Quasi-isometric classification of non-uniform lattices in semisimple groups of higher rank

Cornelia DRUŢU^∗

UFR de Mathématiques et UMR 8524 au CNRS, Université de Lille I, F–59655 Villeneuve d’Ascq, France

Abstract

We give another proof of the quasi-isometric classification theorem of non-uniform lattices in higher rank semisimple groups. We use the asymptotic cone and a class of flats (the logarithmic flats) which move away in the cusp with logarithmic speed.

1 Introduction

In this paper we consider finitely generated groups Λ =< S > endowed with some word metric [Gr_2, §0]. The word metric depends on the chosen generating set. But two word metrics are quasi-isometric (Definition 3.3.1). It is natural then to study only those properties of Λ with some word metric which are invariant up to quasi-isometry. Among finitely generated groups we study non-uniform lattices in higher rank semisimple groups. A lattice in a semisimple group G is a discrete subgroup Γ such that Γ\G admits a finite G-invariant measure. If Γ\G is compact the lattice is called uniform, otherwise it is called non-uniform. We give another proof of the fact that the class of non-uniform lattices is “closed” with respect to quasi-isometric equivalence. More precisely, we prove the following result due to Alex Eskin [E] :

Theorem 1.1. Let Λ be a finitely generated group and G a semisimple group of rank at least 2, with finite center and without factors of rank ≤ 1.

(1) If Λ is quasi-isometric to a non-uniform irreducible lattice Γ in G, then there exists an exact sequence 0 → F → Λ → Γ_1 → 0,

where F is a finite group and Γ_1 a non-uniform lattice in G.

(2) Let Γ and Γ_1 be two non-uniform lattices in G, at least one of which is irreducible. The lattices Γ and Γ_1 are quasi-isometric if and only if they are commensurable (i.e. there exists g in G so that gΓ_1g^{−1} ∩ Γ has finite index in gΓ_1g^{−1} as well as in Γ).

∗e-mail address : drutu@agat.univ-lille1.fr

The previous theorem is a consequence of the following rigidity result.

Theorem 1.2 (rigidity). Let G be a semisimple group of rank at least 2 with finite center and without factors of rank ≤ 1. Let Γ be a non-uniform irreducible lattice in G. If q : Γ → Γ is an (L, c)-quasi-isometry, then there exists a positive constant D depending only on L and c and an isometry g in the commensurator of Γ such that

d(q(γ), g(γ)) ≤ D, ∀γ ∈ Γ.

We recall that the commensurator of a discrete subgroup Γ in a Lie group G is the subgroup Comm(Γ) of G containing those elements g such that gΓg^{−1} ∩ Γ is a finite index subgroup in gΓg^{−1} and in Γ.

The first results on quasi-isometric classification of non-uniform lattices have been obtained by Richard Schwartz. In [S_1], he proved Theorems 1.1 and 1.2 for lattices in a semisimple group G of rank 1, different from SL(2, R). He also obtained, together with Benson Farb, the quasi-isometric classification of Hilbert modular groups ([FS],[S_2]). In [S_2] he conjectured Theorems 1.1 and 1.2 in the higher rank case, which were proved by A. Eskin in [E]. We refer to [Mos] for a more complete history of the problem of classification of lattices up to quasi-isometry.

Our proof of Theorem 1.2 goes as follows. Let Γ be a non-uniform irreducible lattice in a semisimple group G of rank at least 2, and let X be the symmetric space associated to G. By removing open horoballs from X one can obtain a subspace X_0 in X on which Γ acts cocompactly (see for instance [Le, Section 5]). This implies that Γ with a word metric is quasi-isometric to X_0 with its length metric. By Lubotzky-Mozes-Raghunathan Theorem ([LMR_1], [LMR_2]), the length metric on X_0 is bilipschitz equivalent to the induced metric. So in our study of Γ up to quasi-isometry, we can always replace it by X_0 with the induced metric. We can define a Γ-invariant projection π_0 : X → X_0.

We consider an (L, c)-quasi-isometry q : Γ → Γ. We can extend it to an (L, c^′)-quasiisometry q : X_0 → X_0, c^′ > c. We want to use Tits’ Theorem ([Ti], see Theorem 2.3.2 in this paper) to find an isometry g which is within finite distance from q. Therefore, we have to add the hypothesis that G has no rank one factors. We need to construct, by means of q, a simplicial isomorphism Φ : ∂_∞X → ∂_∞X, where ∂_∞X is the boundary at infinity of the symmetric space X with the canonical spherical building structure (Section 2.3.1). There exist Weyl chambers in X moving away of X_0 with big speed (e.g. Weyl chambers containing minimizing geodesic rays which project on minimizing rays in the cusps of Γ\X). Therefore, the quasi-isometry q cannot induce from the beginning a bijection between all the chambers of ∂_∞X. We will only be able to define a bijection q̃ between dense subsets of chambers in ∂_∞X.

In order to construct q̃ we use logarithmic flats and logarithmic incidence Weyl chambers. The R–logarithmic flats and the R–logarithmic incidence Weyl chambers with respect to a point x in X (Definitions 3.1.1 and 3.1.3) are analogues in higher rank of the logarithmic geodesics defined by D. Sullivan [Su]. They have the property that at distance ρ ≥ R from x they move away of X_0 at most at a distance of order log ρ. D. Sullivan showed [Su, §9, Theorem 6] that, if Γ is a non-uniform lattice in SO(n, 1), almost every geodesic in H^n is logarithmic. D. Kleinbock and G.A. Margulis [KM] showed the same is true for lattices in higher rank semisimple groups and not only for geodesics but also for maximal flats. They used this result in Diophantine approximation theory. For our purpose, we need a specialized version of this result, in which finite configurations of flats appear and R is fixed. We obtain, with methods similar to those in [KM], a dense set of so-called logarithmic incidence Weyl chambers and logarithmic branching flats (see Section 3.1).

In our proof we also use the asymptotic cones of X. An asymptotic cone of a metric space is, in some sense, an “image” of the space seen from infinitely far away. The asymptotic cones of the symmetric space X are Euclidean buildings [KlL, Theorem 5.2.1]. Each asymptotic cone of X contains the limit set, [X_0], of X_0 (see Section 2.4 for definitions). The quasi-isometry q induces a bilipschitz map Q : [X_0] → [X_0]. The main property of the logarithmic flats and Weyl chambers is that their limit sets are entirely contained in the limit set [X_0]. Therefore, Q may be applied to the limit set of each logarithmic flat, which it sends to a bilipschitz flat in [X_0]. Bilipschitz flats in Euclidean buildings locally coincide with fans of Weyl chambers ([KlL], see Proposition 2.3.4 in this paper). By fan of Weyl chambers we mean a finite union of Weyl chambers with common vertex such that their boundaries at infinity form a bilipschitz sphere. A fan whose boundary at infinity coincides with the boundary of a maximal flat is called fan over an apartment.

The previously stated property of bilipschitz flats in Euclidean buildings allows us to go back into the symmetric space X and to conclude that for every logarithmic flat F with respect to x, the image by q of its projection on X_0, q(π_0(F )), “seen from q(x)” approaches a fan of Weyl chambers of vertex q(x) (Proposition 3.3.9). We also obtain that if W is a logarithmic incidence Weyl chamber of vertex x then q(π_0(W )) “seen from q(x)” approaches a finite union of Weyl chambers of vertex q(x) (Corollary 3.3.10).

Next, we use the ergodicity of the action of an R-torus on Γ\G to select a dense subset in the set of logarithmic flats. The flats we choose have the property of branching logarithmically (Definition 3.1.4) with respect to many of their points. We call them good logarithmic flats. We show that for such a flat F , q(π_0(F )) “seen from q(x)” approaches a fan over an apartment, and if W is a Weyl chamber in F, q(π_0(W )) approaches one Weyl chamber (Proposition 4.2.1). This allows us to find an injective map q̃ defined on a dense set of chambers of ∂_∞X.

We also show that if R > 0 is fixed then :

• all good R–logarithmic flats approach uniformly their associated fans over apartments (Proposition 4.2.6) ;

• if F is a good R–logarithmic flat with respect to x and F^′ is the maximal flat asymptotic to the fan associated to q(π_0(F )), then the distance from q(x) to F^′ is uniformly bounded by a constant C depending only on R and on the quasi-isometry constants L and c. (Proposition 4.2.7). As a consequence we obtain that the images by q of big subsets of F are within finite distance from F^′. This is a result similar to the Theorem 8.1 in [EF], though less general.

Next we extend q̃ to a simplicial isomorphism Φ on ∂_∞X. Our goal is to construct Φ in a way which makes it easy to prove afterwards that Φ is an homeomorphism. Therefore, we do not work directly with the set of good logarithmic flats but we select two dense subsets in it (Section 5.1). The first one is the set of butterfly flats (Definition 5.1.2). The interest of this type of flat in the setting of the prolongation of q̃ is emphasized by Proposition 5.2.1, which implies that q̃ is uniformly continuous on a full measure set in each chamber star of each wall contained in a butterfly flat. The second set is the set of pistil flats (Definition 5.1.3). These are butterfly flats which moreover have the property that almost every chamber determines with an opposite chamber in the boundary of the pistil flat a butterfly flat (Corollary 5.1.6).

We construct the simplicial isomorphism Φ on ∂_∞X starting from the boundary of a pistil flat and the chamber stars of the walls in it. The method is different in the rank two case and in the case of the rank at least 3. The fact that we start from the boundary of a pistil flat instead of the boundary of a butterfly flat allows us to prove that Φ coincides with q̃ on a full measure set of chambers. The isomorphism Φ is a homeomorphism in the cone topology because it is continuous on the chamber star of each wall in the boundary of the chosen pistil flat (Lemma 5.3.3). By Tits’ Theorem, Φ defines an isometry g ∈ G. Using Proposition 4.2.7 and the coincidence of Φ with q̃ on a full measure set of chambers, we show that d(q(γ), g(γ)) is bounded by a constant independent of γ ∈ Γ. The fact that g is in Comm(Γ) follows from a result of N. Shah ([Sh], see Theorem 5.4.3 in this paper). With arguments of R. Schwartz [S_1] and N. Shah one can derive the other results.

The common features between this proof and Alex Eskin’s proof are that they both use Tits’ Theorem, so in both one can find a construction of a bijection q̃ between dense subsets of spherical chambers of the Tits boundary. Also, in choosing the flats we work with, at a certain point we also use Birkhoff’s Theorem, and in the first step of the proof of the continuity of Φ, we use a “butterfly argument” similar to an argument used by Alex Eskin in the proof of the Lemma 5.3, [E].

The main differences are that we use asymptotic cone techniques, the class of logarithmic flats and that we prolongate q̃ to the isomorphism Φ in a different way, using results of the theory of buildings. The asymptotic cone techniques allow us to avoid complicated approximation arguments and give good intuitions in several main steps of our argument.

The organization of the paper is as follows :

Section 2 We remind some basic facts about buildings and symmetric spaces, about the asymptotic cones and about semisimple groups.

Section 3 We consider a non-uniform irreducible lattice Γ in a semisimple group G of rank at least 2. We define R–logarithmic (branching) flats and R–logarithmic incidence Weyl chambers with respect to a point x in X. We show that in almost every point they form dense subsets in the sets of flats through x and Weyl chambers of vertex x, respectively. We also define the notion of horizon of an infinite set in a CAT(0)-space with respect to a point.

We consider an (L, c)-quasi-isometry q : Γ → Γ and its extension to X_0 also denoted by q. We show that for every logarithmic flat F with respect to x ∈ X_0, the set q(π_0(F )) has the same horizon with respect to q(x) as a fan of Weyl chambers of vertex q(x) and for every logarithmic incidence Weyl chamber W of vertex x, q(π_0(W )) has the same horizon with respect to q(x) as a finite union of Weyl chambers of vertex q(x).

Section 4 We fix a point x in X_0. We choose a dense subset in the set of logarithmic flats with respect to x. The elements in the new dense subset are called good logarithmic branching (good l.b.) flats with respect to x. We show that for a good l.b. flat F , q(π_0(F )) has the same horizon with respect to q(x) as a fan over an apartment, and if W is a Weyl chamber in F, q(π_0(W )) has the same horizon as one Weyl chamber (Proposition 4.2.1). We also show the two essential uniformity results Proposition 4.2.6 and Proposition 4.2.7.

Section 5 By Proposition 4.2.1 we have obtained an injective map q̃ defined on a dense set of logarithmic incidence Weyl chambers. We define two new dense sets of maximal flats : the set of butterfly flats and of pistil flats, respectively.

We extend q̃ to a simplicial isomorphism Φ of ∂_∞X starting from the boundary of a pistil flat and the chamber stars of the walls in it. Then we show that Φ coincides with q̃ on a dense subset of chambers and that Φ is a homeomorphism in the cone topology. Then Φ defines an isometry g by Tits’ Theorem. We show that q is finite distance from g, and we end the proof of the two theorems.

Acknowledgments. I would like to thank Yves Guivarch for having drawn my attention on the results about logarithmic geodesics and Bernhard Leeb for useful conversations. My thanks are also due to Pierre Pansu who read my manuscript and made useful comments.

2 Preliminaries

2.1 Euclidean cone over a metric space

Let (Y, d) be a metric space of diameter at most π. We call Euclidean cone over Y the space Y × [0, +∞)/Y × {0} with the metric

d((x, t), (y, s)) = (t^2 + s^2 − 2st cos d_Y (x, y))^{1/2} .

We call δ-Euclidean cone over Y the space Y × [0, δ)/Y × {0} with the same metric.

2.2 Generalities on spherical buildings

We use the notions of spherical building and Euclidean building with their geometric definitions given in [KlL, §3.2, §4.1]. Let Σ be a spherical building of rank r. All its chambers are isometric. Let Δ_{mod} be the spherical simplex in S^{r−1} representing this class of isometry. We call it the model chamber. We call codimension 1 walls panels. Let M be a wall in Σ. The chamber star of M, St M, is the set of chambers containing M.

As any spherical building, Σ admits a labelling [Br, IV.1, Proposition 1]. Throughout the whole paper, if Σ has rank r, we will automatically use the labels {1, 2, . . . , r} for the vertices of the chambers and for the opposite panels. Using this labelling one can define a projection p : Σ → Δ_{mod} on the labelled model chamber. Every isometry of Δ_{mod} defines a change of labelling of its vertices and panels. By means of the projection p, this new labelling on Δ_{mod} induces a new labelling on Σ. We call this change of labelling an isometric change of labelling.

All the apartments of Σ are isomorphic to a finite Coxeter complex S determined by a finite Coxeter group Cox. We call them the Coxeter complex and the Coxeter group associated to Σ. We call singular hyperplanes the hyperplanes of reflexion in the apartments. Each singular hyperplane splits any apartment containing it into two parts, called half-apartments. By convex sets in Σ we designate apartments and intersections of halfapartments. By convex hull of a subcomplex contained in an apartment we mean the minimal convex set containing it. We call singular planes nonempty intersections of singular hyperplanes. Two chambers are called opposite if there is no half-apartment containing both of them. By [Ti, Proposition 3.25], if two chambers are opposite, there is a unique apartment containing them.

As shown in [KlL, §3.2], any spherical building can be endowed with a metric which makes it a CAT(1)-space and its apartments isometric copies of the Euclidean sphere S^{r−1}. In any apartment, A, it can be then defined a natural opposition isomorphism op_A : A → A. Two opposite chambers in the sense of the previous definition are images of one another by the opposition involution in the unique apartment containing them.

Lemma 2.2.1. Let A and A^′ be two apartments of Σ and ϕ : A → A^′ a simplicial isomorphism. Up to an isometric change of labelling on the target building Σ, ϕ is an isomorphism of labelled simplicial complexes.

Proof. It is an immediate consequence of [Ti, §2.6]. ♦ Let op_A : A → A be the opposition isomorphism on an apartment. By the previous lemma there exists a permutation, op : {1, 2, . . . r} → {1, 2, . . . r}, and an isometric change of labelling on Σ induced by it on the target building making op_A an isomorphism of labelled simplicial complexes. The map op does not depend on the chosen apartment A (easy consequence of the definition of a spherical building).

Two chambers W and W^′ having a panel labelled by i in common are called iadjacent. A gallery between two chambers W and W^′ is a finite sequence of chambers, W_0 = W, W_1, . . . , W_k, W_{k+1} = W^′, such that for every j ∈ {0, 1, 2, . . . , k} the chambers W_j and W_{j+1} have a panel in common. The length of the gallery is the number of chambers composing it. A nonstammering gallery is a gallery for which W_j ≠ W_{j+1}, ∀j ∈ {0, 1, 2, . . . , k}. If for every j the chambers W_j and W_{j+1} are i_j - adjacent, where i_j ∈ {1, 2, . . . , r}, we call (i_0, i_1, i_2, . . . , i_k) the type of the gallery . A minimal gallery between W and W^′ is a gallery of minimal length. The combinatorial distance between W and W^′ is the common length of all minimal galleries between them. Convex sets in Σ have the property of containing, together with a pair of chambers, all minimal galleries between them [Ti, Theorem 2.19].

Let A be an apartment of Σ and W a chamber in it. We define the map retr_{A,W} : Σ → A sending each chamber joined to W by a minimal gallery of type (i_0, i_1, i_2, . . . , i_k) to the unique chamber in A joined to W by a gallery of the same type. The image does not depend on the chosen minimal gallery, and the map retr_{A,W} is contractible with respect to the combinatorial distance [Ti, §3.3 − 3.6].

Lemma 2.2.2. Let W_1 and W_2 be two chambers in an apartment A and D their convex hull. Let ϖ = op_A ∘ retr_{A,W1} . We denote Op_{W1} (W_2) = {W ∈ Σ | ϖ(W) = W_2}.

(i) The set Op_{W1} (W_2) does not depend on the choice of the apartment A containing W_1 and W_2. The chambers W in Op_{W1} (W_2) are the chambers opposite to W_2 such that W_1 is contained in a minimal gallery from W to W_2.

(ii) The map associating to each W ∈ Op_{W1} (W_2) the apartment determined by it and W_2 is a bijection onto the set of apartments containing D.

Proof. Both (i) and (ii) are consequences of the definition of a building, of the properties of opposite chambers and of [Ti, Lemma 4.2]. ♦

A bilipschitz sphere in Σ is a finite union of chambers which is the image of a bilipschitz embedding of S^{r−1}.

Lemma 2.2.3. Let Σ be a spherical building. Suppose all its apartments have p_0 +1 = 2q_0 chambers.

(i) Any bilipschitz sphere in Σ has at least p_0 + 1 chambers.

(ii) A bilipschitz sphere in Σ which has exactly p_0 + 1 chambers is an apartment. (iii) If Σ has rank two, then any two chambers between which there exists a nonstammering gallery of lenght q_0 + 1 are opposite.

Proof. (i) Let BS be a bilipschitz sphere, W a chamber in BS and A an apartment containing W. We consider the retraction retr=retr_{A,W} . For every W^′ chamber in A there is a minimal gallery G of type (i_0, i_1, . . . , i_k) joining W^′ to W. In BS we can obviously construct a gallery G^′ of the same type starting from W, and G^′ will also be minimal [R, chapter 3, (3.1)(iv)]. Then retr(G^′) = G. Thus retr(BS) = A.

(ii) In this case retr|_{BS} is also injective on the set of chambers, so an isomorphism of simplicial complexes.

(iii) is an easy consequence of the fact that in a building of rank two there do not exist cycles of length smaller than p_0 + 1. ♦

2.3 Symmetric spaces and Euclidean buildings

2.3.1 The Tits boundary

Let (X, d) be a CAT(0)-space. We consider its boundary at infinity, ∂_∞X [B]. For every x in X and α in ∂_∞X, there exists a unique geodesic ray r_α satisfying r_α(0) = x, r_α(∞) = α. We shall sometimes denote it by [x, α). If X is a symmetric space, the map φ_x : ∂_∞X → T_xX, φ_x(α) = ṙ_α(0) is a bijection. The topology on ∂_∞X that makes φ_x a homeomorphism is called the cone topology. The cone topology does not depend on the chosen point x.

Let [x, a) and [x, b), a, b ∈ X, be nondegenerate geodesic segments. We consider the triangle x̄āb̄ in R^2 having the same edge lengths as the geodesic triangle with vertices x a and b in X. We denote the angle obtained in x̄āb̄ in the vertex x̄ by ~∠_x(a, b) and we call it the comparison angle between a and b seen from x.

Suppose now that a, b ∈ X � ∂_∞X. We denote by a_t the element on the geodesic segment or ray [x, a) at distance t of x and by b_s the element on [x, b) at distance s of x. The angle between the geodesic segments or rays [x, a) and [x, b) is defined as

∠_x(a, b) := lim_{t,s→0} ~∠_x(a_t, b_s) .

If X is a Riemannian manifold, ∠_x(a, b) coincides with the angle between the tangent vectors of the two geodesic segments or rays in x. The comparison angle ~∠_x(a, b) is in general not equal to the angle ∠_x(a, b), but larger [KlL, Triangle Filling Lemma 2.1.4]. Since an angle in an Euclidean triangle depends on the ratios between lengths of edges, the comparison angle gives information rather on the order of d(a, b) compared to the order of d(x, a) and d(x, b) than on the angle between the segments [x, a) and [x, b).

The Tits metric on ∂_∞X is the metric defined by

d_T (α, β) := sup_{x∈X} ∠_x(α, β), ∀α, β ∈ ∂_∞X.

Let X be a symmetric space or an Euclidean building of rank r ≥ 2. The boundary ∂_∞X with the Tits metric is a spherical building of rank r ([Mo, Chapters 15,16], [BGS, Appendix 5], [KlL, §4.2.1]). It follows that ∂_∞X admits a labelling by means of which one can define a projection p : ∂_∞X → Δ_{mod} on a model chamber. If X is a symmetric space, for every x in X one can also define a projection p_x : T_xX → Δ_{mod} by p_x = p ∘ φ^{−1}_x .

Let F be a maximal flat (an apartment) in X. We call singular hyperplane in F a hyperplane in F which appears as the intersection of F with another maximal flat (apartment). We call singular plane in F a nonempty intersection of singular hyperplanes. A singular hyperplane splits each apartment containing it into two half-apartments. We call Weyl polytope an intersection of half-apartments. We notice that with this definition we include in the class of Weyl polytopes singular (hyper)planes and polytopes in them. The nonempty intersection of two apartments is always a Weyl polytope. We say that a singular plane of dimension d supports a Weyl polytope if they are both contained in the same apartment F and the plane intersects the boundary of the polytope in a set of dimension d.

Let M be a wall of a Weyl chamber of vertex x. The chamber star of M, St M, is the set of Weyl chambers of vertex x containing M.

Let F be a maximal flat (an apartment) in X, H a singular (hyper)plane in F and W a Weyl chamber in X. We denote by F (∞), H(∞) and W (∞) the boundaries at infinity of F, H and W respectively, considered as subsets of ∂_∞X. The boundary at infinity of a maximal flat (an apartment) determines it : F_1(∞) = F_2(∞) implies F_1 = F_2. The boundaries of maximal flats (apartments) in X are precisely the apartments of ∂_∞X, the boundaries of Weyl chambers are the chambers of ∂_∞X. If H is a singular (hyper)plane in a flat F , H(∞) is a singular (hyper)plane in F (∞).

A sequence W_0, W_1, W_2, . . . , W_{k+1} of Weyl chambers of vertex x is called a minimal gallery of type (i_0, i_1, i_2, . . . , i_k) from W_0 to W_{k+1} if W_0(∞), W_1(∞), W_2(∞), . . . , W_{k+1}(∞) is a minimal gallery of type (i_0, i_1, i_2, . . . , i_k) in ∂_∞X.

Definition 2.3.1. We call fan of vertex x a union of Weyl chambers of vertex x, ∪^p_{i=0}W_i, such that ∪^p_{i=0}W_i(∞) is a bilipschitz sphere in (∂_∞X, d_T ).

If ∪^p_{i=0}W_i(∞) is moreover an apartment, ∪^p_{i=0}W_i is called a fan over an apartment.

If X is a symmetric space, every isometry g of X induces a map on the boundary, ∂g : ∂_∞X → ∂_∞X, which is a simplicial isomorphism with respect to the spherical building structure and an homeomorphism with respect to the cone topology. The following converse statement plays an essential part in our reasoning.

Theorem 2.3.2 (Tits, [Ti]). Let X be a nonpositively curved symmetric space with no rank one factors. Let Φ : ∂_∞X → ∂_∞X be a simplicial isomorphism with respect to the spherical building structure and an homeomorphism with respect to the cone topology. Then there exists a unique isometry g of X such that Φ = ∂g.

2.3.2 The building of directions

Let K be a CAT(0)-space and x a point in K. Two nondegenerate geodesic segments or rays starting from x, [x, a) and [x, b), have the same direction in x if ∠_x(a, b) = 0. The space of directions in x of K is the space of equivalence classes of nondegenerate geodesic segments and rays starting from x with respect to the equivalence relation “same direction in x”. We denote it by Σ_xK. We denote the equivalence class containing the segment or the ray [x, a) by xa. The space Σ_xK is a metric space with the metric d_x(xa, xb) = ∠_x(a, b). If K is a symmetric space, we identify (Σ_xK, d_x) with the unit tangent vector space in x, by identifying each equivalence class xa with the common unit tangent vector.

Proposition 2.3.3 ([KlL]). If K is a homogeneous Euclidean building then, for every x in K, (Σ_xK, d_x) is a spherical building. Its apartments are the sets of directions F_x = {xa : [x, a] ⊂ F }, where F is an apartment through x, and its chambers are W_x = {xa : [x, a] ⊂ W }, where W is a Weyl chamber of vertex x.

Let K be a homogeneous Euclidean building. From the previous proposition it follows that for every x ∈ K, (Σ_xK, d_x) and (∂_∞K, d_T ) have the same associated Coxeter complex S and Coxeter group Cox. We call them the Coxeter complex and the Coxeter group associated to K. As in the symmetric space case, for every x ∈ K we can define a map φ_x : ∂_∞K → Σ_xK by φ_x(α) = xα. The definition of the Tits metric implies that φ_x is a contraction. In general, it is not a bijection. If we fix a labelling on ∂_∞K, for every x ∈ K we may choose a compatible labelling on Σ_xK. That is, if p_x : Σ_xK → Δ_{mod} is the corresponding projection and P : ∂_∞K → Δ_{mod} is the projection corresponding to the labelling on ∂_∞K, then p_x ∘ φ_x = P . In the sequel we shall always suppose that each time we have chosen a labelling on ∂_∞K, we have correspondingly chosen compatible labellings on all Σ_xK, x ∈ K. Then for every geodesic ray [x_0, α) in K, for all x ∈ [x_0, α) we have p_x(xα) = P (α) = θ. We call θ the direction of the ray [x_0, α).

Since every geodesic segment [x, y] can be prolongated to a ray, the previous reasoning also implies that for every t ∈ (x, y) we have that p_t(ty) = p_x(xy) = θ. Then θ is called the direction of the segment [x, y]. In both cases, if θ is in the interior of Δ then the ray or the segment are called regular, otherwise they are called singular.

2.3.3 Bilipschitz flats in Euclidean buildings

Let K be an Euclidean building of rank r. We call L-bilipschitz flat in K the image of an L-bilipschitz embedding of R^r in K. B. Kleiner and B. Leeb proved that a bilipschitz flat in an Euclidean building has the following properties :

Proposition 2.3.4 ([KlL]). Let BF be an L-bilipschitz flat in K. Then :

(i) There exists a finite set of apartments, F_1, F_2, . . . F_m in K, such that BF ⊂ ∪^m_{i=1}F_i.

Moreover the number of apartments m is bounded by a constant M depending only on L.

(ii) For every point y in BF there exists δ > 0 and W_0, W_1, . . . W_ℓ Weyl chambers of vertex y such that BF ∩ B(y, δ) = ∪^ℓ_{i=0}W_i ∩ B(y, δ) .

Moreover, ∪^ℓ_{i=0}W_i ∩ B(y, δ) is a δ-Euclidean cone over a bilipschitz sphere in Σ_yK and the number of Weyl chambers ℓ is bounded by a constant M^′ depending only on L. (iii) Let x be a point in K and y be a point in BF . The geodesic segment [x, y] can be prolongated to a geodesic ray [x, α) = [x, y] ∪ [y, α) such that [y, α) ⊂ BF .

See [KlL, Corollary 6.2.3, Lemma 7.2.3, Corollary 7.2.4] for proofs of these properties. From the previous properties of bilipschitz flats we may deduce that for every bilipschitz flat BF and for every point x the set of points in BF which are in regular directions starting from x is dense in BF .

Corollary 2.3.5. Let BF be an L-bilipschitz flat and x a point in K. We define the map P_x : K \ {x} → Δ_{mod} by P_x(y) = p_x(xy). The set BF ∩ P^{−1}_x (Int Δ_{mod}) is dense in BF .

Proof. We reason by contradiction and suppose that for a certain point z in BF there exists ε > 0 such that P_x(B(z, ε) ∩ BF ) ⊂ ∂Δ_{mod}. We consider the restriction P^′_x : B(z, ε) ∩ BF → ∂Δ_{mod}. Let θ be a fixed point in the image of P^′_x. For every y in (P^′_x)^{−1}(θ) the geodesic segment [x, y] can be prolongated to a ray [x, α) as in Proposition 2.3.4, (iii). Then P (α) = θ and α ∈ ∪^m_{i=1}F_i(∞), where F_1, F_2, . . . F_m is the finite set of apartments covering BF . Then there is a finite set of possibilities for α, {α_1, α_2, . . . α_k}. We have thus proved that (P^′_x)^{−1}(θ) ⊂ ∪^k_{j=1}[x, α_j ). This implies that the topological dimension of (P^′_x)^{−1}(θ) is at most 1. By [N, Theorem III.6], the topological dimension of B(z, ε) ∩ BF is at most dim ∂ Δ_{mod} + 1, so at most r − 1. But B(z, ε) ∩ BF contains the bilipschitz image of a small ball in R^r, so its dimension is at least r, which gives a contradiction. ♦

2.4 Ultralimits and asymptotic cones

2.4.1 In order to define ultralimits and asymptotic cones we need nonprincipal ultrafilters. A nonprincipal ultrafilter is a probability measure ω : P (N) → {0, 1}, finitely additive, such that ω(A) = 0 for all A ⊂ N, A finite. Nonprincipal ultrafilters always exist [Dr, §2.1]. A nonprincipal ultrafilter ω “chooses” one among a finite set of possibilities, and this will be the only possibility that will “count” in the reasonings made ω-almost surely. Indeed, for every partition N =

�_k

i=1 A_i there exists i_0, 1 ≤ i_0 ≤ k, such that ω(A_{i0} ) = 1 and ω(A_i) = 0, ∀i ≠ i_0.

In a topological space X the ω-limit of a sequence (a_n) is an element a such that for every neighborhood V of a, ω({n ∈ N | a_n ∈ V }) = 1. The convergence of all ultrafilters characterizes compact sets [Bou, I.9.1]. Hence, every sequence in a compact set has an ω-limit. In particular, every bounded numerical sequence has an ω-limit.

Let (X_n, d_n) be a sequence of pointed metric spaces with x_n fixed basepoints in X_n. We consider the set of sequences

S = {(y_n) | y_n ∈ X_n, d(x_n, y_n) ≤ c_y, ∀n ∈ N} ,

on which we define the equivalence relation

(y_n) ∼ (z_n) ⇔ lim_ω d_n(y_n, z_n) = 0.

The quotient space S/ ∼ is called the based ultralimit of the sequence of pointed metric spaces (X_n, d_n, x_n) and it is denoted either by X_ω or by lim_ω(X_n, d_n, x_n). We shall denote the equivalence class containing the sequence (y_n) either by [y_n] or by y_ω. The space X_ω is a metric space with the metric d(y_ω, z_ω) = lim_ω d_n(y_n, z_n), and it also has a basepoint x_ω = [x_n]. As a metric space X_ω is complete [KlL, Lemma 2.4.2].

If the sequence of pointed metric spaces (X_n, d_n, x_n) converges to a pointed metric space (Y, d, y) in the modified Hausdorff metric [Gr_1, §6], then for every nonprincipal ultrafilter ω, the based ultralimit (X_ω, d, x_ω) is isometric to (Y, d, y) [KlL, Lemma 2.4.3]. In particular the same thing happens if X_n are all compact and the sequence converges in the Hausdorff metric to a compact metric space Y . But in general, sequences of metric spaces do not have limits in the (modified) Hausdorff metric.

A subset A ⊂ X_ω is called limit set if there exists a sequence of sets A_n ⊂ X_n such that A = {[x_n] ; x_n ∈ A_n ω-a.s.}. We set A = [A_n].

Remark 2.4.1. A limit set is a closed subset of the based ultralimit.

Proof. Let A be a limit set, A = [A_n]. Let a_ω = [a_n] ∈ A. The metric space (A, d, a_ω) is the ω-based ultralimit of the sequence (A_n, d_n, a_n), hence it is complete. This implies that it is closed in (X_ω, d). ♦ We now define the asymptotic cone of a metric space (X, d). It is meant to be a kind of limit space representing X “seen from infinitely far away”. Let ω be a nonprincipal ultrafilter, f_0 : N → X a sequence called sequence of observation centers, and (ι_n) ∈ R^N a numerical sequence, ι_n → ∞, called sequence of scalars. The ω-asymptotic cone of X with respect to the observation centers (f_0(n)) and scalars (ι_n), denoted by Con_ω(X, f_0, (ι_n)) is the ω-based ultralimit of the sequence of metric spaces � X,^1_{ιn} d, f_0(n) � . For generic metric spaces X, the asymptotic cone depends on the chosen nonprincipal ultrafilter, as well as on the observation points and on the scalars. So generic metric spaces have an infinity of asymptotic cones associated to them.

The notion of asymptotic cone was introduced by M. Gromov ([Gr_1], [Gr_2]), L. Van Den Dries and A. J. Wilkie ([VDW]). Other references are [KlL] and [Dr].

Let R^k be an Euclidean space with the Lebesgue measure ν. Let B be the σ-algebra of Borel sets and B^0 its completion, the σ-algebra of measurable sets. Any asymptotic cone, Con_ω(R^k, (x_n), (ι_n)), is isometric to R^k. We denote such a cone by R^k_ω. Since R^k has plenty of homotheties, we can also see R^k_ω as the based ultralimit lim_ω(R^k, x_n). For every sequence of sets A_n ⊂ R^k such that A_n ∈ B^0 and d(x_n, A_n) ≤ c_Aι_n, we can consider the limit set A_ω = [A_n] and we can define a measure of A_ω by

ν_ω(A_ω) = lim_ω ν(A_n) (ι_n)^k . Equivalently, by looking at R^k_ω as lim_ω(R^k, x_n), we can consider sequences A_n ⊂ R^k such that A_n ∈ B^0 and d(x_n, A_n) ≤ c_A, limit sets A_ω = [A_n], and we can define ν_ω(A_ω) = lim_ω ν(A_n). Let B_ω := {A_ω = [A_n] | A_n ∈ B ω-almost surely} and B^0_ω := {A_ω = [A_n] | A_n ∈ B^0 ω-almost surely}. Both are algebras of sets. We show that B_ω ⊂ B, that

B^0_ω ⊂ B^0 and that ν_ω is a restriction of ν. Let x_ω = [x_n]. Obviously A_ω = [A_n] = [A_n], where A_n is the topological closure of A_n, so we may consider only limits of closed sets. Since A_ω = ∪_{m∈N}A_ω ∩ B(x_ω, m), we can restrict ourselves to bounded limit sets, limits of bounded sets. So in the end we may consider only limits of compact sets. By [Gr_1, §6], any sequence A_n ⊂ R^k of compact subsets uniformly bounded of R^k has as ω-limit in the Hausdorff metric a compact subset A ⊂ R^k. By [KlL, Lemma 2.4.3], A_ω is isometric to A. We conclude that B_ω ⊂ B and that ν_ω(A_ω) = ν(A) = ν(A_ω). The inclusion B_ω ⊂ B is strict since open balls are not in B_ω. The previous reasoning also implies that in the case of unbounded closed sets A_ω = [A_n], A_ω is isometric to the ω-limit of (A_n) with respect to the modified Hausdorff metric and that ν_ω(A_ω) = ν(A_ω) (see also [Gr_1, §6, Compactness Criterion]). Thus, the measure ν_ω is well defined. Moreover ν_ω = ν|_{Bω} . We can easily extend our conclusions to B^0_ω and B^0.

2.4.2 We have the following result

Theorem 2.4.2 ([KlL]). Let X be a symmetric space or an Euclidean building. Every asymptotic cone of X, K = Con_ω(X, (x_n), (ι_n)), is a homogeneous Euclidean building having as apartments limit sets of sequences of maximal flats in X. Moreover, the singular (hyper)planes, the Weyl chambers and their walls and the Weyl polytopes are limit sets of sequences of objects of the same kind in X. In particular, ∂_∞K and ∂_∞X are two spherical buildings with the same model chamber Δ_{mod}, the same Coxeter complex and the same Coxeter group.

If we fix a labelling on the spherical building ∂_∞X, it induces a labelling on ∂_∞K. We can then define a projection P : ∂_∞K → Δ_{mod} with respect to this labelling. In the sequel we shall always consider the boundaries at infinity of the asymptotic cones with the labellings induced by the ones on ∂_∞X.

In this particular case of Euclidean buildings (obtained as asymptotic cones), we shall sometimes call the apartments maximal flats.

In the sequel we shall also need the following simple remark

Lemma 2.4.3. Let X be a symmetric space or an Euclidean building and F^0 and F^1 be two maximal flats in it whose boundary at infinity intersect in the (convex) set C. Then in any asymptotic cone of X with fixed observation point x, Con_ω(X, x, ι_n), the limit maximal flats F^0_ω and F^1_ω intersect in an Euclidean cone of vertex x_ω = [x] over C.

Proof. Let Con_ω(X, x, ι_n) be an asymptotic cone of X with fixed observation point x and x_i be the projection of x on F^i, i = 0, 1. The Euclidean cone in F^0 over C of vertex x_0 and the Euclidean cone in F^1 over C of vertex x_1 are at Hausdorff distance d(x_1, x_2). So in the asymptotic cone their limit sets coincide and give an Euclidean cone over C contained both in F^0_ω and F^1_ω , of vertex [x_0] = [x_1] = [x].

Now let y_ω be an arbitrary point in F^0_ω ∩ F^1_ω at distance δ > 0 from x_ω. Then y_ω = [y^0_n] = [y^1_n], where (y^i_n) is a sequence of points in F^i, i = 0, 1, with lim_ω^{d(x,yin)}_{ιn} = δ. The sequence (y^i_n) will then have as ω-limit in the compactification of X a point α_i in the boundary of F^i, i = 0, 1.

The equality [y^0_n] = [y^1_n] implies that lim_ω^{d(y0n,y1n)}_{ιn} = 0, so also that lim_ω^{d(y0n,y1n)}_{d(x,yin)} = 0, i = 0, 1. Then the ω-limit of the angle ∠_x(y^0_n, y^1_n) is zero. This implies that α_0 = α_1 = α which is a point in C = F^0(∞) ∩ F^1(∞). Now if we look in F^0 at the geodesic ray [x_0, α) and at the geodesic segments [x_0, y^0_n], the ω-limit of the angle between them must be 0. Then, if z_n is the projection of each y^0_n on [x_0, α), we have that lim_ω^{d(zn,y0n)}_{d(x,y0n)} = 0, which implies lim_ω^{d(zn,y0n)}_{ιn} = 0. Thus, in the asymptotic cone, y_ω coincides with [z_n], which is a point in the limit set of [x_0, α). It follows that y_ω is contained in the Euclidean cone of vertex x_ω over C which the maximal flats F^0_ω and F^1_ω had in common. ♦

2.5 Preliminaries on semisimple groups

Let G be a semisimple group of rank r ≥ 2, with finite center and without compact factors and let K be a maximal compact subgroup. We consider G and K as fixed and verifying these conditions for the rest of the paper. Let X = G/K be the symmetric space associated to G and x_0 = eK ∈ X. For any point x ∈ X \ {x_0}, we denote by K_x the maximal compact subgroup fixing it.

In the sequel every group H is considered with its Haar measure μ_H and with a left invariant metric d_H on it (the canonical one, each time it is the case). Every homogeneous space H/H_1 is considered with its H-invariant natural measure and metric. Whenever a set of maximal flats or Weyl chambers is parametrized in a one-one fashion by a group or a homogeneous space, we automatically consider it endowed with the induced measure and metric.

We introduce some notations and we choose a finite family of small unipotents in G which will be useful in proving the density results in Section 3.2. The reference for the general theory of semisimple groups and symmetric spaces is [He].

2.5.1 The group G acts on itself by conjugacy, so we may define the group homomorphism a : G → Aut(G), a(g_0)(g) = g_0gg^{−1}_0 .

Let g be the Lie algebra of G which we may identify, as a vector space, with the tangent space T_eG. The homomorphism a induces the adjoint representation Ad : G → GL(g), Ad(g) = d_ea(g).

Let s_0 be the geodesic symmetry in X with respect to the basepoint x_0. Then Ad(s_0) is an involution of g. Let g = p ⊕ k be the decomposition of g as sum of proper spaces of Ad(s_0), p corresponding to the proper value −1 and k to 1. It is well known that k is the Lie algebra of K and that p can be identified to T_{x0} X as a vector space. We choose (and fix) a maximal R-torus A in G, whose Lie algebra a is a maximal abelian subalgebra of g contained in p. Then Ax_0 is a maximal flat in X which we denote by F_0. We also denote F_0(∞) by F_0. We denote by Z(A) and N(A) the centralizer and the normalizer of A in G, respectively.

We have the following decomposition of the Lie algebra as a direct sum g = g_0 ⊕ ⊕_{α∈Ξ}g_α, where Ξ is the set of roots with respect to A, g_α = {Y ∈ g | ∀a ∈ A, Ad(a)(Y ) = α(a)Y }, and g_0 = {Y ∈ g | ∀a ∈ A, Ad(a)(Y ) = 0}.

Notations : For every α ∈ Ξ we denote A_α = Ker α, D^+_α = {a ∈ A | α(a) ≥ 1} and K_α = K ∩ Z(A_α). For every Λ ⊂ Ξ we denote A_Λ = ∩_{α∈Λ}A_α, D^+_Λ = ∩_{α∈Λ}D^+_α and K_Λ = K ∩ Z(A_Λ). We also denote K_A = K ∩ Z(A).

We remind that A_αx_0 is a singular hyperplane in F_0, which we denote by H^α_0 , D^+_α x_0 a half of F_0 determined by this hyperplane, which we denote by D^+_α and that K_α/K_A parametrizes the family of maximal flats containing H^α_0 . Similarly A_Λx_0 is a singular plane of codimension card Λ, which we denote by H^Λ_0 and D^+_Λ x_0 is a convex set which appears as intersection of the half-flats D^+_α , α ∈ Λ, and which we denote D^+_Λ . Also K_Λ/K_A parametrizes the family of maximal flats containing H^Λ_0 .

The finite group (K ∩ N(A))/K_A coincides with the Coxeter group of the Coxeter complex determined on F_0(∞) by the boundaries at infinity of singular hyperplanes. We choose (and fix) e = σ_0, σ_1, . . . , σ_{p0} , a system of representatives for (K ∩ N(A))/K_A.

We fix a Weyl chamber ◁A_0 in A. Let Δ_0 = {α_1, α_2, . . . , α_r} be the fundamental set of roots and let Ξ_+ be the set of positive roots corresponding to it. The orbit ◁A_0x_0 is a Weyl chamber in X that we denote by W_0, and we denote W_0(∞) by W_0. If u_0 = ⊕_{α∈Ξ+} g_α, then the group U_0 = exp u_0 is the unipotent group associated to the Weyl chamber ◁A_0. The group U_0 acts simply transitively on the set of flats of X asymptotic to W_0. The flats asymptotic to W_0 correspond to the apartments in ∂_∞X containing W_0, and this set of apartments can be identified with the set of chambers in ∂_∞X opposite to W_0. We conclude that U_0 acts simply transitively on the set of chambers opposite to W_0.

We consider all the Lie subalgebras of g of the form u_Ψ = ⊕_{α∈Ψ}g_α, where Ψ ⊂ Ξ_+, Ψ ≠ Ξ_+, and U_Ψ = exp u_Ψ. The subspace ⊕_{α∈Ψ}g_α is a Lie subalgebra if and only if Ψ is closed with respect to the addition.

Notation : Let α ∈ Ξ_+ and Ψ_α = Ξ_+ ∩ {mα | m ∈ N}. We denote u_{Ψα} by u_α and U_{Ψα} by U_α.

The group U_Ψ acts simply transitively on the set of flats asymptotic to D^+_Ψ, so on the set of apartments containing D^+_Ψ(∞).

In the sequel we choose and fix a chamber W_1 in F_0 such that D^+_Ψ(∞) is the convex hull of W_0 and W_1. By Lemma 2.2.2, the set of apartments containing D^+_Ψ(∞) can be identified with the set of chambers Op_{W0} (W_1). So U_Ψ acts simply transitively on Op_{W0} (W_1). In particular the group U_α acts simply transitively on the set of apartments containing the half-apartment D^+_α . Suppose α ∈ Δ_0. Then this set of apartments can be identified with the set of chambers having in common with W_0 one panel contained in H^α_0 (∞). So on ∂_∞X the action of an element of U_α can be seen as fixing the half-apartment D^+_α (∞) and “rotating the other half-apartment of F_0 around H^α_0 (∞)”.

We consider the map retr=retr_{F0,W0} : ∂_∞X → F_0 and op_{F0} : F_0 → F_0. For every W ∈ Op_{W0} (W_1), retr(W) =op_{F0} (W_1) = W^{op}_1 . Let W_0 = ~W_0, ~W_1, . . . , ~W_{m+1} = W^{op}_1 be a minimal gallery and W_0 = ~W_0, ~W_1, . . . , ~W_{m+1} = W^{op}_1 the corresponding minimal gallery of Weyl chambers of vertex x_0 in F_0. Let α_j be the root such that D^+_{αj} contains ~W_j and does not contain ~W_{j+1}, j ∈ {0, 1, 2, . . . m}. Then, by [R, §4], the map

U_{α0} × U_{α1} × U_{α2} × · · · × U_{αm} −→ U_Ψ (u_{α0} , u_{α1} , u_{α2} , . . . , u_{αm} ) −→ u_{α0} · u_{α1} · u_{α2} · · · · u_{αm}

is a diffeomorphism. The significance of this diffeomorphism is that the chambers in Op_{W0} (W_1) can be parametrized in two different ways. The first one is by means of the group U_Ψ. The second one can be seen as follows. Every chamber W ∈ Op_{W0} (W_1) may be joined to W_0 by a minimal gallery W_0 = ~W^′_0, ~W^′_1, . . . , ~W^′_{m+1} = W of the same type as W_0 = ~W_0, ~W_1, . . . , ~W_{m+1} = W^{op}_1 and whose image by the retraction retr is precisely this last gallery. In order to obtain the first gallery from the last one, one may “rotate”, one by one, each chamber in the gallery around the panel which it has in common with the previous chamber in the gallery. This finite sequence of rotations allowing to finally send W^{op}_1 on W can be written, in terms of actions of isometries, as a product u_{α0} · u_{α1} · u_{α2} · · · · u_{αm} . This product is uniquely determined by the gallery ~W ′_0, ~W ′_1, . . . , ~W ′_{m+1}, so by W, and it determines W.

2.5.2 Obviously, for every Ψ ⊂ Ξ_+, Ψ ≠ Ξ_+, dim U_Ψ <dim U_0. Therefore � U_0 \ � U_Ψ � ∩ B(e, δ) ≠ ∅, ∀δ > 0.

We choose and fix u_0 ∈ � U_0 \ � U_Ψ � ∩ B(e, δ) for δ sufficiently small. The main properties of u_0 are that u_0F_0 is a maximal flat whose boundary at infinity intersects F_0 in W_0 and that the Hausdorff distance between W_0 and u_0W_0 is small.

Let now Δ_0, Δ_1, . . . Δ_{p0} be all possible fundamental sets of roots, corresponding to the Weyl chambers ◁A_0, ◁A_1, . . . , ◁A_{p0} of A. For each Δ_i we repeat the previous argument and obtain the small unipotent element u_i, i ∈ {1, 2, . . . p_0}. We thus obtain the finite family of small unipotents {u_0, u_1, . . . u_{p0} }, which we shall use in the sequel.

Notations : We consider the sets K = K/K_A, K_α = K_α/K_A and K_Λ = K_Λ/K_A. We denote π_A : K → K. We denote by d_K the K-invariant metric on K. Similarly, d_{Kα} , d_{KΛ} are the K_α and K_Λ-invariant metrics on K_α and K_Λ respectively. By k̄F_0 and k̄W_0, k̄ ∈ K, we mean kF_0 and kW_0 respectively. In the sequel we shall often identify K with the set of Weyl chambers of vertex x_0 by identifying k̄ ∈ K with k̄W_0. With this identification, the topology induced on K by d_K is equivalent to the topology induced on the set of Weyl chambers of vertex x_0 by the modified Hausdorff metric [Gr_1, §6] with basepoint x_0. Since there is a bijection between the Weyl chambers of vertex x_0 and the chambers in ∂_∞X [Dr, Lemma 2.16], we may also identify K with the set of chambers in ∂_∞X by identifying k̄ ∈ K with k̄W_0.

For g in G, we denote

Ω(g) = {k^{op} ∈ K | k^{op}W_0 is opposite to gW_0 in ∂_∞X} ;

Ω_n(g) = {k^{op} ∈ Ω(g) | the unique maximal flat F (k^{op}) asymptotic to

gW_0 and k^{op}W_0 satisfies d(x_0, F (k^{op})) < n}.

Since the Tits metric is lower semicontinuous with respect to the cone topology [BGS, §4.9], Ω(g) and Ω_n(g) are open sets in K.

Lemma 2.5.1. Let g ∈ G. Then there exist m_0, m_1, . . . m_{p0} , positive real numbers depending on g such that K = ∪^{p0}_{i=0}Ω_{mi} (gσ_i).

Proof. By [Ti, Lemma 4.2], each chamber W in ∂_∞X has at least an opposite chamber in gF_0. This implies K = ∪^{p0}_{i=0}Ω(gσ_i). If we replace Ω(gσ_i) by ∪_{m∈R}Ω_m(gσ_i), the compacity of K allows to conclude. ♦

3 Logarithmic flats and logarithmic Weyl chambers

3.1 Definitions

Throughout the whole paper, for a subset A in a metric space (X, d) we denote by N_δ(A) the δ-neighborhood of A : {x ∈ X | d(x, A) < δ} .

In [Su, §9], D. Sullivan has shown the following logarithm law for geodesics for finite volume hyperbolic manifolds. Let Γ be a discrete group of isometries of H^{n+1} so that V = Γ\H^{n+1} has finite volume. For every v ∈ T_xV, let ς_v be the geodesic ray of origin x tangent to v. If we consider the unit fibre bundle SV endowed with the natural finite measure, then for almost every v ∈ SV

lim sup t→∞ d(ς_v(t), ς_v(0)) log t = 1 n . This means that for every ε > 0 a generic geodesic ray wanders in the cusps of V, not farther than

�_1 n + ε � log t from its origin at a time t sufficiently large, and that for an infinite number of times t the geodesic ray goes out in the cusps at distance at least �_1 n − ε � log t from its origin. Obviously the origin ς_v(0) may be replaced by any fixed point x_0. By raising back to H^{n+1}, one obtains that a generic minimizing geodesic ray in H^{n+1} never goes farther of Γx_0 than

�_1 n + ε � log t at the time t sufficiently large, and that an infinite number of times it goes at least as far as

�_1 n − ε � log t from Γx_0. We are interested only in the first property, even without a constant as precise as^1_n and we are also interested in the time T starting from which the property is true. So for a fixed non-uniform lattice Γ in Isom (H^{n+1}), a fixed point x_0 in H^{n+1} and a fixed time T we call T -logarithmic geodesic ray a minimizing geodesic ray ς in H^{n+1} so that for all times t ≥ T, d(ς(t), Γx_0) ≤^2_n log t and d(x_0, ς(0)) ≤ log T . We call T -logarithmic geodesic a minimizing geodesic ζ in H^{n+1} so that for all times t with |t| ≥ T, d(ζ(t), Γx_0) ≤^2_n log t and d(x_0, ζ(0)) ≤ log T . The second condition in these two definitions means that the time t is almost the same thing as the distance d(x_0, ς(t)) or d(x_0, ζ(t)) respectively. The reason for this condition will become clear in the sequel when we shall try to extend these notions to the higher rank case.

In the symmetric space X of rank r ≥ 2 the geometry changes because of the presence of maximal flats, which are isometric copies of R^r. In many respects the behaviour of the flats and Weyl chambers in X is similar to the one of geodesics and geodesic rays in H^n. In some sense maximal flats and Weyl chambers in X replace geodesics ad geodesic rays in H^n. It is then natural, once we considered a non-uniform lattice Γ of isometries of X, to define logarithmic maximal flats and logarithmic Weyl chambers with respect to Γ. In the definition we must also take into account the fact that maximal flats and Weyl chambers do not have only one parameter (“the time”) anymore, but r ≥ 2 parameters. But we replace the time t by the distance ρ to a fixed point x which is not too far away from the maximal flat or the vertex of the Weyl chamber respectively.

Let then Γ be a non-uniform irreducible lattice in the semisimple group G. Let X_0 be a subspace of X constructed by cutting off a countable family of open horoballs such that Γ\X_0 is compact ([Le, Section 5]). We recall that we have fixed in Section 2.5 a point x_0 ∈ X and its stabilizer K. We construct X_0 big enough to contain N_{c0} (Γx_0), with c_0 sufficiently large.

Notation: We denote by B^X (x, R) the open ball of center x and radius R in a metric space X and by S^X (x, R) the sphere of center x and radius R.

We consider the constant M_0 = max � 1,^{20(r+1)}_ϑ � , where r is the rank of X and ϑ is the constant defined in the beginning of Section 3.2. This constant will appear in the definitions below and will play the same role as^2_n in the definitions in H^{n+1}.

Definition 3.1.1. We call R–logarithmic flat (R–l. flat) in X with respect to x a maximal flat F such that

(1) For all ρ ≥ R, S(x, ρ) ∩ F ⊂ N_{M0 log ρ}(X_0),

(2) d(x, F ) ≤ log R.

The meaning of this definition is the following : the condition (2) says that, up to a bounded perturbation, we may suppose the point x is on the maximal flat F , and the condition (1) says that all points in F which are at distance ρ ≥ R from x cannot go farther than M_0 log ρ from X_0.

Definition 3.1.2. We call affine torus in G with respect to g the submanifold gA of G, where A is the chosen maximal R-torus. We say that the affine torus gA is an R– logarithmic affine torus (we shall write R–l. affine torus) with respect to g if it has the property that for all ρ ≥ R, gS^A(e, ρ) ⊂ N_{M0 log ρ}(Γ).

Every affine torus gA with respect to g has the property that gAx_0 is a maximal flat through gx_0. If gA is moreover R–logarithmic with respect to g, then gAx_0 is an R–l. flat with respect to gx_0.

Definition 3.1.3. A Weyl chamber W in X of vertex x^′ is called an R–logarithmic incidence (R–l.i.) Weyl chamber with respect to x if d(x, x^′) ≤ log R and if there exist two R-l. flats with respect to x, F, F^′, verifying F (∞) ∩ F^′(∞) = W (∞).

Another way of formulating this is that a logarithmic incidence Weyl chamber W is at bounded Hausdorff distance from N_{log R}(F ) ∩ N_{log R}(F^′), where F and F^′ are logarithmic flats, that is, up to bounded distance, W may be identified to the intersection of two tubular neighborhoods of two logarithmic flats.

For a flat F and a point x in X, we denote the projection of x on F by proj_F x.

Definition 3.1.4. An R–logarithmic flat F with respect to x whose Weyl chambers of vertex x^′ =proj_F x are R–logarithmic incidence with respect to x is called an R–logarithmic branching (R–l.b.) flat with respect to x.

Let V = Γ\X, V_G = Γ\G and π : X → V, π_G : G → V_G the canonical projections. In our arguments we shall use the known fact that the canonical projection p : V_G → V is a principal fiber bundle with group K over V. We denote π_G(g) by ḡ and π(x) by x̄. In the sequel the same name will be used to refer to the projection of a certain object in V or V_G as for the object itself in X or G, respectively.

Examples : We call R–logarithmic affine torus in V_G with respect to ḡ the projection π_G(gA) = ḡA of an R–logarithmic affine torus in G with respect to g. We call R–logarithmic incidence Weyl chambers in V with respect to x̄ projections of R–l.i. Weyl chambers in X with respect to x.

3.2 Density

We show that for almost every point x̄ in V, almost every Weyl chamber of vertex x̄ is l.i. and almost every maximal flat through x̄ is l.b. Henceforth, by “full measure subset” we mean the complementary of a zero-measure subset.

The measure of the set L_R = {ḡ ∈ V_G | d(ē, ḡ) ≥ R} is of order e^{−ϑR}, where ϑ > 0 is a constant depending on G. We consider the sequence of sets

L_n = � ḡ ∈ V_G | d(ē, ḡ) ≥ r + 1 ϑ log n � , with measures of order^1_{nr+1} , where r is the rank of G.

In the torus A we consider the Euclidean spheres S_n = S^A(e, n), and in each sphere we consider a metric 1-net R_n ⊂ S_n, that is a subset of S_n such that S_n = N_1(R_n) and for every two elements g, g^′ ∈ R_n, d(g, g^′) ≥ 1. We construct the sequence of sets

L_n = � g_{in} ∈R_n � L_ng^{−1}_{in} ∪ L_ng^{−1}_{in} u^{−1}_0 ∪ L_ng^{−1}_{in} u^{−1}_1 ∪ · · · ∪ L_ng^{−1}_{in} u^{−1}_{p0} � , where {u_0, u_1, · · · u_{p0} } are the small unipotents chosen in Section 2.5. We have that μ(L_n) ≤ c^′ n^{r−1}μ(L_n) ≤ c^1_{n2} . This implies that Σ^∞_{n=1}μ(L_n) < ∞.

The significance of an element ḡ being in L_n is the following : the sets ḡR_n or ḡu_iR_n, i ∈ {0, 1, . . . p_0}, have points in the cusp farther than^{r+1}_ϑ log n from ē. The same thing is then true for ḡS_n and ḡu_iS_n, up to a variation of order 1, or these are projections in V_G of the spheres of center g and gu_i respectively and radius n in the affine tori gA and gu_iA. In the sequel we show that almost every element in V_G is contained in at most a finite number of sets L_n. For this we need the following classical lemma.

Lemma 3.2.1 (Borel-Cantelli). Let (X, μ) be a probability space and {f_n : X → R | n ∈ N} a family of functions such that S =

�_∞ n=1 � f_ndμ < ∞. Then for every κ > 0 we have μ ({x ∈ X | Σ^∞_{n=1}f_n(x) ≤ κ · S}) ≥ 1 − 1 κ . In particular, Σ^∞_{n=1}f_n(x) < ∞ for almost every x ∈ X.

Proof. By a straightforward computation we deduce : μ � x ∈ X |

Σ^∞_{n=1}f_n(x) S ≥ κ � ≤ 1 κ , and the other desired relations follow. ♦ We denote s = c

�_∞ n=1 1 n^2 . We apply the lemma to {1L^n | n ∈ N} and we obtain :

Lemma 3.2.2. (i) For almost every ḡ ∈ V_G, ḡA and ḡu_iA, i ∈ {0, 1, . . . p_0}, are l. affine tori with respect to ḡ and ḡu_i.

(ii) For every R ∈ R^∗_+, the set

Log(R) := {ḡ ∈ V_G | ḡA, ḡu_iA are R-l. affine tori w. r. to ḡ and ḡu_i, i ∈ {0, 1, . . . p_0}}

has measure larger than 1 −^s_{log R} .

Proof. The statement (i) is a consequence of (ii). So it suffices to prove (ii). For every R ∈ R^∗_+, by Lemma 3.2.1, the set

Log^′(R) = � ḡ ∈ V_G | ∞� n=1 1_{Ln} (ḡ) ≤ log R �

has a measure larger than 1 −^s_{log R} . Let ḡ ∈ Log^′(R). Then card {n | ḡ ∈ L_n} ≤ log R . This means that, for every n ≥ R, if ḡ ∈ L_n then there exists m ∈ N ∩ [0, 2 log R] such that :

ḡ /∈ L_{n+m} ⇔ ḡS_{n+m} ∪

p_0�

i=0 ḡu_iS_{n+m} ⊂ B(ē, M^′_0 log(n + m) + 1) ,

where M^′_0 =^{r+1}_ϑ .

So ḡS_n ∪

p_0�

i=0 ḡu_iS_n ⊂ B(ē, M^′_0 log(n + 2 log R) + 2 log R + 1) ⊂ B(ē, 4M^′_0 log n). Then,

for every ρ ≥ R,

ḡS_ρ ∪

p_0�

i=0 ḡu_iS_ρ ⊂ B(ē, 5M^′_0 log ρ + 1) ⊂ B (ē, M_0 log ρ) .

That is, ḡA and ḡu_iA are R–l. affine tori with respect to ḡ and ḡu_i, i ∈ {0, 1, . . . p_0}. We conclude that the set Log(R) contains Log^′(R) and therefore has measure larger than 1 −^s_{log R} . ♦ We notice that for a generic ḡ satisfying the property (i) of Lemma 3.2.2, gAx_0 is a logarithmic flat w. r. to gx_0 and the same is true for each gu_iAx_0 w. r. to gu_ix_0. This implies that gAx_0 is a logarithmic branching flat w. r. to gx_0. This and the Fubini Theorem give the following consequence.

Corollary 3.2.3. For almost every x in X, almost every maximal flat through x is an R–l.b. flat and almost every Weyl chamber of vertex x is R–l.i. with respect to x, for some R ∈ R^∗.

Remark 3.2.4. In [KM] it is shown that for almost every point x in X, for almost every maximal flat F through x, one has

lim sup ρ→∞ sup{d(y, Γx_0) | y ∈ F ∩ S(x, ρ)} log ρ

= c ,

where c is an universal constant.

In the sequel we suppose we have chosen our fixed point x_0 ∈ X in the full measure set described in the Corollary above.

3.3 Horizons of images by quasi-isometry

3.3.1 The group of quasi-isometries

Definition 3.3.1. Let X and Y be two metric spaces. An (L, c)-quasi-isometric embedding of X into Y is a map q : X → Y such that 1 L d(x, y) − c ≤ d(q(x), q(y)) ≤ Ld(x, y) + c, ∀x, y ∈ X .

If there exists an (L, c)-quasi-isometric embedding of Y into X, q^{−1}, such that

d(q^{−1}(q(x)), x) ≤ c, d(q(q^{−1}(y)), y) ≤ c, ∀x ∈ X, y ∈ Y ,

then q is called an (L, c)-quasi-isometry. The map q^{−1} is called the inverse quasi-isometry. Two metric spaces X and Y are called quasi-isometric if there exists a quasi-isometry between them.

Let q : Γ → Γ be an (L, c)-quasi-isometry. The group Γ may be considered with some word metric or with the induced metric ; by the Lubotzky-Mozes-Raghunathan Theorem ([LMR_1], [LMR_2]) all these metrics are bilipschitz equivalent on Γ. We can also define a quasi-isometry on the orbit Γx_0 with the induced metric by q(γx_0) = q(γ)x_0 and extend it to a quasi-isometry on X_0. We shall denote all the three of them by q.

If we identify quasi-isometries of Γ which are finite distance one from the other, the set of equivalence classes thus obtained forms a group which we denote by QI(Γ) and which we call the group of quasi-isometries of Γ.

3.3.2 Horizons of infinite sets

Let X be a CAT(0)-space and x a fixed point in X. We recall that by ~∠_x(a, b) we denote the comparison angle between a and b seen from x (defined in the Section 2.3.1).

Definition 3.3.2. Let A be a subset in X \ {x} and b a point in X \ {x}. We define

~∠_x(b, A) := inf{~∠_x(b, a) | a ∈ A},

which we call the comparison angle between the point b and the set A seen from x. If A and B are two subsets of X \ {x}, we define

~∠^H_x (A, B) := max{sup a∈A ~∠_x(a, B), sup b∈B ~∠_x(b, A)},

which we call the Hausdorff comparison angle between the sets A and B seen from x.

In an Euclidean plane ~∠_x(b, A) represents the minimal angle between the segment [x, b] and a ray of origin x intersecting A (see Figure 1). In other words it represents “how wide must one open one’s eyes in order to see the point b and a bit of the set A if one is placed in x”. In a general CAT(0)-space, ~∠_x(b, A) doesn’t have an interpretation as an angle anymore. But since angles in Euclidean spaces represent more or less ratios between lengths, the value of ~∠_x(b, A) indicates that from a metric point of view the points x and b are placed with respect to the set A similarly to points x̄ and b̄ with respect to a set A in an Euclidean planar configuration with ~∠_{x̄}(b̄, A) = ~∠_x(b, A).

Figure 1

The Hausdorff comparison angle between two sets A and B in an Euclidean plane represents “how wide must one open one’s eyes in order to be sure of seeing any of the two sets entirely together with a bit of the other set” (Figure 2). In a CAT(0)-space the information given by ~∠^H_x (A, B) is, as previously, only metric : it indicates that from a metric point of view the sets A and B are placed with respect to the point x and to one another similarly to the planar Euclidean situation described before, with the angle ~∠H_x (A, B).

This interpretation of ~∠^H_x (A, B) in a CAT(0)-space, as well as the previous one for ~∠_x(b, A), are, of course, only intuitive and not perfectly rigourous, since usually the sets A and B cannot be isometrically embedded into Euclidean planes.

Figure 2

In the sequel we shall be interested mainly in the particular case when the distances to the basepoint x are almost equal and the comparison angles are small. If we have two points a, b such that^{d(x,a)}_{d(x,b)} is near to 1 and ~∠_x(a, b) is very small this means that d(a, b) is very small comparatively to d(x, a), d(x, b). So, “seen from x”, the point a is very close to the point b. Similarly, if we have a point b and a set A such that^{d(x,a)}_{d(x,b)} is uniformly near to 1, ∀a ∈ A, and ~∠_x(b, A) is very small, this means that d(b, A) is very small comparatively to d(x, A), d(x, b), that is “seen from x”, the point b is very close to the set A. If two sets A and B have^{d(x,a)}_{d(x,b)} uniformly near to 1, ∀a ∈ A, ∀b ∈ B, and ~∠^H_x (A, B) very small, then the distance of every point in one set to the other set is very small comparatively to d(x, A), d(x, B), and the two sets are “seen from x” as almost superimposed.

Notations : We denote the closed annulus B(x, R)\B(x, ρ) by C(x, ρ, R), where R ≥ ρ > 0. For ρ > 0 and 0 < ε < 1, we denote C_ε(x, ρ) := C(x, ρ(1 − ε), ρ(1 + ε)).

Definitions 3.3.3. Let A and B be two infinite subsets of X. We say that the horizon of A is contained in the horizon of B with respect to x if for every ε > 0 there exists R_ε such that for every ρ ≥ R_ε and for ξ =^ε_{100} we have

sup{~∠_x(a, B ∩ C_ξ(x, ρ)) | a ∈ A ∩ C_ξ(x, ρ)} ≤ ε .

We say that A and B have the same horizon with respect to x ∈ X if for every ε > 0 there exists R_ε such that for every ρ ≥ R_ε and for ξ =^ε_{100} we have

~∠^H_x (A ∩ C_ξ(x, ρ), B ∩ C_ξ(x, ρ)) ≤ ε .

Having the same horizon is an equivalence relation in the family of infinite subsets of X. We call an equivalence class with respect to this equivalence relation a horizon.

It is not difficult to see that if A and B have the same horizon with respect to x, then they have the same horizon with respect to any point in X. For instance if in Figure 2 we would prolongate the finite strips A and B to infinite strips, they would have the same horizon with respect to x and to any other point.

The significance of the notion of horizon is as follows : the fact that the horizon of A is contained in the horizon of B means that the farther an observer placed in the point x looks, the more has the set A the tendency of approaching the set B. Thus in the end , at an infinite distance, A is seen as included in B. Two sets A and B have the same horizon if the farther an observer looks, the more the sets A and B superimpose. So at an infinite distance A and B are seen as coincident.

In the definition of the equivalence relation “same horizon”, we prefer to use thin annuli rather than spheres because the sets we will consider in the sequel might not intersect an infinity of spheres of center x.

3.3.3 Horizons of images of logarithmic flats

In this section we fix an arbitrary point x in X_0, we consider only logarithmic (branching) flats and logarithmic incidence Weyl chambers with respect to x and shall no more mention it each time.

In our reasoning we shall need the following simple lemma about based ultralimits of CAT(0)-spaces. The main ingredient in the proof of this lemma is the convexity of the distance in a CAT(0)-space.

Lemma 3.3.4. Let (X, d) be a CAT(0)-space, ω a non-principal ultrafilter and ι_n, η_n two sequences in R^∗_+ such that lim_ω^{ηn}_{ιn} < 1. Let [x, a_n) and [x, b_n) be two sequences of non-degenerate geodesic segments or geodesic rays in X such that their limit sets in the ω-based ultralimit lim_ω � X, x,^1_{ιn} d � coincide and consist either of a non-trivial geodesic segments or of a geodesic ray. Then the limit sets of [x, a_n) and [x, b_n) in the ω-based ultralimit lim_ω � X, x,^1_{ηn} d � coincide.

Proof. We have two cases : either the common limit set of [x, a_n) and [x, b_n) in X_ω = lim_ω � X, x,^1_{ιn} d � is a non-trivial geodesic segment or it is a ray.

(1) Suppose we are in the second case. Then lim_ω^{d(x,an)}_{ιn} = lim_ω^{d(x,bn)}_{ιn} = ∞. Now let us consider sequences of points on the segments which give limit points in X_ω = lim_ω � X, x,^1_{ηn} d � , t_n = [x, a_n) ∩ S(x, ρη_n) and s_n = [x, b_n) ∩ S(x, ρη_n). The inequality lim_ω^{ηn}_{ιn} < 1 implies that η_n < ι_n ω−almost surely. Then let T_n = [x, a_n) ∩ S(x, ρι_n) and S_n = [x, b_n) ∩ S(x, ρι_n). By the convexity of the distance in a CAT(0)-space we have that

d(t_n,s_n) d(x,t_n) ≤ d(T_n,S_n) d(x,T_n) . That is d(t_n,s_n)

ρη_n ≤ d(T_n,S_n) ρι_n . On the other hand, since the limit sets of

[x, a_n) and [x, b_n) in X_ω coincide, lim_ω^{d(Tn,Sn)}_{ιn} = 0. This implies that lim_ω^{d(tn,sn)}_{ηn} = 0. We conclude that the limit sets of [x, a_n) and [x, b_n) in X_ω coincide.

(2) Suppose we are in the first case. Then lim_ω^{d(x,an)}_{ιn} = lim_ω^{d(x,bn)}_{ιn} is a finite number δ > 0 and lim_ω^{d(an,bn)}_{ιn} = 0. We then repeat the previous argument in which we replace T_n and S_n by a_n and b_n. ♦

One can define a natural projection π^′_0 : Γ\X → Γ\X_0 [Le, Section 4], and by means of it one can construct a Γ-invariant projection π_0 : X → X_0. This projection might be highly discontinuous, but for our purposes this is not important. We show that the image of a logarithmic flat F by q ∘ π_0 does not completely loose its “flat character”. More precisely, we show that q(π_0(F )) has the same horizon as a fan of vertex q(x) (Proposition 3.3.9). To prove this, we use the fact that the asymptotic cone of X is an Euclidean building and the properties of bilipschitz flats in Euclidean buildings stated in Proposition 2.3.4 and Corollary 2.3.5.

We first show that for every l. flat F , the horizon of q(π_0(F )) is contained in the horizon of a fan (Lemma 3.3.6). Our first step is to consider an asymptotic cone K of X with respect to the fixed observation center x. Then [π_0(F )] = [F ] = F_ω is an apartment contained in [X_0]. The quasi-isometry q induces a bilipschitz map Q : [X_0] → [X_0] and [q(π_0(F ))] = Q(F_ω) is a bilipschitz flat. Then, by Proposition 2.3.4, it locally coincides with an Euclidean cone over a bilipschitz sphere in the building of directions.

Lemma 3.3.5. Let F be an R–l. flat and q : X_0 → X_0 an (L, c)-quasi-isometry, q(x) = x. Suppose that in the asymptotic cone K = Con_ω(X, x, (ι_n)) we have

[q(π_0(F ))] ∩ B(x_ω, δ) = ℓ� i=0 W^ω_i ∩ B(x_ω, δ),

where δ > 0, x_ω = [x] and W^ω_i = [W^n_i ] are Weyl chambers in K with vertex x_ω. Then for every ε > 0 there exists R_ε > 0 such that, if ξ =^ε_{100} , for ω-almost every n ∀ρ ∈ [R_ε, δι_n] we have :

(In_ε(ρ, n)) sup � ~∠_x � z, ℓ� i=0 W^n_i ∩ S(x, ρ) � | z ∈ q(π_0(F )) ∩ C_ξ(x, ρ) � ≤ ε.

The meaning of the conclusion is that the sequence of sets of ℓ Weyl chambers of vertex x, {W^n_1 , W^n_2 , . . . , W^n_ℓ }, and the sequence of scalars ι_n diverging to ∞ have the property that for every small ε > 0 for ω-almost any n , the set q(π_0(F )) is seen ε-close to the set �_ℓ

i=0 W^n_i starting from an uniform distance R_ε and up to δι_n.

Proof of the lemma. Step 1. First we show that the statement in the Lemma is true only in regular directions. Let p_x : T_xX → Δ_{mod} be the projection defined in Section 2.3.1. Let ℜ ⊂ Int Δ_{mod} be an arbitrary fixed compact set. We prove that for every small ε > 0 there exists R_ε(ℜ) > 0 such that ω-a.s. for every ρ ∈ [R_ε(ℜ), δι_n] we have (In_ε(ρ, n, ℜ)) sup � ~∠_x � z, ℓ� i=0 W^n_i ∩ S(x, ρ) � | z ∈ q(π_0(F )) ∩ C_ξ(x, ρ), p_x(xz) ∈ ℜ � ≤ ε.

For every ε > 0 and n ∈ N we define

R^n_ε (ℜ) := sup {ρ ∈ (0, δι_n] | In_ε(ρ, n, ℜ) is not verified } ,

or R^n_ε (ℜ) = 1 if the previous set of ρ’s in (0, δι_n] is empty. We have to prove that ∀ε > 0, lim_ω R^n_ε (ℜ) < +∞. We suppose there exists ε > 0 for which lim_ω R^n_ε (ℜ) = +∞. For simplicity we denote R^n_ε (ℜ) by R_n. Since for every ε_1 ∈ (0, ε) we have R^n_ε (ℜ) ≤ R^n_{ε1} (ℜ), we may suppose ε as small as we want. We take ε =^{d(ℜ,∂Δmod)}_{100} .

For ω-almost every n in N there exists z_n ∈ q(π_0(F )) ∩ C_ξ(x, R_n) satisfying

(3.1) p_x(xz_n) ∈ ℜ and ~∠_x � z_n, ℓ� i=0 W^n_i ∩ S(x, R_n) � ≥ ε.

Obviously lim_ω^{Rn}_{ιn} ≤ δ. We show that lim_ω^{Rn}_{ιn} = 0. We suppose on the contrary that lim_ω^{Rn}_{ιn} = δ^′ > 0. In the asymptotic cone K = Con_ω(X, x, (ι_n)) the limit point z_ω = [z_n] is

a point in [q(π_0(F ))]∩C_ξ(x_ω, δ^′) with the property that ~∠_{xω} � z_ω,

�_ℓ i=0 W^ω_i ∩ S(x, δ^′) � ≥ ε.

By eventually moving z_ω at a distance ξ · δ^′ and diminishing ε to ε − ξ in the previous inequality, we may suppose z_ω is in S(x_ω, δ^′). Then z_ω is in [q(π_0(F ))] ∩ B(x_ω, δ).

On the other hand, the hypothesis of the Lemma can be easily extended to closed balls, so we have

[q(π_0(F ))] ∩ B(x_ω, δ) = ℓ� i=0 W^ω_i ∩ B(x_ω, δ) .

This means that the point z_ω must coincide with a point in the set

�_ℓ

i=0 W^ω_i ∩ S(x, δ^′), so in cannot form a strictly positive comparison angle with the same set. We have obtained a contradiction.

Thus lim_ω^{Rn}_{ιn} = 0 which is equivalent to lim_ω^{ιn}_{Rn} = +∞.

We consider the cone K = Con_ω(X, x, (R_n)). The limit set [q(π_0(F ))] = Q(F_ω) is a bilipschitz flat and W^ω_i = [W^n_i ∩ B(x, δι_n)] is a Weyl chamber.

Let Σ_{xω} K be the building of directions in x_ω = [x] and p_{xω} : Σ_{xω} K → Δ_{mod} the projection defined in Section 2.3.2. The point z_ω = [z_n] ∈ Q(F_ω) ∩ C_ξ(x_ω, 1) has the properties that p_{xω} (x_ωz_ω) ∈ ℜ and

(3.2) ~∠_{xω} (z_ω, y_ω) ≥ ε, ∀y_ω ∈ ℓ� i=0 W^ω_i ∩ S(x_ω, 1) .

On the other hand, by the maximality of R_n we have that

(3.3) ∀u_ω ∈ Q(F_ω) ∩ C_ξ(x_ω, ρ), ρ > 1, with p_{xω} (x_ωu_ω) ∈ ℜ,

∃ v_ω ∈

�_ℓ i=0 W^ω_i ∩ S(x_ω, ρ) such that ~∠_{xω} (u_ω, v_ω) ≤ ε.

The Proposition 2.3.4, (iii), implies that the geodesic [x_ω, z_ω] can be extended to a geodesic ray [x_ω, β) with [z_ω, β) ⊂ Q(F_ω). Since p_{xω} (x_ωz_ω) ∈ ℜ, we have P (β) ∈ ℜ.

By (3.3), for every z_k = [z_ω, β) ∩ S(x_ω, k), with k ∈ N sufficiently large, there exists v_k ∈

�_ℓ i=0 W^ω_i ∩ S (x_ω, k) such that ~∠_{xω} (v_k, z_k) ≤ ε. Let γ be the point in

�_ℓ

i=0 W^ω_i (∞) which appears as the limit of (v_k) or of a subsequence of it. Using the semicontinuity of the comparison angle [KlL, Lemma 2.3.1] we obtain that the Tits distance between β and γ is at most ε. The fact that P (β) ∈ ℜ and the choice of ε as^{d(ℜ,∂Δmod)}_{100} imply that β and γ are in the interior of the same chamber. Or since γ ∈

�_ℓ

i=0 W^ω_i (∞), β and γ must be both in one of these chambers, W^ω_{i0} (∞). Then [x_ω, β) ⊂ W^ω_{i0} , so z_ω ∈ W^ω_{i0} . The last relation contradicts the inequality (3.2).

Step 2. For every ε > 0 and n ∈ N we define

R^n_ε := sup{ρ ∈ (0, δι_n] | In_ε(ρ, n) is not verified } ,

or R^n_ε = 1 if the previous set of ρ’s in (0, δι_n] is empty. We show lim_ω R^n_ε < +∞. Suppose that for some ε > 0, lim_ω R^n_ε = +∞. We denote R^n_ε by R_n. Take K = Con_ω(X, x, (R_n)). We obtain the same kind of limit sets and of relations in K as in Step 1. The only difference is that the point z_ω ∈ Q(F_ω) ∩ C_ξ(x_ω, 1) does not have the property that p_{xω} (x_ωz_ω) is in some compact ℜ ⊂ Int Δ_{mod} anymore. But z_ω verifies the inequality (3.2). By Step 1, every u in Q(F_ω) with p_{xω} (x_ωu) ∈ Int Δ_{mod} is contained in

�_ℓ i=0 W^ω_i . This and Corollary 2.3.5 imply that Q(F_ω) ⊂

�_ℓ i=0 W^ω_i . In particular z_ω is contained in

�_ℓ i=0 W^ω_i , which contradicts the inequality (3.2). ♦

Lemma 3.3.6. Let F be an R–l. flat and q : X_0 → X_0 an (L, c)-quasi-isometry, q(x) = x. There exists a fan of vertex x, ∪^p_{j=0}W_j , with p bounded by a constant ℘ depending only on L, such that the horizon of q(π_0(F )) is contained in the horizon of ∪^p_{j=0}W_j with respect to x.

Proof. We start with the results provided by Lemma 3.3.5. In the symmetric space X, let W_i be the ω-limit of the sequence of sets (W^n_i ∩ B(x, δι_n)) in the modified Hausdorff metric [Gr_1, §6]. It is easy to see that the ω-based ultralimit of the sequence �_ℓ

i=0 (W^n_i ∩ B(x, δι_n)) , d, x � is isometric with

�_ℓ i=0 W_i, d, x � . This remark and Lemma 3.3.4 imply that the Weyl chambers {W_i | i ∈ {0, 1, 2, . . . ℓ}} have the same adjacencies as the truncated Weyl chambers {W^ω_i ∩ B(x_ω, δ) | i ∈ {0, 1, 2, . . . ℓ}} in Con_ω(X, x, (ι_n)), and there might be even some extra adjacencies, and that (∪^ℓ_{i=0}W_i(∞), d_T ) is a lipschitz sphere.

We fix a small constant λ > 0 and we denote by

R_n := sup{ρ ∈ (0, δι_n] | W^n_i ∩ B(x, ρ) ⊂ N_λ(W_i), ∀i ∈ {0, 1, 2, . . . ℓ}} .

Since W_i is the ω-limit of (W^n_i ∩ B(x, δι_n)) in the modified Hausdorff metric, we have that lim_ω R_n = ∞. Let K = Con_ω(X, x, ( √ R_n)). We show that in this cone we have

(3.4) [q(π_0(F ))] = Q(F_ω) ⊂ ∪^ℓ_{i=0}[W^n_i ] .

Let z_ω be an arbitrary point of Q(F_ω). Suppose z_ω is at distance η from x. Then z_ω is a limit point of a sequence of points z_n ∈ q(π_0(F )) ∩ C_{ξn} (x, η · √ R_n), where lim_ω ξ_n = 0.

For every ε > 0 if n is big enough η · √ R_n is bigger that R_ε given by Lemma 3.3.5. Thus for ω -almost every n we have that

~∠_x � z_n, ℓ� i=0 W^n_i ∩ S � x, η · � R_n � � ≤ ε .

In the asymptotic cone K this gives that

~∠_{xω} � z_ω, ℓ� i=0 [W^n_i ] ∩ S(x, η) � ≤ ε .

Since this is true for every ε > 0 we may conclude that z_ω ∈

�_ℓ i=0[W^n_i ] ∩ S(x, η). Thus we have shown the inclusion (3.4).

We also have that ∪^ℓ_{i=0}[W^n_i ] ⊂ ∪^ℓ_{i=0}[W_i] = ∪^ℓ_{i=0}W^ω_i , and ∪^ℓ_{i=0}W^ω_i is an Euclidean cone over (∪^ℓ_{i=0}W^ω_i (∞), d_T ), which is isometric to (∪^ℓ_{i=0}W_i(∞), d_T ). Here d_T denotes the Tits metric on the boundary at infinity. For δ_1 > 0 sufficiently small, Q(F_ω) ∩ B(x_ω, δ_1) = ∪^p_{j=0} ~W_j ∩ B(x_ω, δ_1), where ∪^p_{j=0} ~W_j ∩ B(x_ω, δ_1) is a δ_1-Euclidean cone over a bilipschitz sphere in Σ_{xω} K. Thus we have ∪^p_{j=0} ~W_j ∩B(x_ω, δ_1) ⊂ ∪^ℓ_{i=0}W^ω_i ∩B(x_ω, δ_1), so ∪^p_{j=0}( ~W_j )_{xω} ⊂ ∪^ℓ_{i=0}(W^ω_i )_{xω} in Σ_{xω} K. This implies that ∪^ℓ_{i=0}(W^ω_i )_{xω} contains a bilipschitz sphere and, as it is isometric to ∪^ℓ_{i=0}W^ω_i (∞), we have the same thing for ∪^ℓ_{i=0}W^ω_i (∞). Let ∪^p_{j=0}W^ω_j (∞) ⊂ ∪^ℓ_{i=0}W^ω_i (∞) be this bilipschitz sphere. We then have Q(F_ω) ∩ B(x_ω, δ_1) = ∪^p_{j=0}W^ω_j ∩ B(x_ω, δ_1). We apply again Lemma 3.3.5 and we conclude that for every ε > 0 there exists R_ε such that ω − almost surely ∀ρ ∈ [R_ε, δ_1 √ R_n],

(3.5) sup{~∠_x(z, ∪^p_{j=0}W_j ∩ S(x, ρ)) | z ∈ q(π_0(F )) ∩ C_ξ(x, ρ)} ≤ ε.

Thus for ε > 0 arbitrary fixed and the corresponding R_ε the statement is true for an infinite subsequence of √ R_n diverging to ∞ ( we recall that lim_ω R_n = ∞ ). So in the end we obtain that for every ρ ∈ [R_ε, ∞) the inequality (3.5) is verified. But this means precisely that the horizon of q(π_0(F )) is contained in the horizon of ∪^p_{j=0}W_j with respect to x. ♦ We now prove an uniformity result which shall be needed in Section 4.2 to prove our main uniformity results Propositions 4.2.6 and 4.2.7. This result says mainly that the distance R_ε starting from which the image of an R-logarithmic flat (with R fixed) is “seen ε-close to a fan” doesn’t depend on the flat nor on the quasi-isometry. Lemma 3.3.7 (uniformity lemma). For every ε > 0, R > 0, L ≥ 1 and c > 0 there exists R_ε = R_ε(R, L, c) such that if F is an R–l. flat, q : X_0 → X_0 is an (L, c)-quasiisometry, q(x) = x, and the horizon of q(π_0(F )) is contained in the horizon of a fan ∪^p_{j=0}W_j with respect to x, p ≤ ℘, then for every ρ ≥ R_ε and for ξ =^ε_{100} , we have

sup{~∠_x(z, ∪^p_{j=0}W_j ∩ S(x, ρ)) | z ∈ q(π_0(F )) ∩ C_ξ(x, ρ)} ≤ ε.

Proof. Step 1. We first show that the statement is true in regular directions. Let ε > 0, R > 0, L ≥ 1, c > 0 and ℜ compact set contained in Int Δ_{mod}. We show there exists R_ε such that if F, q and ∪^p_{j=0}W_j are as before, then ∀ρ ≥ R_ε we have

sup{~∠_x(z, ∪^p_{j=0}W_j ∩ S(x, ρ)) | z ∈ q(π_0(F )) ∩ C_ξ(x, ρ), p_x(xz) ∈ ℜ} ≤ ε.

We argue by contradiction and suppose that for certain ε > 0, R > 0, L ≥ 1, c > 0 and ℜ ⊂ Int Δ_{mod}, there exist sequences (F_n), q_n : X_0 → X_0, q_n(x) = x, and ∪^{pn}_{j=0}W^n_j , p_n ≤ ℘, such that if we denote

R^ε_n = sup {ρ > 0 | ∃z ∈ q_n(π_0(F_n)) ∩ C_ξ(x, ρ), p_x(xz) ∈ ℜ,

~∠_x(z, ∪^{pn}_{j=0}W n_j ∩ S(x, ρ)) ≥ ε,

then R^ε_n → ∞.

Since ε_1 ≤ ε implies R^{ε1}_n ≥ R^ε_n, we may suppose ε ≤^{d(ℜ,∂Δmod)}_{100} . For simplicity we denote R^ε_n by R_n. There exists a sequence z_n ∈ q_n(π_0(F_n)) ∩ C_ξ(x, R_n) such that p_x(xz_n) ∈ ℜ and ~∠_x(z_n, ∪^{pn}_{j=0}W^n_j ∩S(x, R_n)) ≥ ε. In Con_ω(X, x, (R_n)) we obtain the same situation as in the Step 1 of the proof of Lemma 3.3.5, with Q(F_ω) = [q_n(π_0(F_n))] and ∪^ℓ_{i=0}W^ω_i = [∪^{pn}_{j=0}W^n_j ] (since p_n ≤ ℘ there are only a finite number of possible configurations for ∪^{pn}_{j=0}W^n_j (∞) and ω chooses one of them). The sequence (z_n) has a limit point z_ω ∈ Q(F_ω)∩C_ξ(x, 1) such that p_{xω} (x_ωz_ω) ∈ ℜ and ~∠_{xω} (z_ω, ∪^ℓ_{i=0}W^ω_i ∩S(x, 1)) ≥ ε. On the other hand, by the maximality of R_n, the points of Q(F_ω) which are in the regular directions ℜ from x_ω and on farther annuli then z_ω are “seen as ε-close” to the corresponding spheres on ∪^ℓ_{i=0}W^ω_i . This property can be expressed formally exactly as in (3.3). With an argument identical to the one in Step 1 of the proof of Lemma 3.3.5, we obtain a contradiction.

Step 2. We derive the conclusion of the lemma from Step 1 by an argument analogous to the one in Step 2 of the proof of Lemma 3.3.5. ♦ Among other important consequences, the previous lemma allows to say that in any asymptotic cone the limit set of a sequence of quasi-isometric images of R-logarithmic flats, [q_n(π_0(F_n))], is contained in a fan, provided all quasi-isometries have the same constants. This is formulated in the next corollary.

Corollary 3.3.8. Let L > 1, c > 0 and R ≥ 0 be fixed constants. Let (F_n) be a sequence of R-logarithmic flats with respect to a sequence of points x_n ∈ X_0, and let q_n : X_0 → X_0 be a sequence of (L, c)-quasi-isometries, q_n(x_n) = x_n. For each n ∈ N, the horizon of q_n(π_0(F_n)) is contained in the horizon of a fan ∪^{pn}_{j=0}W^j_n with respect to x_n, p_n ≤ ℘.

Then in every asymptotic cone Con_ω(X, (x_n), (ι_n)), the bilipschitz flat [q_n(π_0(F_n))] is contained in the union of Weyl chambers [∪^{pn}_{j=0}W^n_j ].

Proof. We consider an asymptotic cone Con_ω(X, (x_n), (ι_n)). The limit set of the sequence of fans is a union of Weyl chambers ∪^ℓ_{i=0}W^ω_i = [∪^{pn}_{j=0}W^n_j ]. We shall show that this fan contains the bilipschitz flat [q_n(π_0(F_n))].

We fix ε > 0 an arbitrary small number. Let R_ε be the distance depending on the given ε, R, L, c such that the conclusion of the Lemma 3.3.7 holds. Let z_ω be a point in the bilipschitz flat [q_n(π_0(F_n))] which is at distance δ > 0 from x_ω = [x_n].

Then z_ω = [z_n], where z_n is a point in q_n(π_0(F_n)) which is at a distance ρ_n from x_n, lim_ω^{ρn}_{ιn} = δ. In particular z_n is almost surely at distance at least R_ε from x_n. Then, by Lemma 3.3.7, ~∠_{xn} (z_n, ∪^{pn}_{j=0}W^n_j ∩ S(x, ρ_n)) ≤ ε. In the asymptotic cone this gives ~∠_{xω} (z_ω, ∪ℓ_{i=0}W^ω_i ∩ S(x, δ)) ≤ ε. Since this is true for every ε > 0 we finally obtain that z_ω is contained in ∪^ℓ_{i=0}W^ω_i ∩ S(x, δ). ♦

Proposition 3.3.9. For every l. flat F and every (L, c)-quasi-isometry q : X_0 → X_0, q(x) = x, there is a fan of vertex x, ∪^p_{j=0}W_j , such that q(π_0(F )) has the same horizon as ∪^p_{j=0}W_j with respect to x.

Proof. For F and q fixed, we consider the fan given by Lemma 3.3.6. We argue by contradiction and assume there exists ε > 0, a sequence R_n → ∞ and a sequence z_n ∈ ∪^p_{j=0}W_j ∩ C_ξ(x, R_n) such that ω-almost surely

~∠_x (z_n, q(π_0(F )) ∩ C_ξ(x, R_n)) > ε.

In the cone Con_ω(X, x, (R_n)), we have the inclusion Q(F_ω) ⊆ ∪^p_{j=0}W^ω_j and both sets are bilipschitz flats. This implies that the two sets coincide. On the other hand, there exists z_ω = [z_n] ∈ ∪^p_{j=0}W^ω_j ∩ C_ξ(x_ω, 1) such that ~∠_{xω} (z_ω, Q(F_ω) ∩ C_ξ(x_ω, 1)) ≥ ε. We thus obtain a contradiction. ♦

Corollary 3.3.10. For every l.i. Weyl chamber W and every (L, c)-quasi-isometry q : X_0 → X_0, q(x) = x, there exists a finite union of Weyl chambers of vertex x, ∪^s_{l=0}W_l, such that q(π_0(W )) has the same horizon as ∪^s_{l=0}W_l with respect to x.

Proof. Let W be an l.i. Weyl chamber. There exist F, F^′ l. flats verifying F (∞) ∩ F^′(∞) = W (∞). Corresponding to F and F^′, by Proposition 3.3.9, we have two fans of vertex x ,∪^p_{j=0}W^′_j and ∪^m_{k=0}W^{′′}_k . Let ∪^s_{l=0}W_l = (∪^p_{j=0}W^′_j ) ∩ (∪^m_{k=0}W^{′′}_k ). We show that q(π_0(W )) has the same horizon as ∪^s_{l=0}W_l with respect to x.

Suppose, on the contrary, that there exists ε > 0, a sequence R_n → ∞ and a sequence z_n ∈ A_n = q(π_0(W ))∩C_ξ(x, R_n) or z_n ∈ B_n = ∪^s_{l=0}W_l ∩C_ξ(x, R_n) such that ~∠_x(z_n, B_n) ≥ ε or ~∠_x(z_n, A_n) ≥ ε, respectively. In the cone Con_ω(X, x, (R_n)), F_ω = [F ] = [π_0(F )] and F^′_ω = [F^′] = [π_0(F^′)] are maximal flats (apartments) contained in [X_0] and W_ω = [W ] is their intersection. Let Q : [X_0] → [X_0] be the bilipschitz map induced by the quasiisometry q. Then we have the sequence of equalities : Q(W_ω) = Q(F_ω) ∩ Q(F^′_ω) = � ∪^p_{j=0}W^′_j � ∩[∪^m_{k=0}W^{′′}_k ] = ∪^p_{j=0}(W^′_j )_ω ∩∪^m_{k=0}(W^{′′}_k )_ω = ∪^s_{l=0}(W_l)_ω. On the other hand the limit point z_ω of the sequence (z_n) is in one of the two sets Q(W_ω) ∩ C_ξ(x, 1) and ∪^s_{l=0}(W_l)_ω ∩ C_ξ(x, 1) and it forms a comparison angle which is at least ε with the other set. This contradicts the fact that the two sets Q(W_ω) and ∪^s_{l=0}(W_l)_ω coincide. ♦

We shall sometimes say that the quasi-isometry q associates to the l. flat F (to the l.i. Weyl chamber W ) the fan ∪^p_{j=0}W_j (the finite union of Weyl chambers ∪^s_{l=0}W_l).

Remark 3.3.11. (1) We may replace the assumptions q(x) = x and q_n(x_n) = x_n in Corollary 3.3.8 by q(x) = y with y an arbitrary point in X_0 and q_n(x_n) = y_n with (y_n) an arbitrary sequence of points in X_0, respectively. In this case, the fans ∪^p_{j=0}W_j have y as a basepoint. This follows from the fact that we may compose q to the left with elements from Γ and we may move the basepoints a bounded distance away, without changing the results.

(2) If two l.i. Weyl chambers are asymptotic, the unions of Weyl chambers associated to them by q are asymptotic.

4 One-to-one mapping between maximal flats

4.1 The chosen set of logarithmic branching flats

We choose a dense subset of l.b. flats with the property that their points with respect to which they are l.b. form a very big subset within the flat.

Let c_0 > 0 be a constant such that N_{c0} (Γx_0) ⊂ X_0. Let m ∈ N. The set CL_m := {ḡ ∈ V_G | d(ē, ḡ) ≤ c_0m} has a measure larger than 1 − e^{−ϑc0m}, and the set Log(R_0m) has a measure larger than 1 −^s_{log(R0m)} (by Lemma 3.2.2, (ii)). Their intersection

S(m) = CL_m ∩ Log(R_0m)

has a measure larger than 1 − ε_m, where ε_m → 0 as m → ∞. We choose c_0 and R_0 sufficiently large so that ε_1 should already be very small.

We fix m ∈ N. In the sequel we will denote, as in paragraph 2.4.1, the Lebesgue measure of a finite dimensional Euclidean space E by ν or, sometimes, by ν_E , to avoid confusion. The action of the R-torus A on V_G is ergodic ([M], [Zi]). By applying Birkhoff’s Theorem to the action of A on V_G and to the function 1_{S(m)}, we conclude that for almost every ḡ ∈ V_G

lim_{ρ→∞} 1 ν(B^A(e, ρ)) � B^A(e,ρ)

1_{S(m)}(ḡa)dν(a) = μ(S(m)) > 1 − ε_m.

Equivalently, for almost every ḡ ∈ V_G, for ρ sufficiently large we have

ν({a ∈ B^A(e, ρ) | ga ∈ S(m)}) > (1 − ε_m)ν(B^A(e, ρ)).

That is,

(4.1) ν({a ∈ B^A(e, ρ) | d(ē, ga) ≤ c_0m and gaA, gau_iA are R_0m–l. with

respect to ga and gau_i, i ∈ {0, 1, . . . p_0}}) > (1 − ε_m)ν(B^A(e, ρ)).

For a maximal flat F in the symmetric space X we denote

S_F (m) = {y ∈ F | d(ȳ, x̄_0) ≤ c_0m and F is an R_0m–l.b. flat w. r. to y}.

By (4.1), we obtain that for almost every g in G, in the flat F = gF_0 through x = gx_0 we have, for ρ big enough,

ν(B^F (x, ρ) ∩ S_F (m)) > (1 − ε_m)ν(B^F (x, ρ)) .

We fix a set of roots of A, Λ, take the action of A_Λ on V_G and do the same reasoning as before. By repeating the same argument for all subsets Λ of Ξ and taking intersections of full measure subsets, we conclude that for almost every g in G, the flat F = gF_0 through the point x = gx_0 has the following property :

(P_x(m)) If {H_Λ}_{Λ⊂Ξ} is the set of all its singular planes through x, for every H ∈ {F } ∪ {H_Λ | Λ ⊂ Ξ}, we have, for ρ sufficiently large,

ν_H (B^H (x, ρ) ∩ S_F (m)) > (1 − ε_m)ν_H (B^H (x, ρ)).

The significance of this property is that the set of points of the flat F contained in the c_0m-neighborhood of the orbit Γx_0 and with respect to which F is an R_0m-l. b. flat is not only a big set in F but also it intersects any singular (hyper)plane of F through x in a big subset.

Now we let m vary in N. Since a countable intersection of full measure subsets is a full measure subset, we may conclude that for almost every g in G, the flat F = gF_0 posesses all the sequence of properties (P_{gx0} (m)), m ∈ N.

Definition 4.1.1. We call good logarithmic branching flat (good l.b. flat) with respect to x ∈ X an l.b. flat with respect to x, containing x and posessing all the sequence of properties (P_x(m)), m ∈ N.

4.2 One-to-one mapping between maximal flats

From now on we also need the hypothesis that the group G does not have rank one factors. In this section we fix again a point x in X_0. Let F be a good l.b. flat with respect to x. We show that the fan associated to F by q is a fan over an apartment. We do this by going into an asymptotic cone. The limit image F_ω of F is contained in the limit image [X_0] of X_0. Moreover, in almost every point y of it, F_ω branches in [X_0], i.e. all Weyl chambers of F_ω of vertex y appear as intersections of F_ω with another maximal flat contained in [X_0]. This will force Q(F_ω) to be a maximal flat F^′_ω.

Proposition 4.2.1. For every good l.b. flat F with respect to x and every (L, c)-quasiisometry q : X_0 → X_0, q(x) = x, there exists a fan over an apartment, ∪^{p0}_{i=0}W_i, of vertex x, having the same horizon as q(π_0(F )) with respect to x.

Moreover, to each Weyl chamber ~W_j in F of vertex x corresponds a unique Weyl chamber W_{ij} , i_j ∈ {0, 1, . . . p_0}, having the same horizon as q(π_0(~W_j )) with respect to x. The bijection ~W_j (∞) → W_{ij} (∞) induces a simplicial isomorphism between the two apartments F (∞) and ∪^{p0}_{i=0}W_i(∞).

Proof. We first prove that the fan ∪^p_{i=0}W_i associated to F by q is a fan over an apartment. Let K = Con_ω(X, x, (ι_n)) be an asymptotic cone. Since X has no rank one factors, K is an Euclidean building with no rank one factors. Let K =

�_κ j=1 K_j , κ ∈ N, be the decomposition of K into irreducible factors, where rank K_j = r_j ≥ 2, ∀j ∈ {1, 2, . . . , κ}. Suppose we have written the factors in the increasing order of their ranks. For every J ⊂ {1, 2, . . . , κ} we define the projection π_J : K →

�_{κj=1}

j∉J K j . Let F_ω = [F ] = [π_0(F )], W^ω_i = [W_i] and Q : [X_0] → [X_0] the bilipschitz map induced by q. Then Q(F_ω) = ∪^p_{i=0}W^ω_i . We denote Int W^ω_i the topological interior of W^ω_i in any apartment containing it. We denote O^′ = ∪^p_{i=0}Int W^ω_i and O = Q^{−1}(O^′). The set O is open in F_ω. The set O^′ is locally isometric with an apartment. In particular for every y^′ ∈ O^′ one may define the subspace of directions (O^′)_y′ in Σ_y′ K and note that this is an apartment.

Let S^ω_F = ∪_{m∈N}S^ω_F (m), where S^ω_F (m) = [S_F (m)]. Then

∀m ∈ N, ∀ρ > 0, ν(S^ω_F ∩ B^{Fω} (x_ω, ρ)) ≥ (1 − ε_m)ν(B^{Fω} (x_ω, ρ)) ,

which implies that

∀ρ > 0, ν(S^ω_F ∩ B^{Fω} (x_ω, ρ)) = ν(B^{Fω} (x_ω, ρ)).

Thus, almost every point of F_ω is in S^ω_F . Moreover, almost every point of F_ω is in S^ω_F ∩ O.

Suppose F_ω =

�_κ j=1 F_j , where F_j is an apartment in K_j . We denote F_{∁j} =

�_{κk=1}

k≠j F k. We show that, up to a change of order between factors of the same rank in the target product K =

�_κ j=1 K_j , for every j ∈ {1, 2, . . . , κ} there exists an apartment F^′_j of K_j such that for every x_j ∈ F_{∁j}, Q(F_j × {x_j}) = F^′_j × {x^′_j }, where x^′_j ∈ π_j (Q(F_ω)). We write the full argument only for j = 1, for the other cases the arguments are analogous. Assume m is the maximal number in {1, 2, . . . , κ} such that r_1 = r_2 = · · · = r_m. The proof is done in several steps. First we show that near the points in O ∩ S^ω_F , the map Q has special properties.

Lemma 4.2.2. Let y be a point in the set S^ω_F ∩ O, F_ω =

�_{p0} j=0 W^ω_j the decomposition of F_ω into Weyl chambers of vertex y and y^′ = Q(y) ∈ O^′. Then we have the following properties :

(a) The image of each Weyl chamber Q(W^ω_j ) coincides with one Weyl chamber of vertex y^′ near y^′ ;

(b) The image of the boundary of each Weyl chamber, Q(∂W^ω_j ), near each point z^′ of it, coincides with a δ-Euclidean cone over a simplicial subcomplex of Σ_z′ K homeomorphic to S^{r−2} ;

(c) Each Q(∂W^ω_j ) is included into a finite union of singular hyperplanes, the cardinal of which is smaller than N = N(L) ;

(d) The map Q induces a simplicial isomorphism between the apartments (F_ω)_y ⊂ Σ_yK and (O^′)_y′ ⊂ Σ_y′ K. In particular, in a neighborhood of y, Q sends singular (hyper)planes through y to singular (hyper)planes through y^′.

Proof. The point y is contained in S^ω_F (m) for a certain m ∈ N. So y = [y_n] such that ω-almost surely d(x̄_0, ȳ_n) ≤ mc_0 and F is R_0m–l.b. with respect to y_n. This implies that each W^ω_j occurs as the intersection of F_ω with another maximal flat F^j_ω contained in [X_0]. Then Q(W^ω_j ) = Q(F_ω) ∩ Q(F^j_ω). Property (b) of the boundary of W^ω_j then follows from Proposition 2.3.4, (ii), and topological considerations (as the boundary is locally a topologic disk).

Proposition 2.3.4, (i), implies that Q(F_ω) ⊂ ∪^s_{k=1}F_k and Q(F^j_ω) ⊂ ∪^t_{l=1}F^′_l , s, t ≤ M. As proved previously, Q(∂W^ω_j ) is, locally, a finite union of panels obtained as the intersection of two δ-Euclidean cones over bilipschitz spheres. The two δ-cones are contained in ∪^s_{k=1}F_k and ∪^t_{l=1}F^′_l , respectively. It follows that each panel has to be contained in a hyperplane which supports a Weyl polytope F_k ∩ F^′_l . Since there is only a finite number of such singular hyperplanes, property (c) follows.

In a neighborhood of y^′, Q(F_ω) coincides with O^′ and Q(F^j_ω) with a δ-Euclidean cone of vertex y^′ over a bilipschitz sphere in Σ_y′ K. This implies that every Q(W^ω_j ) coincides, near y^′, with a finite union of Weyl chambers of vertex y^′ . This property, the fact that Q(F_ω) looks as an apartment near y^′ ∈ O^′, and that Q(W^ω_j ) ∩ Q(W^ω_k ) has the same dimension as W^ω_j ∩ W^ω_k , imply property (a). Moreover, in a neighborhood of y, Q sends singular (hyper)planes through y to singular (hyper)planes through y^′. In particular Q induces a simplicial isomorphism between the apartments (F_ω)_y ⊂ Σ_yK and (O^′)_y′ ⊂ Σ_y′ K. ♦

Almost every point of F_ω is in S^ω_F ∩ O. Then for a.e. y_1 ∈ F_{∁1}, a.e. y ∈ F_1 × {y_1} is in S^ω_F ∩ O. We fix such an y_1 ∈ F_{∁1} and show that the image by Q of F_1 × {y_1} has special properties.

Lemma 4.2.3. Let y_1 be a point in the factor F_{∁1} such that a.e. y ∈ F_1 × {y_1} is in S^ω_F ∩ O. Then

(4.2) Q (F_1 × {y_1}) ⊂ ∪^n_{k=1}F_k ,

where n ≤ N_1(L) and each F_k is an apartment in a copy of one of the factors of rank r_1.

Proof. We fix a point y_0 in the full measure set (F_1 × {y_1})∩S^ω_F ∩O. The singular r_1-plane F_1 ×{y_1} decomposes into r_1-dimensional walls of vertex y_0. Each of these walls appears as the intersection of the boundaries of two Weyl chambers in F_ω of vertex y_0, W^ω_i and W^ω_j . By property (c) of Lemma 4.2.2, Q(∂W^ω_i ) ⊂ ∪^s_{l=1}H_l and Q(∂W^ω_j ) ⊂ ∪^t_{r=1}H^′_r, s, t ≤ N. This and property (b) imply that the image by Q of the wall is included in a finite union of r_1-dimensional singular planes. These are the r_1-singular planes which support the Weyl polytopes H_l ∩ H^′_r. Thus

(∗) Q (F_1 × {y_1}) ⊂ ∪^v_{j=1}H_j ,

where H_j is an r_1-dimensional singular plane and v ≤ N_1(L).

Almost every y ∈ F_1 × {y_1} has the property that in a neighborhood of y^′ = Q(y), Q (F_1 × {y_1}) is entirely contained in one singular plane H_j . To see this it suffices to notice that the set of points y not verifying the previous property is the preimage by Q of a set of dimension r_1 − 1. We denote the previous full measure set in F_1 × {y_1} by O_1.

In the sequel we fix a generic point y ∈ S^ω_F ∩ O ∩ O_1. On one hand, Q(F_ω) coincides with an apartment near y^′ and Q : F_ω → Q(F_ω) induces a simplicial isomorphism near y and y^′. We know that each apartment in K decomposes into a product of apartments in the irreducible factors. In particular the map Q preserves the decompositions into products of apartments near y and y^′ or eventually inverts the order between apartments of the same dimension. Thus there exists i ∈ {1, 2, . . . , m} and F_i(y) apartment of K_i such that for a neighborhood U_y of y, Q ((F_1 × {y_1}) ∩ U_y) = (F_i(y) × {c_y}) ∩ V_y′ , where V_y′ is a neighborhood of y^′ and c_y ∈ π_i(O^′).

On the other hand, since y ∈ O_1, by eventually taking U_y and V_y′ smaller, we have that Q ((F_1 × {y_1}) ∩ U_y) = H_j ∩ V_y′ , for a certain j in {1, 2, . . . v}. This implies that H_j coincides, in a small ball, with an apartment in an irreducible r_1-rank factor. Then H_j is itself entirely contained in a r_1-rank factor, and since it is a r_1-singular plane, then it must be an apartment in this factor.

We select among the singular planes H_1, H_2, . . . , H_v the ones which are apartments in copies of r_1-rank factors. We denote them by F_1, F_2, . . . F_n. By the previous argument we have obtained that for almost every y ∈ F_1 × {y_1}, Q(y) is contained in ∪^n_{k=1}F_k. Since a full measure subset in F_1 × {y_1} is dense in F_1 × {y_1} and the set ∪^n_{k=1}F_k is closed, we obtain the inclusion (4.2). ♦

Now we prove that for every y_1 ∈ F_{∁1}, π_1(Q(F_1 × {y_1})) is a point (up to inversion in the order of the factors of the same rank, in the target building).

Lemma 4.2.4. There exists i ∈ {1, 2, . . . , m} such that for every y_1 ∈ F_{∁1}, π_i (Q (F_1 × {y})) is a point.

Proof. Step 1. Let y_1 ∈ F_{∁1} be so that a.e. y ∈ F_1 × {y_1} is in S^ω_F ∩ O. We show that for every point y in F_1 × {y_1} there exist i ∈ {1, 2, . . . , m} and c ∈ π_i(Q(F_1 × {y_1})) such that

(∗)_{i,c} ∃U_y neighborhood of y in F_1 × {y_1} satisfying π_i(Q(U_y)) = c .

In the proof of the previous lemma we have shown this only for a.e. y in F_1 × {y_1}. Now we generalize the result to all points. Let y be a point in F_1 × {y_1} and y^′ = Q(y). With an argument similar to the one in the proof of [KlL, Corollary 6.2.3] we deduce from (4.2) that there exists δ > 0 such that Q (F_1 × {y_1}) ∩ B(y^′, δ) = ∪^s_{ℓ=1}M_ℓ ∩ B(y^′, δ), where M_ℓ is an r_1-dimensional wall of vertex y^′ and ∪^s_{ℓ=1}M_ℓ ∩ B(y^′, δ) is a δ-Euclidean cone over an (r_1 − 1)-dimensional sphere of Σ_y′ K.

On the other hand, by (4.2), the set Q (F_1 × {y_1}) ∩ B(y^′, δ) is contained in ∪^n_{k=1}F_k ∩ B(y^′, δ). In the space of directions Σ_y′ K this inclusion becomes the inclusion of the (r_1−1)- dimensional sphere ∪^s_{ℓ=1}(M_ℓ)_y′ into ∪^n_{k=1}(F_k)_y′ . The decomposition of K as a product of irreducible factors K =

�_κ j=1 K_j implies that the space of directions Σ_y′ K decomposes as a join of the spherical buildings Σ_y′_j K_j , where y^′ = (y^′_1, y^′_2, . . . y^′_κ), y_j ∈ K_j . Each (F_k)_y′ is entirely contained in one of the spherical buildings Σ_y′_j K_j with j ∈ {1, 2, . . . m}. Hence the (r_1 − 1)-dimensional sphere of directions ∪^s_{ℓ=1}(M_ℓ)_y′ is contained in the disjoint union of the spherical buildings Σ_y′_j K_j with j varying in {1, 2, . . . m}. But in this disjoint union each spherical building Σ_y′_j K_j is a connected component. It follows that ∪^s_{ℓ=1}(M_ℓ)_y′ is entirely contained in only one building Σ_y′_j K_j . Since ∪^s_{ℓ=1}M_ℓ ∩ B(y^′, δ) is a δ-Euclidean cone over the sphere of directions ∪^s_{ℓ=1}(M_ℓ)_y′ , it follows that it is contained in K_j × {π_j(y^′)}. The desired neighborhood of y is then U_y = F_1 × {y_1} ∩ Q^{−1}(B(y^′, δ)).

Step 2. The next step is to show that, for the fixed y_1, every point y in F_1 ×{y_1} satisfies the relation (∗)_{i,c} for the same i and the same c. We denote O_{i,c} = {y ∈ F_1 × {y_1} | y verifies (∗)_{i,c}}, for a certain i ∈ {1, 2, . . . , m} and c ∈ π_i(Q(F_1 × {y_1})).

The family of sets O_{i,c}, i ∈ {1, 2, . . . , m}, is a partition of open sets of F_1 × {y_1}, which is a connected set. All the sets of the partition must then be void, except one, which covers F_1 × {y_1}. Thus there exists i ∈ {1, 2, . . . , m} such that π_i (Q (F_1 × {y_1})) is a point.

Step 3. We have obtained that for a.e. y_1 ∈ F_{∁1}, there exist i ∈ {1, 2, . . . , m} such that π_i (Q (F_1 × {y_1})) is a point. If y_n → y_1, y_n, y_1 ∈ F_{∁1}, then Q (F_1 × {y_n}) converges to Q (F_1 × {y_1}) in the modified Hausdorff metric [Gr_1, § 6]. This implies that for every y_1 ∈ F_{∁1}, there exists i ∈ {1, 2, . . . , m} and a neighborhood U of y_1 in F_{∁1} such that ∀y ∈ U, π_i (Q (F_1 × {y})) is a point. Since F_{∁1} is connected, there is an unique i ∈ {1, 2, . . . , m} such that for every y_1 ∈ F_{∁1}, π_i (Q (F_1 × {y})) is a point. ♦

By eventually changing the order of the same rank factors in the target building we may suppose that the i in Lemma 4.2.4 is equal to 1.

Lemma 4.2.5. There exists F^′_1 apartment in K_1 such that ∀x_1 ∈ F_{∁1}, Q(F_1 × {x_1}) = F^′_1 × {x^′_1}, for some x^′_1 ∈ π_1(Q(F_ω)).

Proof. We first show that for every x_1 ∈ F_{∁1}, Q (F_1 × {x_1}) = F^′_1 × {x^′_1}, for some x^′_1 ∈ π_1(Q(F_ω)) and F^′_1 apartment in K_1 (in this step we admit that F^′_1 might be different for each x_1).

It suffices if we prove the previous statement for a.e. x_1 ∈ F_{∁1}. For a.e. x_1 ∈ F_{∁1} a.e. x ∈ F_1 × {x_1} is in S^ω_F ∩ O. We fix such an x_1. By the previous Lemma Q (F_1 × {x_1}) ⊂ K_1 × {x^′_1}, x^′_1 ∈ π_1(Q(F_ω)). In the sequel we shall “forget” the point factor. By (4.2),

(4.3) Q (F_1) ⊂ n� k=1 F_k ,

where F_k is an apartment in K_1 and n ≤ N_1(L). Also, a.e. x ∈ F_1 verifies

(*) ∃U_x, U_x′ neighborhoods of x and x^′ = Q(x), and F^′_1(x) apartment of K_1 such that Q (F_1 ∩ U_x) = U_x′ ∩ F^′_1(x), and Q sends singular k − planes of F_1 through x to singular k − planes of F^′_1(x) through x^′.

Due to (4.3) the set of apartments F^′_1(x) may be supposed finite. A set homeomorphic and locally isometric to R^{r1} is isometric to R^{r1} . Thus, to end the proof of this step, it suffices to show (∗) for every x ∈ F_1. By (4.3) and an argument similar to the one in the proof of [KlL, Corollary 6.2.3], for every x ∈ F_1 there exists δ > 0 such that if x^′ = Q(x), Q(F_1) ∩ B(x^′, δ) =

�_s ℓ=1 W_ℓ ∩ B(x^′, δ), where

�_s ℓ=1 W_ℓ ∩ B(x^′, δ) is a δ-Euclidean cone over a bilipschitz sphere of Σ_x′ K_1. Let s_0 be the number of chambers in an apartment of Σ_x′ K_1. We have s ≥ s_0. To show that

�_s ℓ=1 W_ℓ ∩ B(x^′, δ) is the germ of an apartment it suffices , by Lemma 2.2.3 (ii), to prove s = s_0.

We choose and fix ℓ ∈ {1, 2, . . . , s}. Let O^′_ℓ := Int W_ℓ ∩ B(x^′, δ) and O_ℓ := Q^{−1}(O^′_ℓ). The sets O_ℓ and O^′_ℓ can be regarded as open subsets of R^{r1} . The map Q_ℓ := Q|_{Oℓ} : O_ℓ → O^′_ℓ is bilipschitz, so it is differentiable almost everywhere. Almost everywhere (∗) is verified. It follows that for a.e. y ∈ O_ℓ, d_yQ_ℓ exists and it induces a simplicial isomorphism between (F_1)_y and (O^′_ℓ)_y′ , where y^′ = Q(y). In particular, it sends singular hyperplanes to singular hyperplanes. Since K_1 is an irreducible Euclidean building of rank r_1 ≥ 2, there are at least r_1 + 1 singular hyperplanes in the associated Coxeter complex. It follows that d_yQ_ℓ is a similarity (by similarity we mean isometry up to rescaling). More precisely d_yQ_ℓ is a homothety eventually composed with an element of the Coxeter group. We conclude that for a.e. y ∈ O_ℓ, d_yQ_ℓ exists and is a similarity.

Thus Q_ℓ : O_ℓ → O^′_ℓ is bilipschitz and 1-quasi-conformal [P, §7.10]. Hence Q_ℓ is a C^∞- map and ∀y ∈ O_ℓ, d_yQ_ℓ is a similarity. Since for a.e. y, d_yQ_ℓ sends singular hyperplanes to singular hyperplanes and the differential dQ_ℓ is continuous, we may conclude that for every y, d_yQ_ℓ sends singular hyperplanes to singular hyperplanes. Then, two differentials of Q_ℓ, d_yQ_ℓ and d_zQ_ℓ, in two different points y, z ∈ O_ℓ, differ by a composition to the left with an element of Cox, the Coxeter group associated to the Euclidean building K_1, and with a homothety. The continuity of dQ_ℓ and the finiteness of Cox implies that all similarities d_yQ_ℓ differ only by compositions to the left with homotheties. In particular Q_ℓ preserves all fibrations with parallel hyperplanes or lines, so Q_ℓ is a homothety [KlL, §6.4.4]. The sets O_ℓ and O^′_ℓ are open and dense in Q^{−1}(W_ℓ ∩ B(x^′, δ)) and W_ℓ ∩ B(x^′, δ), respectively. It follows that Q : Q^{−1}(W_ℓ ∩ B(x^′, δ)) → W_ℓ ∩ B(x^′, δ) is an homothety. Since the previous reasoning can be done for every ℓ ∈ {1, 2, . . . , s}, we may conclude that Q : F_1 ∩ Q^{−1}(B(x^′, δ)) →

�_s ℓ=1 W_ℓ ∩ B(x^′, δ) is an homothety, where

�_s

ℓ=1 W_ℓ ∩ B(x^′, δ) is taken with the length metric. We conclude that s = s_0 and

�_s ℓ=1 W_ℓ ∩ B(x^′, δ) is the germ of an apartment.

We now show the independence of the apartment F^′_1 obtained in the previous step, of the point x_1 ∈ F_{∁1}. We denote the set of apartments F^′_1 of K_1 corresponding to different points x_1 ∈ F_{∁1} by Ap_1. If x_n, x_1 ∈ F_{∁1}, x_n → x_1, then Q(F_1 × {x_n}) converges to Q(F_1 × {x_1}) in the modified Hausdorff metric. Thus we may conclude that for every x_1 ∈ F_{∁1} there exists F^′_1 ∈ Ap_1 and an open neighborhood V_{x1} of x_1 in F_{∁1} such that ∀y ∈ V_{x1} , Q(F_1 ×{y}) = F^′_1 ×{y^′}, where y^′ ∈ π_1(Q(F_ω)). The class of sets O(F^′_1) = {x_1 ∈ F_{∁1} | ∃V_{x1} neighborhood of x_1 such that ∀y ∈ V_{x1} , Q(F_1 × {y}) = F^′_1 × {y^′} }, F^′_1 ∈ Ap_1, is an open partition of F_{∁1}, or F_{∁1} is connected. Then it exists F^′_1 ∈ Ap_1 such that ∀x_1 ∈ F_{∁1}, Q(F_1 × {x_1}) = F^′_1 × {x^′_1}, for some x^′_1. ♦

With analogous arguments we obtain the same result as in Lemma 4.2.5 for every i ∈ {2, 3, . . . , κ}.

End of the proof of Proposition 4.2.1. It is easy to deduce from the previous results that Q(F_ω) is an apartment. One can prove by induction on k ∈ {1, 2, . . . , κ} that ∀x_k ∈

�_κ

i=k+1 Fi there exists an x ′ k ∈ �_κ

i=k+1 Ki such that Q

�_k i=1 F_i × {x_k} � = �_k

i=1 F^′_i × {x^′_k}. Finally we obtain that Q(F_ω) = ∪^p_{i=0}W^ω_i is an apartment, so p = p_0 and ∪^p_{i=0}W_i(∞) is an apartment. As F is an l.b. flat with respect to x, if F = ∪^{p0}_{j=0}~W_j is the decomposition of F into Weyl chambers of vertex x, each ~W_j is l.i. with respect to x. Corollary 3.3.10 implies that there exists a partition ⊔^{p0}_{j=0}I_j of {0, 1, . . . , p_0} such that for each j ∈ {0, 1, . . . , p_0}, q(π_0(~W_j )) has the same horizon as ∪_{i∈Ij} W_i. Each set I_j must contain only one element which we denote i_j. In any asymptotic cone we have that Q(~W^ω_j ) = W^ω_{ij} . Then, if ~W^ω_j and ~W^ω_k have a wall in common, W^ω_{ij} and W^ω_{ik} have in common a wall of the same dimension. Then the same is true in the space : if ~W_j and ~W_k have a wall M in common, W_{ij} and W_{ik} have in common a wall M′, of the same dimension. The simplicial homomorphism between the apartments F (∞) and ∪^p_{i=0}W_i(∞) associating to the boundary at infinity of each such wall M(∞) the boundary at infinity M^′(∞) preserves all incidence relations so it is an isomorphism. We have thus proved the last part of the statement. ♦

We have an uniformity result which completes Lemma 3.3.7 under stronger assumptions. We prove that for an R-logarithmic flat to which a quasi-isometry associates a fan over an apartment the distance R_ε starting from which its image and the fan are seen as ε-close depends only on R and the constants of the quasi-isometry. In Lemma 3.3.7 only the closeness of the image of the flat to the fan was taken into account, but not the one of the fan to the image of the flat.

Proposition 4.2.6 (uniformity). Let ε > 0, R > 0, L ≥ 1 and c > 0. There exists R_ε = R_ε(R, L, c) such that if F is an R–l. flat with respect to x and q : X_0 → X_0 is an (L, c)-quasi-isometry, q(x) = x, and if q associates to F a fan over an apartment of vertex x, ∪^{p0}_{i=0}W_i, then for every ρ ≥ R_ε and ξ =^ε_{100} we have :

~∠^H_x (q(π_0(F )) ∩ C_ξ(x, ρ), ∪^{p0}_{i=0}W_i ∩ C_ξ(x, ρ)) ≤ ε.

Proof. We argue by contradiction and suppose that for certain ε > 0, R > 0, L ≥ 1 and c > 0 there exists a sequence (F_n) of R–l. flats with respect to x and a sequence of (L, c)-quasi-isometries q_n : X_0 → X_0, q_n(x) = x , such that if ∪^{p0}_{i=0}W^n_i are fans over apartments associated to F_n by q_n and if

R^ε_n := sup{ρ > 0 | ~∠^H_x (q_n(π_0(F_n)) ∩ C_ξ(x, ρ), ∪^{p0}_{i=0}W^n_i ∩ C_ξ(x, ρ)) > ε},

then R^ε_n → ∞. In K = Con_ω(X, x, (R^ε_n)) we have that

(4.4) Q(F_ω) = [q_n(π_0(F_n))] ⊂ [∪^{p0}_{i=0}W^n_i ] = ∪^{p0}_{i=0}W^ω_i

by Corollary 3.3.8, and there exists an element z_ω ∈ ∪^{p0}_{i=0}W^ω_i ∩ C_ξ(x_ω, 1) such that ~∠_{xω} (z_ω, Q(F_ω) ∩ C_ξ(x_ω, 1)) ≥ ε.

For a small δ, Q(F_ω)∩B(x_ω, δ) is a δ-Euclidean cone over a bilipschitz sphere of Σ_{xω} K and it is included in ∪^{p0}_{i=0}W^ω_i ∩ B(x_ω, δ). By Lemma 2.2.3, (i) and (ii), Q(F_ω) ∩ B(x_ω, δ) coincides with ∪^{p0}_{i=0}W^ω_i ∩ B(x_ω, δ) and it is a δ-Euclidean cone over a spherical apartment. It follows that ∪^{p0}_{i=0}W^ω_i is an Euclidean cone over a spherical apartment, so a maximal flat. Then in (4.4) we have equality. This contradicts the existence of z_ω. ♦

Proposition 4.2.7. Let q : X_0 → X_0 be an (L, c)-quasi-isometry, q(x) = x, and F an R–l. flat with respect to x to which q associates a fan over an apartment of vertex x, ∪^{p0}_{i=0}W_i. If F^′ is the maximal flat asymptotic to the fan, then d(x, F^′) ≤ C, where C is a constant depending only on R, c and L.

Proof. Suppose, on the contrary, that there exists a sequence F_n of R–l. flats with respect to x and a sequence q_n : X_0 → X_0 of (L, c)-quasi-isometries, q_n(x) = x, such that δ_n := d(x, F^′_n) → +∞ . In Con_ω(X, x, δ_n) we may deduce as in the proof of Proposition 4.2.6 that [∪^{p0}_{i=0}W^n_i ] is a maximal flat, which we denote by F_ω, and that, since the bilipschitz flat [q_n(π_0(F_n))] is contained in it, it coincides with it.

On the other hand, since the Hausdorff distance between ∪^{p0}_{i=0}W^n_i and F^′_n is equal to δ_n = d(x, F^′_n), in the cone the maximal flats F_ω and F^′_ω = [F^′_n] are at Hausdorff distance 1. This implies that F_ω = F^′_ω by [KlL, Corollary 4.6.4]. But since d(x, F^′_n) = δ_n, the limit point x_ω, which is contained in F_ω, is at distance 1 from F^′_ω. We have obtained a contradiction. ♦

Remark 4.2.8. (1) We may replace everywhere the hypothesis q(x) = x by q(x) = y, where y is an arbitrary point in X_0. The fan ∪^{p0}_{i=0}W_i is then a fan of vertex y. In Proposition 4.2.7 we obtain d(y, F^′) ≤ C.

(2) Let F be a good l.b. flat with respect to x ∈ F ∩ X_0. Let q : X_0 → X_0 be an (L, c)-quasi-isometry, ∪^{p0}_{i=0}W_i be the fan over an apartment of vertex q(x) associated to F by q and F^′ be the maximal flat asymptotic to ∪^{p0}_{i=0}W_i. Each subset S_F (m), which is a big subset of F if c_0, R_0 and m ∈ N are big, is sent by q ∘ π_0 at finite distance from F^′ : q ∘ π_0(S_F (m)) ⊂ N_{Cm} (F^′).

Proof. The proof of (1) is done with the same arguments as in the Remark 3.3.11. The statement (2) is a consequence of (1) and Proposition 4.2.7. ♦

The result (2) in the previous Remark is similar to the Theorem 8.1 obtained by A. Eskin and B. Farb [EF], though less general.

Before stating the following result we remind some simple properties. Let Λ be a subset of s roots in the chosen fundamental set of roots Δ_0. If k ∈ K_Λ, the the maximal flats F_0 and kF_0 have at least the singular codimension s plane H_Λ = ∩_{α∈Λ}kerα in common. If moreover k ∉ ∪_{Λ1⊂Λ}K_{Λ1} then H_Λ is precisely the intersection between F_0 and kF_0.

Lemma 4.2.9. Let q : X_0 → X_0 be an (L, c)-quasi-isometry, q(x) = x. Let Λ be a subset of cardinal s in Δ_0. Suppose that g ∈ G and k ∈ K_Λ \ ∪_{Λ1⊂Λ}K_{Λ1} have the property that the maximal flats F^0 = gF_0 and F^1 = gkF_0 are R-logarithmic with respect to x = gx_0, and q associates to each of them a fan over an apartment. Let ~F^0 and ~F^1 be the maximal flats asymptotic to those fans. Then

(i) The boundaries at infinity ~F^0(∞) and ~F^1(∞) intersect in a singular plane of codimension s, H.

(ii) Let x_j be the projection of x on ~F^j and H_j be the singular plane through x_j with boundary at infinity H, j = 0, 1. Then there exists C = C(R, L, c) such that

x ∈ N_C (H_0) ∩ N_C (H_1) and H_i ⊂ N_{2C} (H_j ), {i, j} = {0, 1} .

(iii) For every δ > 0 there exists D = D(R, L, c, δ) such that if d_{KΛ} (k̄, ∪_{Λ1⊂Λ}K_{Λ1} ) ≥ δ, then q (S_F 0 (1) ∩ S_F 1 (1)) ⊂ N_D(H_0) ∩ N_D(H_1) .

Proof. (i) Let H := gH_Λ be the singular codimension s plane in which F^0 and F^1 intersect. In an asymptotic cone, let H^ω be the limit set of H. By Proposition 4.2.7 we have that the limit flat ( ~F^i)^ω coincides with Q((F^i)^ω) for i = 0, 1. Then ( ~F^0)^ω ∩ ( ~F^1)^ω coincides with Q(H^ω). The previous set is bilipschitz equivalent to R^{r−s} and it is a Weyl polytope, as intersection of two apartments [KlL, Corollary 4.4.6]. Or the only Weyl polytopes which are bilipschitz equivalent to R^{r−s} are codimension s singular planes. So (F̃^0)^ω ∩ (F̃^1)^ω is a codimension s singular plane. The property (i) then follows from Lemma 2.4.3.

(ii) The fact that d(x, x_j ) ≤ C, j = 0, 1, follows from Proposition 4.2.7. Then d(x_0, x_1) ≤ 2C, x_j ∈ H_j , j = 0, 1, and H_0, H_1 are asymptotic. This implies the second part of (ii).

(iii) Suppose, on the contrary, that there exist δ > 0, two sequences of maximal flats F^0_n = g_nF_0 and F^1_n = g_nk_nF_0 with d_{KΛ} (k̄_n, ∪_{Λ1⊂Λ}K_{Λ1} ) ≥ δ, and a sequence of (L, c)-quasiisometries q_n satisfying the hypothesis, and there exist z_n ∈ q_n � S_F 0_n (1) ∩ S_F 1_n (1) � with max{d(z_n, H_{0n}), d(z_n, H_{1n})} = D_n → ∞. Let H_n = F^0_n ∩ F^1_n . In Con_ω(X, (z_n), (D_n)) we obtain two apartments F^j_ω = [F^j_n] in [X_0], j = 0, 1, which intersect in a codimension s singular plane H_ω = [H_n]. Let Q be the bilipschitz map induced by the sequence of quasiisometries (q_n). The image by Q of the singular plane, Q(H_ω) = Q(F^0_ω ) ∩ Q(F^1_ω ) coincides with ( ~F^0)^ω ∩ ( ~F^1)^ω by Propositions 4.2.6 and 4.2.7. The set Q(H_ω) = ( ~F^0)^ω ∩ ( ~F^1)^ω contains, by (ii), the singular plane H^′_ω = [H_{jn}], j = 0, 1, and also a point z_ω = [z_n] at distance 1 from H^′_ω. Or the set Q(H_ω) is a bilipschitz flat of dimension r − s and it contains the flat of dimension r − s H^′_ω. This implies that the two sets should coincide and contradicts the existence of the point z_ω. ♦

In the previous lemma too we may replace the hypothesis q(x) = x by q(x) = y, y ∈ X_0, and we obtain y ∈ N_C (H_0) ∩ N_C (H_1).

5 The associated isometry. Conclusions

We fix a quasi-isometry q and we shall find an isometry which is within finite distance from it. We use Tits’ Theorem (Theorem 2.3.2).

In this section we identify the set of chambers in ∂_∞X, which we denote by Ch(∂_∞X), endowed with the cone topology, with the set of Weyl chambers of vertex x_0 with the modified Hausdorff topology, and with K with the induced topology.

By Proposition 4.2.1, q associates to each Weyl chamber in a full measure set of Weyl chambers of vertex x_0 one Weyl chamber. We denote this injective map between Weyl chambers q̃. Using q̃ and results of J. Tits we construct a simplicial isomorphism Φ on ∂_∞X. We prove that Φ coincides with q̃ on a full measure set of chambers. To apply Tits’ Theorem, we must also prove that Φ is a homeomorphism. Since it is defined on a compact set, it suffices to prove that Φ is continuous. This shall be done by using the continuity of Φ on the chamber stars of all the panels contained in a given apartment. Finally, we show that the isometry g associated to Φ by Tits’ Theorem is within finite distance from q.

5.1 Full measure subsets

Lemma 5.1.1. Let G be a group, H a subgroup and E a full measure subset in G. Then almost every g in G has the properties that g ∈ E and for almost every h ∈ H, gh ∈ E.

Proof . By Fubini Theorem, almost every ḡ ∈ G/H has the property that for almost every h ∈ H, gh ∈ E. This implies the conclusion of the lemma. ♦

Let L := {g ∈ G | gF_0 is a good l.b. flat with respect to gx_0}, which is a full measure subset of G. Let Λ be a subset of roots in Ξ. By Lemma 5.1.1, for a.e. g ∈ G, g ∈ L and gk ∈ L for a.e. k ∈ K_Λ. We denote L_Λ this new full measure subset and B := ∩_{Λ⊂Ξ}L_Λ.

The meaning of g being in L_Λ is that gF_0 is a good l.b. flat with respect to gx_0 and the same is true for almost every other maximal flat through gx_0 having in common with gF_0 the singular (hyper)plane gH^Λ_0 . If g is in B, then the previous statement is true for all singular (hyper)planes gH^Λ_0 , Λ ⊂ Ξ, that is, for all singular (hyper)planes in gF_0 through gx_0.

Definition 5.1.2. We call butterfly flat with respect to x a good l.b. flat with respect to x containing x, such that if H is any of its singular (hyper)planes through x, a.e. flat through H is a good l.b. flat with respect to x. The boundary at infinity of a butterfly flat is called a butterfly apartment.

We notice that g ∈ B is equivalent to the fact that gF_0 is a butterfly flat. Since B is full measure in G, we conclude that for a.e. g, gF_0 is a butterfly flat. By Fubini Theorem, this implies that for a.e. x ∈ X, a.e. maximal flat through x is a butterfly flat.

Let U_Ψ be an unipotent subgroup, Ψ ⊂ Ξ. For almost every g ∈ G, g ∈ B and gu ∈ B for a.e. u ∈ U_Ψ. We denote this new full measure set B_Ψ and P := ∩_{Ψ⊂Ξ}B_Ψ.

We recall that U_Ψ acts simply trasitively on the set of maximal flats whose boundary at infinity contain D^+_Ψ(∞) ( see paragraph 2.5.1 for definition of D^+_Ψ ). Thus, if g is in B_Ψ, this means that gF_0 is a butterfly flat with respect to gx_0 and a.e. maximal flat whose boundary at infinity contains gD^+_Ψ(∞) is a butterfly flat with respect to one of its points. If g ∈ P, the previous property is true for all subsets of roots Ψ ⊂ Ξ.

Definition 5.1.3. We call pistil flat with respect to gx_0 a butterfly flat F = gF_0 with respect to gx_0 with the property that for every Ψ ⊂ Ξ, a.e. maximal flat whose boundary at infinity contains gD^+_Ψ(∞) is a butterfly flat with respect to one of its points. The boundary at infinity of a pistil flat is called a pistil apartment.

If g ∈ P then gF_0 is a pistil flat. The property of P being full measure implies that for almost every x ∈ X, almost every maximal flat through x is a pistil flat.

We suppose we have chosen our fixed basepoint x_0 in the previous full measure subset of X. Thus the set {k ∈ K | kF_0 is a pistil flat with respect to x_0} has full measure.

Let F = gF_0 be a pistil flat and F = F (∞). Let W_1 = gW_0 and let W_2 be another chamber in F and gD^+_Ψ(∞) the convex hull of W_1 and W_2. We recall that we denote by op_F the opposition isomorphism in F and by ϖ the composition op_F ∘ retr_{F,W1} . By the discussion in paragraph 2.5.1, there exists a bijection between the set of chambers Op_{W1} (W_2) and U_Ψ. We consider Op_{W1} (W_2) endowed with the measure induced by this bijection.

Lemma 5.1.4. For almost every chamber W in Op_{W1} (W_2), every chamber W^′ in a minimal gallery from W_1 to W determines with ϖ(W^′) a butterfly apartment.

Proof. It is a consequence of the definition of a pistil flat and of the diffeomorphism defined in the end of paragraph 2.5.1. ♦

Definition 5.1.5. Let F = gF_0 be a pistil flat and F = F (∞). Let W_1 = gW_0.

With the previous notations, a chamber W such that every chamber W^′ in a minimal gallery from W to W_1 determines with ϖ(W^′) a butterfly apartment, is called a chamber tied to the pistil apartment F with respect to the chamber W_1.

We notice that if a chamber W is tied to a pistil apartment F with respect to a chamber W_1, then every chamber in a minimal gallery from W to W_1 is tied to F with respect to W_1.

Corollary 5.1.6. Let F be a pistil apartment and W_1, W_2 two chambers in it. Almost every chamber in Op_{W1} (W_2) is tied to F with respect to W_1.

5.2 The butterfly argument

In the sequel we suppose q(x_0) = x_0 and, unless otherwise stated, we always consider [good] l. [b.] flats and l.i. Weyl chambers, butterfly and pistil flats with respect to x_0.

Let L_K := {k ∈ K | kF_0 is a good l.b. flat } and L the projection of L_K in K. We also denote by L the set of Weyl chambers {kW_0 | k̄ ∈ L}.

By Proposition 4.2.1, we can define a map q̃ from L to K by q̃(k̄) = k̄^′ so that q(π_0(kW_0)) has the same horizon as k^′W_0 with respect to x_0. Using q^{−1} it is not difficult to see that q̃ is injective. Also, if k̄_1, k̄_2 ∈ L and k̄_1W_0 ∩ k̄_2W_0 is a codimension m wall, by eventually passing to an asymptotic cone one can deduce that q̃(k̄_1)W_0 ∩ q̃(k̄_2)W_0 is a codimension m wall. Thus, q̃ preserves all kinds of intersections.

Let M be a wall of vertex x_0. Suppose M = kM_0, where k ∈ K and M_0 = W_0 ∩ H^Λ_0 , for a certain Λ ⊂ Δ_0. We may identify the chamber star of M, St M, with kK_Λ.

Proposition 5.2.1. Let M be a wall of vertex x_0. If L∩St M has full measure in St M, then q̃ is uniformly continuous on L ∩ St M.

Proof. Step 1. In this step we choose and fix a pair of flats whose intersection is the minimal singular plane containing M and which satisfy the assumptions in Lemma 4.2.9. This choice and Lemma 4.2.9 will provide us with a reference singular plane H^′.

Let H = kA_Λx_0 be the i-dimensional singular plane containing M, where k ∈ K and Λ ⊂ Δ_0. We identify St M with kK_Λ.

We may write L ∩ St M = kE, where E is a full measure subset of K_Λ. Let E be the preimage of E, full measure subset of K_Λ. We choose an element k_0 in E. For some fixed δ_0 > 0, there exists k_Λ ∈ E such that d_{KΛ} �¯ k_Λ, k_0 � ∪_{Λ1⊂Λ}K_{Λ1} � > δ_0. Since kk̄_0 and kk̄_Λ are in L ∩ St M, the flats F = kk_0F_0 and F_Λ = kk_ΛF_0 are good R-l.b. flats for a certain R ∈ R^∗_+. The flats F and F_Λ intersect only in H, due to the way we have chosen k_Λ.

The quasi-isometry q associates to F and F_Λ fans over apartments. Let F^′ and F^′_Λ be the maximal flats asymptotic to these fans. By Lemma 4.2.9 there exist C = C(R, L, c) and D = D(R, L, c) and a singular plane of dimension i, H^′ ⊂ F^′, such that

(5.1) x_0 ∈ N_C (H^′) and q (S_F (1) ∩ S_{FΛ} (1)) ⊂ N_D(H^′).

Step 2. Now we prove the statement of the proposition. Let W_1 and W_2 be two Weyl chambers in L ∩ St M. There exist two good l.b. flats F_1 and F_2 containing W_1 and W_2. The flats F_1 and F_2 have at least H in common.

We fix an arbitrary ε > 0. We prove that there exists δ > 0 small enough so that if W^′_1 and W^′_2 are the Weyl chambers of vertex x_0 associated to W_1 and W_2 by ~q, d_K (W_1, W_2) < δ implies d_K (W^′_1, W^′_2) ≤ ε. We recall that d_K is the K-invariant metric on K. The outline of the proof is as follows. First we prove that we may repace the distance d_K by the

Hausdorff distance between traces of big balls. Then we notice that we may replace the basepoint x_0 by any other point y in the singular plane H. Propositions 4.2.1 and 4.2.6 allow to transfer any hypothesis of closeness between two Weyl chambers to the Weyl chambers associated to them by q. By choosing well the point y we may make sure that its image by q is not too far from the singular plane H^′ provided by Step 1. So up to a small movement, we may suppose that the associated Weyl chambers have vertices on H^′. Then we may slip again along H^′ and suppose that the two associated Weyl chambers have the vertex in the nearest point to x_0 in H^′. Or, by the relation (5.1), x_0 is not too far from H^′, so up to another bounded movement, we obtain that the associated Weyl chambers with vertices in x_0 are close. This gives the conclusion.

For every δ_0 > 0 small and R large, there exists a small δ such that

d_K (W_1, W_2) < δ =⇒ d_{Hd}(W_1 ∩ B(x_0, R), W_2 ∩ B(x_0, R)) < δ_0R ,

where by d_{Hd} we denote the Hausdorff distance.

We take R big enough such that c_0 and R_0 chosen in the beginning of Section 4.1, LR^ε_4 , C, D and the constant c of the quasi-isometry q are very small compared to it.

Notation : Let W be a Weyl chamber and x a point. We denote by W (x) the Weyl chamber of vertex x asymptotic to W .

We have

d_{Hd}(W_1 ∩ B(x_0, R), W_2 ∩ B(x_0, R)) = d_{Hd}(W_1(y) ∩ B(y, R), W_2(y) ∩ B(y, R)) < δ_0R

for any point y ∈ H. Since F_1 and F_2, as well as F and F_Λ chosen in Step 1, satisfy (P_{x0} (1)), we can find a point y ∈ H such that y ∈ X_0 and F_1, F_2, F and F_Λ are R_0–l.b. with respect to y. Since the Weyl chambers W_1 and W_2 are R_0–l. i. we may write

d_{Hd}(W_i(y) ∩ C(y, R_0, ρ), π_0(W_i(y)) ∩ C(y, R_0, ρ)) ≤ M_0 log ρ, ∀ρ ≥ R_0, i = 1, 2,

and we may conclude that

d_{Hd}(π_0(W_1(y)) ∩ C(y, R_0, R), π_0(W_2(y)) ∩ C(y, R_0, R)) < δ_1R ,

with δ_1 small. By applying q we get :

d_{Hd} � q ∘ π_0(W_1(y)) ∩ C � q(y), LR_0, 1 L R � , q ∘ π_0(W_2(y)) ∩ C � q(y), LR_0, 1 L R � < δ_2R.

Let W^′_i be the Weyl chambers of vertex x_0 associated to W_i by ~q, i = 1, 2.

Let R^ε_4 = R^ε_4 (R_0, L, c) be the radius associated by Proposition 4.2.6 to the fixed ε. By Propositions 4.2.1 and 4.2.6, and Remark 3.3.11, (2), we have

~∠^H_{q(y)}(q ∘ π_0(W_i(y)) ∩ C_ξ(q(y), ρ), W^′_i (q(y)) ∩ C_ξ(q(y), ρ)) < ε 4 , ∀ρ ≥ R^ε_4 , i = 1, 2.

From the two previous inequalities we deduce that :

d_{Hd} � W^′_1(q(y)) ∩ C � q(y), R^ε_4 , 1 L R � , W^′_2(q(y)) ∩ C � q(y), R^ε_4 , 1 L R � < � δ_2 + ε 2 � R.

By the convexity of the distance, in the previous relation we can replace the annulus C � q(y), R^ε_4 ,^1_L R � by the ball B � q(y),^1_L R � . By (5.1), q(y) ∈ N_D(H^′). Let y^′ = proj_H′ q(y).

Then d(q(y), y^′) ≤ D. It follows that W^′_i (q(y)) and W^′_i (y^′) are at Hausdorff distance D one from the other, i = 1, 2. This and the previous inequality imply

(5.2) d_{Hd} � W^′_1(y^′) ∩ B � y^′, 1 2L R � , W^′_2(y^′) ∩ B � y^′, 1 2L R � ≤ � 2δ_2 + ε 2 � R . The same is true if we replace y^′ by any other point in H^′. So in the previous relation we may replace y^′ by proj_H′ x_0. The distance from x_0 to proj_H′ x_0 is at most C, by (5.1). This and the relation (5.2) modified as suggested previously imply

d_{Hd} � W^′_1 ∩ B � x_0, 1 3L R � , W^′_2 ∩ B � x_0, 1 3L R � ≤ � 3δ_2 + ε 2 � R . This implies d_K (W^′_1, W^′_2) ≤ ε if δ_2 is small enough, so if the initial δ is small enough, and the initial R big enough. ♦ Proposition 5.2.1 emphasizes the interest of the notion of butterfly flat. A butterfly flat F through x_0 has the property that q̃ is uniformly continuous on full measure sets in chamber stars of all walls in F of vertex x_0. This suggests that if we replace, in the argument of prolongation of q̃ to a simplicial isomorphism Φ, the set of good l. b. flats with the set of butterfly flats (or a full measure subset of it) this will make easier the proof of the continuity of Φ.

5.3 The construction of the isomorphism

Our goal is to obtain a simplicial isomorphism Φ which coincides with q̃ on a full measure subset of chambers. It suffices to construct a bijection on the set of chambers of ∂_∞X preserving adjacencies. We use two slightly different methods to construct Φ in the rank two case and in the higher rank case, then we show that Φ coincides with q̃ on a full measure set and that it is a homeomorphism. We start the construction of Φ in the same way for the two cases by fixing k ∈ K such that kF_0 is pistil. We denote ~F = kF_0(∞) and ~W = kW_0(∞). We also denote ~W_i = kσ_iW_0(∞), i ∈ {1, 2, . . . p_0}.

5.3.1 The case when the rank is at least 3

In this case we use the two theorems of J. Tits [Ti, Chapter 4] stated below.

Let Σ be a spherical building of rank r ≥ 2 and W a chamber in Σ. For every i ∈ {1, 2, . . . , r − 1} we denote

E_i(W) := {W^′ chamber in Σ | W^′ ∩ W wall of codim ≤ i} .

Let X be a symmetric space of rank r ≥ 2 and W a Weyl chamber of vertex x_0 in X. For every i ∈ {1, 2, . . . , r − 1} we denote

E_i(W ) := {W^′ Weyl chamber of vertex x_0 in X | W^′ ∩ W wall of codim ≤ i} .

Theorem 5.3.1 ([Ti], Theorem 4.1.2). Let Σ, Σ^′ be two spherical buildings of the same rank r ≥ 3, W ⊂ Σ, W^′ ⊂ Σ^′ two chambers and A, A^′ two apartments containing W and W^′, respectively. A bijection ϕ : E_2(W) ∪ A → E_2(W^′) ∪ A^′ , ϕ(A) = A^′, preserving adjacencies, can be extended to an isomorphism Φ : Σ → Σ^′.

Theorem 5.3.2 ([Ti], Theorem 4.1.1). Let Σ, Σ^′ be two spherical buildings of the same rank r ≥ 2, W a chamber in Σ and A an apartment containing W. If two isomorphisms Φ_1 : Σ → Σ^′ and Φ_2 : Σ → Σ^′ coincide on E_1(W) ∪ A then they coincide.

In [Ti, Chapter 4], J. Tits gives the proofs of the two theorems in the irreducible case, but the proofs also work in the general case.

Since kF_0 is a pistil flat, for every wall M_0 in F_0, L_K ∩ St (kM_0) has full measure in St (kM_0). The map q̃ is uniformly continuous on L_K ∩ St (kM_0), so it has a unique prolongation to St (kM_0). Thus, q̃ induces a unique adjacence preserving bijection ϕ : E_2( ~W) ∪ ~F → E_2( ~W^′) ∪ ~F^′, where ~W^′ and ~F^′ are the horizons of q(π_0(kW_0)) and q(π_0(kF_0)), respectively. By Theorem 5.3.1, ϕ prolongates to an isomorphism Φ : ∂_∞X → ∂_∞X. Since ϕ is uniformly continuous on every chamber star of every panel of ~W, the same follows for Φ.

Similarly, q̃ induces an adjacence preserving bijection ϕ_i defined on E_2( ~W_i) ∪ ~F, i ∈ {1, 2, . . . , p_0} , which prolongates to an isomorphism Φ_i. We show by induction on d that if ~W_i is at combinatorial distance d from ~W, then Φ_i = Φ. If d = 2, then ~W and ~W_i are adjacent, so E_1( ~W) ⊂ E_2( ~W) ∩ E_2( ~W_i). The restrictions ϕ|_{E1( fW)} and ϕ_i|_{E1( fW)} both coincide with the unique prolongation of q̃|_{LK ∩E1(kW0)}. Also, ϕ and ϕ_i coincide on ~F. By Theorem 5.3.2, Φ = Φ_i.

If ~W_i is at combinatorial distance d + 1 from ~W, we consider the last-but-one element, ~W_j, of a gallery stretched from ~W to ~W_i. By induction Φ = Φ_j . We prove Φ_j = Φ_i with an argument similar to the one in the initial step of the induction.

We show that Φ coincides with q̃ on a full measure subset of K. By Lemma 2.5.1, K = ∪^{p0}_{i=0}Ω_{mi} (kσ_i), where m_0, m_1, m_2, . . . , m_{p0} are positive real numbers. It suffices to show Φ coincides with q̃ on a full measure subset of each Ω_{mi} (kσ_i), i ∈ {0, 1, 2, . . . p_0}. So in the sequel i is fixed. We denote ϖ_i = op_{eF} ∘ retr_{eF, fWi} .

We prove by induction on ℓ that for every chamber W at combinatorial distance ℓ from ~W_i and tied to ~F with respect to ~W_i, Φ(W) = q̃(W). The statement is true for ℓ = 1 and ℓ = 2. We suppose it is true for ℓ. Let W be a chamber at combinatorial distance ℓ + 1 from ~W_i, tied to ~F with respect to ~W_i. Then W and ϖ_i(W) determin a butterfly apartment, F_W . Let y be a label in the set {1, 2, . . . r} and W_y be a chamber y-adjacent to W, contained in a minimal gallery from ~W_i to W. In F_W we consider the chamber W^′_y which is op(y)-adjacent to ϖ_i(W). We notice that W^′_y is opposite to W_y. We have that Φ(W_y) = q̃(W_y) by induction and Φ(W^′_y) = q̃(W^′_y) since Φ coincides with q̃ on a full measure set of every chamber star of every panel in ~F. Then Φ|_{FW} ≡ q̃|_{FW} and Φ(W) = q̃(W).

For ℓ equal to the combinatorial diameter of ∂_∞X, we obtain that Φ coincides with q̃ on a full measure subset of Ω(kσ_i), so on a full measure subset of Ω_{mi} (kσ_i).

5.3.2 The rank two case

We start with the adjacence preserving bijection ψ :

�_{p0} i=0 E_1( ~W_i) →

�_{p0} i=0 E_1( ~W^′_i) induced by q̃, where ~W^′_i is the horizon of q(π_0(kσ_iW_0)), ∪^{p0}_{i=0} ~W^′_i = q̃( ~F) and ψ( ~F) = q̃( ~F). Up to an isometric change of labelling we may suppose that ψ preserves labelling, by Lemma 2.2.1. The map ψ is uniformly continuous on the chamber star of each panel in ~F. We prolongate ψ to an isomorphism.

We denote q_0 =^{p0+1}_2 , Ch(m) the set of chambers in ∂_∞X at combinatorial distance m from ~W and ϖ the map op_{eF} ∘ retr_{eF, fW} . We prove by induction on m ∈ N ∩ [1, q_0] the following :

(Pro_m) There exists an adjacence preserving bijection ψ_m defined on ∪^m_{i=1}Ch(i) such that ψ_m coincides with ψ on the intersection of their domains of definition, and for every i ∈ {1, 2, . . . , m}, ψ_m is continuous on Ch(i) and coincides with q̃ on the set of chambers tied to ~F with respect to ~W.

(Pro_2) is obviously true, ψ_2 = ψ|_{E1( fW)}. We suppose (Pro_m) is true and prove (Pro_{m+1}), m + 1 ≤ q_0. We want to prolongate ψ_m to ψ_{m+1}. In order to define ψ_{m+1} on Ch(m + 1) we use the bijection ψ. For every chamber W in Ch(m + 1), we take the last-but-one chamber, W^′ ∈ Ch(m), of a gallery from ~W to W. Suppose W^′ and W are y-adjacent, y ∈ {1, 2}. In the apartment containing W and ϖ(W), W^′ is opposite to the chamber W^{′′}, op(y)-adjacent to ϖ(W). The chambers ψ_m(W^′) and ψ(W^{′′}) are opposite by Lemma 2.2.3 (iii), so they define an unique apartment. We take as ψ_{m+1}(W) the chamber in this new apartment y-adjacent to ψ_m(W^′). The continuity of ψ_m on Ch(m) and of ψ on the chamber stars of panels in ~F imply the continuity of ψ_{m+1} on Ch(m + 1).

The properties of ψ_{m+1} of being adjacence preserving and of coinciding with ψ on the intersection of their domains are obvious from the construction.

Since ~F is a pistil apartment, a.e. chamber W ∈ Ch(m + 1) is tied to ~F with respect to ~W. By induction and with the previous notations, for such a chamber W, ψ_m(W^′) = q̃(W^′), and also ψ(W^{′′}) = q̃(W^{′′}). We may conclude that ψ_{m+1}(W) = q̃(W).

We obtain in the end Ψ_0 = ψ_{q0} . To prolongate Ψ_0 to the set Ch(q_0 + 1) of chambers opposite to ~W, we can consider, for each opposite chamber, one of the two galleries joining it to ~W. If, for each opposite chamber, we consider only the gallery from ~W containing a chamber y-adjacent to ~W, with the previous argument we can prolongate Ψ_0 to Ψ_y, y = 1, 2. Both Ψ_1 and Ψ_2 are bijections continuous on Ch(q_0 + 1) and coincide with q̃ on almost every chamber of Ch(q_0 + 1). Then Ψ_1 = Ψ_2 = Ψ, and Ψ is an adjacence preserving bijection on the set of all chambers, so it induces an isomorphism Φ on ∂_∞X. This isomorphism has the properties that it coincides with ψ on the domain of definition of ψ and that it coincides with q̃ on a full measure subset of Ω(k). An identical reasoning can be done to prolongate the map ψ starting with the chamber ~W_i. We would obtain an isomorphism Φ_i which coincides with q̃ on a full measure subset of Ω(kσ_i). By Theorem 5.3.2 and the fact that Φ_i and Φ coincide with ψ on its domain of definition, Φ_i = Φ, ∀i ∈ {1, 2, . . . p_0}. Then Φ coincides with q̃ on a full measure subset of Ω(kσ_i), ∀i ∈ {1, 2, . . . p_0}. Since K = ∪^{p0}_{i=0}Ω(kσ_i), Φ coincides with q̃ on a full measure subset of K.

5.3.3 The continuity

We have obtained the simplicial isomorphism Φ : ∂_∞X → ∂_∞X. We prove the following general result which implies that Φ is a homeomorphism in the cone topology.

Lemma 5.3.3. Let Φ : ∂_∞X → ∂_∞X be a simplicial isomorphism and ~F an apartment in ∂_∞X. If Φ is continuous on the chamber star of each panel in ~F, then Φ is a homeomorphism in the cone topology.

Proof. Up to an isometric change of labelling on the target building, we may suppose that Φ preserves labelling (easy consequence of [Ti, §2.6]). It suffices then to show that Φ is an homeomorphism on Ch (∂_∞X). Thus, in the rest of the proof we shall denote by Φ the restriction of Φ to Ch (∂_∞X). Since Φ is a bijection between compact sets , in order to show that Φ is an homeomorphism it suffices to show its continuity.

Let g ∈ G such that ~F = gF_0. By Lemma 2.5.1, K = ∪^{p0}_{i=0}Ω_{mi} (gσ_i), where m_i ∈ R^∗_+, ∀i ∈ {0, 1, . . . p_0}. Hence, it suffices to prove that Φ is continuous on each Ω_{mi} (gσ_i). We fix i ∈ {0, 1, . . . p_0} and we denote gσ_iW_0 by ~W_i and Ω_{mi} (gσ_i) by Ω_i. For any k^{op} in Ω_i there exists a unique apartment F(k^{op}) containing ~W_i and k^{op}W_0. We denote the set of all chambers of all apartments F(k^{op}), k^{op} ∈ Ω_i, by Ch_i. We consider the retraction retr = retr_{eF, fWi} and ϖ_i = op_{eF} ∘ retr. We prove by induction on ℓ the following statement :

(P_ℓ) Let W_λ be a chamber and (W_n) be a sequence of chambers in Ch_i at combinatorial distance ℓ from ~W_i, with retr(W_λ) = retr(W_n), ∀n ∈ N. Then, the following implication holds

W_n → W_λ ⇒ Φ(W_n) → Φ(W_λ).

We prove (P_2). In this case W_n and W_λ have a panel in common with ~W_i and Φ is continuous on the chamber star of this panel.

We suppose (P_ℓ) is true and prove (P_{ℓ+1}). Let W_λ, W_n be chambers at combinatorial distance ℓ + 1 from ~W_i. Since retr(W_λ) = retr(W_n), ∀n ∈ N, there exists a label y ∈ {1, 2, . . . , r} and a chamber W^y_s y-adjacent to W_s and contained in a minimal gallery from ~W_i to W_s, ∀s ∈ {λ} ∪ N. Also retr(W^y_λ) = retr(W^y_n), ∀n ∈ N, and W^y_s are at combinatorial distance ℓ from ~W_i.

(A) W_n → W_λ implies W^y_n → W^y_λ.

Otherwise, by eventually taking a subsequence, we would have W^y_n → W^′ ≠ W^y_λ. Since W_s ∈ Ch_i, each W_s is contained, together with ~W_i, so together with W^y_s , in the boundary of a maximal flat F_s with d(x_0, F_s) < m_i, ∀s ∈ {λ} ∪ N. By eventually taking a subsequence, we may suppose that F_n converges in the modified Hausdorff metric to a flat F with d(x_0, F ) ≤ m_i. Also, F (∞) contains ~W_i and W_λ, so it contains also W^y_λ, which is the unique chamber y-adjacent to W_λ and closer that it to ~W_i. The chamber W^y_n has the same properties in the boundary F_n(∞) with respect to ~W_i and W_n. This and the fact that F_n → F imply that W^y_n → W^y_λ. We have obtained a contradiction.

(B) Let W^{op} = ϖ_i(W_s) which is opposite to W_s, ∀s ∈ {λ}∪N. The unique apartment F_s determined by W^{op} and W_s contains ~W_i. For each s ∈ {λ}∪N, let (W^′_s)^y be the unique chamber of F_s op(y)-adjacent to W^{op}. We notice that W^y_s and (W^′_s)^y are opposite. With an argument analogous to the one in (A) we may show that (W^′_n)^y → (W^′_λ)^y.

(C) By (P_ℓ), Φ (W^y_n) → Φ (W^y_λ), and by hypothesis Φ ((W^′_n)^y) → Φ ((W^′_λ)^y). Since Φ (W^y_s ) and Φ ((W^′_s)^y) are opposite, contained in the apartment Φ(F_s), then Φ(F_n) → Φ(F_λ), which implies Φ(W_n) → Φ(W_λ). ♦

5.4 The associated isometry

There is a unique isometry g in G having Φ as its boundary map, provided G doesn’t have a rank one factor. To prove that g is finite distance from q we need

Lemma 5.4.1. Let Δ_0 = {α_1, α_2, . . . , α_r} be a fundamental set of roots and k_i ∈ K_{αi} such that d(ē, k̄_i) =^π_2 , ∀i ∈ {1, 2, . . . r}. Then for every C > 0 there exists D = D(C) such that

N_C (F_0) ∩ r� i=1 N_C (k_iF_0) ⊂ N_D(x_0).

Proof. Suppose there exist sequences k_{in} ∈ K_{αi} such that d(ē, k̄_{in}) =^π_2 , ∀i ∈ {1, 2, . . . r}, and z_n ∈ N_C (F_0) ∩

�_r i=1 N_C (k_{in}F_0) with d(z_n, x_0) = ι_n → ∞. Then in Con_ω(X, x_0, (ι_n)) the limit flats F^0_ω = [F_0] and F^i_ω = [k_{in}F_0] have the property that their intersection is a point, x^0_ω = [x_0]. On the other hand their intersection also contains the point z_ω = [z_n] which is at distance 1 from x^0_ω. We get a contradiction. ♦ We are now in a position to prove

Proposition 5.4.2. There exists a constant D = D(L, c, Γ) such that

d(q(x), g(x)) ≤ D , ∀x ∈ Γx_0.

Proof. Step 1. First we prove that in any point z of the orbit Γx_0 a big set of flats through z are good R_0-l.b. flats and their chambers in ∂_∞X are in the set of chambers on which Φ coincides with q̃. To any of these flats q associates a fan over an apartment, so a unique flat. By Proposition 4.2.7, the point q(z) is uniformly close to each of these image flats.

We consider the set Log(R_0) defined in Lemma 3.2.2, of measure at least 1 −^s_{logR0} . We denote^{2s}_{log R0} by κ_0. By Fubini Theorem, the set of points x̄ ∈ V with the property that, if F_x is a maximal flat through x, then

μ_{Kx} ({k ∈ K_x | kF_x is R_0-l.b. with respect to x}) ≥ 1 − κ_0,

has measure at least^1_2 in V. We have chosen x_0 in a full measure subset. So we may moreover suppose that x_0 is chosen so that x̄_0 is in the previous subset of V of measure greater than^1_2 . Then

μ_K (L_K ∩ {k ∈ K | kF_0 is R_0 − l.b. with respect to x_0}) ≥ 1 − κ_0.

Let z = γx_0 be a point in Γx_0. Let K_z = K_z/(K_z ∩ Z(γAγ^{−1})) and π_z : K_z → K_z. Let F_z denote γF_0, and let {e, τ_1, τ_2, . . . , τ_{p0} } be a system of representatives for

N(γAγ^{−1}) ∩ K_z/(Z(γAγ^{−1}) ∩ K_z). If kF_0 is a R_0–l.b. or a good l.b. flat with respect to x_0 then γkF_0 = γkγ^{−1}F_z is a R_0–l.b. or a good l.b. flat with respect to z. Consequently we have μ_{Kz} (G_z) ≥ 1 − κ_0, where

G_z := {k ∈ K_z | kF_z is a good R_0–l.b. flat with respect to z}.

The map Φ restricted to Ch (∂_∞X), which we identify with K, coincides with q̃ on a full measure set. We denote this set by Θ. The map ϕ_{x0z} : K → K_z, ϕ_{x0z}(k̄) = k̄^′ such that k^′γW_0 is the Weyl chamber of vertex z asymptotic to kW_0, is a diffeomorphism. So Θ_z = ϕ_{x0z}(Θ) has full measure in K_z. It follows that Θ_{Kz} = π^{−1}_z (Θ_z) has full measure in K_z. The set

G^′_z = G_z ∩ Θ_{Kz} ∩

p_0�

i=1 Θ_{Kz} τ^{−1}_i

has measure at least 1 − κ_0. Let k ∈ G^′_z. The flat kF_z is a good R_0–l.b. flat with respect to z, and all its Weyl chambers are in the set Θ_z. The quasi-isometry q associates to kF_z a fan, ∪^{p0}_{i=0}W_i, of vertex q(z) over an apartment, and if F^′ is the maximal flat asymptotic to it, then d(q(z), F^′) ≤ C, where C = C(R_0, L, c) (Proposition 4.2.7). Also q̃(kF_z(∞)) = ∪^{p0}_{i=0}W_i(∞), so the same thing is true for Φ, which implies that g(kF_z) = F^′. Hence

(5.3) d(q(z), g(kF_z)) ≤ C.

Step 2. If G^′_z is big enough (κ_0 is small enough), we will be able to choose a finite family of flats in it intersecting a fixed flat in r linearly independent hyperplanes. This, Lemma 5.4.1 and the inequality (5.3) will imply the conclusion.

For every α ∈ Δ_0 we fix k_α = γk^′_αγ^{−1}, where k^′_α ∈ K_α is such that d_{Kα} (ē, k̄^′_α) =^π_2 . The set

G^{′′}_z = G^′_z ∩ � � α∈Δ_0

G^′_zk^{−1}_α �

has measure at least 1 − (r + 1)κ_0. So for κ_0 small enough G^{′′}_z ≠ ∅. We consider an element k ∈ G^{′′}_z . Then k and kk_α, α ∈ Δ_0, are in G^′_z. By (5.3) we then have

(5.4) d(q(z), g(kF_z)) ≤ C and d(q(z), g(kk_αF_z)) ≤ C, ∀α ∈ Δ_0 .

Also, kF_z ∩ � α∈Δ_0 kkαFz = {z}. Since kFz = kγF0 and kkαFz = kγk ′ αF_0, with d_{Kα} (ē, k̄^′_α) =^π_2 , by Lemma 5.4.1, there exists D = D(R_0, L, c) such that

(5.5) N_C (kF_z) ∩ � α∈Δ_0

N_C (kk_αF_z) ⊂ N_D(z) .

If F^′ = g(kF_z) and F^′_α = g(kk_αF_z), since g is an isometry we have

(5.6) F^′ ∩ � α∈Δ_0

F^′_α = {gz} and N_C (F^′) ∩ � α∈Δ_0

N_C (F^′_α) ⊂ N_D(gz) .

By (5.4) and (5.6), we may conclude that

q(z) ∈ N_C (F^′) ∩ � α∈Δ_0

N_C (F^′_α) ⊂ N_D(gz).

Then d(q(z), gz) ≤ D. ♦ In particular Proposition 5.4.2 says that the isometry g sends the entire orbit Γx_0 in a neighborhood of itself N_D(Γx_0). We have the following result due to Nimish Shah.

Theorem 5.4.3 ([Sh]). Let G be a semisimple Lie group without compact factors and Γ an irreducible non-uniform lattice in G. If g ∈ G has the property that gΓ ⊂ N_D(Γ), for a certain D, then g ∈ Comm(Γ).

This and the previous proposition imply Theorem 1.2. ♦

Corollary 5.4.4. Let Γ be a non-uniform irreducible lattice in a semisimple group G of rank at least 2, with finite center and without factors of rank ≤ 1. The group QI(Γ) of quasi-isometries of Γ coincides with the commensurator of Γ.

Proof of Theorem 1.1. (1) Every λ ∈ Λ defines a quasi-isometry on Γ by q ∘ λ ∘ q^{−1}. By Theorem 1.2 we can associate to it an isometry ϕ(λ) ∈ Comm(Γ). The proof of the fact that ϕ : Λ → Comm(Γ) is a homomorphism with finite kernel and discrete image is identical to the one given by R. Schwartz [S_1, 10.4].

In order to prove that ϕ(Λ) = Γ_1 is a non-uniform lattice it suffices to notice that Γ is within bounded distance from Γ_1 : for every γ ∈ Γ, ϕ(q^{−1}(γ)) is within finite distance from γ.

(2) Suppose Γ is irreducible. We may also suppose, up to finite index, that Γ_1 is without torsion. Then Γ_1 is quasi-isometric to Γ and (1) implies there is an isomorphism ϕ from Γ_1 to a non-uniform lattice Γ^′_1 ⊂ Comm(Γ) which is finite distance from Γ. By Mostow rigidity [Mo], Γ_1 and Γ^′_1 are conjugate. The following theorem of N. Shah allows to conclude that Γ^′_1 ∩ Γ has finite index in Γ^′_1 and in Γ. ♦

Theorem 5.4.5 ([Sh], Corollary 1.5). Let G be a connected semisimple group without compact factors. Let Γ and Γ_1 be two lattices, Γ non-uniform irreducible. If for some g ∈ G, the projection of gΓ_1 on Γ\G is contained in a compact subset, then gΓ_1g^{−1} ∩ Γ is a subgroup of finite index in gΓ_1g^{−1} as well as in Γ.

References

[B] W. Ballmann, “Lectures on Spaces of Nonpositive Curvature”, Birkhäuser, 1995.

[BGS] W. Ballmann, M. Gromov and V. Schroeder, “Manifolds of Nonpositive Curvature”, Birkhäuser, 1985.

[Bou] N. Bourbaki, “Topologie générale”, quatrième édition, Hermann, Paris, 1965.

[Br] K. S. Brown, “Buildings”, Springer Verlag 1989.

[Dr] C. Druţu, “Nondistorsion des horosphères dans des immeubles euclidiens et dans des espaces symétriques”, Geom. Funct. Anal. 7 (1997), 712-754.

[E] A. Eskin, “Quasi-isometric rigidity of nonuniform lattices in higher rank symmetric spaces”, J. Amer. Math. Soc. 11 (1998), no. 2, 321-361.

[EF] A. Eskin and B. Farb, “Quasi-flats and rigidity in higher rank symmetric spaces”, J. Amer. Math. Soc. 10 (1997), no. 3, 653-692.

[FS] B. Farb and R.E. Schwartz, “The large scale geometry of Hilbert modular groups”, J. Diff. Geom. 44 (1996), 435-478.

[Gr_1] M. Gromov, “Groups of polynomial growth and expanding maps”, Publ. Math.

IHES 53 (1981), 53-73.

[Gr_2] M. Gromov, “Asymptotic Invariants of Infinite Groups”, Geometric Group Theory (vol. 2), G. A. Niblo, M. A. Roller (eds), Proc. of the Symposium held in Sussex, LMS Lecture Notes Series 181, Cambridge University Press 1991.

[He] S. Helgason, “Differential Geometry, Lie Groups and Symmetric Spaces”, Academic Press, 1978.

[KlL] B. Kleiner and B. Leeb, “Rigidity of quasi-isometries for symmetric spaces and Euclidean buildings”, Publ. Math. IHES 86 (1997), 115-197.

[KM] D. Kleinbock and G.A. Margulis, “On logarithm laws for dynamical systems”, preprint.

[Le] E. Leuzinger, “An exhaustion of locally symmetric spaces by compact submanifolds with corners”, Invent. Math. 121 (1995), No. 2, 389-410.

[LMR_1] A. Lubotzky, Sh. Mozes and M. S. Raghunathan, “Cyclic subgroups of exponential growth and metrics on discrete groups” , C. R. Acad. Sci. Paris, Série 1, 317 (1993), 735-740.

[LMR_2] A. Lubotzky, Sh. Mozes and M. S. Raghunathan, “The word and riemannian metrics on lattices of semisimple groups”, preprint.

[M] C. C. Moore, “Ergodicity of flows on homogeneous spaces”, Amer. J. Math. 88 (1966), 154-178.

[Mos] L. Mosher, Featured Review of [E], Math. Reviews 98g:22005.

[Mo] G. D. Mostow, “Strong Rigidity of Locally Symmetric Spaces”, AMS Studies no.78, Princeton University Press 1973.

[N] J. I. Nagata, “Modern Dimension Theory”, North-Holland Publishing Company 1965.

[P] P. Pansu, “Métriques de Carnot-Carathéodory et quasi-isométries des espaces symétriques de rang un”, Ann. Math. 129 (1989), 1-60.

[R] M. Ronan, “Lectures on Buildings”, Perspectives in Math., vol. 7, Academic Press 1989.

[S_1] R. E. Schwartz, “Quasi-isometric classification of rank one lattices”, Publ. Math.

IHES 82 (1995), 133-168.

[S_2] R. E. Schwartz, “Quasi-isometry rigidity and Diophantine approximation”, Acta Math. 177 (1996), 75-112.

[Sh] N. Shah, “Invariant measures and orbit closures in homogeneous spaces for actions of subgroups generated by unipotent elements”, preprint.

[Su] D. Sullivan, “Disjoint spheres, approximation by imaginary quadratic numbers, and the logarithm law for geodesics”, Acta Math. 149 (1982), 215-237.

[Ti] J. Tits, “Buildings of Spherical Type and Finite BN-Pairs”, Lecture Notes 386, Springer Verlag 1974.

[VDW] L. Van Den Dries and A. J. Wilkie, “On Gromov’s theorem concerning groups of polynomial growth and elementary logic”, J. of Algebra 89 (1984), 349-374.

[Zi] R. Zimmer, “Ergodic theory and semisimple groups”, Birkhäuser 1984.