norm || - ||;.a, where
R =R+ef'/? <R+1<2R

by Assumption This ball B is an affine transformation of the ball V,(R’), so
by Lemma [£.3] it has volume

(4.7) V(B) = (Hd;l/q)VQ(R’) < (del/q) (ifﬁ;)m :
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We combine (4.6)) and (4.7)) to conclude:
/ —1/q\ [ 2eR’ m' 4 edt/P\ ™"
<< g < (1) (o) ~(114) (G
) 1/p / 7\ m
_ (Hidl) (2eR> < <2€R> . 0
am € - €

4.2. Bounds on the net suffice. The following proposition shows that to bound
Z5(G) for x € Sp.a(Gy), it suffices to bound X, (G) for x € T}, q,r(Go).

Proposition 4.8. Let R = (1 + e0"/?)9 and R_ = (1 — €0'/P)?. For any = €
Sp,a(Go) there exists ' € Ty a,r(Go) with ||2'||} 4 > R—, such that if Z,(G) <1
then | Z,(G) — Zu (G| < 2p(e0)/ =1 (1 4 2(eh)*/ (P=1))p=1,

In particular, if Xp(G) < n for every ' € T, a4 r(Go) then for every x €
Sp.da(Go) we have

x
<

p—1

Z(G) > 1 =1 — 4p(ed) /=D (1 " 2(69)1/@71))

Proof. Suppose x € Sp a(Go) is given. Inspired by the proof of [BESU99, Lemma
14], for each i, write

p-1 _ ed'/?
{xl} ml/q

for some k; € Z and r; € [0, ed"/Pd; 'm~/9). Since z € S, a4(Gy),
B 1 . Gdl/p
(4.9) 0= Z{xi}p d; = m(Z k‘z) + Z rid;,

and so 3. 7;d; = red/Pm=1/7 for some r € Z, in fact r € {0,1,...,m — 1}. We
define 2’ € R™ by setting

ki 41

{x(}p_l _ Edl/pdi_lmfl/q(ki —+ 1) if 4 < T, Or
7 Edl/lﬂd;lmfl/qki lf’L >

By (4.9) we have

1/p
p—1 ) ed =
Z{ Dl = l/q (zz@) + =,
We now bound the size of 2’ in the norm || - ||,.qa, using weighted Holder’s in-

equalities.

ed
2’1} q = Z|$ P gl ds < ZIMP Y| ds +Z - |ild;
; 1/q o 1/p cdl/? 1 1/q o 1/p
< Z‘xz‘ d; Z|$z| d; +m ngdi Z|$z| d;

i A i

1/p ga—1 1/q
p/q ! ed /
< ell gl la+ o (- 5 ) e la

= (lelpg" +e0™?) 12’ lp.a = (14 €07) [l llpa,
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and so
212 g = [l2"| P39 < (1 + e6'/7)7 = R.

Likewise, Hx||p q < (Hx’”p/q + 691/1’) and so
o/ > (1 - /7y = R_.

It remains to bound |Z,/(G) — Z,(G)| = |Hda:’||’é,p - Hda:\|%p| Recall that, by
construction, for each i we have

ed'/p < el
diml/q - (dm)l/q

Now, if we have a,b,d > 0 with 0 < a?~1 < b1 <aP™1 4§, ie. [BP~1 —aP7 1| <4,
then since p > 2, a < b < (a?~146)/ P~V < q4+§/P=1 . Since x; and '/ are either
both non-positive or both non-negative, we find that |z;—}| < (e8)Y/ =1 /(dm)/?.
This implies that |da’(e) — dz(e)| < 2(e)Y/ P~V /(dm)'/P.

By the Mean Value Theorem applied to ¢ — [t|P, for each e € Gy there exists
t(e) € R with [t(e)] < 2(e0)/ P~V /(dm)/P so that

1’ (€)|P = |dz(e)|”| = plda’(e) — da(e)| - [dx(e) + t(e)[" "

2p(ef)t/ (P=1) -
S ((dn)l)l/l’ |dl‘(€) + t(€)|p ! .

Therefore, by Holder’s and Minkowski’s inequalities, and our assumption Z,(G) <
1,

o} = {2i}P | <

(4.10)
2p(ef)/ (P=1) B
'V, — Nl | < (Wl)/ S ldr(e) + t(e)”!
ecGy
(r—=1)/p
p(eh)t/ (1)
e (T st o)
e€cGy

p—
< 2p(et)/ " (|Jda ., + [l
< Qp(eg)l/(pfl)(l + 2(69)1/(1071))1)*1_

The final remark follows from the following argument. If Z,(G) > 1 then it is
trivial. Otherwise, for p > 2, R_ > (1 — 691/1’)2 >1—2e01/P. So if X (G) <nfor
every ' € T}, a,r(Go) then for every = € S, 4(Go) we have

Z2(G) = Zy(G) = 2p(e0) /D (1 + 2(e6) /=)~
= 8 4~ X () = 2p(e0) ) (1 4 2(e) =D
> R_ —n—2p(ef)/ P~V (1 + 2(eh)/ P 1)p=1
> 1 — 1 —4p(e)/ P1 (1 4 2(eg) /P~ D )p—L, O
4.3. Preliminary bounds. The quantity ®,(a,b) = |a|P +|b|P —|a —b|P is difficult

to work with, so in the following sections we have occasions to use more convenient
quantities, described below.
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Notation 4.11. Given a real number p > 2 and two real numbers a,b, we define
R, (a,b) = {a}?"'b+ a{b}*"", and
Ry(a,b) = lalP~![b] V |al[b]"~",
where x V y denotes the mazimum of x and y.
For example, Ry (a,b) = 2ab = Ra(a, b) and Ry(a, b) = |al|b].

Proposition 4.12. For every a,b € R the following hold.

(4.13) Rp(a,b) < [Ry(a,b)] < (1+p2P~ ) Ry(a,b), and

(4.14) Rp(a,b) < [Ry(a,b)| < 2R, (a,b).

Moreover, for p > 3 we have

(4.15) R, (a,b) < pR,(a,b).

Proof. For every a,b € R and A >0, and for F=%,, F =%, or F = ﬁp we have
F(a,b) = F(—a,—b) = F(b,a) = A"PF(\a, \b).

It therefore sufﬁces~ to show all inequalities for « = 1 and —1 < b < 1. In this case
R,(1,b) = [b| and R,(1,b) = b+ {b}P~ L.

(4.13) The second inequality is immediate: we apply the Mean Value Theorem
to the function ¢ — t? to find x between 1 and 1—b > 0 so that 1—(1—b)? = bpzP~1;
in particular 0 < x < 2. Therefore,

Ry (L, 0)] = [1+ [b7 — (1 = 0)P| = [[pf" + bpa? ™" |
< [bJP 4 [blp2P ! < [b] (1 +p2°7")
We now prove the first inequality.

If b > 0 we have [R,(1,0)| =14+ — (1 -0)?>1+0—(1—b) =b.
If b < 0, we have |R,(1,b)| = (1-b)P—1—(=b)P > (1—pb) —1—(—b) = (p—1)b].

(4.14) This inequality is trivial.

Assume that b > 0, and so ﬁp(l,b) = b+ b*~L. Applying the Mean
Value Theorem as above, we find « satisfying 0 <1 —b < a <1 so that R,(1,b) =
14062 — (1 —b)P = b2 + bpaP~L < b7 + bp < pR,(1,0).

Assume now that b < 0 and let ¢ = —b € (0, 1]. Then g%p(l, b) = —(c+cP~1) while
R,(1,b) = 1+cP — (1+¢)P, so we want to show that (1+c¢)? > 1+ pc+ pcP~! + cP.
For p > 3 we have that t — t? is in C3([1,1 + ¢]) so the Lagrange form of the
remainder in Taylor’s theorem gives that there exists y € (1,1 + ¢) with

—1 1) (p—2
(146 = 1+ pe+ p(p2 ) 2, P é(p ) p3e3.
For p > 3 and ¢ € [0,1] we have wcz > pcP~! and MZJP%CB > ¢ so
we are done. (]

Convention 4.16. In what follows we frequently drop the index p > 2 from Nota-
tions and [{.11]
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5. BOUNDING X ON THE NET

Given x € T}, q,r(Go), consider a random graph G in the model G(m,d). In
what follows we always assume that the sequence of vertex degrees d = (d;) € N™
has ), d; even, min; d; > 3, and d = max; d; < ¢ min, d; for a fixed constant 6 > 1.

The set of edges of G splits into two subsets with respect to the function =z,
the light and respectively heavy edges, whose definitions depend on a parameter
B =p/(2+2p).

E ={ec G, V(e) = {u,v}: R(xy,2,) <d’/dm} and E, = G1 \ E; .

Consequently X, (G) splits into two sums, of light and respectively heavy terms:
XL@) = > R(2y, zy) and XM(Q) = > R(2w, o).
eEEl,V(e):{u,v} eGEh,V(e):{u,v}
We have the following bounds on light and heavy terms.

Proposition 5.1. Forp > 3, for 8 =p/(2+ 2p) and d = o(m'/?) we have that for
any function K = K(m) >0

12803 + K
P (For all z € Tpa,.r(Go), XL(G) < pdﬁ/:—>

1 16
>1—2exp (—128K2m + mlog (:) + 0(m2/3)) ,
where o(m2/3) represents a convergence to zero as m — oo, independent of K. For
p € [2,3], we have

ds/p

120002 + K
P <For all © € Tya r(Go), XL(G) < R(1—072)+ 009+>

1 16
>1—2exp <—6000K2m + mlog (:) + O(mg/g)) :

Proposition 5.2. For 8 = p/(2+2p) and d = o(m'/?) we have that for any & > 0,
there exists C' = C'(0,&) so that

C”p C/p4 C/p4€7q B
P (For all © € Ty a,r(Go), XH(G) < T T g Ty ) 2 1-oelm 6,

and moreover this probability holds on a set in G(m,d) defined independently of p.

We postpone the proofs of Propositions and until sections [6] and [7] re-
spectively, and in the remainder of this section we use these two propositions to
prove Theorem

5.1. Proof for a single p. We begin by finding a high probability bound on A; ,
for a single value of p = p(m).

By Propositions and for any « € T, a,r(Go) we have
120003+ K = C'p  C'p*  C'p*ed
e e
das/p ds/r ~ di/p di/p
where I,<3 is 1 if p < 3 and 0 otherwise, with probability at least

1 1 ]
1—2exp <6000K2m + mlog (Se) + o(mz/‘s)) —o(m™%).

X.(G) <p +L<aR(1—672),
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By Proposition[4.8] this gives with the same probability that for any z € Sp,a(Go)
Zy(G) 21— pYy(G) —LysR(1—077)
where
12000 + K (' C'pd  C'p3e 1
YO =—sn Tt T g
Recall that 8 = p/(2 4+ 2p). Then there exists C; = C1(0,£) so that for any
x € Sp7d(Go)

1+ K 3 plet o o)1
@ =G <d1/<2+2p> t+ i oy TP+ e/

+4(e0) /P~ (1 42(eg) /P11

with probability at least

_ __L g @ 2/3Y ) _ o(m—¢
(5.3) 1 2€Xp< GOOOK ermlog( €)+o<m/>> o(m™%).
To balance the terms €'/(P=1) and ¢=9/d"/?, we set €!/(P~1) = d=* and solve x =
% —qlp— 1)k = % — pk to find k = 1/p(p 4 1); in other words, € = d—(P~1)/p(r+1),

Observe that the bound on \;, claimed by Theorem is vacuous unless
p*/d"/?" is small. Therefore, because (1 + Cyet/P=D)P=1 < exp(Cyd=1/PP+D (p —
1)), we can assume that (1 4+ Clel/(p_l))p_l < 2.

As we are not trying to optimise for small p > 2, we use 2 + 2p < 3p < 2p?,
p? < 2p% and p(p + 1) < 2p? to find

(5.4)
1 K P> 3 2 3+2p3 K
Ya(G) < G <d1/2p2 + d1/3p + Jd1/2p? + Jd1/2p? + d1/2p? =G d1/2p? + di/se |-
To have the probability ([5.3)) going to one, it suffices that
1 Cl 1 p—
———K?+log — ) =——=K?+1logCy + — log(d) < —1
6000 +Og<e> gooo X TloeCit oy les(d) < L,

for then the lower bound in (5.3)) is at least 1 — 2e~""+°(™) — o(m~¢). We choose a
suitably large constant Cy so that for K = Cy(1 + /log(d)/p) we have

1 C1 1 2
) - — K?’+log| =) <———K?+1 Zlog(d) < —1.
(55) 6000 +Og(e)_ gooo X TlosCr+ log(d) <
Consider
\/log(d)/p 2 _ y/log(d)/p 1
i /< ~ iz =X —2log(p) + 1 loglog(d) — 2 log(d) | .

A brief calculus estimate shows this is maximised for p = % log(d), and so is bounded
by a constant. Consequently, d~1/37, /log(d)/p is bounded by a multiple of d-1/2v",
Applying this to we see that, for some Cj,
PP
and this holds for all # € S, 4(Go) with probability at least 1 —2e~"+°(m) —o(m~¢).
Now Z,(G) > 1 —pYo(G) —L,c3R(1 —072) > 1 — pY,(G) — Iy<34(1 — 072), so by
(2.5) we have

(5.6) A p(G) > 1= Cap* - d™ V2" — 4, _5(1—072)



RANDOM GROUPS, RANDOM GRAPHS AND p-LAPLACIANS 21
with the same probability.

5.2. Simultaneous bounds in p. We now get bounds on A; ,(G) which hold for
a range of values of p simultaneously.

Recall from (5.3),(5.6) above that for any particular choice of 2 < p’ < p, and
the choice of K as in (5.5]), we have
1

)\l,p’(G) > 1_03(17/)4 2 _4Hp’<3(1_9_2) > 1—03194'

Vo — Al <3(1-072)

1
dl/2p?
with probability at least

1 1
. 1-2 - K24 2 2/3y) — o(m—¢
(5.7) exp ({ 5000 +log C1 + ’ og(d)] m+ o(m )) o(m™%),

where we used € > d~'/P. The last term o(m~¢) comes via the heavy bound
Proposition from Lemma This lemma describes properties of G € G(m, d)
independent of p, so our heavy bounds will hold a.a.s. for all 2 < p’ < p. (The light
bounds, however, are not independent of p, so the probabilities here decrease as we
get bounds for more and more values of p.)

Suppose we fix 2 = pg < p1 < ... < pr = p, with p;41/p; — 1 bounded by a
constant 7 € (0,1) and L < log(p/2)/log(1 + 7)+ 1. By we have that for all
1=0,...,L—1

Al,Pi(G) >1- 03104 : d_1/2p2 - 4]Ipi<3(1 — 9_2)

simultaneously, with probability at least

1 1
(5.8) 1—L-2exp ({6000[(2 +logCy + plog(d)] m+ o(m2/3)> —o(m™%).

Since the number of edges in G is at most dm, Lemma [2.7] gives that with
probability at least as in ([5.8)), we have for alli = 1,..., L and for all p’ € [p;, p;1+1] C
[2,pi+1] that

My (G) = (dm)t 707 (1 Capt- =2 — 4l g1 - 072))"

2 2
(5.9) > (dm)~" (1 — Cap* - d7Y 4L, 51 — 9—2))
> (dm)~" (1 - 2Cap* - 4™/ 81, (1 - 672)

If we choose (p;) so that some p; equals 3, then we may assume that I, <3 = Iy <3
in the estimate above. We have

(dm)™" = exp(—log(dm)7) > 1 — 7log(dm).

Set 7 = (log(dm))~'p?-d=1/2P"  and then since we may assume that 1—7 log(dm) >
0 we conclude that for all 2 <p’ <p,

Ay (G) > 1—3Cspt-d= /%" — 8L, 5(1 - 672).

It remains to bound the probability that this holds, using the lower bound (5.8)).

We can assume that 7 < 1. Therefore, log(1 4 7) > Z and L < log(p/2)/log(1 +
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7) 4+ 1< 2log(p/2) + 1. If L = 1 we are done, so assume that 2log(p/2) > 1 and
so L < %10g(p/2). So by (5.8), our probability of failure is at most o(m~—¢) plus

1 1
8 exp <loglog(§p) —log(r) + [_6()00[{2 +log Cy + plog(d)] m+ 0(m)> .

Now, since d = o(m!/3), we have
loglog(4p) — log(7) = loglog(5p) — log (p4 ~dY 2"2) + loglog(dm)
1
< loglog(3p) — log(p") + 75 log(d) + log log(m*/?)

1 1
< —1 < —1
<52 og(d) + o(m) < ) og(d)m + o(m),

so our probability of failure is at most

1 2
8exp ({6000[(2 +logCy + p log(d)] m+ o(m)> .
By our choice of K in (5.5)), this probability is < 8e~m+o(m) "and so Theorem m
is proved. ([l

6. BOUNDING LIGHT TERMS

The aim of this section is to prove Proposition[5.1} the bound on the contribution
XL(@) of the light edges to X,(G).

Rather than working directly in the model G(m,d), we use the configuration
model G*(m,d) (for an overview, see [Wor99]). In this model the vertex set is
Fy ={(i,s) e N2:1<i<m,1<s5<d;}, and F € G*(m,d) is a graph with
vertex set Fy, and edge set I a perfect matching of Fy, chosen uniformly at random
from all such perfect matchings.

Given F € G*(m,d), we define a multigraph M (F') with vertex set {1,...,m},
by adding an edge (or loop) between the vertices ¢ and j in M(F') for each edge
{(3,8),(4,t)} in Fy. Given a = (i,8) € Fp, let v(a) = i € M(F)o. We use the
following two key properties of this model.

Proposition 6.1. (a) If M(F) is simple, then it is equally likely to be any
simple graph with degree sequence d.
(b) Let d = max; d;, and assume d = o((3_ d;)'/*). Then

P(M(F) is simple, for F € G*(m,d)) > exp(—d* + o(1)).

Proof. Part (a) follows from the uniformity of F' € G*(m, d), and the fact that each
simple M(F) = G € G(m,d) corresponds to the same number ([]d;!) of pairings
F € G*(m,d).

Part (b) follows from [McK85| Theorem 4.6]. O

Recall that X, (G), XL(G) and X?(G) sum R(z,,x,) over endpoints of certain

edges in G. Let X,(G), XL(G), X"(G) be the corresponding sums where R is re-

placed by R, and X, (G),Yﬁc (G),YZ(G) the sums where R is replaced by R (see
subsection .
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We define X,, X! and X" on G*(m,d) by extending the definition from G €
G(m,d) to M(F), where F' € G*(m,d). To be precise, define

)?w(F) = Z R (:Ev(a)a mv(b)) .
e€F1,V(e)={a,b}

We let B = {e € F1,V(e) = {a,b} : ® (%(a), xv(b)) < d?/dm}, and define

XLF) = > R(Tua) Te) -

e€E,V(e)={a,b}

Likewise, let Ej, = F; \ E;, and define X " (F) analogously.

For p > 3, by ([@15), XL(G) < pXL(G). To bound X.(G), we first show that
for a fixed z and for F € G*(m,d) both E(X.) and X.(F) — E(X.) have small
upper bounds uniform in z € T}, 4 gr(Go), with probability close to 1. For p € [2, 3]
we use a variation on this to show that both EX! and X! (F) — E(X!) are small.
The bound on the size of T, g r({1,...,m}) given by Proposition {4.5| then implies
that this same bound holds with probability close to 1 for all such x. Finally,
Proposition gives the bound for G € G(m,d). Further details are provided in
Subsection [6.41

6.1. Bounding the expected value for p > 3.

Lemma 6.2. For every x € R™ such that ), |z;|Pd; < R for some R > 1 and
Yi{wi}rldi =0,

3 2
< 86°R

E(il) — dB/p

x

To show this bound in expected value, the key step is the following lemma.

Lemma 6.3. Let V ={1,...,m} and d = (d;) € N™ with mazimum value d, and
minimum value at least d/0 for some 6 > 1.

Suppose x € R™ is such that Y |x;|Pd; < A for some A > 1. Given v > 0, we
have

2 42
(6.4) > W) < A
i,JEV: R(zs,25)>v/dm 7
Proof. Let LHS denote the left hand side of .
Let Vi = {(i,j) € V x V ¢ |z;|P7 ;| > ~v/dm,|z;| > |z;]}. Observe that if
R(xi,z;) > v/dm, then either (i,j) € Vi or (j,i) € Vi (or both). Therefore, by
Hoélder’s inequality,

(p—1)/p 1/p

LHS <2 Y |l Mol <2 > |l Do eyl

(i,5)eVy (i,5)EVy (i,7)eEVy

Clearly, the map V3 — V defined by (i,5) — ¢ is at most m to 1. On the other
hand, the map V; — V defined by (4,7) — j is at most Af@m/~ to 1, since v/dm <
|z;|P~|z;] < |x;|P implies that there are at most Afm/v possible values for i
because > |x;|P < > |zi|Pd;0/d < Ab/d.
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So we conclude that

w=/p [
m
LHS <2 <mz |xi|p> Z |2;]P

eV JjeV

1/p

2m Af)! 2mA/Pel+1/p
E ' P § :
oA il < T Alpd il di
eV i€V
2m(AQ) +1/p

'yl/Pd

Proof of Lemma[6.3 Given i,j € M(F)o, let &,;(F) be the number of edges e € Fy
with endpoints a,b € Fy and {v(a),v(b)} = {i,j}. Let E = 1> d; be the total
number of edges in F' € G*(m,d). Each possible edge in F} appears with probability
1/(2E — 1), so if i,j € M(F)o,i # j, then EE;(F) = did;/(2E — 1), while if
i=j € M(F)o then E;;(F) = 1d;(d; — 1)/(2E — 1). So we can write

E}?x == E Z §AR’ (-Tv(a)a J;v(b))
e€F1,V(e)={a, b}

_ZE i (F))R (24, x5 —i—ZE i ( :I:Z,:I:i)

O

1<J
_ R (20 2 pdildi =V
Z2E71 (winag) + 3y B (@)
i<j i
1d;d; id; o
=3 2E71%(xl7xj)—zi:2E71%(xi,xi)
1

1 1 »
:mZ({x}P zj+ 2 {x; 37 d; -_m;km d;

2}

Obviously EX, = E)Z'i + ]E)N(;}, hence we can control IE)Z'; by controlling ]E)Nfg';
Now,

~ did; ldz(d- —1)~
h _ . 2 P\ o
EX" = B Z T lﬂ%(x“xj) + - Z 5F 1 R(xs, 4)
i<j:R(x;,x;)>dP /dm i R(z;,xs)>dP /dm
la.d: ~ g -
— 27t i N 27 . i
= B Z ﬁ%(iﬂl,;’,ﬂ]) B Z 9F — 1%(:0“501).
1,5:R(z;,z;)>dP /dm :R(z,z;)>dP /dm
So, using Lemma [6.3] we have
1 =~ 1
EXM < —— R(xi, ;) |didj + —— i|Pd;
0,5:R(z;,2;)>dP /dm e R(zi,x;)>dP /dm
d? — R
< o
=9E-1 2 Wenxg) + 55

i,j:ﬁ(wi,wj)>d5/d'm
<% d?20 2mH*R?> 4 2R0 < 803 R?

3 dm  dfrd T3 dm S @Bl
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where we assume that £ > 2 s0o 2E —1 > %dm/@ and that dm > dﬁ/”, which is
true when 8 < 2. Finally, we have

80 R2
EX! <EX, + [EX"| < — O

6.2. Bounding the expected value for p € [2, 3].

Lemma 6.5. For p € [2,3], for every x € R™ such that ), |z;|Pd; < R for some
R>1and Y {z;}*~'d; =0,

7263 R?
ds/p

E(XX))<R(1-07%)+
Proof. We write
EX! =EX, - EX" = |2|l,.a - EZ, — EX".

Similarly to above, by ([4.13) (using 1 + p2P~! < 13) and Lemma [6.3| we have:

Exf=| Y M- Y 2%mes)
R 0B 1 )T T
i7j:%<xi7$j)>dﬁ/dm i R(z4,2;)>dB /dm
13 _ 1
Sm _ Z %(%,Jij)didjﬁ-m B Z |z:|Pd;
bR (ws,05)>dP fdm i R(wi,2;)>d8 fdm

13-4 d?20 2m6*R?> 4 2RO _ T203R?
< . . yo 2
- 3 dm  dP/rd 3 dm — dP/p
Now we bound EZ,. We use the lower bound (2.4)) for ||dl’||p for the complete

random graph K,,, given the value A\ ,(K,,) = mii found by Amghibech
(Theorem [L1.1)).
» d;d; »
EZ, =Y B(E;(F))la; — ;) =22E_llxi—wj
i<j 1<J
d2
> maE 1) 2 vl
1<J
d2

> m)\l,p(K’m) Z ‘mz‘|p(m - 1)

d*(m —2+2r71)
02(2E — 1) D leil”

> me el

Combining our bounds, we have

oy, T20°R2
<R(1-6 2)+W' O

720° R?

EX; < 217, (1-67%) + d8/p
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6.3. Light terms close to expected value. Our next goal is to prove that, for

fixed x € T} a,R, X! is very close to its expected value.

Proposition 6.6. For any o € (0, 1), so that 26+2a < 1, and any positive number
K > 0, the following inequality holds for every x € T, a r(M(F)o),

_ - K 1
P(|X.-FEXL| > — 2 ——K?m).
(1%~ BRI > 57 ) <20 (- 58°m)

The proof of this fact is similar in spirit to [FKS89], but we prove a weaker
statement than they do, which suffices for our purposes.

We order the vertices of Fy lexicographically: (i,s) < (j,t) if i < j, orif ¢ = j
and s < t. We now define a martingale on G*(m,d) by exposing the edges of F
sequentially. First we reveal the edge connected to (1, 1), then the edge connected
to the lowest remaining unconnected vertex, and so on. This defines a filter (Fy),
where Fy, is the o-algebra generated by the first k exposed edges.

Let Sy = E(XL|Fy). Then Sy = E(XL), and at the end of the process we have
Sp =X L. To apply standard concentration estimates to Sg — Sg, we need to have
control on the size of S, — Si_1.

For simplicity, given e € F; with V(e) = {a, b}, we write

- gﬁ;)jva“mv if e € F,
%z(e):{ (Zo(a)s o)) !

0 otherwise.

Thus XL(F) = Y .cp, Rie).

For F,F' € G*(m,d), we write F' = F’ if and only if F' and F’ lie in the same
subsets of Fy, i.e., F' and F’ have the same first k edges.

For a given F € G*(m,d), we bound |Si(F) — Sk—1(F)| using a switching argu-
ment (compare Wormald [Wor99, Section 2]). Suppose the kth edge of F joins ay
to ag. Let J C Fy be {az} union the set of endpoints of the remaining F — k edges.
For each b € J, let S, be the collection of F’ € G*(m,d) so that F/ =,_; F and
F’ joins a; to b. Then

SuF) = — 3 XL(F),

|Saz | F/GSQQ

and ) )
Sp—1(F) = mz 1S Z Xo(F").
beJ F'eSy
For each b € J, there is a bijection between S,, and &, defined as follows: for
F' € §,, which joins a3 to b, define F” € S, by deleting {a1,a2}, {as, b} from F’
and adding {a1,b}, {as,as}. Since only at most two values of R(e) change, and
1Ri(e)| < 2d%/dm for any edge e, we have |XL(F') — XL(F")| < 8d%/dm. Thus
|Sk(F) — Sp_1(F)| < 8d° /dm.
With this, we can apply Azuma’s inequality.

Theorem 6.7 ([JLR00, Theorem 2.25]). If (Sk)r_, is a martingale with S, = X

and So = EX, and there exists ¢ > 0 so that for each 0 < k < N, |Sx — Sk—1| < ¢,
then

T2
P(|X —EX|>T) < 2exp <_2N02>
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Proof of Proposition[6.6, We apply Theorem[6.7]to (S;) with N = E,T = K/d*,c =
8d8 /dm, to get

~ ~ K —K2d?m? 1
L _ > ") < " )< K2
IP’(|X$ EX,| > da> 26Xp<128d2°‘+2/3 ) 2€Xp< 128K m),

where we use that £ < dm and 2« + 28 < 1. O

In the case of p € [2,3], we want to bound | X! —EX!|. Since each edge e € F}
contributes at most |R(e)| < (14+p2P~1)R(e) < 13d? /dm to XL(F), we get a bound
| XL(F") — XL(F")| < 52d® /dm in the analogous argument, and thus:

Proposition 6.8. For p € [2,3], for any o € (0,1), so that 28 + 2a < 1, and any
positive number K > 0, the following inequality holds for every x € T, a. r(M(F)o),

K 1
P(|IXL-EXH>—=)<2 ———K?%m).
(13— B> 51 ) <20 (o im)

6.4. Proof of Proposition Since X! < E(X!L)+|XL—E(XL)|, by Lemma
and Proposition [6.6| we have for fixed z € T}, a, r(M(F)o),
863 R? K>

+

* vl i
]P’(FGG (m,d) s RL(F) 2 =+ o

The size of T =T, q,r(M(F)o) is bounded by Proposition SO

~ 3 p2
(6.9) P (F € G*(m,d) : 3z € T with X.(F) > 8;/5; + é{i)

1 4
< 2exp (128K2m+mlog (66R>) .

To optimise the bound, we set 8/p = o and 2a+28 = 1 to get 8/p = o = 1/(2+2p),
as previously described.

Suppose H is an event in G(m,d) with H' an event in G*(m,d) so that if
M (F) is simple, then H’ holds for F if and only if H holds for M(F). Then by
Proposition 6.1

P(G € G(m,d) has H) = P(F € G*(m,d) has H' | M(F) is simple)
P(F € G*(m,d) has H')
(B o)

provided d = o((>.d;)'/*), which holds since d/(3"d;)"/* < doY/*/(md)'/* =
(0d3 /m)*/* = o(1).

Applying this to proves Proposition for p > 3 since in that case X! <
pXL, d*> = o(m?/?), and R < 4.

The p € [2,3] case follows a similar argument, using the bounds of Lemma
and Proposition O

7. BOUNDING HEAVY TERMS

In this section our goal is to prove, adjusting notation slightly, the following
bound on the heavy terms of X,(G).
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Proposition For 8 =1p/(2+2p) and d = o(m"/?) we have that for any & > 0,
there exists C' = C'(6,&) so that

C/p C/p4 C/p46—q e
+ dl/p? + di/p >1 _O(m )7

and moreover this probability holds on a set in G(m,d) defined independently of p.
We use (4.14)) to see that

P (For all x € Tpa,r(Go), X"(G) < 7

XM@) < 20X (G);

recall that

Xa::Xx(G): Z %(xuamv)a

e€Ey,V(e)={u,v}

where Ej, = {e € G1,V(e) = {u,v} : R(xy, x,) > d?/dm}, and B = p/(2 + 2p).
We will bound X, by showing that if we can control the number of edges between

subsets of a graph, then Y’; has an explicit bound.
As previously, in what follows § > 1 is a fixed constant.

Definition 7.1. Let G be a graph with |Go| = m vertices, minimum degree dpin
and mazimum degree d = dyar such that 0 > d/dpip.

Given subsets of vertices A, B C Gg, denote by Ea.5(G) the number of edges in
G between A and B, and set u(A, B) = 6| A||B|d/m.

We say that G has (6, C)-controlled edge density, where C' > e is a given con-
stant, if for every A, B C Gy, either

(a) 5A,B < C,U(A7B); or
£ m
(b) €a,plog ;i < C(IA|V [B])log ri-

This property is satisfied for a random graph in G(m,d), as can be seen, for
example, in work of Broder—Frieze—Suen—Upfal.

Lemma 7.2 ([BESU99, Lemma 16]). Let G be a random graph in G(m,d), where
d € N is a degree sequence with minimum degree d;, and mazimum degree
d = dypaa such that 6 > d/dpn, and d = o(ml/z).

For every & > 0 there exists C = C(0,£) > e so that with probability at least
1 —o(m™%), G has (0, C)-controlled edge density.

Remark 7.3. The lemma in [BESU99] is stated for 0 > d/d i sufficiently large.
A reading of the proof shows that one can take any 6 > 2d/dpmin and any C >
1000 4 100¢. However, considering Definition[7.1], this then implies that the lemma
holds for 0 > d/dpin, at a cost of doubling C.

Proposition 7.4. If G € G(m,d) has minimum degree din, mazimum degree
d = dimaz, and (0,C)-controlled edge density, then there exists C' = C'(0,C) so
that for all x € Ty a,r(Go),

h C’ O/p3 C/p3€—q

Xy < dBs/p T d1/p? T dl/p

Together with Lemma [7.2] this proposition immediately implies Proposition [5.2}
The remainder of this section consists of the proof of Proposition [7.4
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Given z € T}, a,r(Go) C R™, the set of vertices Gy splits into blocks as follows.
For 7 > 0, let

€
(dm)*/a
h

< g |P7Y < 2

A _ . 9i—1 €
AlAl(x){ueGo.Q ()i <

} and a; = |A;].

Those vertices with z, = 0 contribute nothing to X,, and so may be ignored.
Whenever x, # 0, |z,[P~" > ed"/?/d;m!/% > ¢/(dm)'/9, and so u € A; for some
1> 1.

Consider the function &;(G) = €4, 4,(G) defined as the number of unoriented
edges between A; and A;. With § > d/d,ny as above, let p;; = a;a;0d/m.

If e e Ep,V(e) = {u,v}, with u € A; and v € A, then

- _ e 1/(p=1) . 1/(p-1)
2 < < p P
i <R <% (2gm) (Y )

R _
= VIt ETiN <dm> =: §Rija

where ¢ A j denotes the minimum of ¢ and j.
So

X' = Z R(u, T0) < Z EijRij.
e€E, V(e)={u,v} 1,5>0:Ry;>dP /dm

Let C = {(i,j) € N? : ®;; > d?/dm}. Using the notation of Definition we
set

Ca(G) = {(4,4) € C| (a) holds for £4,.4,(G)} and Cy(G) = C\ Cu(G) .
So for all pairs (i, j) € Cy(G), €a,,4,(G) satisfies (b) but not (a).
We now bound YZ a.a.s. as follows.
(7.5) Y: < Z EiiRij + Z EijRij.
(1,4)€Ca(G) (1,4)€C(G)

Let us call the first of these terms X4, and the second X ;. We bound each of
these in turn.

Lemma 7.6.
— 229093 R?
Xha < dﬁ/p

Proof. Since (i, j) € Cq, we have &; < Cu;; = Ca;a,;0d/m. So
— — cod —
Xha = Z gij%ij < — Z aiajﬂ?ij.
(4,5)€Ca (4,5)€Ca

Now if u € A; and v € A;, and (i, j) € C,, then

R(zy, xy) >

1/(p—1) 1/(p—1) _
R (27— 9i—1__© oy, 200
(dm)t/a ’ (dm)/a Y= dm
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So
- Cld _
Xpo < — a
ha > m - Z §R(11/'717:171))2
U WEV R(Tyy,x,)>279dB /dm
21C0d 2mb? R? _ 224093 R?
=" (qudﬁ)l/pd B ds/r
where we use Lemma with v = 2794°. O

;(hb = 1 R p Z]/pQ l]/p .

Proof. Let C = {(i,j) € Cy : a; < a;}. Then

_ = = ivitting [ €
(7.8) X = Z iRy <2 Z EiiNij =2 Z Eij2 VIt =N <dm>

(4,5)€Csp (i,5)€c, (i,9)€Cy,

We now split this sum into five terms (cf. [BFSU99]), with C; = D1 U Dy LI D L
D, UDs, where D; denotes the subset of C} satisfying (1), but not (I’) for any I’ < [.
The parameter > 0 will be optimised later.

(1) 27dm < 2%,

(2) &ij/pis < d-m2m=rVIHIN

(3) log(&ij/mij) = 151y log(m/ay),

(4) (m/a;)"/AP=0) <27 if § > j, or <29/ if § < j,

(5) (4) is false.
We write (7.8]) as 2 Zle A;, where

_ oivitpying [ €0
A = Z &2 T (dm>.
(4,9) €Dy

One fact we will use repeatedly in the following is that ) . [24[Pd, < R implies
that

€4
(7.9) Y a24S <203 (o, Pd <290 Y [a,|Pd, < 46R.
>0 m ueGy ueGo
Case (1):

ir1 i [ €l i1y el
Al = Z gijQ tp=1J (dm) + Z 5ij2j+p—1 (drn)
(

(i,7)€D1:i>]5 1,j)€D1:j>1
q q
. € . o 1 € .
< E a; 2t — E 9i/(r=1) | 4 E a; 271" — E 27 |,
i j:29dn <21 i §:29dn<2i

because &£;; < a;d. Since Zj:zjdngzi 27/(P=1) is a geometric series with largest term
< 2¢/(=1) /gn/(P=1) | this sum is bounded by C12%/®=1 /q1/(P=1) ith in fact C; =
1/(1=271#=D) = (1+0(1))(p—1)/log(2) < 2p. Likewise, Y o) gncgi 27 < 2:20/d".
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Soas 14 -1y =g, and 1/d7 <1 /d"/ =1 (79) gives

1 1660 Rp
iq
Avsdp (Z a:2 ) oD = gle-1)
Case (2): Applying (2), we see that

g el
N g ETIN

4 dm
(3, J)GDz

<3 L

4,J

0 e e
= dned > (“izl(ﬁ) (%’2”6) ; as pij = baia;d/m,
€7 — m m

iJ
1663 R?
< —

d’q q by.

Case (3): By (3) and Definition [7.I{b), we have

1 Eij m
Eij log< ) <& 1og< ) < Ca; log( >
! 4( 1) aj ! Mg I aj

and so &; < 4C(p — 1)a; < 4Cpa;. Also, as (1) is false, 2° < 27d". Thus,

q
L 1 A €
2 : gij2z\/]+—p_11/\]

< dm
(4,5)€D3
4Cp 1_;'_#] Eq 4Cp j-‘rLi €q
STHZH@JQ HEJFT,,Z,,%Q i
(4,j)€D3:1>j (4,j)€D3:i<y
4Cp A i\ € 4Cp j Lo el
] I M I I
J 1:28<23dn J §:21<23 dn

Asin Case (1), Y00 coign 28 < 2:27d7 and 3,
2p27/ (=1 gn o ([7.9) gives

16Cp? - d" € )
Ay < ———— Zaﬂﬂqa < 640RCYp

<oign 21/ (p=1) < 9p2i/(p=1)gn/(p=1) <

d—n

Case (4): First note that, as we are not in Case (2) or Case (3), (4) gives

1/(4(p—1)) , e
N FETiVIitinG EZJ < m ? < 2j1 ‘ ifi>j,
Hij a; 271 ifi <.

Therefore, 27 7% < d" if i > j, and 2¢ < d" if i < j.
Second, note that as we are not in C,, we have &;/u;; > C > e, so

& < &jlog (5

Hij

) < Cajlog ( ) < C4(p — 1)a;jlog(2) < 4Cpa;j,
aj

where the second and third inequalities follow from Definition [7.I{b) and (4) re-
spectively.
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Using these estimates, we see that

; el o1 €l
A4 — Z 51]21"!‘1,%1]7 + Z 51 ,2]+E’L
d J d
(,J)ED4:i>j mn (1,J)ED4:i<j mn
4Cp 1€l i 4Cp 0 €7 1
< TZ aj]2p71JE Z 2 + TZ <aj]2Jm Z 2p—T1 ) .
J i:2i<d(P—1)n J 12t <dn

Again, a geometric series argument shows that the two sums over i are bounded by
2dP=11 and 2pd"/ P=1) < 2pdP=17 respectively. So

16Cp?dP=1n

1 . Eq
i (92p=17 2]) —
d ;aﬂ( + m

Now, j27 1/ = j24i=i < 293 as j27 < 1. On the other hand, j2/ = 29 (j2~(4=Dj) <
(p—1)2%, as easily follows from maximizing j2~(9=17 < ((¢—1)log(2)e)" ' < p—1.
Thus

Ay <

16Cp? a; €7 64R9Cp
A4—d 171)nzj2 —dl (p—1)n"

Case (5): Whether i > j or not, (5) gives a; < 2=%m. Thus as we are in C;, we
have that

& , _
Eij < &;log /TJ < Ca; log aﬁ < C27%mj - 41og(2) < 3024 mj.
ij J

Here we used that zlog(m/x) is an increasing function of x on [0, me~!], and that
24 < e~!. This gives

L el S q
As = Z &:ﬂHE]; + Z Eij20 Tt < , so as (1) fails,
(1,4)€Ds:i>] " ()eDsi<; m
3Ce? o—dje—Lj i 3Ce? o dind a1y
< d Z (]2 J9p—1 | Z 2) + d Z (]2 19 | Z 2p—1 ,
J 3:20 <29 dn J 7:21<23dn
< 3Cd€q j2=% (Qﬁj 2 2.20q" 427 . 2p. Qﬁjdﬂ/@*l)>
J
30l , , ,
< dlfn Z .274J 2.924 4 2 - 2113)

12pCeq 2 < 12pCet?
= di—n Z 2” - dl-m !
We now comblne these estimates to see that
— 166 Rp 1602R%2  640RCp? 64ROCP?  12pCed
Xnpp <2 (dn/(?-l) + Jied + T + - 1m + =
3 P2 2 3 q
< 128( ORp 0°R ORCp ROCp pCle )

dan/(p—1) dned dl—n dl-(p—1)n + di—n

< 12863 R2Cp? L ! 1 1 et
- p dn/(p—1) + dned T di-n + dl—(—1)n + di-n )
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Assuming €4 < 1, we have

3 P2, 3
Xy < 1280°R°Cp (dn/(p—l) Tt dl_(p_l)”> .

We set n/(p—1) =1 — (p — 1)n and thus take n = (p — 1)/((p — 1)®> + 1), giving

— 1 1
3p2, 3
Xno < 10006°R°Cp <d1/<<p1>2+1> * d<p1>/<<p1>2+1>€q) :
Since (p —1)2 +1 < p? and, for p > 2, (p —1)/((p — 1)> + 1) > 1/p, the proof of
Lemma [7.7]is complete. U

Lemmas and combine with (7.5 to complete the proof of Proposition
We have now completed the proof of Theorems and

8. APPLICATION TO FIXED POINT PROPERTIES

Our main interest in estimates of the eigenvalues of the p-Laplacian resides in the
following application. The result is proved using a slight modification of arguments
of Bourdon [Boul2].

Theorem Suppose p € (1,00) and X is a simplicial 2-complex where the
link L(z) of every vertex x has A1 p(L(z)) >1—¢, withe < 1, and has at most m
vertices. If some group T' acts on X simplicially, properly, and cocompactly, then
T" has the fized point property FLan’(%Qe)mp.

Proof. Assume that I' acts by affine isometries on a Banach space V' with L-bi-
Lipschitz LP geometry above dimension m + 1, where L = (2 — 25)1/2p.

Following the terminology from [Boul2], we denote by £ the set of all I'-equi-
variant functions ¢ : Xg — V. We say that such a function is p—harmonic if it
minimizes the energy, i.e.

B » val(e)
E(p)=>_ llples) — <P(€—)||VW

eE=

is minimal among all values taken for functions in &£, where =; is a system of
representatives of I'\ X;.

If infyce E(1) = 0 and there exists a harmonic function then I' has a fixed point
and the argument is finished.

If either there exists no harmonic function or infyeg E(70) > 0 then Proposition
3.1 in [Boul2] implies that, up to replacing V' with a rescaled ultralimit of itself,
we can assume that there always exists a harmonic function ¢ and that F(¢) > 0.
Note that all the hypotheses on V' are stable by rescaled ultralimit.

An arbitrary vertex x has by hypothesis at most m neighbours. In particular
o(x) and @(y) for y ~ x span a subspace of dimension at most m + 1 hence,
for L = (2 — 26)1/2p, there exists an L-bi-Lipschitz map F, from a subspace U,
containing ¢(x) and ¢(y) for y ~ = to a space W, equal to an ¢ for some n > m+1,
or to ¢£_, or to some space LP(X, ). Without loss of generality we may assume
that F,(0) = 0.

Corollary 1.4, Proposition 2.4 and Lemma 4.1 in [Boul2] hold in full generality,
in particular for the action of I' on V. Proposition 2.4 applied to the harmonic
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function ¢ combined with Corollary 1.4 applied to Fy o ¢|1(2),u{z} imply that
L?v
(8.1) Y o) = e@)|}val (e) < S Do lleles) = el -
e={z,y} Lp e€Link(x),
According to Lemma 4.1 in [Boul2] we may write

B =52 1 3 el - el@lfvallen)

TEE yeXo,y~x

where Z is a system of representatives of I'\ X and e, denotes the edge of end-
points z,y. This and equation (8.1) imply that

2p
B <5 S 2 lelen) vl )l

TrE€Ep e€Link(x);
We have thus obtained that
2p
Blp) = 55— E(p) < Blp)
1,p

with the latter a strict inequality for E(¢) > 0, which gives a contradiction. O

Corollary 8.2. Suppose p € (1,00) and X is a simplicial 2-complex where the link
L(z) of every vertex x has A\ ,(L(z)) > 1 — ¢, with € small enough. If a group
T' acts on X simplicially, properly, and cocompactly, then T' has the property that
every affine action on a space LP(X, ), with (X, ) a measure space, action that
is (2 — 2¢)Y/?PLipschitz, i.e.

v-v=myv+ b,y
with ||7,|| < (2 —2¢)Y/?P, has a fived point.

Proof. Given an action on a space LP(X, u) as described, a new norm can be defined
on LP(X, u), equivalent to the initial one, by the formula

(83) [v]lx = sup [[myv]|.
ver

With respect to this new norm the action of I' on LP(X) is isometric, and one
can apply Theorem [1.16] ([

9. FIXED POINT PROPERTIES IN THE TRIANGULAR BINOMIAL MODEL

In this section we prove Theorem which finds fixed point properties with
respect to actions on LP spaces, for random groups in the triangular binomial
model.

Every finitely presented group has a finite triangular presentation, i.e. a presen-
tation with all relators of length three. If I' = (S|R) is a triangular finite presen-
tation of a group, then I' acts on a simplicial 2-complex X which is the Cayley
complex. The link of a vertex in X is the graph L(S) with vertex set SUS~! and,
for each relator of the form s,sys. in R, edges (s, ',sy), (s, ",52), and (s;',s,).
Thus, the edges of L(S) decompose into three classes, corresponding to the or-
der of appearance in the relators, and we decompose L(S) into three subgraphs
LY(S), L*(S), L3(S), which each have the same vertex set as L(S), but only edges
of the corresponding type.
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Recall that by Bourdon’s Theorem if M p(L(S)) > 1 — ¢ then T has
FLm 1, (2—26)1/20° First we observe that it suffices to get eigenvalue bounds on

A1 for each of the three graphs L*(S).

Lemma 9.1. Suppose a graph L can be written as L = L' U L? U L? with each
graph having the same vertex set Lo, but L', L? and L3 having pairwise disjoint
edges. Suppose each L' has vertex degrees in [(1 — 1)d, (1 + ¢)d] for some positive
number d and v € (0,1). Then

1—¢ 1 .
Mp(L) 2 5 .3 (ALp(LY) + A1 p(L?) + A1 p(L?)) -

Proof. Let C be the subspace of constant functions in R, By (2.3]), we have:

2eer, ldz(e)]”

in
ceRE\C Infeer )y p, [P0 — [P valp (u)

2ecr, ldz(e)]”

> inf
% el BT D ilcs Suey, [0 — P
Deery 142 + X ocpz [da ()P + 30 c g [da(e) P
~ zeRL0\C 3(1+¢)infeer D e, [Tu — clPd
& 2ecri ldz(e)f?

inf
— J:G]RLO\C 3(1+¢)infeer D cr, |Tu — clPd

11— 23: ZeeL‘ z(e)[?
- 3 1+4) wE]RLO\C infeer D yer, [Tu — cfP valp: (u)

Z 1p( LZ O

=1

Al,p(L)

We now show that adding a small number of edges to a graph cannot lower A,
significantly.

Lemma 9.2. Let G and H be graphs with the same vertex set Gg, and let G U H
denote the graph with vertex set Gy and edge set G1 U Hj.
If there exists © > 0 so that for all u € Gy, valy(u) < tvalg(u) then

Mp(GUH) > (1407 A1 ,(G).
Proof. By (2.3)), we have:

: Dcccium, [dx(e)|?
inf
z€RG\C Infeer D e, [Tu — [P valgum (u)
. ZeGGl ‘dm(€)|p
inf -
zeRG\C (1 + ) infeer D, cq, [Tu — cfP valg(u)
1

= M (C). O

)\LP(G @] H) =

Y

We now follow |ALS15, Proof of Theorem 16] to describe the structure of link
graphs for Cayley complexes of random groups in the model I'(m, p) in terms of
random graphs in a model G(2m, p’).
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Proposition 9.3. Suppose p < m®/m?, for some § < %, and let p =1 — (1 —
p)Am=4. Given the link graph L(S) = L*(S)U L*(S)U L3(S) of a random group in
I'(m, p), with probability 1 — O(m~'%9) the graph L'(S) is the union of a graph in
G(2m, p') and a matching.

Proof. This follows from |[ALS15, Page 176]. Indeed, for vertices u # v in L*(S),
with v # v~!, there are 4m — 4 possible relations which could give an edge between
w and v in L1(S), while if u = v™! there are 4m — 2 possible relations that can
give an edge between v and v. For each w,u™! pair, remove two of these possible
relations from consideration: provided 2mp = o(1) a.a.s. none of these relations
arise.

For the remaining relations, the probability that there is (at least) one edge
between vertices u # v is p' = 1 — (1 — p)*™~4. Provided (2m)2(4m)3p> = o(1)
there are no triple edges, and provided (2m)(2m)?(2m)?p* = o(1) no double edges
share an endpoint, and so one matching deals with possible multiple edges.

Thus it suffices that p = o(m~7/%), e.g. p = m%/m? for some 6 < 1/4. O

We can now prove Theorem 1.6} in fact we will show the following stronger result.

Theorem 9.4. For any € > 0 there exists C > 0 so that for any function f :
N — (0,00), Clogm < f(m) < m, for p(m) = f(m)/m?, a.a.s. a random tri-
angular group in the model I'(m, p) has the property FL?%%)W,, for every p €
[2, %(log f(m)/loglog f(m))l/Q] . In particular, for a random triangular group, ev-
ery affine action on an LP space that is (2 — 25)1/21’7Lipschitz has a fized point.
Moreover, if f(m)/logm — 0o as m — 00, we can choose C' independent of €.

Remark 9.5. Observe that in the case of density d > 1/3 we have f(m) = m°
for some § > 0, and that we get FLP in a range [2, 5 (logm/ loglog m)'/?]. In the
borderline case of f(m) = Clog(m), we get FLP in the smaller, but still growing,
range of [2, & (loglog m/ logloglog m)'/2].

Remark 9.6. As the random triangular groups are hyperbolic, this theorem is to
be compared with the conjecture of Y. Shalom, stating that every Gromov hyperbolic
group has an affine uniformly Lipschitz action on a Hilbert space that is proper
[ShaO1].

Proof. First we can assume p < m’/m?, hence f(m) < m®, for some § < 1. Since
FLP is preserved by taking quotients, this case suffices.
The Mean Value Theorem implies that

pr=1—(1—-p)*"* < p(dm —4) < 4m’/m,
and that for m large enough
pr=1-1=p)""*>p(dm —4)(1 - p)*™ =" > Jp(4m — 4) > f(m)/m.

For I' € T'(m, p) by Proposition with probability 1 — O(m=1+4° /m?2), L(S)
is the union of a graph G € G(2m, p') with a matching. Theorem gives that
for C large enough there exists €’ so that a.a.s. Ay ,(GY) > 1 — C'p*/(p'm)Y/2" —
"Iy <3(logm)/?/(p'm)*/2. Now

C/p4

, 1
W < C'exp (4 log(p) — ﬁlog f(m)> )
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so provided p < k(log f(m)/loglog f(m))'/? for a suitable small £ > 0, this bound
goes to zero as m — oo, and is certainly < ¢/8 for any given £ > 0. On the
other hand, we have C’(logm)'/2/(p'm)*/? < C'(logm/ f(m))*/? < C'/C'/? which
is < ¢/8 for C = C(e) large enough; if logm/f(m) — 0 then C does not need to
depend on €.

So we conclude that a.a.s. A1 ,(G') > 1—¢/4. Since the matching gives a graph H
on the same vertex set of degree < 1 while the degrees in G are (1+0(1))p'm — oo,
Lemmagives that a.a.s. A ,(L1(S)) >1—¢/3.

Now a union bound gives that a.a.s. A1 ,(L*(S)) > 1—¢/3 for i = 1, 2,3 simulta-
neously, and so Lemmal9.1] gives that a.a.s. A ,(L(S)) > 1—&/2 > 1—¢. Bourdon’s
Theorem then shows that I" has FL:&_%)WP for every € > 0. O

10. MONOTONICITY AND CONFORMAL DIMENSION

In this section we discuss two consequences of Theorem [0.4} First, we use mono-
tonicity to show a corresponding statement in the triangular density model. Sec-
ond, we show conformal dimension bounds for random groups in both these models,
which in turn shed light on the quasi-isometry types of such groups.

10.1. Monotonicity. We begin by comparing the triangular binomial /density mod-
els and the Gromov binomial/density models using standard monotonicity results
for random structures, following [JER00, Section 1.4].

A property of a group presentation is increasing if it is preserved by adding
relations, and it is decreasing if it is preserved by deleting relations; it is mono-
tone if it is either increasing or decreasing. For example, property F'LP and being
finite are both monotone (increasing) properties, and being infinite is a monotone
(decreasing) property.

Let M(m, f(m)) be the triangular density model where we choose f(m) cyclically
reduced relators of length three when we have m generators; the case of f(m) =
(2m —1)3¢, d € (0,1), is the usual triangular density model.

Proposition 10.1. Let P be a monotone property of group presentations. Let a
sequence f(m) be given. Suppose for every sequence p(m) with p = f(m)(2m)~3 +
O(\/f(m)(2m)~3) we have that P holds a.a.s. in T'(m,p). Then P holds a.a.s. in
M(rm, f(m)).

In particular, if for all d > do a random group in T'(m, p),p = m?/m3, has P
a.a.s. then for all d > dy a random group in M(m,d) has P a.a.s.

Let G(k,1, f(I)) be the Gromov density model where we choose f(I) cyclically
reduced relators of length I. For example, given d € (0,1), G(k, 1, (2k — 1)%) is the
usual Gromov density model at density d.

Proposition 10.2. Let P be a monotone property of group presentations. Let a
sequence f(1) be given. Suppose for every sequence p(l) with p = f(1)(2k — 1)~ +
O/ f()(2k — 1)~ we have that P holds a.a.s. in G(k,l,p). Then P holds a.a.s.
in G(k,1, f(1)).

In particular, if for all d > dy a random group in G(k,l,p),p = (2k — 1)
has P a.a.s., then for all d > dy a random group in G(k,l,d) has P a.a.s.

Propositions and both follow immediately from [JLROO, Proposition
1.13]. Similar statements to translate a.a.s. properties from the density models back

—(1—d)l
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to the binomial models follow from [JLR00, Proposition 1.12], but we do not need
these here.

Having F'LY is a monotone property, so an immediate consequence of Proposi-
tion [10.1) and Theorem is the following.

Corollary For any fized density d > 1/3 there exists C > 0 so that for
every € > 0 a.a.s. a random group in the triangular density model M(m,d) has
FL?2—25)1/2P for every p € [2, C(logm/ loglog m)l/Q]. In particular, a.a.s. we have
FL? for all p in this range.

10.2. Conformal dimension bounds. As discussed in the introduction, the con-
formal dimension Confdim(d.,I") of the boundary of a hyperbolic group T' is an
analytically defined quasi-isometry invariant of I'. In this section we find the fol-
lowing bounds on conformal dimension in the triangular density model. (Similar
bounds hold in the triangular binomial model.)

Theorem For any density d € (3,%), there exists C > 0 so that a.a.s.

I € M(m,d) is hyperbolic, and satisfies

1 logm 1/2
— [ —=— < p(T') < Confdim(dI') < C1 .
& () < (D) < Conitim(@,.T) < Clogim
The same holds for T'(m, p) with p = m3d=D+oM) - In particular, as m — oo, the
quasi-isometry class of I' keeps changing.

The connection between conformal dimension and property F'L? is given by the
following result.

Theorem 10.3 (Bourdon [Boul6]). If T is a Gromov hyperbolic group with FLP,
then the conformal dimension of its boundary satisfies Confdim(9..I") > p; i.e.
Confdim(0,I") > p(T).

Proof. If p > Confdim(9.I"), then I" has a proper isometric action on £,, by [Boul6l,
Théoreme 0.1]. O

This Theorem together with Theorem and Corollary immediately gives
the lower bounds in Theorem [[.11l

It remains to find the upper bound for conformal dimension. Ollivier’s isoperi-
metric inequality for random groups in Gromov’s density model [OII07, Theorem
2] (see also [OII05, Section V]) can be proven for random groups in I'(m,p), as
observed by Antoniuk, Luczak and Swiz;xtkowski.

Lemma 10.4 (JALS15, Lemma 7)). If p = m3@=D+() for some d < %, then for
any € >0 a.a.s. for T € T'(m, p) all reduced van Kampen diagrams D for T satisfy
the isoperimetric inequality

OD| > 3(1 — 2d — €)| D).

By [OII07], Proposition 15], which modifies Champetier’s bound in [Cha94) Lemma
3.11], we have

Lemma 10.5. If p = m3¢=D+°() for some d < %, then a.a.s. the Cayley graph of
T € T'(m, p) is 0-hyperbolic for § = 5/(1 — 2d).
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Proof. Indeed, all relators have length three, so one can take

3
0> 4.
= 31 —2d— ¢
For sufficiently small e > 0, it suffices to take § > 5/(1 — 2d). O

This in turn yields our desired upper bound for the conformal dimension.

Proposition 10.6. If p = m3(@=D+() for some d < %, then a.a.s. T' € I'(m, p)
has

30
i <
Confdim(09,.T") < T 2d

Proof. This follows the proof of [MacI2l Proposition 1.7]. The estimate § = 5/(1 —
2d) of Lemmal[L0.5allows us to find a visual metric on O I" with visual exponent e =
46/1og(2) > 30/(1 — 2d). With this metric the boundary has Hausdorff dimension
Lh(I'), where h(T') is the volume entropy of I'. Since I' has m generators, h(I") <
log(2m — 1), thus

-log(2m — 1).

Confdim(9,.T") < 30(1 — 2d) ' log(2m — 1). O

Each of these steps also applies to the model M(m,d) for d € (%, %), so Theo-
rem is proved.

11. MULTI-PARTITE (RANDOM) GRAPHS AND BOUNDING Aq,

In the remainder of this paper, we wish to extend some of our results from the
triangular models of random groups to the Gromov models. This involves quite a
few technicalities when done carefully; see for example Kotowski-Kotowski [KK13].
One approach they take to showing Property (T) for groups in the Gromov density
model is to use an auxiliary bipartite model. Unfortunately Proposition|L1.6[implies
that this strategy does not work for FLP with large p. Instead we shall use a
different auxilliary model based on complete multi-partite graphs.

In this section, we bound A; ;, for random multi-partite graphs, and in Section
we apply it to random groups in the Gromov models.

11.1. Complete multi-partite graphs. Consider a complete k—partite graph
with &k independent sets of vertices, each of M vertices, and m = kM the total
number of vertices. We denote such a graph by Kjxas. These are particular cases
of Turdn graphs. In this subsection we find bounds on A1 ,(Kkxar)-
When M = 1 we have the complete graph on m vertices, and the following
theorem gives the value of A; , in this case.
Theorem 11.1 (Corollary 2, §9, in [Amg03]). If p > 2 then the smallest positive
etgenvalue of the p—Laplacian for the complete graph K,, with m vertices is
m—2+2°71
Mip(Bim) = =23 —
Using this, we can prove the following estimate
Theorem 11.2. Ifp > 2, k,M > 2 then the smallest positive eigenvalue of the
p—Laplacian for the graph Ky satisfies
(m—2+2r"1)k
1> MK P S
= LP( k><M>_ m(k—1—|—2p+2)7

where m = kM.
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Proof. In what follows we fix the two arbitrary integers k > 2 and M > 2. Let V
be its set of vertices and let V' = V; U---UV}, be the partition into k sets containing
M vertices. Let « be a non-constant function in R such that Y o {z,}P~d, =
0,[|z]|? 4 = > e (1 — 1/k)mlz,|P = 1. We denote by dx the total derivative of x
with respect to the set of edges in the graph Ky« s, and by d.x the total derivative
of x with respect to the set of edges in the complete graph K,,.

The upper bound is trivial: choose any such x where x is zero on V; for all 1 > 2,
and then by ([2.5), A1,p(Kkxar) < ||dz|? = 1. In the remainder of the proof we
show the lower bound for arbitrary such z.

Let a € V be the vertex such that ) |z, — x,|P takes the minimal value
among all the vertices in V. By summing over every edge twice, it follows that

2
Z |2y — za|” < EHdIH?

v~a
Without loss of generality we may assume that a € Vi, which means that the
sum can be re-written as ZLQ Y ey, [To — TalP.
Holder’s inequality implies that for any two positive numbers «, 3,

(a+ B)P < 207 (aP + BP).

Therefore for every v, w € V; we can write, using the triangle inequality and the
inequality above, that

|20 = TP <271 (|2 — al? + |20 — al?) -
We may therefore write that

k k
Z Z |xv_xw‘p§2pilz Z (|ry = 2a|? + |1y — 24]?)

=2 v,weV; =2 v,weV;

k
_ 2m 1
<2rt Z o Z |7y — 2a|” < 2p+1EHdIH§'
=2 veV;

(11.3)

We now consider the vertex b € V'\ V; which minimizes the sum ) _, |z, —xs|?
among all the vertices in V'\ V3. It follows that

2
2 P P

v~b

Without loss of generality we may assume that b € Vj, and an argument as
above implies that

k—1 k—1
2m 1
— P p—1 . — 7 |P p+1_ — P
(11.4) E E |2y — Z|P < 2 ;:1 . E |xy — xp|P < 2 - 1||da:||p.

=1 v,weV; veV;

The inequalities (11.3) and (11.4]) imply that
k op+2
P P
> Y el < 2

i=1 v,weV;

Therefore

k 2p+2
ldeally =35 32 fow =l + ey < (14 2 ) Il

=1 v,weV;
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Let y be the function y = ((1—-1/k)/(1—1/m))/Pz, so that >_, y (m—1)|y.|P =
1. Since y is an eligible function for K, in (2.5, by Theorem we have that

m— 24 2r-1

ldeyly > ™21

whence
(m—2+2P"1(1 - 1/m)
(m—1)(1-1/k)

el >

It follows that

— 924 9r-1
> — =27 . 0

m(1—1/k) (1425

For p = 2, we can do better; this will be useful when showing property (7') later.
Proposition 11.5. For any k, M > 2, A\ 2(Kpxnm) = 1.

Proof. Denote the values of a function x on the vertices of K by x;, for 1 <
i < k1 <wu < M, with the first subscript indicating the partition into k sets.

Then, if x € S2 a((Kkxar)o), by (2.5) we have

|| = Z ZZ|xi,u_xj,v|2

1<i<j<k u w

:szfu(k_l)M_2 Z in,uzxj,v

1<i<j<k u v

ko[ M 2

=1 —ZZJEZ—’“ZZ%—J, = 1+Z <Z$17u> 5
iU j#L v i=1 \u=1

and equality is attained for any function z with >° x;, =0forall1 <i<k. O

Given this bound, one might wonder about the sharpness of Theorem How-
ever, the following proposition shows that, at least in the case of k& = 2, the theo-
rem’s estimate is fairly accurate.

Proposition 11.6. For any fized p > 2, as M — oo we have

P
(3= 0(1) - 55 = Mplear) < (1401 ()
Proof. The lower bound of (1/2 — o(1))/2P follows from Theorem above. We
use an explicit function to give an upper bound for A1 ,(Kaoxm) via . We
define a function x on the 2M vertices of Koy s which depends on two parameters
d,t € (0,1). On 6M of the left (respectively right) vertices, let x take the value 1
(resp. —1). On the remaining (1 — §)M of the left (resp. right) vertices, let x take
the value —t (resp. t). This function x satisfies the conditions of (2.4), so we can
use it to give an upper bound for A\ ,(Kaxnr). We do so with the (near optimal)
choices of t = 1/5, § = tP/2 = 57P/2_ (The error caused by rounding §M to the
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nearest integer disappears as M — c0.)

(|dzz||? §22P +2(1 = 6)5(1 — )P + (1 — )2 (2t)P
A p(Kaxar) < W < (1+0(1)) 2(617 + (1 — o)tr)

5227 + 26(1 — t)P + 2PtP

< (1+0(1)) S
= (1+0(1)) (% 5P 4 (A 4 %2@5*17/2)
<(+o) (&) O

11.2. Multi-partite random graphs. We can view random graphs G(m, p) as
arising from taking the complete graph K,, and keeping each edge with probability
p. The following model is defined analogously using Ky« s as the base graph.

Definition 11.7. For k > 2, M € N and p € [0,1] a random k-partite graph G in
the model G (M, p) is found by taking the graph Ky and keeping each edge with
probability p. A property holds a.a.s. if it holds with probability — 1 as M — oo.

In this model, we show the following two bounds on A, at slightly different
ranges of p.

Theorem 11.8. For any § > 0 and k > 2, there exists C > 0 so that for p
satisfying p > C'log(kM)/kM and p = o(M"/3 /M), we have that, for an arbitrary
p=p(M) > 2, a random k-partite graph G € G (M, p) satisfies a.a.s.

c3p
’ . _ . y Cops G870
Vp € [Qap]a >\1,p (G) > (1 5) p”len[g,p] >\1,p (KkXM) 205 (pkM)l/sz'
Theorem 11.9. For any § > 0, there exists C > 0 so that for k > 2 and k =
o(MY/6MI2) | for p satisfying p > (EM)° kM and p = o(M'/? /M) we have that,
for an arbitrary p = p(M) > 2, a random k-partite graph G € Gy(M, p) satisfies
a.a.s.

C c3r
! 2 / > l— — i f " K _——.
W E 2] Ay (@) 2 ( (kM)5/3P> prel2.) A (Kiexar) (kM)5/20?

Recall that in Ky s the vertex set splits as V' = |_|i-€:1 V; with an edge joining
u € V; towv € Vjif and only if i # j. For a graph G € G (M, p), and u € V,1 <i <
k, let d,; be the number of edges with one endpoint at v and the other endpoint
in V;. So the degree of u is d, = Ele dy,i, and d,; = 0 when v € V;. Let
D = D(G) = (dy,i)u,: be the degree matriz of G.

We call a matrix D = (d,, ;) with integer entries an admissible degree matriz if
for i # j, Zuew dy; = Zvevj dy,i; we denote by A; ; the common value of the two
sums.

Given an admissible degree matrix D, we define a random graph model G (M, D)
as follows. We attach to each u € V; a collection of d,, half-edges, d,, ; of which
“point towards” Vj for each j, and then for each ¢ # j we join the collections of
A,; ; half-edges pointing to each other by a random matching.

In the particular case of k = 2, this is just a random bipartite graph with specified
degrees.

Given G € Gy(M,p), let Y, ; be the random variable which is d,, ;, and let
Y, =valg(u) =, Yu,;. These satisfy EY,, ; = Mp and EY,, = (k — 1)Mp =: d.
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Lemma 11.10. Given ¢+ = 1/10log(Mk)/Mp, a.a.s. for all u,1i,
(1—)Mp<Y,; <(1+)Mp.
Proof. As in the proof of Lemma[3.3] we have Mk(k—1) binomial random variables
with expected value M p, so the probability that the claim fails is at most
1
IMk(k — 1) exp (3L2Mp> < 2Mk(k —1)(ME)~19/3,

and the latter upper bound converges to 0 when Mk — oo. (]

For an admissible degree matrix D, all G € G, (M, p) with D(G) = D arise with
equal probability, so to show Theorems|[I1.8]and [I1.9]it suffices to find a.a.s. bounds
on A ,(G) for G € Gi(M, D), with all d,,; = (1 + 0(1))Mp (cf. Theorem [3.1).

Given G € Gy (M, D), we want to bound Z,(G) from below for all y € S, a(Go).
By Proposition either Z,(G) > 1 (and we are done) or

2,(G) = Z,(G) — 2p(e6)/ P~V (1 4 2(e) /P~ D)

for some x € T}, 4,r(Go) with [[z]|? 4 > R_. We will see later that we can assume
1+ 2(e0)/(p=Dyp—1 < 2, so we record that
(

(11.11) Zy(G) > Z,(G) — 4p(ed)r/ P~ 1),

Now

Z5(G) = |2l q = X2(G) = ||z} 4 = X5(G) = X(G),
so |z} 4 =EZ; + EX. +EX" and thus
Z.(G) =EZ, + EX" + (Ex! — XL (@) — X(G).
Applying this to , we find that all y € S, a(Go) satisfy
(11.12) 7y(G) > EZ, — [EX7| — [EX; — X;| — [X| = 4p(ed) /™)

for some z € T}, 4, r(Go) with |z]? ; > R_.

In the following subsections we bound each of the terms on the right hand side
of from below. Here we use these bounds to finish the proofs of Theorems
[1.8 and [[1.9] We use Assumption [£.2] to simplify e# <1 and R < 4.

Without loss of generality we may assume that ¢ < 1/10. Indeed, the hypothesis
in Theorem implies that « = {/10k/C and it suffices to take C' large enough,
while according to the the hypothesis in Theorem t = O((kM)=9/%) (see

estimates in ((11.15)) and the line following it).
Using (11.19)), (11.20]), Proposition [11.21} and (11.23]), we obtain that for every

& > 0 there exists a suitable constant C” such that with probability at least

1 1
1—2exp <128K2m + mlog <66)> —o(m™%)
€
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all y € Sp,.a(Go) satisfy

p2Pt8  pPK
T dBlr  gB/p

ZﬂG)z(SQQQ&AKWMxl—%w”>—%”Q

B p2PC’ n p2PC'p? n p2P(C'p3e—1
dB/p dl/p? di/p

) — 4p(ed)V/ D

- 1/p P
- (W/\l,p(kaM)(l —2601/7) — 2 +7L>

1 K 3 3.—q
(11.13) c/'p2p< R SRS A Hl/(pl)),

di/(2+2p) = q1/p? di/p

for some C” depending on C’.

The same choices of K = Cy(14 +/log(d)/p) and € = d~(P~1/P(P+1) a5 in subsec-
tion allow to deduce from the above that with probability at least 1 — o(m~¢),
for all y € S, a(Go), Z,(G) is at least

p*2p
di/2p*”

(11.14) <8;3;1A1,p(kaM)(1 — 2e01/P) —2p+7L> —Cs

As before, we can assume that (14 2(ef)Y/®=1)p=1 < 2,

We now conclude the proofs of Theorems and using (|11.14)) and (2.5).

Proof of Theorem[11.8 Consider an arbitrary 6 > 0. For p = Clog(Mk)/Mk, ¢
in Lemma [11.10| becomes 4/10k/C. So for sufficiently large C' we can assume that
(1—0)*/(1+1)*>1-§/2 and 270 < §. We can also assume that e is less than the
fixed constant 6/460'/7, and so (1 — ¢)*(1 +¢)~2(1 — 2e0'/P) > (1 —6/2)> > 1 — 4.

Since d > (1 —¢)d = (1 —)(k — 1)Mp,

P2 _ pi2r EYT L
d/2e* = (1 —)pMk)/2* k-1 = oMk

Applying these estimates to and shows that A1 ,(G) has the required
bound for fixed p.

The bound for all p’ in the given range follows from the argument of subsec-
tion O

Proof of Theorem[11.9 We estimate the terms in (T1.14)). Since k = o(M?/2),

10log(Mk)  10klog(Mk) M?/%log(M) _
Mp MY ( (kM)? )ZO«““Wﬁ’

(11.15)

thus we can take ¢« = O((kM)~%/6). Because ¢ = o(1), (1 —0)*/(14+¢)> =1 — 61—
o(t) > 1 —O((kM)=%/5).

Sod = (14+0(1))d = (1+0(1))(kM)°, and we have ¢ = d~P~D/p(p+1) < g=1/3p
so (1 —2e0'/P) =1 — O((kM)~9/3P),

Likewise,
ptor 3P
7 =0 (G ).
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Thus (|11.14)) is bounded from below by

{1 -0 ((kM)WS/G)} M p(Kkx ) {1 -0 ((kM)fé/Bp)}

° (aaps) ~© (e )

which simplifies to give the claimed bound. O

11.3. Expectation of Z. For each ¢ # j, let V;_,; be the collection of A; ; end-
points of half-edges from V; pointing towards V;. Given a € V;_,; and b € V;_;, let
I..5(G) be the random variable which is 1 or 0 according to whether @ and b are
matched in G or not. For a € V;_,;, denote by v(a) € V; the other endpoint of the
half-edge ending at a. Then

EZ Z Z ]Iab |xv )_va)|p

i<j a€Vi; beEV;_4;

=Y ¥ e,

i<j ucV; veV;

(1—0)2d?/(k —1)2
Z(l-i-bMd/ ZZZ'“ wl?

i<j ueV; veV;

(1—1)%d
(11.16) = a3 o=
Let !, = 2,(d,/d)"/ P~V for each u € Gy = (Kpxar)o- Under this rescaling,

S {2y k= 1)M =) {w, P dyd (k- 1)M =0,

and

(0 2ol < S < (05 5 e
Thus we can use the definition of Ay ,(Kgxar) in . ) to find
(11.17)

(1—)9R_(k—1)M

ld2 5, v o = Moo (Ksan) |12 5, oo = Ap(Koxcar) A10d

Using the Mean Value Theorem we have

4N/
-nl=|(%)T -
d

for (14:)Y®=1 —1 and 1 — (1 —¢)"/®=1 are both at most 2¢/(p— 1), for ¢ < 1/10.
Consequently |z}, [P~ < (14 2:/(p — 1))P7Ha, [P~ < e2x, [P~ < 2]z, P71

We also require the following inequality, a straightforward consequence of the
Mean Value Theorem (see also [Mat97, Lemma 4]): For any p > 1 and a,b € R we
have

2t
L 2y] < . 712l

[{a}? = {b}7] < pla = b| (la|"~" + [b]"~") .
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We combine these estimates to find, for the graph K = Ky«

142" e, .pr = 21,
< Z \|$L—$Z|p—\$u—$v|p’
e€eK1,V(e)={u,v}
<p Z ||x;—x;|—|xu—xv||(|x;—x;|p_1+|xu—xv|p_l)

ee K1,V (e)={u,v}

<27l Y (2 -l 2l — @) ([P P P [P

e€EKy,

V(e)={u.v}
2P=1p.2,.3 3 B
= D DR G R N sy

ec K ,V(e):{u,v}

<ot (Z P (k= 1M+ Y " |l val’”)

kK—1M 1 _
< 2P+3L <((1—|—[,))d Z |$u|pdu + m Z |xu|duz ‘xU‘P 1dv>

5 ((k—1)MR 1 -
< 2rt3, <( a +)L)J ENEE (1+ L)dkMR)
(11.18)
2P+t4 kMR
(1+u)d

Finally, we combine (|11.16), (11.17)) and (11.18) to conclude that

(1—1)%d (1—0)R_(k—1)M 2PHEMR
EZ:(G) 2 (4 oM(k—1) (ALP(K’”M) (1+0)d CEDY L)
— )4 P+ R,
(1119) > Ei—?—ngLp(K}CXM)(l —2691/10) _opt7,

Observe that R_ = (1 — ef'/P)? > 1 — 2¢0%/P.
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11.4. Expectation of heavy terms. Let ]Iﬁ(m“ wo)>dP Jdm equal 1 or 0 according
to whether the given inequality holds or not. Then

h
|EX:1:‘ = EZ Z Z Havb(G)]Iﬁ(wvm),wU(b))zdﬁ/dnL%(x”(a)’x”(b))

i<j a€Vi; bEVj i

du,idv,' —1\s
<Y Y R ez an (P2 R, 0)

i<j ueV; veV;

(14 1)2dp2r B
B m Z R(zy, )

u,wE€Go: R(xy,xy)>dP /dm
< (14 0)2dp2P 2m(1+10)2(X, |xu|pdu)2
~(1—u)M(k—1) (1 —1)2dP/rd
(14 1)*p2r+i R?
(1 —1)3dP/p
p2P+8 B p2p+8
(11.20) < ds/r — q1/(2+2p)’

where we used (4.13) and Lemma The final choice of 8 = p/(2 + 2p) is the
same as in Section [l

<

11.5. Deviation of light terms.

Proposition 11.21. For any « € (0,1), so that 28+ 2a < 1, and any K > 0, for
every x € Ty, a r(Go) we have

2PK 1 1
P <|Xi ~EX!| > pda> < 2exp <128K2m+mlog <S€)> .

As in subsection [6.4] we will apply this with 8 = p/(2+2p), a = B/p = 1/(2+2p).

Proof. As in the proof of Proposition we order the vertices of each V;_,; and de-
fine a filter (F;) on Gy (M, D) as follows: first expose the edge connected to the first
vertex of V1_,9, then the second, and so on, then continue with Vi _3,...,Vi_k, Vo3
etc. Let F; be the o-algebra generated by the first ¢ exposed edges.

As before, let S; = E(XL|F;), so Sp = E(X.) and Sg = X.. For edges e which
contribute to X!, we have |R(e)| < p2PR(e) < p2Pd? /dm, thus the same argument
as before gives |S;(G) — S;_1(G)| < p2P*+2dP /dm. Azuma’s inequality tells us that
|X! — EX!| has the desired lower bound with probability less than

96 (p2P K /d™)? 96 K2%dm <96 K*m

xp | — =2exp| ———= xp | — .

P\ " 2(@m) (p2r2dP Jdm)? P\ T32q2et28 ) = TP\ T o8

The desired inequality follows from Proposition (compare ) O

11.6. Controlled edge density. In light of Proposition to bound X/ it suf-
fices to show that G € G (M, D) has controlled edge density.
The following lemma and its proof follow [BESU99, Lemma 16].

Lemma 11.22. Let G be a random graph in G(M, D), where k = o(M'/%) and the
matriz D with mind, ; = dmin/(k — 1), and maxd,; = d/(k — 1) = dpnqs/(k — 1),
satisfies d = o(M'?). Then for 0 > d/dmm sufficiently large, for any & > 0
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there erxists C = C(0,€) > e so that with probability at least 1 — o(m™¢), G has
(0, C)-controlled edge density.

Propositionand ([4.13)) then give that, with probability 1—o(m~¢) for suitable
C', G € Gi(M, D) satisfies:

3 Y3 —q
h o p2PC’ p2PC'p®  p2PC'pie
(11.23 XL(0)| < 2K h(e) < 2 RO PP

Proof of Lemma[I1.24 As in Definition for A,B C Gy we set u(A,B) =
0|A||B|d/m, where m = Mk = |Gy|, and 0 > d/dnn will be determined below.
We may assume that |A| < |B|, and that |B| < m/460, for otherwise €45 <
|Ald < 4u(A, B).
Suppose a,b with a < b < m/460 are given, and consider an arbitrary ¢ € N.

In what follows we provide an upper bound on the probability that there exist
A,B C Gy with a = |A|,b=|B|and €45 =t:

2b t
(11.24) P(EAB:|Al=a,|B|=b,Eap=1) < (%) ("L(At’B)> (ek)*".

We frequently use the bounds (n/k)* < (7) < (en/k)*.
There are at most (') (7}) < (me/b)* ways to choose A and B. There are then

at most (atd) (btd) < (abd?e?/t?)t ways to choose t half-edges with endpoints in A

and B to connect.
Suppose there are t; ; edges required to join A and B between V; and Vj, for
each 1 <i < j <k, with > ¢; ; =t. Then the probability that a random matching

of the A; ; half-edges connects the two specified sets of ¢; ; edges is (Lt\‘;)_l Now
Md/(ki — 1)9 < Ai,j7 SO

-1 ti _ ti g _ t
10 (Am) 11 (tj> 11 (te(k 1)) _ <t9(k 1)) |
i\t LAy, L\ Md

These bounds give (|11.24)) since

(abfj@)t (te(;;/[; 1)>t _ (M(A, B)ejk(k - 1)>t.

Having shown ((11.24)), we continue with the proof of Lemma [11.22

If Definition a,b) fails for blocks A, B with €4 p =t, then u(A,B)/t <1/C
and (u(A, B)/t)! < (b/m)C’. Thus, in the case ¢t > log® m, the right hand side in
(11.24) is bounded by

(%)% (u(i, B))”Q (mA;B))“z ek
G (E) e
G [ ()) (G seem

provided 6 > €2/4 (so €2b/m < 1), and C > eSk* > 8. Summing over the m?
possibilities for a,b and the dm < m? possibilities for ¢ proves the lemma in the
case of E4 p > log2 m.
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Now suppose £4,p =1t < log® m, for some A, B failing Definition Then

t t t Cb Cb
() = (8’2 (4 = ()= (4)
m log”™m t m 460

so b < tlogm < log®m. Since (1/m)? < ((log®m)/m)°?, we have t > Cb/3. So,
using (11.24)), the probability P that there exists some A, B with €4 5 < log2 m
failing Definition [7.1] is

e 2 (Qabde?k '
Py Y Y () ()
a b t=Cb/3

Since d = o(M'/?), k = o(M'/6), and ab < log® m, the sum in ¢ is bounded by a
geometric series of ratio < 1/2, so

me\20 [ Qabde?k? cb/3
P<§a:§b:2(b) ( mCb/3 )

< Z 22 (m2fc/3b72+0/3(39d62k2/0)0/362)b.
a b

Now dk? = (dk!/?).k18/14E3/14 < M2t /2. pp3/AE3/1 = mS/7 and so for C' > 21
there exists Cy so that for m large enough

m?=C/3y=2+C/3(30de? k2 /C) O 3e? < Cym2~C 3 (log® m) ~2HC/3mP/TC/3 < 1,
Thus
P < (log® m)2C (log® m)~2+C/3,2=2¢/21

which suffices to complete the proof. (Il

12. FIXED POINTS FOR RANDOM GROUPS IN GROMOV’S DENSITY MODEL

In this section we use the bounds on A; , for random multi-partite graphs to show
the following fixed point properties for the Gromov binomial and density models

(see Definition [1.8)).

Theorem 12.1. Choose p > 2 and k > 10-2P. Fiz a density d > 1/3. Then
a.a.s. a random k-generated group at density d has FLY for all2 < p' < p, both in

the standard Gromov density model G(k,1,(2m — 1)) and in the binomial model
Gk, 1, (2k — 1)=0=h),

The arguments in this section owe a debt to those of JALS15] and [KK13], though
our approach to Gromov’s density model is new even for property (T), and gives new
results at density d = 1/3, see Theorem and Corollary It is reasonable
to expect that the dependence of k on p is unnecessary in Theorem [12.1] however
our methods are not at present able to avoid this obstacle.

Suppose we are given [ € N that is a multiple of 3. Let W;/3 be the collection
of all reduced words in (A) of length I, so |W;/3| = 2k(2k — 1)//3~1. The map
w— w™ on W3 is a fixed point free involution. Choose a set S of size %WVI/J‘
and a injection ¢ : S — W so that ¢(S) is a collection of orbit representatives of
this involution.

Given T' = (A|R) € G(k,l,p), we can lift I to a group I = (S|R) as follows:
¢ S — W3 extends naturally to a bijection ¢ : SU S — W;/3. For each
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7 € R, write 7 as a concatenation ¢(s)@(t)¢(u) for some s,t,u € SU S~1, and then
define 7 = stu. Let R be the collection of all such 7. The map ¢ extends to a
homomorphism ¢ : ' = T'. As in [KK13l Lemma 3.15], ¢(I") has finite index in I":

Lemma 12.2. The image ¢(T') has finite index in T.

Proof. For any reduced word ab of length 2 in the generators AU A1, we can find
a word w of length /3 — 1 so that aw and b~w are both reduced. Thus there are
generators s,t € SU S~ so that ab = (aw)(w™1b) = ¢(s)d(t) = ¢(st).

Therefore for g € T, if g has even length it lies in gzﬁ(f‘), and if g has odd length
it lies in one of the finitely many cosets a¢(f), ac€ AUAL |

So to show that I’ has FL? is suffices to show that I has the same property,
and for this we show that the link graph L(S) of T has A\, ,(L(S)) > 1/2. As
in the proof of Theorem 9.4] we split L(S) as a union of three graphs L(S) =
LY(S) U L%(S) U L3(S) where for each relation stu € R we put the edge (s~!,t) in
LY(S), the edge (t~1,u) in L?(S), and the edge (u~?,s) in L3(S).

For each a € AU AL, let S, be the subset of S consisting of generators s so
that ¢(s) € W3 has initial letter a; S, has size M = (2k — 1)//3=1. Observe that
st can begin a relation stu € R if and only if ¢(s)¢(t) is a reduced word in (A),
which holds exactly when ¢(s)~! = ¢(s71) and ¢(t) have different initial letters.
In other words, s™ and ¢ lie in different sets of the partition S = | ],c 4,4-1 Sa-
We now show that each L¥(.S) is the union of a random 2k-partite graph with two
matchings.

We require a count on the number of ways to complete a cyclically reduced word.

Lemma 12.3 (See Lemma 2.4, [Mac12]). Let (A) be a free group with |A| = k. Fix
a,b € AUA™'. The number of reduced words w of length n + 2 with initial letter a
and final letter b equals g, or q, + 1, where
0 = = ((2k — )" — 1) if n is odd,
" 3= ((2k = 1)" T — (2k — 1)) if n is even.
In either case, forn > 2, $(2k —1)" < ¢, < (2k — 1)".

(Whether the number is ¢, or ¢, + 1 depends on whether a = b or b=, and the
parity of n; we do not need this here.)

Proposition 12.4. Suppose p = (2k — 1)~ =D for d < 5/12, and let p' = 1 —
(1 — p)2@/s and M = (2k — 1)/3=1. Let L*(S) be the first link graph of the lift
T of T € G(k,l,p). Then L'(S) is the union of a graph in Gop(M,p') and two
matchings.

Proof. We define an auxiliary multigraph K with the same vertex set as Kogx /-
Fors™' € S, Cc Sandt € S, C S with a # b, there are q1/3 or q;/3+ 1 possible ways
to complete ¢(s)@(t) to a cyclically reduced word ¢(s)d(t)@(u) of length [, and the
same number of ways to complete ¢(t~1)¢(s 1), depending on the final letters of
#(s71) and ¢(t). Accordingly, add 2q;/3 or 2q;/3 + 2 edges to K between s~ and t.

Then L'(S) can be viewed as the random graph obtained from K by retaining
each edge with probability p’.

For each pair of vertices in K connected by 2¢;/3 + 2 edges, delete two edges and

call the resulting graph I@; let D be the collection of deleted edges. Let L(S) =
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LU D where L is the portion of L'(S) coming from K and D the portion coming
from D.

First we show D is a matching. For convenience, we write d = 1/3 + € and so
p= 2k — 1)(6_2/3)1. The probability that a vertex in D has two edges connected
to it is at most

(26 M) (2kM)?22p? = O((2k — 1)PV/3+2(=2/3)1y _ ¢,

since € < 1/6.
Second we show L has no triple edges: the probability is at most

(2kM)*(2q1/3)° p° = O((2k — 1)/3H32/D) — 0,

since € < 1/9.
Finally we show that no pair of double edges in L share a vertex: the probability
is at most

(2kM)(2kM)*(21/3)" p* = O((2k — )T+ 0,

since € < 1/12.
So L'(S) is the union of a graph L’ € Gay(M, p'), a matching coming from the
double edges of L and the matching D. ([

Since both p = (2k — 1)~ and pg;/3 = (1 + o(1))(2k — 1)~ /3D are small
for I large enough, by the Mean Value Theorem we have

5(2h = 1)< payys < pf = 1= (1= p)* ™ < 2pq5 < A(2h = 1)

We are now able to show FLP for random groups in the Gromov binomial model,
and hence the Gromov density model as well.

Proof of Theorem[12.1} By Proposition it suffices to consider the model G(k, 1, p)
for p(l) = (2k — 1)~ (=D By Proposition [12.4] a.a.s. T € G(k,1, p) is, up to finite
index, the quotient of a group ' whose link graph is the union of three graphs each
consisting of a graph G € Ga(M, p’) and two matchings.

Let us write d = 1/3 + ¢, and recall that M = (2k — 1)!/3=1. Then p’ < (2k —
1) < (2kM)3€ /(2kM) = O(M3¢/M), where A < B means that A = O(B)
and B = O(A). We can assume that 3e < 1/3, since F'L? is preserved by increasing
density. By Theorem a.a.s. we have that G € Goi (M, p') satisfies that for all
2<p' <p
(12.5)

Ay (G) > (1 ~0 ((sz)—?)E/SP)) inf Ay (Kopns) — O [ ——0

1,p’ = = 1,p” 2kx M (2kM)36/2p2 .
Because k£ > 10 - 2P, Theorem m gives that Ay pr (Kakxar) = (1= o(1))3 for all
p” € [2,p]. Thus ([2.5) shows that A1, (G) > 2 — o(1).

Lemmas and [9.1] imply that after adding two matchings to G and combining
three such graphs, the link graph of T still has A1, > 1/2 for all p’ € [2,p]. So by
Theorem a.a.s. G has FLP for all p’ € [2,p]. O

Finally, we use our results to give a new proof of Kazhdan’s property (T) for
random groups in Gromov’s density model at d > 1/3, and moreover give new
information at d = 1/3.
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Theorem 12.6. For any k > 2, there exists C > 0 so that for p(l) > Cl(2k —
13 )(2k—1)! a.a.s. a random k-generated group in G(k, 1, p) has Kazhdan’s property
(T).

Proof. We follow the proof of Theorem only pointing out the differences.

Since (2k — 1)M = (2k — D)3, p(l) > (2k — 1)A/349/(2k — 1)} for ¢ =
log,,.1(C1)/l = 0. As above, p' =< (2k —1)(c=1/3 < C1(2k —1)~1/3 = O(M3¢ /M).

On the one hand, p’ > 1(2k — 1)(c=¥/3! = 1C1(2k — 1)7!/3, while on the other
hand, log(2kM)/(2kM) < C'l1/(2k —1)!/3 for fixed C’. Therefore, for any choice of
d > 0, we can choose C large enough so that p’ > C’log(2kM)/2kM7 where C > 0
is the constant corresponding to ¢ given by Theorem [11.8

Recall that Propositiongives M2 (Kokxm) = 1forall k > 2, M > 2. Taking
§ = 1/100, Theorem [11.§| gives that

99 4 1 9 1
Mo(G) 2 ————-0|—%]2—=-0|(-+%].
12(%) 2 756 ~ 15 ((p’QkM)l/S) =10 <11/8>
Again, adding two matchings and combining three such graphs does not significantly

lower Aj 2, so a.a.s. I' € G(k,1, p) is the quotient of a group whose link graph has
A1,2 > 1/2. Thus a.a.s. I' has Kazhdan’s property (T). O

Corollary 12.7. For any k > 2, there exists C > 0 so that for f(I) > Cl(2k—1)!/3
a.a.s. a random k-generated group in the Gromov density model G(k,l, f(I)) has
Kazhdan’s property (T). In particular, this holds for all densities d > 1/3.

Proof. Follows immediately from Theorem [12.6|and Proposition[10.2] upon increas-
ing C by an arbitrarily small amount. (]
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