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ADAPTIVE EULER-MARUYAMA METHOD FOR
SDES WITH NON-GLOBALLY LIPSCHITZ DRIFT

By WEI FANG AND MICHAEL B. GILES
University of Ozford

This paper proposes an adaptive timestep construction for an
Euler-Maruyama approximation of SDEs with non-globally Lipschitz
drift. It is proved that if the timestep is bounded appropriately, then
over a finite time interval the numerical approximation is stable, and
the expected number of timesteps is finite. Furthermore, the order of

strong convergence is the same as usual, i.e. order % for SDEs with

a non-uniform globally Lipschitz volatility, and order 1 for Langevin
SDEs with unit volatility and a drift with sufficient smoothness. For
a class of ergodic SDEs, we also show that the bound for the moments
and the strong error of the numerical solution are uniform in 7', which
allow us to introduce the adaptive multilevel Monte Carlo method to
compute the expectations with respect to the invariant distribution.
The analysis is supported by numerical experiments.

1. Introduction. In this paper we consider an m-dimensional stochas-
tic differential equation (SDE) driven by a d-dimensional Brownian motion:

(1) dX; = f(Xy) dt + g(Xy) dW,

with a fixed initial value xy. The standard theory assumes the drift coeffi-
cient f : R™ — R™ and the diffusion coefficient g : R™ — R™*¢ are both
globally Lipschitz. Under this assumption, there is well-established theory
on the existence and uniqueness of strong solutions, and the numerical ap-
proximation )?t obtained from the explicit Euler-Maruyama discretization

X(n—i—l)h = )?nh + f()?nh) h+ g()?nh) AW,

using a uniform timestep of size h with Brownian increments AW,,, plus a
suitable interpolation within each timestep, is known [18] to have a strong
error which is O(h'/?).

The interest in this paper is in other cases in which g is again globally
Lipschitz, but f is only locally Lipschitz. If, for any «, 8 > 0, f also satisfies
the one-sided growth condition
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(@, f(2)) < aflz]* + B,

where (-, -) denotes an inner product, then it is again possible to prove the
existence and uniqueness of strong solutions (see Theorems 2.3.5 and 2.4.1
n [22]). Furthermore (see Lemma 3.2 in [12]), these solutions are stable in
the sense that for any T,p > 0

E

sup HXth] < 00.
0<t<T

The problem is that the numerical approximation )A(t given by the uniform
timestep explicit Euler-Maruyama discretization may not be stable. Indeed,
for the SDE

(2) dX, = — X} dt + dwy,

it has been proved [15] that for any 7'>0 and p>2
lim E [”)?T”p} = .
h—0

This behaviour has led to research on numerical methods which achieve
strong convergence for these SDEs with a non-globally Lipschitz coefficient,
see [12, 16, 17, 23, 24, 25, 29, 32, 39] and references therein.

The other motivation for this paper is the analysis of a class of ergodic
SDEs which exponentially converge to some invariant measure 7, especially
the FENE (Finitely Extensible Nonlinear Elastic) model in [2]. To ensure
the ergodicity, we assume that the SDEs have a locally Lipschitz drift f :
R™ — R™ satisfying the dissipative condition: for some «, 5 > 0,

(3) (, f(x)) < —allz|* + 5,

and a bounded and non-degenerate diffusion coefficient g : R™ — R™*¢,
Evaluating the expectation of some function ¢(z) with respect to that in-
variant measure 7 is of great interest in mathematical biology, physics and
Bayesian inference in statistics:

n(9) 2 [ (o) dn(z) = Jim Bp(X,),

which drives us to consider the stability and strong convergence of the al-
gorithm in the infinite time interval. Several different methodologies have
been developed to estimate the expectation m(¢p).
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First, we can compute the probability density function p(x) of m by solving
the corresponding stationary Fokker-Planck equation, see [36] and references
therein. The second approach is based on the ergodicity of the SDEs:

T
(4) lim /0 P(X0)dt = (), as.
where the limit does not depend on initial value xg. This approach uses
discretized numerical schemes to approximate the SDEs and requires the
numerical solution )?t to preserve the ergodicity. See [11, 20, 21, 26, 34, 38|
and the references therein.

Finally, without requiring the ergodicity of the schemes, for exponentially
ergodic SDEs, we can choose a sufficiently large T" such that

|Elp(X7)] — 7(p)| <e.

Then, for this fixed T, we can use all the methods mentioned in finite time
analysis to estimate E[p(X7)]. Milstein & Tretyakov [30] analyse the error
of this kind of approach based on their quasi-symplectic method.

In this paper, we propose instead to use the standard explicit Euler-
Maruyama method, but with an adaptive timestep h, which is a function of
the current approximate solution X, . Adaptive timesteps have been used in
previous research to improve the accuracy of numerical approximations, see
[6, 13, 19, 27, 31] and the references therein. The idea of using an adaptive
timestep in this paper comes from considering the divergence of the uniform
timestep method for the SDE (2). When there is no noise, the requirement
for the explicit Euler approximation of the corresponding ODE to have a
stable monotonic decay is that its timestep satisfies h < )?t; 2 An intuitive
explanation for the instability of the uniform timestep Euler-Maruyama ap-
proximation of the SDE is that there is always a very small probability of a
large Brownian increment AW, which pushes the approximation X; ., into
the region h > 2)?t;2+ , leading to an oscillatory super-exponential growth.
Using an adaptive timestep can avoid this problem, as proved by Lemaire[21]
for the time-averaging approach. His adaptive construction has similarities
to the one used in this paper.

For the ergodic SDEs, by setting a suitable condition for h, we can show
that, instead of an exponential bound, the numerical solution has a uniform
bound with respect to 71" for both moments and the strong error. Then,
multi-level Monte Carlo (MLMC) methodology [7, 8] is employed and non-
nested timestepping is used to construct an adaptive MLMC [9]. Following
the idea of Glynn and Rhee [10] to estimate the invariant measure of some
Markov chains, we introduce an adaptive MLMC algorithm for the infinite
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time interval, in which each level ¢ has a different time interval length Ty,
to achieve a better computational performance.

The rest of the paper is organized as follows. The adaptive algorithm is
presented and the main theorems both in the finite and infinite time intervals
are stated in Section 2. Section 3 introduces the MLMC schemes, and the
relevant numerical experiments are provided in section 4. Section 5 has the
proofs of the main theorems. Finally, section 6 concludes.

In this paper we consider both the finite time interval [0,7] with 7" >
0 a fixed positive real number and the infinite time interval [0,00). Let
(Q2, F,P) be a probability space with normal filtration (F);e[0,o0) for section
2 and (Ft)se(—o0,0) for section 3 corresponding to a d-dimensional standard
Brownian motion W; = (WM, W@ . W(@)T We denote the vector norm
by [[v]| £ (Jui]? + [ve? + ... + |vm|2)%, the inner product of vectors v and w
by (v, w) £ viwy +vows + . . . + VW, for any v, w € R™ and the Frobenius

matrix norm by || A|| £ \/ i Az?,j for all A € R™*4,

2. Adaptive algorithm and theoretical results.

2.1. Adaptive Euler-Maruyama method. The proposed adaptive Euler-
Maruyama discretisation is

(5)  tnrr =tat P, Xenoy = X + [(X0) b + 9(X2,) AW,

where hy, £ h(X;,) and AW, £ W,
to=0, )/(\v():X().

One key point in the analysis is to prove that ¢, increases without bound
as n increases. More specifically, the analysis proves that for any 7" > 0,
almost surely for each path there is an N such that ¢ty >1T.

We use the notation ¢ £ max{t, : t, <t}, n; = max{n : t, <t} for
the nearest time point before time ¢, and its index. We define the piece-
wise constant interpolant process X; = )?é and also define the standard
continuous interpolant [18] as

Xe = Xi + F(Xp) (t—t) + g(Xe) (Wi — W),

— W4, and there is fixed initial data

n+1

so that X} is the solution of the SDE
(6) dX; = f(Xp) dt + g(X,) AW, = f(X) dt + g(X,) AW

In the following subsections, we state the key results on stability and
strong convergence in both finite and infinite time intervals, and related
results on the number of timesteps, introducing various assumptions as re-
quired for each. The main proofs are deferred to Section 6.
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2.2. Finite Time Interval.
2.2.1. Stability.

AssumpTION 1 (Local Lipschitz and linear growth). Assume f and g
are both locally Lipschitz, so that for any R>0 there is a constant Cr such
that

(7) 1 (@)= F W)l +1l9(x) =9l < Crllz—yl

for all z,y € R™ with ||z||, |ly]| < R. Furthermore, there exist constants
a,B > 0 such that for all x € R™, f satisfies the one-sided linear growth
condition:

(8) (, f(2)) < allz|* + 5,
and g satisfies the linear growth condition:
(9) lg(@)|* < allz]* + 5.

Together, (8) and (9) imply the monotone condition

(@, f(2)) + 3llg(@)* < 5(allz]*+8),

which is a key assumption in the analysis of Mao & Szpruch [25] and Mao [23]
for SDEs with volatilities which are not globally Lipschitz. However, in our
analysis we choose to use this slightly stronger assumption, which provides
the basis for the following lemma on the stability of the SDE solution.

LEMMA 1 (SDE stability). If the SDE satisfies Assumption 1, then for
all p>0

E | sup [|[X¢|]P| < oc.

0<t<T

PRrROOF. The proof is given in Lemma 3.2 in [12]; the statement of that
lemma makes stronger assumptions on f and g, corresponding to (12) and
(13), but the proof only uses the conditions in Assumption 1. O

We now specify the critical assumption about the adaptive timestep.

AssumMPTION 2 (Adaptive timestep). The adaptive timestep function
h : R™ — R* is continuous and strictly positive, and there exist constants
a, B > 0 such that for all x € R™, h satisfies the inequality

(10) (@, f(2)) + 5 h(@) [If (@)]* < allz]* + 6.



6 W. FANG & M.B. GILES

Note that if another timestep function h’(x) is smaller than h(z), then
hd(x) also satisfies the Assumption 2. Note also that the form of (10), which
is motivated by the requirements of the proof of the next theorem, is very
similar to (8). Indeed, if (10) is satisfied then (8) is also true for the same
values of o and 3.

THEOREM 1 (Finite time stability). If the SDE satisfies Assumption 1,
and the timestep function h satisfies Assumption 2, then T is almost surely
attainable (i.e. for w € Q, P(AN(w) < 00 s.t. ty(,) > T) = 1) and for all
p > 0 there exists a constant C, 1 which depends solely on p, T and the
constants «, B in Assumption 2, such that

E| sup H)?th < Cpr.
0<t<T
PROOF. The proof is deferred to Section 6.1. O

2.2.2. Strong convergence. Standard strong convergence analysis for an
approximation with a uniform timestep A considers the limit h — 0. This
clearly needs to be modified when using an adaptive timestep, and we will
instead consider a timestep function h5($) controlled by a scalar parameter
0< <1, and consider the limit § —0.

Given a timestep function h(z) which satisfies Assumption 2, ensuring
stability as analyzed in the previous section, there are two quite natural
ways in which we might introduce § to define h’(x):

The first refines the timestep everywhere, while the latter concentrates the
computational effort on reducing the maximum timestep, with h(x) intro-
duced to ensure stability when || X;|| is large.

In our analysis, we will cover both possibilities by making the following
assumption.

ASSUMPTION 3. The timestep function h®, satisfies the inequality
(11) 6 min(T, h(zx)) < h’(x) < min(d T, h(x)),

Examples of suitable h(z) and h®(z) are given in Section 4. Given this
assumption, we obtain the following theorem:
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THEOREM 2 (Strong convergence). If the SDE satisfies Assumption 1,
and the timestep function h® satisfies Assumption 3 with h satisfying As-
sumption 2, then for all p>0

lim E
6—0

sup |)/(\'t—Xth] = 0.
0<t<T

PROOF. The proof is essentially identical to the uniform timestep Euler-
Maruyama analysis in Theorem 2.2 in [12] by Higham, Mao & Stuart. The
only change required by the use of an adaptive timestep is to note that

Xs — X5 = f(Xs) (s—35) + g(Xs) (Ws—W,)
and s—s < 6T and E [ [|[W,—W,|? | Fs] = d(s—s). O

To prove an order of strong convergence requires new assumptions on f
and g:

AssuMPTION 4 (Lipschitz properties). There exists a constant o > 0
such that for all z,y € R™, f satisfies the one-sided Lipschitz condition:

(12) (@—y, f(2)=f(y)) < salz—y]?,
and g satisfies the Lipschitz condition:
(13) lg(2)—g()II* < gafz—yl*.
In addition, [ satisfies the polynomial growth Lipschitz condition
(14) 1 ()=l < Oy (2l +[lyl1) + ) [z =yll,
for some v, u,q > 0.

Note that setting y=0 gives

(@, f(2)) < zalz)?+ (2, f(0)) < allzl*+ 5~ | f(0)],

lg@)II* < 2[lg(z)=g(0)I* + 2llg(O)|* < allz]* + 2]lg(0)]

Hence, Assumption 4 implies Assumption 1, with the same « and an appro-
priate .
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THEOREM 3 (Strong convergence order). If the SDE satisfies Assump-
tion 4, and the timestep function h® satisfies Assumption 3 with h satisfying
Assumption 2, then for all p>0 there exists a constant C, v such that

E ! sup || X;—X,|P| < Cpr 672
0<t<T
PROOF. The proof is deferred to Section 6.2. O

To bound the expected number of timesteps, we require an assumption
on how quickly h(x) can approach zero as ||z| — oo.

AssuMPTION 5 (Timestep lower bound).  There exist constants &, (, q>
0, such that the adaptive timestep function satisfies the inequality

M) > (el + 07"

LEMMA 2 (Number of timesteps). If the SDE satisfies Assumption 1,
and the timestep function h® satisfies Assumption 3, with h satisfying As-
sumptions 2 and Assumption 5, then for all p>0 there exists a constant c, T
such that

E[(Nr—1)P] <cprdP.

where N is the number of timesteps required by a path approximation.

PRrOOF. By Assumption 3 and Assumption 5, we have

Nr=> 1= A’“g/ — dt+1§/ (€N X )| 24+-¢+1)0 Tt +1
=1 k=1 h6(th) 0 ho(X) 0
Therefore, by Jensen’s inequality, we obtain
T —
15 B[ - 1) <775 [ R0+ ¢+ 1)
0

and the result is then an immediate consequence of Theorem 1. O

The conclusion from Theorem 3 and Lemma 2 is that

1/p
E[ sup H??t—Xth] < Ceyly (BINg)) ™12
0<t<T
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which corresponds to order % strong convergence when comparing the accu-
racy to the expected cost.

First order strong convergence is achievable for the SDEs with uniform
diffusion coefficient in which m=d and g is the identity matrix I,,,, but this
requires stronger assumptions on the drift f.

AssumPTION 6 (Enhanced Lipschitz properties). Assume f satisfies the
Assumption 4 and in addition, f is differentiable, and f and V f satisfy the
polynomaial growth Lipschitz condition

(16) N f (@)= fWI+ IV (@) =VIWI < (v Uzl +lyll?) + 1) 2=yl

for some v, u,q > 0.

THEOREM 4 (Strong convergence for SDEs with uniform diffusion coef-
ficient). If m=d, g = I, f salisfies Assumption 6, and the timestep
function h® satisfies Assumption 3, then for all T,p € (0, 00) there ezists a
constant C, 1 such that

E | sup H)/(\'t—Xth < CprdP.
0<t<T
PROOF. The proof is given in Theorem 4 in [3] O

Comment: first order strong convergence can also be achieved for a general
g(x) by using an adaptive timestep Milstein discretization, provided Vg
satisfies an additional Lipschitz condition. However, this numerical approach
is only practical in cases in which the commutativity condition is satisfied
and therefore there is no need to simulate the Lévy areas which the Milstein
method otherwise requires [18].

2.3. Infinite Time Interval. Now, we focus on a class of ergodic SDEs
and show that the moment bounds and strong error bound are uniform in
T under stronger assumptions.

2.3.1. Stability.

AssumpTION 7 (Dissipative condition). f and g satisfy the locally Lip-
schitz condition (7) and there exist constants o, > 0 such that for all
x € R™, f satisfies the dissipative one-sided linear growth condition:

(17) (@, f(2)) < —allz]* + B,
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and g is globally bounded and non-degenerate:
(18) lg(=)|I* < B

Theorem 4.4 in [26] and Theorem 6.1 in [28] show that this Assumption
ensures the existence and uniqueness of the invariant measure. We can also
prove the following uniform moment bound for the SDE solution.

LEMMA 3 (SDE stability in infinite time interval). If the SDE satisfies
Assumption 7 with Xo = o, then for all p € (0,00), there is a constant Cp
which only depends on xo and p such that, Vit > 0,

E[IIX: "] < Gy
PRrOOF. The result follows Proposition 3.1 (i) in [38]. O

We now specify the critical assumption about the adaptive timestep for
the infinite time interval.

AsSUMPTION 8 (Adaptive timestep for infinite time interval). The adap-
tive timestep function h : R™ — (0, hpmaz| s continuous and bounded, with
0 < hpmaz < 00, and there exist constants o, 5 > 0 such that for all x € R™,
h satisfies the inequality

(19) (@, f(2)) + 5 h(x) | f(2)|* < —allz]* + 8.

Compared with the Assumption 2 in the finite time analysis, this assump-
tion additionally bound h to achieve the uniform bound.

THEOREM 5 (Stability in infinite interval). If the SDE satisfies Assump-
tion 7, and the timestep function h satisfies Assumption 8, then for all
p € (0,00) there exists a constant C, which depends solely on p, xo, hmax
and the constants «, 8 in Assumption 8 such that, ¥t > 0,

E[IZ7) < Gy E[IXP] < Cp.
PRroOF. The proof is deferred to Section 6.3. 0

2.3.2. Strong convergence. 'To prove an order of strong convergence again
requires new assumptions on f and g:
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AssuMPTION 9 (Contractive Lipschitz properties). For some fized p* €
(2,00), there exist constants A, >0 such that for all x,y € R™, f and g
satisfy the contractive Lipschitz condition:

pt—1
2

(20) (x—y, f(x)=fly)+ lg(a)=g@I* < =Alla—yl?,

and g satisfies the Lipschitz condition:
(21) lg(x)=gW)II* < nllz—yl*.

In addition, f satisfies the polynomial growth Lipschitz condition (14).

This Assumption ensures that two solutions to this SDE starting from dif-
ferent places but driven by the same Brownian increment, will come together
exponentially, as shown in the following lemma.

LEMMA 4 (SDE contractivity). If the SDE satisfies Assumption 9 for
some fized p* € (2,00), then for p € (0,p*] any two solutions to the SDE:
X; and Yy, driven by the same Brownian motion but starting from xg and
Yo, satisfy that, V t > 0,

E [[|Xe = Yell) < 7" [lo — wol [P

PrOOF. First, we can define e; £ X; — Y}, and since X; and Y; are driven
by the same Brownian motion, we get

der = (f(Xp) = f(YV2)) dt + (9(X¢) — (Y1) AW;

By It6’s formula, we have for any 0 <t < T,

t t
AP erll? — fleollP < / Ap e | ds + / ples, F(Xs) = F(¥2))e P [les]P2 ds
0 0
t
pp—1 _
+ [P0 - g e -2
0

+ / P |le|[P2es, (9(Xs) — g(Ya)) dWS).
0

Therefore, by taking expectations on both sides and using the contractive
Lipschitz property (20), we obtain that

E [e¥ler]l”] < fleoll”
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This lemma means the error made on previous time steps will decay ex-
ponentially and then we can prove a uniform bound for the strong error.

THEOREM 6 (Strong convergence order in infinite time interval). If the
SDE satisfies Assumption 9, and the timestep function h® satisfies Assump-
tion 8 with h satisfying Assumption 8, then for all p € (0,p*| there exists a
constant C, such that, ¥t > 0,

E [H)?t—xtup] < C, o2,
PRrROOF. The proof is deferred to Section 6.4. O

For the finite time interval [0, 7], we can show that the expected number
of timesteps per path increases linearly in T which is the same as for uniform
timesteps.

LEMMA 5 (Number of timesteps). If the SDE satisfies Assumption 9,
and the timestep function h? satisfies Assumption 3, with h satisfying As-
sumption 5 and Assumption 8, then for all T,p € (0,00) there exists a
constant ¢, such that

E[(Nr —1)P] < ¢, TP 6P,
where Nt is again the number of timesteps required by a path approximation.

PROOF. Similar to the proof of Lemma 2, the uniform moment bound
from Theorem 5 and the equation (15) give the result. O

Again, we can prove first order strong convergence for SDEs with uniform
diffusion coefficient.

AssuMPTION 10 (Enhanced contractive Lipschitz properties). Assume
f satisfies Assumption 9 and in addition, f is differentiable, and f and V f
satisfy the polynomial growth Lipschitz condition (16).

THEOREM 7 (Strong convergence for SDEs with uniform diffusion coef-
ficient in infinite time interval). If m=d, g = I, [ satisfies Assumption
10, and the timestep function h® satisfies Assumption 3 with h satisfying
Assumption 8, then for all p € (0,00) there exists a constant C), such that,
Vit>0,

E [H)?t—xtup} < C, .

PROOF. The proof is given in Theorem 3 in [4]. O
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3. Adaptive Multilevel Monte Carlo for invariant distributions.
We are interested in the problem of approximating:

m(e) =Ewp= [ plo)nlda),
where 7 is the invariant measure of the SDE (1). Numerically, we can ap-
proximate this quantity by simulating E [¢(X7)] for a sufficiently large T'. In
the following subsections, we will introduce our adaptive multilevel Monte
Carlo algorithm and its numerical analysis.

3.1. Algorithm. To estimate E [p(X7)], the simplest Monte Carlo esti-
mator is

1L o
= 2w X)),
n=1

where )?;n) is the terminal value of the nth numerical path in the time
interval [0, 7] using a suitable adaptive function h%. It can be extended to
Multilevel Monte Carlo by using non-nested timesteps as explained in [9].
Consider the identity

L

(22) Elpr] =E ol + Y Eloe — pel,
=1

where @y = 4,0()/(\'%) with X’% being the numerical estimator of X, which
uses adaptive function h’ with 6 = M ¢ for some fixed M > 1. Then the
standard MLMC estimator is the following telescoping sum:

1 No

N,
No
0 1

L
DX )+ {;ﬁ > (#(XF0) = p(XD)) } :
/=1 n

n=1
where )A(j(ﬂ"’é) is the terminal value of the nth numerical path in the time
interval [0, T using a suitable adaptive function h® with § = M~

Unlike the standard MLMC with fixed time interval [0, 7], we now allow
different levels to have a different length of time interval T}, satisfying 0 <
To<Ty < ..<Ty<..< T, =T, which means that as level ¢ increases,
we obtain a better approximation not only by using smaller timesteps but
also by simulating a longer time interval. However, the difficulty is how to
construct a good coupling on each level £ since the fine path and coarse path
have different lengths of time interval Ty and Ty_.
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Following the idea of Glynn and Rhee [10] to estimate the invariant mea-
sure of some Markov chains, we perform the coupling by starting a level
¢ fine path simulation at time tg; = —Ty and a coarse path simulation at
time t§ = —Ty_1 and terminate both paths at t = 0. Since the drift f and
diffusion coefficient g do not depend explicitly on time ¢, the distribution of
the numerical solution simulated on the time interval [—T},0] is the same
as one simulated on [0,7}]. The key point here is that the fine and coarse
paths share the same driving Brownian motion during the overlap time in-
terval [=Ty_1,0]. Owing to the result of Lemma 4, two solutions to the SDE
satisfying Assumption 9, starting from different initial points and driven by
the same Brownian motion will converge exponentially. Therefore, the fact
that different levels terminate at the same time is crucial to the variance
reduction of the multilevel scheme.

Our new multilevel scheme still has the identity (22) but with ¢, = 90()?5 )
with )?g being the terminal value of the numerical path approximation on
the time interval [Ty, 0] using adaptive function h® with § = M—*. The
corresponding new MLMC estimator is

No L Ny
~ 1 /\(n 0) 1 ’\(n [) ’\(TL Z—l)
23) Y = — E X))+ E — E X)) — (X, ,
( ) No - QO( 0 ) ra {Ng <<P( 0 ) 90( 0 ))

n=1

where )A((()n’e) is the terminal value of the nth numerical path through time
interval [~Ty,0] using adaptive function h° with § = M~‘. Algorithm 1
outlines the detailed implementation of a single adaptive MLMC sample
using a non-nested adaptive timestep on level ¢ with M = 2.

3.2. Numerical analysis. First, we state the exponential convergence to
the invariant measure of the original SDEs, which can help us to measure
the approximation error caused by truncating the infinite time interval.

LEMMA 6 (Exponential convergence). If the SDE satisfies Assumptions
1 and 9 and ¢ satisfies the polynomial growth Lipschitz condition (14), then
there exists a constant pg > 0 depending on x¢ and constants in Lemma 3
and /4 such that

(24) B [0(Xe) = ()] < poe ™.

PrOOF. We can define a new random variable Yy which follows the in-
variant measure m, then the solution Y; to the SDE with the initial value
Yo will also follows the invariant measure for any t > 0. Therefore, by the
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Algorithm 1: Outline of the algorithm for a single adaptive MLMC

sample for scalar SDE on level ¢ in time interval [Ty, 0].
ti=—Tp; t¢:=—Ty_1; t/ = —Ty;
h:=0; h' =0;
AW® = 0; AW :=0;
)?C = X0, ),(:f = Zo;
while ¢ < 0 do
toid = t;
t == min(t%,t);
AW = N(O, t— told);
AW == AW + AW;
if t=—-T,_1 then
‘ AWE = 0;
end
AW = AW + AW;
if t = ¢ then
update coarse path Xe using h¢ and AW®;

compute new adapted coarse path timestep h® = h?° ()?c);
h¢ = min(h®, —t°);

t¢ = t° + hS

AWE = 0;

end

if t = ¢/ then

update fine path X/ using ¥ and AW,

compute new adapted fine path timestep h¥ = h? ()?f);
hf = min(h', —t7);

th =t +n';

AWT =0,

end

end
Result: X/ — X©

polynomial growth Lipschitz property of ¢ and Lemmas 3 and 4 and Holder
inequality, there exists constants pg, 11 >0 such that

IE [o(X:) — 7 ()] =]E [p(Xe) — oY <SE (v (| Xe |7+ 1Yal|9) + 1) | Xe — Yall]
1/2 1/2
<E [y (IXe |9+ Y)19) + w2 P E )X, - vil2]Y

<mE [|Xo—Yo|12] 2 e <21y [[laol|+Ca] e = prge.

OJ

Note that Assumption 9 is a sufficient condition for this Lemma. We use
it here to show that the contractivity rate A is a lower bound for the true



16 W. FANG & M.B. GILES

convergence rate A* and it is A that determine the choice of Ty shown in the
following results.
Now, we first bound the variance of the MLMC correction for each level.

LEMMA 7 (Variance of MLMC corrections for bounded diffusion coeffi-
cient). If ¢ satisfies the polynomial growth Lipschitz condition (14), the
SDE satisfies Assumption 9 and the timestep function h® satisfies Assump-
tion 3 with h satisfying Assumption 8 and § = M~ for each level, then
for each level ¢, there exist constants ¢ and co such that the variance of

correction Vy :=V [ga()?g) - cp()/i\'g*l) satisfies

(25) V, <oy M~ 4 cg e 21,

PROOF. By the polynomial growth Lipschitz condition (14) of ¢, Holder
inequality and Theorem 5, there exists a constant x > 0 such that

S0 ENE T R
Vi<E “@(Xo) — (X~ )‘ ] <kE [HXO - Xy H ]

)?f and )?ffl share the same driving Brownian motion from —7,_; to 0. We
can define the corresponding solution to the SDE (1) starting from xz( at
time —7,_1 and driven by the same Brownian motion as )?ffl through time
interval [—Ty_1,0] by Xy, and the solution starting from zo at time —T}
driven by the same Brownian motion as X! through time interval [T}, 0]
by X/

Then, by Jensen’s inequality, we obtain that
. [HXS - )?5’1”]0 ] < 3"~ (E1+ By + E),
where
[ c vi—1 P
B = E||lx¢- Xt H ]
e e
B = E||X-x{ H ,

q

Theorem 6 implies that there exist a constant C),« which does not depend
on Ty such that

Es = E||x{-xg

B < Cp*]wﬁﬂ*(éfl)ﬂ7 By < Cp*M*p*E/Z’
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and Lemma 3 and Lemma 4 imply that there exists a constant C' depending
on g and Cy in Lemma 1 such that

Es

IN

E(IX7, | - zoll?"] 77" ¥en

IN

p*—1 p* f p* —p* ATy —p* ATy
27 (oo™ +E ||X7 g, 7] ) e < AT,
Finally, by the fact that a* + 0" > (a + b)" for any a,b > 0 and 0 < v < 1,
there exist constants ¢y, co > 0 such that

2/p*
‘/g p

IN

K [317*—1 (CP*M—IJ*(@—U/? + Cp*M—p*ém + Ce—p*)\Tg_l):|

cl Mt + Co e M -1

IN

O]

Given this, we obtain the following theorem for the complexity of the
MLMC algorithm to achieve a specified Mean Square Error accuracy.

THEOREM 8 (MLMC for invariant measure). If ¢ satisfies the polyno-
mial growth Lipschitz condition (14), the SDE satisfies Assumption 9 and
the timestep function hO satisfies Assumption 3 with h satisfying Assump-
tion 8 and 6 = M~* for each level, then by choosing suitable values for L
and Ty, Ny for each level £, there exists a constant c3 such that the MLMC
estimator (23) has a mean square error (MSE) with bound

E[(¥ - n(e))?] <
and an expected computational cost Cyrryc with bound
Cynvc < c3 5*2| log5|3.

PRrOOF. By Jensen’s inequality, the mean square error can be decomposed
into three parts:

~

E[(¥ —n(e)?] =V [7] + )E 7] - ()

< [7] +2[ [P] - Elp(xn)I[ + 2 Blo(Xn)] - 7(0)]

‘ 2

which enables us to achieve the MSE bound by bounding each part by 2/3.
If we set

(26) Ty = (0+1)logM /2],
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then V; < (c; + c2)M~*, which has the same order of magnitude as the
variance bound for the standard MLMC theorem. Lemma 6 implies that

[\

_ €
2[Efp(Xr,)] = n(p)]* < 2ufe™E < —
provided
2
(27) L> 2|loge| | log(6ug) ‘
log M log M

By Theorems 5 and 6, the polynomial growth Lipschitz condition (14) of ¢
and Holder inequality, there exists constants 1, k9 > 0 such that
~ 2 ~ 2
2|E[7] - Elp(xn,)]| = 2[E[e(RE,) - o(Xr,)]|

2

~ 1/2

< 2 E||RF, - X ] < meMh < S

provided
2|loge| log(3k2)

28 L> .
(28) - [ log M + log M
Combining the requirements (27) and (28), we choose to define

2[1 1 62,3
(20) L |2Mogel | log (max(6y:5, 3r2)) |

log M log M

giving L = O(|loge|) as ¢ — 0. Therefore, we have V, = O(M~*) and
Cy = O(LM?*), where Cy is the expected cost of a sample on level £. Following
the analysis in [8], choosing

M L
Ny = {3 (c1 + c2) NS g2 Z \/E’—I—l—‘ ,
0'=0

to ensure that the overall variance is less than %, then the expected total
cost is bounded by, for some constant Cj,

L 2 L
Cyrime < 3(3’0(01+02)e_2 (Z €+1> +C’OZ(£+1)M6.

L+1

=0 0
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and
L

Z(H—I)Mg < (L+1)2MF = O(e % loge)?),
=0

we obtain the desired final result that there exists a constant ¢z such that
Curmce < c3 5_2\ logel®.
O

For the SDEs with uniform diffusion coefficient, the computational cost
can be reduced to O(s72).

THEOREM 9 (SDEs with uniform diffusion coefficient). If ¢ satisfies the
polynomial growth Lipschitz condition (14), and for the SDE, m=d, g = I,
f satisfies Assumption 6, and the timestep function h® satisfies Assumption
3 with h satisfying Assumption 8 and § = M~* for each level, then for each
level £, there exist constants c1 and co such that

(30) V) <o M7 4 cge 2Pt

Furthermore, by choosing suitable L, Ty and Ny for each level £ in the MLMC
estimator (23), one can achieve the MSE bound €2 at an expected computa-

tional cost bounded by

—2
Cyvrme <cge 7,

for some constant c3>0.

ProoOF. Following a similar argument to the proof of Lemma 7, Theorem
7 implies Vp < ¢; M2 4 ¢9 72 =1 and by choosing T} to be

(31) Ty = (0+1)logM /),

we obtain V; < (¢ 4 c2)M~2¢. The computational cost of a single MLMC
sample on level ¢ satisfies

Cp < Co(b+1)M* < ¢ MOFI*

for any 0<e<1 and some C'>0. Therefore, the standard MLMC Theorem
1 in [8] is applicable with v < 3, giving an O(¢~2) complexity. O

Note that the choice of T, (31) for the equation with uniform diffusion
coefficient is different from (26) for SDEs with bounded diffusion coefficient.
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In other words, the strong convergence result and the contractive conver-
gence rate A together determine 7. In some cases, A needs to be estimated
numerically through Lemma 4. The difference in the variance convergence
rate also affects the choice of M. Based on the analysis in [7], the optimal M
for SDEs with general g is in the range 4 — 8, while in the uniform diffusion
coefficient case the optimal M is around 2.

4. Examples and numerical results. In this section we first give
suggestions on the choice of adaptive function together with some example
SDESs, then present numerical results for a finite time interval and their
extension to the infinite time interval.

e Scalar SDEs. For any scalar SDE satisfying Assumption 1, we can
choose the adaptive function:

max(1, |x])
max(L, 17 ()])

e Multi-dimensional SDEs. For SDEs with a drift which, for some
&,m>0, satisfying the condition

(32) (z, f(z)) < =€l [ f(@)]] +n,

B (x) =

one can use
max(1, [|z])

max(1, || f()]])

Alternatively, if condition (32) is not satisfied, we can use

W () = J.

max(1, ||z]*)

max(L, [ f(z)]?)

It is straightforward to check that these selected hé(x) satisfy Assumptions
3 and 5. These are only general suggestions and users can design a more spe-
cific and efficient adaptive function based on the applications. For example,
consider the Ginzburg-Landau equation, which describes a phase transition
from the theory of superconductivity [15, 18],

h(z) = 6.

dX; = ((n+ 30%) X, — AX}) dt + o X, AW,

where >0, A\, 0 >0. The drift and diffusion coefficients satisfy Assumptions
1 and 4, and therefore all of the theory is applicable, with a suitable choice
for h%(x) being

h?(z) = & min (T, A '272).
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Fic 1. Numerical results for finite time interval

The second example is the Stochastic Lorenz equation, which is a three-
dimensional system modeling convection rolls in the atmosphere [14]:

dXt(l) = (alXt(Q) — a1Xt(1)> dt + 51Xt(1)th(1)
ax®? = (aoxV - x® - XX at+ pxPaw®
ax® = (Xt(l)Xt@) — ongt(?’)) dt + By xVaw?

where a1, a9, as, 81, B2, B3 > 0. The diffusion coefficient is globally Lipschitz,
and since (z, f(x)) consists solely of quadratic terms, the drift satisfies the
one-sided linear growth condition. Noting that || f||? ~ 2%(23 + 23) < [|=|*
as ||z|| — oo, an appropriate maximum timestep is

h(z) = min(T, ~ || 7?),

for any v > 0. However, the drift does not satisfy the one-sided Lipschitz
condition, and therefore the theory on the order of strong convergence is
not applicable.

The testcase taken from [16] is

dX; = —(X; + XD)dt + dW;,  z0=1,

with T"= 1. The three methods tested are the Tamed Euler scheme, the
implicit Euler scheme, and the new Euler scheme with adaptive timestep.
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We can set hpee = 1, M = 2 and choose the adaptive function h, h9 to be

max(1, 2]
max(1, [z + 23|)

h(z) = , ho(x) =27 h(x).

Figure 1 shows the the root-mean-square error plotted against the average
number of timesteps. The plot on the left shows the error in )?T at the
terminal time, while the plot on the right shows the error in the maximum
magnitude of the solution over the whole interval. The error in each case is
computed by comparing the numerical solution to a second solution with a
timestep, or §, which is 2 times smaller.

When looking at the error in the final solution, all 3 methods have similar
accuracy with first order strong convergence. However, as reported in [16],
the cost of the implicit method per timestep is much higher. The plot of the
error in the maximum magnitude shows that the new method is slightly more
accurate, presumably because it uses smaller timesteps when the solution is
large. The plot was included to show that comparisons between numerical
methods depend on the choice of accuracy measure being used.

Next, we extend it to adaptive MLMC for the infinite time interval, since
it also satisfies the dissipative condition (8) and the contractive condition
(20). Our interest is to compute m(¢) where p(x) = (z + 1)? satisfies a
polynomial growth Lipschitz condition.

Since the probability density function 7 is

exp(—z? — 1z%)
[0 exp(—22 — Jat)da’

we can use numerical integration to calculate an approximate value: ¢(m) =
1.2896 with accuracy 1075, and use this value as a benchmark for our nu-
merical tests.

Next we need to determine Ty for each level. Linear perturbations to the
SDE satisfy the ODE:

dy; = — (1+3X7) Y; dt,

and therefore A>1. Hence we choose to use Ty = (/+1)log2 to ensure that
the truncation error is acceptably small.

Figure 2 displays the variance of the multilevel correction on each level
as a function of T'; this is to be compared to the bound in result (30). The
exponential part dominates the variance at the beginning, so the variance
decays exponentially. As time increases, the M ~2¢ term becomes the major
part of the variance, and the variance stops decreasing.
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Fi1G 2. Variance of corrections on each level ¢

Figure 3 presents the MLMC results. The top right plot shows first order
convergence for the weak error and the top left plot shows second order
convergence for the multilevel correction variance. Hence the computational
cost for RMS accuracy ¢ is O(e~2) which is verified in the bottom right
plot, while the bottom left plot shows the number of MLMC samples on
each level as a function of the target accuracy. Here, we also compared our
MLMC scheme with standard Monte Carlo (Standard MC) method directly
simulating X7, , the adaptive scheme proposed by Lemaire using same step
sequence as in example 7.1 in [21], and the MATLA in [34] with timestep
h = 0.1. Both standard MC and adaptive scheme by Lemaire have the order
O(e7?). MLMC and MATLA have the optimal complexity O(¢~2). In this
case, MATLA performs better due to the relative short mixing time and
low correlations. However, MATLA and adaptive scheme by Lemaire only
simulate one path and are difficult to perform parallel computing.

5. Extension to a larger class of ergodic SDEs. In this section,
we extend our adaptive scheme to a larger class of ergodic SDEs: the SDEs
with negative Lyapunov exponent and then propose a new MLMC scheme
with change of measure for the SDEs with positive Lyapunov exponent, that
is chaotic system. For a detailed analysis of the Lyapunov exponent for the
nonlinear stochastic system, please refer to Arnold [1].
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Fi1G 3. Adaptive MLMC for invariant distribution

5.1. Systems with negative Lyapunov exponent. In practice, the condi-
tion (20) in Assumption 9 is restrictive and means the SDE is contractive
everywhere in the whole space. However, this condition is only a sufficient
condition to make the adaptive MLMC work. Numerically, our adaptive
MLMC does not need contractivity everywhere but does require contrac-
tivity in a global sense. Therefore, intuitively, our scheme works well for
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Fic 4. Variance of corrections on each level £ for 100-dimensional double-well potential
SDE

systems with negative Lyapunov exponent. We present the numerical re-
sults for both a 100-dimensional SDE with double-well potential energy and
the FENE model.

5.1.1. Double-well potential energy. First, we apply adaptive MLMC for
a 100-dimensional SDEs with double-well potential energy:

1
dXt = <Xt — 100||Xt||2Xt> dt + dVI/Vt7 fL'O — 0,

where 0 is the original point in R!%?. Our interest is to compute () with
é(x) = ||z||? satisfying the polynomial growth Lipschitz condition. Although
this SDE does not satisfies Assumption 9, it has negative Lyapunov exponent
and the numerical estimation of the contractivity rate A in Lemma 4 is 0.15.
We choose Ty based on equation (31).

Figure 4 shows the variance decays due to the contractivity and the first
order strong convergence. The convergence results of adaptive MLMC and
the comparison with other schemes are shown in Figure 5. We use MATLA
with timestep h = 0.02 as the optimal scaling suggested in [33] and the adap-
tive scheme proposed by Lemaire using same step sequence as in example
7.1 in [21].
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Fia 5. Adaptive MLMC for invariant distribution (Double Well)

5.1.2. FENE model. The FENE (Finitely Extensible Nonlinear Elastic)
model is a Langevin equation describing the motion of a long-chained poly-
mer in a liquid [2, 9]. The unusual feature of the FENE model is that the
potential V' (z) becomes infinite for finite values of z. In the simplest case of
a molecule with a single bond, X; is three-dimensional and the SDE takes
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the form
16 X;

1= (|2

which is defined on || X¢|| < 1. The drift term ensures that || X;|| <1 for all
t >0 almost surely. Also, it can be verified that (z, f(z)) <0.

Because the SDE is not defined on all of R3, the theory in this paper
is not applicable. However, it was one of the original motivations for the
analysis in this paper, since it seems natural to use an adaptive timestep,
taking smaller timestep as H)?tH approaches 1, to maintain good accuracy,
as the drift varies so rapidly near the boundary, and to greatly reduce the
possibility of needing to clamp the computed solution to prevent it from
crossing a numerical boundary at radius 1—4 for some § <1 [9].

Numerically we use the adaptive function h, h? to be

h(z) = (1-z[))*/8, B°(z) =2""h(x).

to reduce the timestep when || X;| approaches the maximum radius. All
three methods (Tamed Euler, Implicit Euler, Adaptive Euler) are clamped
so that they do not exceed a radius of rye, = 1—10719; if the new computed
value X, ., exceeds this radius then it is replaced by (rmaz /|1 Xe, " X, -

The numerical results in Figure 6 show that the new scheme is consider-
ably more accurate than either of the others, confirming that an adaptive
timestep is desirable in this situation in which the drift varies enormously
as || X¢|| approaches the maximum radius. Figure 7 shows that the adaptive
MLMC also works well and achieve the optimal computational cost O(s~2)
for the invariant measure computation. All other methods are not applicable
here.

ax, = — At +dW;,  Xo =0,

5.2. Chaotic system. For chaotic systems with positive Lyapunov expo-
nent, for example, the stochastic Lorenz equation, our schemes will fail due
to the loss of contractivity. In [5], we deal with these chaotic systems by
introducing a coupling term between the coarse and fine paths, which leads
to a change of measure and hence a Radon-Nikodym derivative in the Monte
Carlo estimates. We give a brief outline of this shemem. Instead of consider-
ing the fine and coarse paths of the original SDEs under the same measure
P

ax/ = jxjyat + cawf,
dX¢ = f(XO)dt + odWy.
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Fic 6. Numerical results for FENE model in finite time interval

We add a spring term with spring coefficient S > 0 for both fine path and
coarse paths and consider both paths under different measures:

Q' ay) = f)dt+oaw?,

Q°: dYf = f(YO)dt+odw?,
with

aw?' = Z(v¢-y/)dt+awy,

v/ —ve)dt +awfk.

YRR

(33) aw? =

Therefore, under simulation measure P, we obtain

avy = S —v)dt+ f(v)dt + o dW?,
vy = S —y©)dt+ f(Y©) dt + o dW).

The Girsanov theorem gives

E°[p(X1)] — EF[p(X$)] = E¥[p(¥))] - E¥[p(v5)]
dQ/ -, dQ°
E - @(YT)dIP’T )

— EF |p(v{)
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Fic 7. Adaptive MLMC for invariant distribution (FENE)

where ﬁ is the corresponding Radon-Nikodym derivative with following

dQ/ T/s f P 1 (T s? ¥ 2
(ﬂ,)T:eXP<—/O <J(Yt —Y5), dW; —2/0 ﬁHYt -y dt

C . . .
and 92 is similar.
dPr
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The benefit of this technique is that under measure P, we recover the
contractivity between Y, and Y;f using sufficiently large S > 0,

Ay =) = =28 — Yo dt + (F(¥[]) = (V) dt,

and the variance of the level estimator increases linearly in 7T instead of
the exponential increase of standard MLMC. For the detailed numerical
scheme, see section 2 in [5]. Note that it is not possible in general to use
different simulation times T, on different multilevel levels as in the current
MLMC scheme — instead the same simulation time 7" has to be used on all
levels, with T being adjusted (automatically) to ensure the necessary weak
convergence as the target error approaches zero.

6. Proofs. This section has the proofs of the four main theorems in this
paper, two on stability, and two on the order of strong convergence.

6.1. Theorem 1.

ProOF. The proof proceeds in four steps. First, we introduce a constant
K to modify our discretisation scheme. Second, we derive an upper bound
for | X/<||P. Third, we show that the moments E[supy<,< || X/||P] are each
bounded by a constant Cp 7 which depends on p and T but is independent
of K. Finally, we reach the desired conclusion by taking the limit K — oo
and using the Monotone Convergence theorem.

The proof is given for p >4; the result for 0 <p<4 follows from Hélder’s
inequality.

Step 1: K-Scheme definition

For any K > || Xo||, we modify our discretisation scheme to:

(34) XK

tn+1

= P (XE + (XY b+ 9(XE) AW,

where Pk (Y) = min(1, K/||Y]]) Y and therefore H)?fi” <K, Vn. The piece-

. . . . . . . . K s
wise constant approximation for intermediate times is again X, = XX, and
the continuous approximation is

RE = P (RE + F(RE) (-0 + (X)) W= W)
Since h(z) is continuous and strictly positive, it follows that

RE. 2 inf h(z) > 0.
|zl <K
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This strictly positive lower bound for the timesteps implies that 7" is attain-
able.
Step 2: pth-moment of K-Scheme solution
P (Y)|| <Y, so if we define ¢(z) £ z+h(x)f(x), then (34) gives
IRELZ < IREN2 + 20 (R FRE)) + ShallF(RE)?)

2((XF), g(XE) AW, + g(XE) AW, )12

n+1 ||

Using condition (10) for h(x) then gives

IXE 12 < IXEI? + 20 XE PR, + 280,
(35) +2(0(X[), (XY AW, + 9(XE) AW |2

Similarly, for the partial timestep from ¢t to ¢, since (t—t) < hy,
(36) (X PN+ 5 =0 XN < | XEI1P+ 5,
and therefore we obtain

IXEI2 < 1XE1? + 20| XE|P(t—1) + 28(—1)
+2(XE+ (X (t-1), o(XE) (W= W)
(37) +g(XE) (W =Wy,

Summing (35) over multiple timesteps and then adding (37) gives

ng—1
IXEI1? < [1Xol* + 2a <Z IIXffllzthXf(HZ(t—t)) + 20t
k=0

ng—1 ng—1
+2Z XIDAWR) + > llg(Xi) AW
k=0

+ 2<X§< +FXE) (t—1), g(XE)Y W~ W)
+ (XY (W= W),

Re-writing the first summation as a Riemann integral, and the second
as an Ito6 integral, raising both sides to the power p/2 and using Jensen’s
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inequality, we obtain

~ t p/2
XK < 7p/“{||xo||p ; (2a / |rX§||2ds) (@B
0

p/2 ng—1 x p/2
+ (Z l9(Xe,) AWkH2>

n \ 2 [[(6(X5), (XL aw)
0 k=0

+ ) 0.0 -

(38) + ||g<Xf><Wt—Wt>||p}.

Step 3: Expected supremum of pth-moment of K-Scheme
For any 0 <t < T we take the supremum on both sides of inequality (38)
and then take the expectation to obtain

E[sup H)?fup] < PPN+ L+ 34+ I+ 15),

0<s<t
where
b g p/2
I = | Xo|P+E <2a/ X, H2d3> + (28172,
0
i s K K p/2
L = E|suw |2 / (G(X5), g Xy aw)| |
_ogsgg 0

ng—1 p/2
K
I3y = E (leg(th)AWkHQ) :

k=0

Bo= B s [2X5 708 (- wa .

—K
I - E [ sup (X" ><WS—WS>||P] -
0<s<t

We now consider I, I3, I3, I, I5 in turn. Using Jensen’s inequality, we obtain

t
B < IXolP + )y [ B [ sup | XK M ds + (28T,
0 0<u<s
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For I, we begin by noting that due to condition (10), for u<t we have
<K K <K K
oK = XK+ 2h(X0) (X5 A& + aEOIFEDIR)

X012+ 20(Xe ) (@] Xy |12+ B)
< (1 +2aT)HXu 12+28T,

IN

and hence by Jensen’s inequality
l6(IP < 22471 (L4 2 TP/, P72 + (26 T)/4).
In addition, the linear growth condition (9) gives
la(XIP? < 2241 (P X P2 4 71t

and combining the last two equation, there exists a constant ¢, 7 depending
on p and T, in addition to «, 8, such that

K K <K
l6(X) (KO < epr (I 117 +1)

Then, by the Burkholder-Davis-Gundy inequality, there is a constant C),

such that
p/4
L < C2PE ( / l6(X >||2du)
< C,PPTIE [ / \\¢<X5>T9<X5>Hp/2du]
0
<

t
cp Cp 2P/2 TP/ </ E [ sup ]Xf”p] ds + T).
0

0<u<s

For I3, we start by observing that by standard results there exists a con-
stant ¢, which depends solely on p such that for any ¢, <s < tj1,

(39) E[ sup [|[Wu=Wy I | Fo] = ¢ (s—)">.

te<u<s

Using Jensen’s inequality and (39) with s = t511 so that s — s = hy,

ng—1
<K |AW||P
> i llg (il 1=
k=0 k

P2 1, E[/ lg(X des].

I; < TP 1R

IN
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Using condition (9), and Jensen’s inequality, we then obtain

t
Iy < TP e, (O‘W/ - [ sup || X Ilp} ds + ﬁp/2T>'
0

0<u<s

For I, using (36) and following the same argument as for I, there exists
a constant ¢, 7 depending on both p and 7" such that

<K =K <K <K
X+ s < o (IFEP +1).
Therefore, again using (39),

s 228 | sup G 0E -0 7w

0<s<t
ng—1 Kk
< qr?PE| Y (IXGIP+1)  swp (W2
k=0 tp<s<tk+1
<K
+ (IX|P+1) sup |r<Ws—Ws>||p/2]
t<s<t
K K
< Cp2 T o2 TP/l R !Z(||th”p+1)hk + (Hyt Hp+1) (75—75)]
k=0

t
< cppacpT op/2 p/4-1 </ E [ sup Hqu(Hp] ds + T> :
0

0<u<s
Similarly, using the same definition for c,, we have
¢
Is < ¢, (2T)P/%1 (ap/Q/ E { sup HXpr} ds + pr/2 T).
0 0<u<s

Collecting together the bounds for Iy, Is, I3, 14, I5, we conclude that there
exist constants C;’T and C’;T such that

t
E[sup ||X§||p} <ClytCy /0 E[sup ||Xff||p] as,

0<s<t 0<u<s

and Gronwall’s inequality gives the result

E [ sup HXtKHp < C’;T exp(C’;T T) & Cpr < 00.
0<t<T

Step 4: Expected supremum of pth-moment of th
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For any w2, X, :)/(:tK for all 0 <t <T'if, and only if, supo<;<p H)?tH <K.
Therefore, by the Markov inequality,

P( sup | Xi| < K) = P( sup [|X5| < K) > 1-E[ sup | XK|4/K* — 1
0<t<T 0<t<T 0<t<T

as K — oo. Hence, almost surely, sup || X;|| < oo and T is attainable. Also,
0<t<T
finsup [XE@) = sup |%le)]
K—o0p<t<T 0<t<T

and for 0< K1 < Ko,

K Sk ~
sup [[X; (W)l < sup [[XG2(W)] < sup ([ Xy (w)]]-
0<t<T 0<t<T 0<t<T

Therefore, by the Monotone Convergence Theorem,

E
0<t<T

sup HXth] = I}gnooELiltlgT\Xf(!p] < Cpr.

6.2. Theorem 3.

Proor. The approach which is followed is to bound the approximation
error e; = )?t — X; by terms which depend on either X s—X, or ez, and then
use local analysis within each timestep to bound the former, and Gronwall’s
inequality to handle the latter.

The proof is again given for p > 4; the result for 0 < p < 4 follows from
Holder’s inequality.

We start by combining the original SDE with (6) to obtain

de; = (f(X¢)—f(Xy))dt + (9(Xe)—g(Xs)) AWy,

and then by It6’s formula, together with eg=0, we get
t ¢
e <2 [ ew SR FXD s =2 [ fen, 1) = (X)) ds

0
t t
+ [ o) g0 ds + 2 /0 (s, (9(X ) —g(X.)) W),
Using the conditions in Assumption 4, (12) implies that

<esa f()?s>_f(Xs)> < %Ck H68H27
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(14) implies that

(es, f()?S)_f(ys» llesl L()/(\'S,XS) HXS_YSH

IN

< Ylesl? + AL(X4, Xo)?(|1 X5 — X 4|
where L(z,y) £ v(||lz[|? + ||y||) + p, and (13) gives

HQ(YS)_Q(XS)HZ < %04”?3—)(3”2 < 04||68H2+0‘||)?8_Y8”2-

Hence,
t t P R .
led? < @at1) [ fePdst [ (LR +a) XXl ds
0 0

+2 /0 (eer (9(X ) —g(X.)) dW,).

and then by Jensen’s inequality we obtain
t

led? < (TP a1 [ e as
0

t ~ /2~
+ (3T)P/21/ (L(XS,XS)2+a>p 1 X=X |[P ds
0

" p/2
+ 3p/2=1gp/2 /(es,(g(Xs)—g(Xs))dWs>

0

Taking the supremum of each side, and then the expectation yields

¢
E [ sup ||65Hp] < (3T)p/21(2a+1)p/2/ E { sup Hequ] ds
0<s<t 0 0<u<s

t —~ /2~
+ (3T)p/2_1/]E[(L(XS,XS)2+a)p ||X8—Xs|p] ds
0

p/2]

s

+ /2 12PlPR (eu, (Q(YU) —g(Xu)) dWy,)

sup
0<s<t

0

By the Holder inequality,
~ /2~
E[(L(XS,XS)2+a)p ”XS—XSHP]

< (IEJ [(L(J?S,Ys)%a)p} E [II)?S—YSIIQ”])W,
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and E [(L()?s, YS)Q—Fa)p} is uniformly bounded on [0, 7] due to the stabil-
ity property in Theorem 1.

In addition, by the Burkholder-Davis-Gundy inequality (which gives the
constant €}, which depends only on p) followed by Jensen’s inequality plus
the Lipschitz condition for g, we obtain

p/2]

- [P
</0t HesH?Hg(Xs)_g(Xs)Hzds)p/4] |

< G E
o -

< G oyl | ues|rp/2uxs—xsup/2ds]
LJ O

/0 lew (9(X)—g(X.)) W)

rrt
< G TP (30 E /élesllerélle—XsllpdS}
LJO

r rt
< TP (o) E / <;+2”>||es||p+2p2||X5—Xsupds]
L/ O

Hence, using E[[| X, — X;|P] < (E[||Xs — X||?!])"/2, there are constants
C’;T, C;T such that
(40)
[ > [* s = 2] \?

E [ sup ||65Hp] < cpﬁT/ E[ sup Heuﬂ ds—i—C'p,T/ (B[ 1%, - X 0%]) “as.

0<s<t 0 0<u<s 0

For any s€[0,7], Xo— X, = f()/(\'i)(s—g) —i—g()?ﬁ)(Ws—Wé), and hence,
by a combination of Jensen and Holder inequalities, we get

EIZ-X] < o2 (&I &)1 E [(-97)) "
~ 1/2
(41) + 2271 (B [lo(R)1) E [IW, - w1 7])
E[||f(X,)][*] and E[||g(X,)[*?] are both uniformly bounded on [0, T] due to

stability and the polynomial bounds on the growth of f and g. Furthermore,
we have E[(s—s)%] < (6T)* < §?PT*, and by standard results there is a
constant c, such that E[||Ws—Ws||*?] = E[ E[||Ws—Wg||*? | Fs] ] < ¢, (T)?P.
Hence, there exists a constant C’;”T >0 such that E[ || X,—X,[?] < C’;T oP,
and therefore equation (40) gives us

t
E [ sup Hes||p} < C;’T/o E[Osup ||€qu] ds + C’;T C’;T T 672,

0<s<t <u<s

and Gronwall’s inequality then provides the final result. O
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6.3. Theorem 5.

PROOF. For simplicity, for a >0, we can define M;"" £ supo< <, e*P*|| X,||?,
—aq, o . . .
and M, ™" £ supg s, e®P*|| X||P, which implies

(42) M < ooPhmax NP,

since X=X, and |s—s| < hmax, and

IN

t t
/ P32 X ||P/2ds Mta,p/? / e(y—a)ps/2 4
0 0

2e(y—a)pt/2

eaphmax/Qj/W\ta’p/z'
p(y—a)

(43)

provided v>a>0. For ]\Za’p , Young’s inequality gives, for any & >0,
Tra,p/2 1 ra,p 1

(44) MY < NPT+

4¢

By theorem 1, we know T is almost surely attainable. Therefore we can
directly analyse our discretization scheme without the K truncation. The
proof proceeds in three steps. First, we derive an upper bound for eapt||)?t\|7’.
Second, we show that the moments IE[]\ZO"p ] and E[M;"] are each bounded
by Cpe®?" where C), is a constant which only depends on p, zg, hmax and
the constants «, 8 in Assumption 8. Finally, we get the uniform bound for
E[||X,|[?] and E[||X¢|[]. The proof is given for p>4; the result for 0 <p<4

follows from Holder’s inequality.
Step 1: If we define ¢(z) = z+h(x)f(x), then (5) gives

1R = 1P + 20 (Kas £(R) + 3hall F(R,) )
+2(6(Xe,), 9(X0,) AW) + [lg(Xe,) AW
Using condition (19) for h then gives

1Xena > < 11X l? — 20l Xen|2hn + 28hy
+2(0(Xe,), 9(Xe) AW + [|g(Xe,) AW, |12

Since 1—2ah, < e 2®" and ¢ and h are both bounded, we multiply by
e?@tn+1 on both sides to obtain

e2atn+1 ||th+1 ||2 < e2atn ||Xt ‘2+ 2€2a(tn+hmax) ,6 hn + eza(tn+hmax)BH AWnH2
(45) +22 1 (G(X,,,), 9(Xe,) AW,).

nl
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Similarly, for the partial timestep from ¢t to ¢, since (t—t) < hy,,

(46) (Xe F(X0) + 5 = DI (XD < —all Xe” + 8,

and therefore we obtain

P XP < P X |P 4 267 E ) B (¢ — ) 4 2 EFhmas) B W, — W2
(47) +2*((Xy), g(Xe) (W, — W),

Summing (45) over multiple timesteps and then adding (47) gives

TLt—l
e2atHXtH2 < HIL‘OHZ + 2ﬂe2ahmax<ze2atkhk—|—62at(t—t)>
k=0

ne—1 neg—1
(48) +2 ) e (§(R,,), g(Xy ) AW)) + feelmas Y™ 2t | AW |2
k=0 k=0

+ 267 (X + F(Xe) (=), g(X) (We= W) + pe e |1 — W5 2.

Bounding the first summation using a Riemann integral, and re-writing the
second as an It6 integral, raising both sides to the power p/2 and using
Jensen’s inequality, we obtain

t p/2
eaptHXt”p < 6p/2—leaphmax{”x0”p + <2B/ e2asd8>
0

t - _ o
+ ‘2 / 2o thEa4(X,), g(X,) dITS)
0

p/2 ng—1 p/2
+ <B > emtkHAWkH?)
k=0

+ (262X + F(X0) (1), 9 (X0 (We— W) [+ B”/2e°‘pt\|Wt—Wt||p} :
(49)

Step 2: For any 0<t<T, we take the supremum on both sides of inequality
(49) and then take the expectation to obtain

E M| =E [ sup eapsu)?snp] < P2 P ([ 4 [y 4 T+ Ty + I)

0<s<t
where
t p/2
I, = Hx0||P+<2ﬁ/ e2°‘8d8> :
0
S _ . o P/2
IQ = E sup 2/ eza(g+h(Xu))<¢(Xu)7g(Xu)qu> ’
0<s<t 0
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ni—1 P/2
Iy = E (5Ze2atk\|AWk|2) ,
k=0

liZE[wﬂﬁ“Wﬁﬂ&M%%M&WKWWWﬁ,
0<s<t

Is = E [ sup Bp/Qeaps\Ws—Wsup] .

0<s<t
We now consider Iy, I, I3, I4, I5 in turn.

e2at -1

h—umw+wwrﬂ(

p/2
) < llP + 8/,

By the Burkholder-Davis-Gundy inequality, there exist constants C’; such

that
p/2
I, = E| sup

0<s<t
t o o p/4
Ekﬁ(ée“%¢uaﬁmwamQ ].

Due to condition (19), for u<t we have

9 / 20 (wth(Xu) (X)), g(X,) dW,,)
0

IN

IO = 1Kl +20(X0) (K, F(K0)) + 3 A (X)I2)
< IRl + 20(F) (~al Kl + )
S ||YUH2 + Qﬁhma){a

hence by Jensen’s inequality and the boundedness condition (18) of g , we
obtain

J6(X )T g(Xu) P72 < 2014728710 (|72 4 (2 B

One variant of the Jensen’s inequality is

t p t p—1
/ d(s)e’ds| < (/ e’ ds) / |D(s)[Pe” ds,
0 0 0

for some function ®. Therefore, using Jensen’s inequality (50) with v=2a,
followed by (43) with v= (14 4/p)a and then (44) with £ =e~“P!/2(, there

(50)
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exists a constant Cg which is linearly dependent on (~! such that

I t
L < |y apit [ e‘“"’/z”’"uaxu)%()cu)umdu]
- 0

< E[ojentapi g [ WD (X0 4 @ ) ]
L 0

45
4 o gp/2 ((Hhmax P o0t
P o p+4

Wall 4
< E % é p/ eap(t+h111ax)/2]/\ia’p/2
- 2 \« t

Cl o/ p\PA —
g _p = eaphmax/Q C E |: Z‘ 1tavpj| _|_ 02 e()tpt‘
2 \« p

Using discrete version of Jensen’s inequality (50) we obtain

t p/2—1 ng—1 p
/2 2as 2ot HAW]'CH
I < 8 </Oe ds> Zh k h”/2
t p/2
< o (B/ eQasd,S) Scp(ﬁ/2a)p/2eapt,
0

where ¢, is defined in equation (39).
In considering I, we start by observing that for ¢ <s<tyxi1

(51) E[ sup [|(Wo— W) | fs] ey (5—5)"'2 < cphmac?’*1(5—3).

tr<u<s

In addition, using (46) and following the same argument as for I, we have
X+ F(X ) (s=8) P72l () P72 < 2247 3004 (72 + (2 Bhanar) /)

Therefore, combining the estimation (51), (43) with v =2« and (44) with
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€ = e P/2¢ there exists Cg’ which is linearly dependent on (~! such that

I, < 2°2F { sup e*P2 ‘(Yﬁ—f(ys)(s—@,g(ys) (Ws—Ws»‘p/Q]
0<s<t

< 2PE [ sup eapsrXs+f<Xs><s—s>HWHg(Xs)H”%\(Ws—ws)up/ﬂ
0<s<t
TLt—l
< PWATIE] YT e (X7 4 (2Bhua)t) sup [[We— W2
k=0 T <s<tpt1

e (TP + (26hm)?") s HWs—WsHp/2]

t<s<t
< DAl e PR [ /0 e (TP + (28hmae)?') ds]
< 23p/4ﬁp/4cp/2hmaxp/4—l (pa)—leaphmaxﬂ (E []\Za,p} i Cgeapt.
Similarly, again using the same definition for ¢,, we have
Is <¢ ﬁp/thaxp/Qfleapt/(ap).

Collecting together the bounds for Iy, Is, I3, I4, I5, we conclude that we
can choose ¢ >0 sufficiently small so that there exist constants C;l and C’I‘?
such that . .

E M) < 3B M| + Cpllaoll” + CF e,

and hence -
E {Mﬁﬂ < 204 ||xo|P + 2C3 &,
Step 3: Due to the definition of M} and inequality (42), for any ¢ > 0,
E [”Ytup] < e—ocptE W?’p] < e—apt eaphmax E []\’Ztam}
< e (208 |P +2C3) £ C,

and similarly

E[IXF] < o™ E [M*] < 2C) |aoll” +2C5 < .
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6.4. Theorem 6.

PROOF. Similar to the subsection 6.2, we start by combining the original
SDE (1) with (6) to obtain

oo = [ ()= 1K) ds+ [ (o(Xe) - 9(X) QW
0 0

and then by Itd’s formula and Young’s inequality, together with eg = 0, and
A, 1 as defined in Assumption 9, we get

t N t -
e < [ IR st [ plea FORe) = FXD el ds
0 0

t
pp—1), s -
+ [ D g =g ) P e as

t
+ / D less (9(X o) —g(X)) 2 [leg[P-2 dIV,)
tp)\ Aps/2 ! v Aps/2 2
< / DR o ey ds+/ ples, F(Xs)= F(X))eP™/2 ey |72 ds
0 0
t
_ / pless F(Ro)— F () |les]P2 ds
0
t
p—1 A S o _
= ( 4”) 19(R.) = g(Xs)[ 22 e |P~2ds

t -1 -1 2 N o B
s [ (250 + Y o) - g (R e 2as

[\

2

~+

+/ p(es, (9(Xs) (X)) [leg|[P~2 W)
0

Using the conditions in Assumption 9, (21) implies that
lg(Xs) = 9(Xo)1* <l Xs — X
(20) and (21) imply that

A

(en FR= 1N + (P57 + 15 ) lo(Ra) = (X <

_3A

2 el

(14) and Young inequality implies that
(s, FR)=TXD)| < sl (R Xo) 18- K

A 2~ ~
§”€S||2+XL(XSaXS)2||Xs_XSH2-
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where L(z,y) 2 y([lz]}7 + |y||7) + . Hence,

t
e’\pt/2Heth < / _%\exps/QuesHp ds
0

t
4 / P (R0, X[ K= Ko P72 P2 ds
0

t
+ /0 Pl (9(X ) —g(X)) P2 e |P~2 AWS),

where L(z,y) = 2L(z,y)%+ (p—21)77 + nz(p/\_l)Q. Young inequality implies

t p/2—1

8(p—2 - 2 %

el < [ 2 (BB L TR, P
0 p

+ / Ples, (9(Fa) —g(X)) P2 e,|P2 dW).
0

Taking the expectation of each side yields
(52)

- p/2—1 ,t e o
E [¥/2]eP] <2 (8(pA2)> / E[L(R,, X)P2)R, - XaP| /s,
p 0

By the Holder inequality,
P S N o~ o~ 9]\ /2
E | L(X, X)X~ XIP| < (E | DX X E (IR ])

and E [I:()/f S,YS)p} can be bounded by a constant C} due to the stability

property in Theorem 5. Then following the same analysis for E [H)?s —X,||% }

in subsection 6.2 together with the uniform moments bound, there exists a
constant Cg such that

_ p/2—1 pt
E |:e)\pt/2”eth} <2 (8(117))\ 2)) / Cz 5p/2e/\ps/2 ds,
0

which provides the final result:

4 (8(p—2)\"*! ) ,
E [llec|I”] SA;;( ) ) CL02 §P/2 &£ CoP/%, W1 >0
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7. Conclusions and future work. The central conclusion from this
paper is that by using an adaptive timestep it is possible to make the Euler-
Maruyama approximation stable for SDEs with a globally Lipschitz diffusion
coefficient and a drift which is not globally Lipschitz but is locally Lipschitz
and satisfies a one-sided linear growth condition. If the drift also satisfies
a one-sided Lipschitz condition then the order of strong convergence is %,
when looking at the accuracy versus the expected cost of each path. For
the important class of SDEs with uniform diffusion coefficient, the order
of strong convergence is 1. For ergodic SDEs satisfying the dissipative and
contractive condition, we have shown that the moments and strong error of
the numerical solutions are bounded and independent of time 7. Moreover,
we extend this adaptive scheme to MLMC for the infinite time interval
by allowing different lengths of time intervals and carefully coupling the
fine path and coarse path in each level ¢. All the schemes work well and
numerical experiments support the theoretical results.

One direction for extension of the theory for finite time interval is to
SDEs with a diffusion coefficient which is not globally Lipschitz, but instead
satisfies the Khasminskii-type condition used by Mao & Szpruch [23, 25],
Sabanis [35] and Szpruch & Zhang [37]. Another possibility is to use a Lya-
punov function V(z) in place of ||x||? in the stability analysis; this might
enable one to prove stability and convergence for a larger set of SDEs.

Another extension direction for the theory in the infinite time interval is
to address SDEs which don’t satisfy the contractive property. Numerically,
our scheme works well for all the dissipative systems with negative Lyapunov
exponent as shown in subsection 5.1, but the numerical analysis needs to be
done in the future. For the chaotic systems with positive Lyapunov exponent,
a further paper [5] will address this challenge by using change of measure as
outlined in subsection 5.2.
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