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The following is an exposition of a brilliant paper [1] of Bourgain. In this paper he improves
the known bounds in Roth’s Theorem on arithmetic progressions (APs) of length 3. Whilst the
improvement is not huge (and in fact not big enough to guarantee that the primes contain infinitely
many 3-term APs on density grounds alone) the argument is an exceedingly ingenious adaptation
of the Hardy-Littlewood “circle method” which is certainly worth knowing about.

Before we can even outline the approach taken by Bourgain in any meaningful way, it is necessary
to set up some nomenclature and to introduce a few technical preliminaries.

1 Local Structure of Sets

A very common type of argument in Bourgain’s paper is the following. One has finite sets A, B C Z,
and a function f : Z — R for which, say,

> fn) > nlAl
ncA
One then wishes to conclude that there is some translate B’ = B + m for which
Y f(n) = (1—em|B|
neB’
for some small €. This section is devoted to an exploration of situations under which such a principle
holds. One feels that the principle is doomed to failure unless B is much “smaller” than A (unless
B equals A, of course). However one also needs A to “look like B locally” to avoid examples such
as A =1{0,5,10,...,5(n—1)}, B=1{0,1,2,3,4}. In such an example the behaviour of f on A gives
very little information on the behaviour of f on translates of B.

After some thought the following definition seems natural.

Definition 1 Let
Qn) = {me Alne B+m}| = |[(n— B)NA|.
Then we say that A looks k-locally like B if
> 1Q(n) — A(n)[B|| < #|A||B].

To relate this to Bourgain’s paper, we note that if & and 3 are the characteristic measures associated
to the sets A and B then A looks k-locally like B precisely when

lecs = afi < .

Let us now see how this definition relates to the type of averaging argument discussed above. Let
f:Z — R be a function with || f||s < 1, and suppose that A looks s-locally like B. Then

Y. > f)=IBIY fn)

meAneEB+m neA

> (Q(n) = |BIA(n)) f(n)

n

K| A||BI. (1)

IN

Hence we have the following Lemma.



Lemma 2 Suppose that f :Z — R has || f|lcc < 1. Suppose that

> f(n)

neA

> 1|4

and that A looks en-locally like B. Then
(i)

meA

> (1 —e)n|AllB]

> fn)

neB+m

and

(ii) There is a translate B' of B with

> (1 —e)n|B|.

> f(n)

neB’

In the sequel we shall use Lemma 2 and also inequality (1) directly.

It turns out that in cases that will interest us, the notion of k-local likeness allows one to give some
rather strong information about triples in Arithmetic Progression.

Lemma 3 Suppose that 0 € A, 0 € B and that A is symmetric about 0. Suppose that A is k-locally
like 2B. Then there are at least (1 — k)|A||B| triples (n1,mn2,n3) € A X A X B with nq + ng = 2ns.

Proof The number N of such triples is

S AM)2B(mi+ng) = > A(-n1)2B(ng — ny)

ng€A ni ng€A ni
= ) (Ax2B)(ny).
no€A
Now
Y (A=2B)(m) — A(m)|B|| < x|A||B|
and so
IN—JA|IBIl = |)_ (A%2B)(no) — |A||B]
no€A
= | Y {(A%2B)(no) — |B|A(n2)}
no€A
< ) [(A*2B)(n2) — |B|A(ny)]
no€A
< k|A||B].
Hence N > (1 — k)| A||B| as claimed. 0.



2 A First Sketch of the Argument

We start by recalling, very briefly, the usual approach taken in proving Roth’s Theorem. One takes
a set A of density 0 in Z/NZ, and compares the number of length 3 Arithmetic Progressions in A
with %53N 2. This is roughly the number of 3-term APs in a random subset of Z/NZ. The difference

D between these two quantities can be expressed using the Fourier Coefficients A(r) of A. If D is
small then A contains a progression of length 3 becuase it approximates a random set. Otherwise D
is large, and we can deduce that some A(r) is large for r # 0. This information in turn allows us to
deduce that A has increased density ¢ +cd? in some reasonably large Arithmetic Progression P. But
P is affinely equivalent to {1,..., N}, and so we can iterate the argument. However one can only
increment the density O(6~!) times before it becomes greater than 1, which is clearly impossible.
Hence if A is large enough then it contains a 3-term AP.

Bourgain’s point of departure seems to be the following. Suppose that
A(T) — Z A(n)e27rmr/N
n

is large. To show that A has increased density in some progression P, one has to somehow get
rid of the exponential terms appearing here. In the usual proof of Roth’s Theorem this is done by
splitting up Z/NZ into small progressions on which e2mn7/N is roughly constant as n varies. This,
however, is rather inefficient — rather a lot of small progressions are required. Suppose instead that
one forgets about progressions, and splits Z/NZ up into sets on which |[nr/N]|| is roughly constant.
We could easily deduce that A has increased density on one of these sets. Unfortunately however
this information is not equivalent to the original hypothesis, since one of the new sets is not affinely
equivalent to {1,...,N}. Hence we have to strengthen the entire hypothesis that we are trying to
prove.

The “sets” that we are discussing here are of course just translates of Bohr Neighbourhoods. Hence
we shall try to prove something like the following.

Conjecture 4 Let A be a subset of some Bohr Neighbourhood A, such that |A| = §|A|. Then for
fixed 0 and “sufficiently large” A, A contains a three-term Arithmetic Progression.

Since Z/NZ is trivially a Bohr Neighbourhood, we might hope that this would imply Roth’s Theorem
with a better bound.

There are many difficulties to overcome in order to make the above idea work, as we shall discover.
These stem principally from three facts.

(i) If A is a Bohr Neighbourhood then it is rather difficult to say anything about the number of
3-term APs in A. In particular one does not seem to be able to say that it is anywhere near |A|2.
This means that comparing the number of APs in A with the number of APs in a random subset
of A with density § does not give strong information.

(ii) If A" C A are Bohr Neighbourhoods then it is not a priori at all obvious that A looks s-locally



like A’ for small x, even when A’ is much smaller than A. Without this being the case, the many
averaging arguments used in the proof of Roth’s Theorem will not be available.

(iii) Bohr Neighbourhoods are further from being groups than intervals are. In the usual proof of
Roth’s Theorem it is a short step from {1,... , N} to Z/NZ, a group on which one can do Fourier
Analysis. With a Bohr Neighbourhood it is rather unnatural to embed in a cyclic group like this.

Problem (iii) is resolved by slightly changing our definition of what a Bohr Neighbourhood is, and
working all the time in the group Z. The Pontryagin Dual of Z is of course T, the circle group, and
so our Fourier Transforms will be defined on this. We contrast this with the situation in Roth’s
Theorem (at least in Gowers’ [3] version of the proof) in which both functions and their Fourier
Transforms are defined on Z/NZ (where N is a prime).

3 Bohr Neighbourhoods

3.1 Definitions and Elementary Properties

We begin by defining what we mean by a Bohr Neighbourhood from now on.

Definition 5 Let = {61,...,0;} € R, and let € and M be real numbers with ¢ < % Then we
define the Bohr Neighbourhood Ag ¢ s to be the set of all n € Z such that |n| < M and ||nb;| < €
forj=1,...,d.

This is clearly very similar to the “mod N” version of the same name. We take the opportunity to
record here some simple facts about Bohr Neighbourhoods which will be useful later.

Lemma 6 |Agc | > el M.

Proof Let S? be the unit torus R?/Z?. Consider the set of all P, = (||[nf1],... ,||nf4||) € S? for
integers n € [1, M]. This has size M, so some e-cube B of S contains at least Me? of the P; (this
“obvious” averaging argument actually requires careful analysis its justification). Let C be the set
of all n € [1, M] for which P,, € B. Then there is an injection

QS :C— AQ,E,M
defined by ¢(n) = n — ng, where ng € C is arbitrary. a

Lemma 7 [Ag m| < 8d+1|A9 e |
727 2
Proof Divide Ag s into sets A; such that
i nbi|l,...,||n0q|)|n € A;} is contained in an $-cube in S%
2

(ii) A; is contained in an interval of length %

This can be achieved with 8¢+! sets A;. Each A; injects to Ay < u by sending n to n — ng, where
727 2
ng € A; is arbitrary. The result follows. O



Bourgain’s Paper has a nice alternative derivation of these results using Fourier Analysis.

In view of the difficulties (i) and (ii) mentioned above, together with Lemma 3, we are clearly
going to be interested in finding out when a Bohr Neighbourhood A looks x-locally like another
neighbourhood A’. We deal with this now.

3.2 Bohr Neighbourhoods and Local Likeness

We will be interested only in the following rather specific version of the question. Let A = Ag  ps
and let B C Ag yeynr- When does A look s-locally like B? A crucial observation is that, because of
the structure of Bohr Neighbourhoods, the answer to this question depends on how A behaves near
its “edges”. To this end (and with hindsight) we make the following definition.

Definition 8 Fiz § € R%. Then we say that a pair (e, M) is regular if

[Ag,(1-49)e, (147 M|

1 —100d]y| <
1] o]

< 1+ 100d|y|

1
whenever || < 1557+

If (e, M) is regular for some § € R? then we also describe the Bohr Neighbourhood Ag.c v as regular.
The reason for making the definition in exactly this way is that, as we shall show later, no pair
(e, M) is very far from a regular pair. Before doing that, however, we show how regularity governs
questions of local-likeness.

1

Proposition 9 Suppose (e, M) is reqular. Let A = Ngcnr, and let B C Ag ey where v < gp5q-

Then A looks 400d~y-locally like B.

Proof Let Q(n) = |{m € Aln € B+ m}|. Suppose that n € B + m for some m € A. Then
n € Ag (144)e,(144)Mm- Therefore we have that Q(n) = 0 if n & Ag (14+)c (144)m- Suppose now that
n € Mg (1—y)e,(1—y)m- Then for all b € B we have n —b € A and so Q(n) = |B|. For all other values
of n, Q(n) lies between 0 and |B|. It follows that

> 1Qm) = Am)[BI| < 2IBI[Aga1yeivn \ Aoa-me -l
< 2|A||B] - ((1 4 100dv) — (1 — 100d~))
< 400dv|A||B|.
But this is precisely what it means for A to look 400dy-locally like B. 0

In general, local likeness is not preserved under passing to subsets. We leave it to the reader to
construct, for any k > 0, sets A, B and C C B for which A looks x-locally like B, but A does not
look %—locally like C’ for any translate C’ of C'. The proof of Proposition 9 used some of the specific
structure of Bohr Neighbourhoods.

The following immediate corollary of Proposition 9 allows us, in view of Lemma 3, to discuss 3-term
APs in the context of Bohr Neighbourhoods.



Corollary 10 Suppose (e, M) is reqular and let v < ﬁ. Then Agcnr looks 800dy-locally like
2A077€77M'

Proof Simply apply Proposition 9 and note that 2Ag e y1r € Mg 2ve,2vM - O
Combining this with Lemma 3 gives

Corollary 11 Suppose that (e, M) is reqular and let § < m. Let A= Agcpr and N = N yeqynr-
Then there are at least (1 — 800d~)|A||A'] triples (n1,n2,n3) € A x A x A with ny + ng = 2ng3.

3.3 Finding Regular Bohr Neighbourhoods

Of course everything that we proved in the last section is useless until we have said something about
regular pairs (e, M) (for a fixed § € R?). A pair (¢, M) is regular if |Ag,(14+)e,(14+) M| Varies in a
controlled manner. Recall Definition 8 for the precise details. Let (¢, M) be a not-necessarily-regular
pair. We are going to show in Lemma 12 below that there is « € [4, 1] for which (e, M) is regular.
This is what we mean by saying that every pair is close to a regular one.

Set f(a) = |Agae,an|- Then f(a) is a non-decreasing function on [%, 1] and, by Lemma 7,

F(1) < 87 f(3) (2)
. It turns out that these facts alone are enough to prove the following.

Lemma 12 n Let (¢, M) be a pair of positive real numbers with e < 1. Then there is a real number
o€ [%, 1] for which (ae, aM) is regular.

Proof It clearly suffices to show that there is a € [%, 1] such that

1—100dy| < ‘W

)

for all || < ﬁ. Suppose then that this is false. Observe that ﬁ > 14 x when x > 0; hence for
every o € [5,1] there is tq € [0, 1557 such that

< 1+ 100d|7|

v

f(A+ta))
’ HG 1+ 100dt, (3)

1 —tq)a)

> eBOdta , ( 4)

the last step following because 1 + = > 3% for x < 1. At this point we pause to prove a small
covering lemma. This can be traced back at least as far as Croft [2] but probably ranks as “folklore”.

Lemma 13 Suppose a finite collection of closed intervals I, ... , Iy covers [0,1]. Then we can pick
a subcollection I;,, ... ,I; whose members are disjoint except possibly at their endpoints, with total
measure at least %



Proof Without loss of generality suppose that the collection Iy, ... , I} is minimal in that if any I;
is removed, the intervals no longer cover [0, 1]. It is then easy to see that no point z lies in three of
the I, because there are two intervals I, and I containing x such that any other I; containing x
lies in I, UIs. But it is then easy to see what the intervals “look like”. Suppose that the I; = [a;, b;]
with a1 < a9 < ... <ag. Then

a1 <az <by <az3<by<ag <...<bp1 <y

It follows that the two collections I; UI3U... and Is UI4U... contain disjoint intervals. The result
is now obvious. 0

To apply Lemma 13, recall (3). By compactness we may take a finite set

1 1

1
{ag,...,a} C |+ ——,1 — ——
2 100d 100d

such that the intervals [(1 —ta,) o, (1 + tq,) ai] cover [3 + 50,1 — 1d—]. Since to, < g7, all of

these intervals are contained in [%, 1]. By Lemma 13, we can pick a disjoint subcollection of measure

at least % (1 — ﬁ) > % Letting these intervals correspond to {a1,...,q;}, one has

l

1

2Zaita¢ > g
=1

and so

: t > i
Z v 10°
=1

Using this in (3) gives

11 S+ ta;) ) S 04t 5 5.
U= tam)
However the left hand side is at most J]:((?), and hence by (2) we have
giHl < 5d.
This is a contradiction, and Lemma 12 is established. 0

4 A Second Sketch of the Argument

Having dispensed with preliminaries, we can now outline the mode of attack. Let a set A be given,
such that A has density § in some Bohr Neighbourhood A = Ag ¢ as. Suppose for a contradiction
that A has no 3-term AP. We want to be able to say that A looks significantly different from a
random subset of A with density §. Recall, however, that we could not give strong information



about APs in A itself, and so it is at first sight not possible to proceed along these lines. However
suppose that (e, M) is a regular pair, and that A’ = Ag s wih ¢ small. Then, by Corollary 11,
the number of 3-term APs (n1,n2,n3) € A x A x A’ is close to its maximum possible value |A||A].
Suppose that A” = AN A’ has density ¢’ in A’. Then we can try to use the information that A
has no non-trivial 3-term APs to show that A x A x A’ looks significantly different from a random
subset of A x A x A’ of density 6 x § x §'. Of course we would also have to interpret the last
(rather nonsensical) statement suitably. The problem with this is that we have very little control
over ¢'. In fact (since the property of having a 3-term AP is translation invariant) one only needs
some translate of A to have density about § on both A and A’. However even this might not be
achievable. We now explain the way around this, which is one of the less transparent complexities
of Bourgain’s Paper.

5 Controlling Density on Smaller Bohr Neighbourhoods

Suppose that A has density § on some A = Ag  ys, where (e, M) is regular. Suppose that A has no
non-trivial 3-term APs. Our aim is then to deduce that A has density J + O(§?) on some reasonably
large regular Bohr Neighbourhood A’. As in the usual proof of Roth’s Theorem, this will lead
to a proof of Conjecture 4 in the case A regular. This in turn will imply the traditional form of
Roth’s Theorem, because the set [—N, N] is easily seen to be a regular Bohr Neighbourhood. Let
A1 = ANgcreconr and Ao = Ag ey conr be regular, with 1> ¢ > ¢o such that A looks xi-locally like
A1 and A looks ka-locally like As. The values of ¢1,c0, k1 and ko will be specified later. We show
next that either there is already a density increment for some translate of A in either Ay or As, or
else one can find some translate A’ = A +m which has density approximately ¢ on both Ay and As.
In this latter case we really will get useful information by comparing (ANA;) x (ANA;) x (ANAs)
with something like a random subset of A; x Ay X Ay of the appropriate density.

Lemma 14 Let §;(m) be the density of A+m on Ay. Then

> (61(m) = 5)

meA

§ Hl‘A‘.

Proof We have

> (Gu(m) -4 |A1 oD Al =M A

meA meAneAi+m neA
Recalling that A looks kj-locally like Aj, the result follows immediately from (1). O

Lemma 15 Let 61(m), d2(m) be the densities of A+ m on Ay and Ag respectively. Then either
there is m such that |6 —01(m)| < 6k1 and |0 —d2(m)| < 6k1, or there is m such that 61(m) > d+ k1,
or else there is m such that d2(m) > 0 + k1.

Proof We note that, since Ay C Ay, it follows from Proposition 9 that A looks ki-locally like
As. Suppose now that the result is false. Then, for all m € A, either [ — d1(m)| > 6k or



|6 — 02(m)| > 6k1. Without loss of generality assume that |§ — 81 (m)| > 6r for at least 3|A| values
of m € A, so that

> 16— 61(m)| > 3ralAl.

meA

Since 01(m) < 6 + k1 for all m, we have

S 8- 6i(m)| < mlAl.

meA
51(m)>8
Therefore
> (6-61(m)) > 2k1A],
meA
41 (m)<d
and so
Z(&(m)—é)‘ > > (G=d(m)— D [6—du(m)|
meA meA meA
81(m)<s 81(m)>6
> /€1|A|.
This contradicts Lemma 14. O

We shall require, it turns out, that x; < 271742

From Proposition 9, we see that any ¢; < d~

What value of ¢; will be required to achieve this?
1972752 will do. By Lemma 12, we can pick some

¢ € [d127%6%, a7 1272767 (5)

such that (cie, ¢ M) is regular. We assume from now on that such a ¢; has been chosen. The value
of ¢o has yet to be specified, but provided ¢; > ¢o we have the following conclusion.

Proposition 16 Let A1 = Agciecom and Ao = Mg oy conr be regular, with ci satisfying
197882 < o < 41972752,

Let 6;(m) denote the density of A+m on A;. Then there is some m for which one of the following
1s true.

(i) 61(m) > § +27206%;
(ii) da(m) > § +272062;
(iii) d1(m) > 6 — 271362 and Jy(m) > § — 271362,

10



Proof This is an easy consequence of Lemma 15 and Proposition 9. O

Until the very end of the argument we will work under the assumption that (iii) holds. Indeed (i)
and (ii) already represent density increments of precisely the type we are aiming for. The properties
of A on A itself will no longer concern us. Hence, replacing A by some translate A+ m if necessary,
we assume henceforth that

6 > 6—271352 (6)
and
62 Z 0 — 213527 (7)

where §; is the density of A on Aj = Agcec,nm, 1 satisfies (5), and ca < ¢;. One further piece of
notation: we will write 41 = ANA; and A, = AN As.

6 The Hardy-Littlewood Method

In this section we actually perform the comparison between A; x A; X As and a random subset of
A1 x A1 x Ay of density 5%52. We acknowledge that this is still a slightly nonsensical statement. Let
I; be the number of 3-term APs in A; x A; x As. Assuming that A contains no nontrivial APs, we
have that I; = |As|. For a function f : Z — C define the Fourier Transform f : T — C by

1
fz) = / f(z)e?™n® dy
0
as usual. Then it is not hard to see that
1
Il = / A1($)2A2(—2$) dl’,
0

where we have identified the sets A; and Ay with their characteristic functions. Let

1
_[2 = 5%62/ A1($)2A2(—2$) dr.
0

This is supposed to be a guess at the number of 3-term APs in a random subset of A1 x A X As
of density d; x 1 X d2. Indeed it is actually equal to 5%52 times the number of 3-term APs in
A1 x A1 x Ag. Suppose that co is chosen so that Ay looks %-locally like 2A5. By Corollary 10, a
sufficient condition for this is that

e < 278d ey, (8)
By Lemma 12 and (5), we can find ¢a with
2—42d—252 < 9 < 2—40d—252 (9)

such that Ay = Ag cyc.cons is regular and (8) is satisfied.

11



Now by Lemma 3 or Corollary 11 we have that
4
I > 55%52’A1’\A2|- (10)

For us to be able to derive useful information from the fact that I = |As| (i.e. the fact that As has
no non-trivial 3-term AP) we will need, say, that I; < $6765|A1|[A2|. This will certainly be true if

62|A1| > 5. (11)

When we come to iterate our entire argument, obtaining density increments & = § + O(6?) in
successive Bohr Neighbourhoods, it will be (11) that finally determines the bound that we shall get.
Indeed the successive Bohr Neighbourhoods can never get smaller than the bound specified by (11).

Recalling from (5) and (6) that ¢; > d=1272862 and 6; > 2, we see using Lemma 6 that (11) will

certainly hold if
261 d2 d

Here we have been rather crude in order to make the expression a little neater, but this slackness
makes almost no difference to the final bound.

Supposing then that (12) is satisfied, we have that

1
|\ — L] > 55%52|A1HA2|- (13)

The next part of the argument consists of estimating |I; — I| in a different way, a way which will
eventually allow us to obtain the density increment that we have discussed so much. We have

‘Il—IQ| = /A1 21‘)d$ — (51(52/ A1 2[\2( 21‘)d1‘
~ ~ ~ 1 ~ ~ ~
< / A (z)? <A2(—2x)—52A2(—2x)) dz| + & / (Al(x)Q—del(a:)2> Ao (—22) dz
0 0
R R L 2
< \Ag(—?:):)—égAQ(—Qx)Hoo/ i) do
0
1
+52/ ‘Al( ~ 82A,(x HA2 23;)‘65. (14)
0
By (13), we see that either
N « 1
| Az (~22) — Soho(—22) |oo/ i@ ‘ dz > 035 |Au|As| (15)
or
1 ~
/ Ai(2)? — 824, (x HAQ zx)) dzx > —62\A1||A2] (16)
0

12



If (15) holds then, by Parseval’s Theorem, one has

N A 1
| Az — d2A2]|ee > 15152!A2!~ (17)

This statement is saying that As looks significantly unlike a random subset of Ay with density ds.
This case, in fact, is rather similar to the argument followed in the usual proof of Roth’s Theorem.
We will show that, indeed, working with Bohr Neighbourhoods allows us to get a substantial (i.e.
O(6?)) density increment on a reasonably large Az. This was our original motivation for working
with Bohr Neighbourhoods instead of progressions. The main difficulty comes from the fact that we
must also derive a density increment from (16) above. This proves to be much more difficult, and
is an unfortunate byproduct of the more complicated analysis that has been necessary in dealing
with Bohr Neighbourhoods. We shall obtain a density increment from (15) now: this is what we
call the First Case. The rest of the paper will be devoted to obtaining a density increment from
(16), which we call the Second Case.

7 Obtaining a Density Increment in the First Case

From (6) and (7) we have &; > 36 and 5 > 36. Hence, writing (17) out in full one gets

. 52
> (Am) = 8y *m0) = oAyl (18)
neAs

for some xo € T. Suppose that As is a regular Bohr Neighbourhood on which e27%0 is roughly
constant. If Ay can be efficiently covered by translates of Az, then we can envisage showing that
some translate of A has increased density on Ag much as in the usual proof of Roth’s Theorem.
Such a Az is given by Az = Ay yepeyeomr Where 8/ = 0 U {xo} (so that 0 € R9*1) and + is small, so
that Ay looks locally like As. To this end recall from Proposition 9 that if v < ﬁ then Ay looks
400d~-locally like As. Applying Lemma 2 to (18) gives

) 52
S Y. (An) —dy)emineo| > <E—400dv> | Aa||As|

meNs |In€Az+m

and so
ST Am) =)+ D0 | D (Am) — by) (e2mimeo — ¢2mineo)
meANs [n€Az+m meAs |neAs+m
52
> | — —400d As||As].
> (45 - 10007 ) 12210
However

Z Z (A(TL) o 52) (627rima:0 o 627rz'n3:0) < 2‘A2HA3| sup ‘627rima:0 o 627rin3:0’
méEANs [n€EAz+m neAz+m

4mycoe| Ao||As|

Amy|Azl|As]

IN A

13



and so

52
S| X m - > (55— a200) inellal

meAs [n€EAs+m

However by (1) we have that

>ood 03)| < 400dy|Az|[As],

meAs nEAs+m
and so
52

SIS tm-s)+ X (Am -6 > (1—6 —8zodfy) MollAgl. (19)

meAsg nelAs+m neAs+m
Therefore, for some m, we have that

52

S (A - 6) > (3241%) ™
neAsz+m

If we take v small enough then this gives the required density increment. Indeed with v < 27165241
one has

52
AN (As+m)| > (62+ )|A3|

62
> — | |A
> <5+ 128) |Az|

by (7). The reader may care to observe how very similar all this is to the proof of Roth’s Theorem
given in Gowers [3], even down to the use of the trick in (19).

Recall that A3 = Ay yeoe yeonr, Where we required that v < 271652d=1. Let c3 = ycp. In order to
make the main loop of our argument work, we also require that A3 be regular. This can be achieved,
by Lemma 12, with some v > 2717§2d~!. Then we will have, by (9), that

275954073 < ¢5 < 27905473, (20)

This completes our analysis of the First Case: we have found a reasonably large Bohr Neighbourhood

A3 on which the density of A increases noticably. Our attention must now turn to the much more
difficult Second Case.

8 Obtaining a Density Increment in the Second Case, Part 1

Recall that in the Second Case one has (16) holding, namely

’

A1 (2)? = 62A (2 HA2 29;)) dzx > —62\A1HA2]

14



We start by playing about with this a little. One has

1 1
/0 ‘Al(x)Q—afAl(x)Q‘ ‘[\2(—2@‘ dr = /0 ‘Al(az)—f—él[&l(:c)‘ ‘[\2(—295)‘ ‘Al(az)—élf\l(x)‘ dz

< [dvsaidal] |Rot-2n [ - aidaf,
this last step being an instance of the Cauchy-Schwarz inequality. But
[+ akif, < 4], +a 4
2 2 2
_ ’A1|1/2—|—(51|A1|1/2
< 2013 A |12, (21)
using Parseval’s Identity. Hence in the Second Case we have that
- . A 1
H‘AQ(—Q:):)‘ ’Al —61A1H’2 > <82 A, (22)

However we also have

Al_ll = i Ay
fir -, < 2t

exactly as in (21). Let F be the subset of [0, 1] consisting of those x for which ‘[\2(—21‘)‘ > 61| Agl.

Then we have, using Minkowski’s Inequality,

o], = |- e, (-5 b2 |,
< (s, ok
< ol | (A = 51 x| + 102102 A,
Comparing this with (22) we see that
[(A—aihi) x|, = otimg 2 (23)

We now deem ourselves to have finished playing around, and set about the task of deriving a density
increment from (23).

9 The Structure of F

Perhaps the key insight of the whole paper is that the set F, the set of all  for which ‘AQ(-QCL‘)‘ >

%61\/\2\, can be described in a reasonably exact way. In my opinion it is slightly outrageous to
expect that this should be the case. As the reader may agree, the proof of this statement is also
rather outrageous. Or at least very clever.

15



Theorem 17 Let A = Ag s be a reqular Bohr Neighbourhood, where 6 & Re. Let x be a real
number for which ’A(x)‘ > k|A|. Then there is a vector k € Z% for which

221¢P 1\*1
e = 25 (10 )
K €

€

and

22145 1\? 1
k.o < log = | —.
|z + k.0 < 3 (ogﬁ) i

It is quite easy to see that if x is close to k.6 for some reasonably small k then A(l‘) is likely to be
large. This result asserts that the converse is also true to some extent.

We now embark on the quite lengthy process of proving Theorem 17. Let x denote the characteristic
function of the interval [—e¢, €]. Then the Fourier Coefficient A(x) can be written as

d
A) = > (]I x(nty) | ™. (24)

[n|<M \j=1

After some thought it is not unnatural to consider writing x(¢) as a Fourier Expansion x(t) =
> X(r)e* . Suppressing our worries about the validity of such an expansion, we then have

d

A(l’) _ Z H)Z(kj) Z eQm’n(x—i—k.O). (25)

kezd \j=1 |n|<M

Now

: 2
2min(z+k.0)
E e <
<ht |z + k.0]|

and x(r) — 0 as r — oo. These are the sort of inequalities that might enable us to deduce a result
like Theorem 17, namely that ||z + k.f|| is small for some small k, from (25). However they are
far to weak to get any result of that kind, let alone one strong enough for our purposes. The way
in which we improve on them is an extremely ingeneous “smoothing” technique. In this technique
one replaces the characteristic function y by a function which is very similar to it, but which has a
Fourier Transform which decays hugely more quickly. Rather luckily the regularity of A is exactly
what allows us to make this replacement. The construction of the smooth approximation to y is
relegated to an appendix as to give it here would interrupt the flow of the argument. We simply
state for now the results that will be proved.

Theorem 18 Let 0 < § < %6, and let L be a positive real number. Then there is a function
T =115 : R — R with the following properties. Firstly, o approximates the characteristic function

of the interval [—L, L] in that 0 <7 <1 and

[0 (el > (o)D)
Te) = { 1 (2] < (1 - 6)L).

16



Secondly, T has a rapidly decaying Fourier Transform. Specifically,
#(t)] < 16Le (0L
for all real t.

This Theorem has a rather non-trivial Corollary. This is derived from it using the Poisson Summa-
tion Formula, and again the details are relegated to an appendix.

Theorem 19 Let 0 < § < % and let N > %. Then there is a function o = oy : Z — Z with the
following properties. Firstly, T approximates the characteristic function of the set {—N,... N} in
that 0 <o <1 and

{0 (2] > (1+6)N)
olz) = { 1 (|z]| < (1= 8)N).

Secondly, o has a rapidly decaying Fourier Transform. Specifically,

1/2

6(t)] < 2°Ne~ NI
forallt € T.

The subtle differences between these two results should be carefully noted. In particular the Fourier
Transform is a different object in the two different theorems. Indeed

7(t) :/ T(x)eitwdx,
whilst

5(t) = > o(m)e”™™,

meZ

Let us now try and replace x by 7 = 7.5 in (24) where § will be chosen later. For good measure
(and because it turns out to be crucial) we also replace the characteristic function [—M, M], hardly
noticeable in (24), by 0 = o5. It is trivial to check that the condition M > % required by Theorem
19 is satisfied provided that (12) is satisfied, which we assume is always the case. One has

d d
A(x)—z Hr(nﬁj) o(n)e?™ | < ZA(n)—Z Hr(nﬁj) o(n)

< Ay 148)e, 140 M \ Mo (1-6)e,(1—6) M| - (26)
Recalling that Ag  as is regular, we have that
|Ag,(110)e,1000m \ Mo, (1—s)e,1—sym| < ((14100d8) — (1 — 100dd)) |A]
< 200d6|A|
< A (27)

17



provided that § < gg5-. Note that the condition [0] < ﬁ required by the definition of regularity

is satisfied automatically here. Hence if § < ;5 then we have, from (26), (27) and the hypothesis
that |A(z)| > k|A,

d
S [T 7n8)) | omye™en| = g|A|.
=1

n

> gMed.

For this last step we used Lemma 6. The left hand side of this expression can be rewritten as
follows.

d

Yo II7mo)) | omyemon| = 117k

no\j=1 kezd \j=1

Z J(n)€27rm(a:-i-k.9)

n

Therefore we have
d K
ST TTLIEED 16 (= + k0] > §M€d- (28)
kezd \j=1

where of course 7 = 7.5, 0 = oy 5 and 0 < gg57- Now 7 and o were chosen, in Theorems 18 and
19, to have very rapidly decaying Fourier Transforms. Combining (28) with the estimates for these
transforms one gets

d
3 exp— [ 6V2M 22+ 102+ 3 (60 2k V2| =

94d+10°
kczd j=1
Recall that (28) was valid for any ¢ < ;55;. Taking 0 to be as large as possible gives
KM\ Y2 L e \1/2 2 p
— /2 e 11/2
gzjd exp (400d> o 16600 + (456) Z; k12 | > S (29)

We will now derive Theorem 17 from (29) in the “obvious” way. Namely we will show that for
smallish ko the contribution to the sum in (29) from those k with |k| > k¢ is small. This will imply
that the sum over those k with |k| < k¢ is largeish. From this we will derive Theorem 17, which
says that there is k with both |k| and ||z + k.6|| small, in quantitative form.

18



For brevity let us write v = y555. Then, for any ko, we have

kM 1/2 / / d /
1/2 1/2 1/2
S exp- <400d> o+ k.62 4+ 723 |k

[k|>ko j=1
< ¥ o~V k12
[k|>ko
d
= Y He—wkml“
[k|>ko \J=1

A
QU
VO
(]2
|
)
2
N~
Is9
N
(]2
|
)
S
S
w
=

At this point we stop for a quick estimate.

Lemma 20 Let ¢ be a non-negative real number. Then

00 1/2\ ,—(ve)/2
Z e_(,)/7.,1)1/2 < 2 (1 + ("}/C) / ) e (7e) '
m=c+1 v

Proof We use the estimate

o0 0o

N et < / =0 .
m=c+1 ¢

Surprisingly the integral here can be evaluated explicitly as the expression claimed in the statement
of the Lemma. 0

Returning to (30), we use Lemma 20 twice to get

1/2 d d 1/2
kM 400d _1(rcko
_ k.g||1/2 1/2 L 1/2 ] < 94ty 2(400d) ]
S ew- | (fg) ot koIV2 e 2 Y2 < W) e
[k|>ko j=1

In view of (29) our aim now must be to pick ko as small as possible so that the right hand side of
this last equation is at most oz75r. Recalling that € <1, k <1 and d > 1 it can be checked (with

a little work) that this is true provided that

21373 400d\ 2
ko > (log > . (31)

K€ K€

Suppose from now on that kg is chosen to equal the value on the right hand side in (31). Then, as
we have remarked, it follows from (29) that

M\ /2 e 172 2 .
N k0|2 + (o I [ 32
pagt () e+ ko + (o) i) = g (32
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But

M\ 2 re \1/2 &
- k.62 + (—— k|12
D exp <400d> o +1660" + (g56) Z;‘ il

|k|<ko
1/2 ) d
12 KGTT’]
<o () o )(%J )
1/2 4004\ ¢
<e k.02 =
= ( 400d nin flz + k6] ke )

the last step following by another application of Lemma 20. Hence from (32) we have that, for some
k with |k| < ko,

k.0 1/2 K ke \d
> v (2
P (40061”:” ”> = 5dHI (400d>

(so0a) "

2123 4004\ \ ?
k. < 1
o+ kol < 20 (1o (220

Since € < 1/2 a short computation gives that

400d 12d 1
log < — og—

Hence, for this k,

K€ K

A little tidying up gives, at last, Theorem 17.

It is perhaps worth remarking at this point that the key feature of Theorem 17 seems to be that
(log ) grows more slowly than any power of l as € — 0. If this were not the case then we would
get a substantially weaker bound for the final result The key feature of the proof that enables us
to obtain such sub-powerlike dependence seems to be that the Fourier Transforms of the functions
in Theorems 18 and 19 decay exponentially.

10 Obtaining a Density Increment in the Second Case, Part 2

Recall that we are working under the assumption (23) that
. N 1
H <A1 - 51/\1) XFH > — 872, (33)
2 16
where F is the set of all z € [0, 1] for which

i 5
‘Az(—Qx)‘ > A, (34)
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With a little technical manipulation we can apply Theorem 17, recalling that Ao = Ag e c,ar Where
co satisfies (9), to assert the following. There is k € Z? with

9165 711 1 2 1
Kl < 2 (lon1) 2 (35)
such that
2165d11 1 2 1

In deriving these estimates we have used the facts that e < 1/2 and 6; > %5.

Let n, k be positive real numbers to be chosen later. If Ay = Ay caescall for ¢4 sufficiently small then
51CA6,

A; looks n-locally like Ag. More importantly for n € Ay and z € F we will have ||nz| < x and so
|62m”5’" — 1| < 27mk. We will explain these statements in the following fully quantitative Proposition.

Proposition 21 (a) If ¢4 < d=227396%n then Ay looks n-locally like Ay.
(b) If

1\ 2
e < 4129710659 (log _> .
€
then ||nx|| < K for alln € Ay and x € F.
Proof (a) Recall from (5) that Ay = Ag c,c,c, i Where ¢ > d=1272862. We have
Ay = Ag,mmM C Agocie2eaM-

Therefore, by Proposition 9, Ay will look 7-locally like Ay if 2¢4 < 4555, This is certainly true if the
stated condition holds.

(b) Take k so that (35) and (36) are satisfied. Then for any n

216511 || 1\? 1
— g < —— 11 - =,
|—2nz + nk.f] < 59 <log6)

Hence if n € A4 then

d 2

0. 2164 11 1 1
nx — Zk:j% < ?—gm <10g —) i
=1

J
_ 2164dllc4 : 1 2
—— | log— ] .
- 59 ge
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But

AM&
S
SES
A

d
cae Y |kjl
j=1

9165 712 1 2
< 047 (10g ;)

and therefore

2166d12c4 1 2
el = 25 (g1 )

from which the result follows. O

Now we saw in our analysis of the First Case that we can turn a statement about a Fourier Coefficient
being large into a density increment by averaging over sets on which suitable exponentials e?™"® are
nearly constant. In that case we had a single value x = x( to worry about. Here however we have, in
(33), a statement about a whole family of Fourier Coefficients being on average large. The beauty
of Theorem 17, and of the deductions (35) and (36) that we have made from it, is that we can pick
a Bohr Neighbourhood A4 on which all the exponentials 2™ of interest are roughly constant. We
can use this to derive a density increment from (33) in a manner which is, philosophically at least,

the same as our deduction in the First Case.

To carry out this deduction we simply have to “follow our nose”. We know that we want to take the
expression Aj(z) — 6;A1(x), take some kind of average over translates of A4 and then use the fact
that certain exponentials are roughly constant on A4y. We begin by illustrating this qualitatively
(i.e. without any x’s or n’s). For x € F we have

ZA(n)e27rinx ~ ﬁ Z Z A(n)e%rinx

neAl meANL neEAg+m

1 .
m Z e27rzm:v Z A(n)

L

Q

meN; neAg+m
1 )
= —— > (A= m)n Ayl e,
|A4| meN
Thus
Ay () = 61hi(z) = D (6(m) — 61) ™M, (37)
meN;

where here and below we use §(m) to denote the density

‘(A — m) ﬁA4’
| A4
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The plan of the rest of this section is to derive an exact form of (37), and then to derive a density
increment from it using our assuption (33) and Parseval’s Identity.

Following our qualitative analysis above it is natural to write down the expression

Al(x) - 51A1($) = Z A(n)€27rin$ . |A4| Z Z A e2mina

neAl meANL n€EAs+m

+ ‘A4‘ Z Z A 27rinac _ 627rimac)

meAN nEAg+m

+ |A4| Z e2mima Z A — & Z p2mima (38)

meA neENs+m meN;

We will refer to the three bracketed expressions here as F(z), Eo(z) and E3(x) respectively. By
(33), (38) and Minkowski’s Inequality we have

53/
60 VM2 < B @)xFll + | Ba(@)xF ]2 + [ Bs(@)xze. (39)
We now proceed to estimate the three quantities on the right hand side.

To estimate ||E1(z)xr||2 we use the fact that A; looks n-locally like A4. For this part of the analysis
the presence of F is irrelevant, and we show that ||E1(x)||2 is small. Now we have

Z|A| T (|A4] = Q(n)) A(n),

where
Q(n) =|{m e Ailn—m € Ay}|.

Hence, by Parseval’s Identity,

1/2
1
1Bl = o [ S0 (al - Qm)?) (10)
’ 4’ neA
However A; looks n-locally like A4, and so (by definition)

Z\Q (n)|Adll < nlA1][Aq].

This implies that

YR — 1Al < > 1Q(n (n)|A4l|
neA neN
< n|Ar]|Agl.
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Hence, by (40),

. 1/2
Bl = ’A—4<Z(IA4I—Q(H))2>

neA
1/2 1/
< g (Ziem-mi) (swiewm - a)
’4‘ necA n
1
< o P (2l

[Aa]
< 2771/2‘A1|1/2.

To estimate ||E2(x)xr||2 we really do need F. Recall that, for n € Ay and = € F, we have
‘e%mx — 1} < 27k.

Hence we have

(41)

Ey(x)xr(x) = (A4 Z Z A(n 27rinw_ ‘A4‘ Z Z (A—m) 27r7,mx) Y7 ()

meAN nEAs+m

= g O (1) T e m o)

meA1 €Ny

ncAy meN
and so
|Ex(z)xr(z)] < 2wk Y | €T (A —m)(n)| xr ()
neNs [/meA;
277-,{' TIMIT
< XTI A—m).
4 neNy |lmeA;

Taking £2-norms gives

2

1B (2)xr(2)|3 < (278)% - > A —m)(n)
’ 4’ neAy ||meA 2
- RrEze
< (27”@ |A1’a

and so

1E2(2)xr (@)l < 2mR|Ar]'/2.
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Finally we turn to the estimation of ||Es(z)xx|l2. This is another case in which the F serves no
purpose, and we have in fact

1/2
1Es(z)ll2 = | D (3(m)—61)* | (43)
meA;
Putting together (39), (41), (42) and (43) gives
1/2
S m) -] > (%5?2 o2 _ 27m> A2,

meA
Hence if we take ¢4 so small that n < 2*145% and kK < 2*965’/2 we will have

> 18(m) = &> = 27197 Ay (44)

meA

Applying Proposition 21 and recalling that é; > g, it is very easy to see that any c4 with

1\ 2
ey < ol 1TTg12 <log —> (45)
€

will do. Observe that getting x small enough is the overriding constraint. By Lemma 12 we can
choose some ¢4 with

1 -2
ey > oo 178g-12 (log —> (46)
€

to satisfy (45) and so that the resulting A4 is regular.

From (44) we are almost home — indeed we can immediately guarantee the existence of an m for
which |§(m) — 61| > 272632, What we need, however, is a positive density increment. For this we
recall Lemma 14 which, when applied in the present context, gives

> (6(m) = o1)| < nlAg] < 2787, (47)
meN
Now from (44) we have
max |6(m) — 61| Y [6(m) — 61| > 27106 A4 ].
meA
meN

Hence either §(m) > 24, for some m (representing a quite vast density increment) or else

> 16(m) — 61| = 2719 |Aq].

meN;
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In this eventuality we use the classic trick that we have alreay seen — by (47) one has

> (16(m) = 61| +6(m) = 61) = (27197 — 27M6}) | Ay
mEAl
> 2752 |A).

It follows that, for some m, we have a density increment
S(m) > 6 + 271262,
Recalling from (6) that 6; > 6 — 271362, a short calculation gives at last a density increment
S(m) > §+27152 (48)

in the Second Case.

11 Conclusion

Let us now summarise what we have proved in the entire paper so far in the form of a Theorem.

Theorem 22 Let A = Agc pr, where 0 € R?, be a regular Bohr Neighbourhood. Suppose A C 7 has
density § in A. then one of the following alternatives holds:

(i) A contains a nontrivial 3-term AP;

ii) (Proposition 16 cases (i) and (ii)) There is a regular Bohr Neighbourhood A = Ag ce cpr with
c > d 1272852 on which some translate of A has density at least 6 + 272962;

(iii) (The First Case) There is a regular Bohr Neighbourhood A' = Mg e crr with ¢ > d—327596 and
0" € R4 on which some translate of A has density at least § + 27762;

(iv) (The Second Case) There is a regular Bohr Neighbourhood A" = Ae ..\, with
2) ’

-2
c > 511d_122_178 (10g1>
€

on which some translate of A has density at least § + 271462;
(v) (Failure of (12))
261d2 d
d

This may be summarised more briefly (although less precisely) as follows.

Corollary 23 Let A = Mg be a reqular Bohr Neighbourhood with 6 € R?, and let A C 7 have
density 0 on A. If A does not contain a nontrivial 3-term AP then one of the following must hold:
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(i) There is a regular Bohr Neighbourhood A = Ay o pp on which some translate of A has density
at least § + 272062, where 0' € RY and

d < d+1;

1\ 2
¢ > ol 12071m <log—> € and
€

M/

v

—2
511d_122_178 <10g 1) M :
(i)

961 421\ ¢
d

Theorem 24 (Effective Version of Roth’s Theorem) Suppose that A C {—N,... N} isa set
of density §. If

Finally we are ready for

5 > 9% loglog N 1/2
- log N

then A contains a nontrivial 3-term AP.

Proof As we have pointed out the set

IR

A = [-N,N] = A1y
is a regular Bohr Neighbourhood. Indeed

A1,<1+7>,(1+7)N = 2 L(l + ’Y)NJ + 1a

2
from which it follows easily that A; is regular. Assume that A does not contain a nontrivial 3-term

AP. If N is large enough then, applying Corollary 23 repeatedly, we get a sequence {Aj =Ng;¢;, Mj}
of regular Bohr Neighbourhoods with the following properties:

(i)
0, e R where  d(j) <j;
(i)
1 —2
€ > 511d_122_178 <10g > €1;
€51
(iii)

12— L\~
Mj > (Slld 122 178 <10g _) Mj—l;

€51
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(iv) Some translate of A has density at least 0; on Aj, where the sequence {J;} satisfies
(Sj > (5]'_1 +2_20(532_1.

We want N to be large enough so that we can carry on the above process for long enough that
0; > 1, which will be a clear contradiction. Let us then examine the sequence §;. Clearly §; will

reach 20 after [%W steps, then 4§ after a further [%—‘ steps, and so on. Therefore ¢; will be

220 <%+2i5+...>+10g<%>
222

5

greater than 1 for some j satisfying

<
IN

IN

Now if j < 2226~ then

Q
Y

1 -2
9—500 523 (i) €j-1 and
e

_ 1\~
]\4"7 > ) 500523 <_> Mj—l-

6]'_1
Now €1 = % and M; = N. It is easy to check inductively that, for j < 22261, we have
€ > 276007 527 and
—6005 £27;
M; > 27°7§°YN.

Now we know that J; > 1 for some j < %. For such a j we will have A; = Ag ( ps where

2326_1
€ > <g> and

5 23251
s (8

This is a contradiction provided that N is sufficiently large that alternative (ii) of Corollary 23 does

not hold, i.e. provided that
) 96172\ J
Me > ( 5(‘3 ) )

A short calculation shows that this is the case if

This concludes the proof. O
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12 Appendix — Smoothly Approximating Intervals

In this appendix we prove Theorems 18 and 19. We repeat their statements now.

Theorem 25 Let 0 < § < %6, and let L be a positive real number. Then there is a function

T =115 : R — R with the following properties. Firstly, T approrimates the characteristic function
of the interval [—L, L] in that 0 <7 <1 and

_ {0 (2] > (1+0)L)
) = { 1 (o] < (1-0)L).

Secondly, T has a rapidly decaying Fourier Transform. Specifically,
#(t)] < 16Le (0L
for all real t.

Theorem 26 Let 0 < § < % and let N > %. Then there is a function 0 = on : Z — Z with the
following properties. Firstly, T approximates the characteristic function of the set {—N,..., N} in
that 0 <o <1 and

(0 (2l > (146)N)
ofz) = { 1 (2] < (1 - 0)N).

Secondly, o has a rapidly decaying Fourier Transform. Specifically,
6(t)| < 2°Ne~ (NI
forallt € T.

We start by constructing a smooth bump function. This construction is presumably standard,
but the author has not located it in the literature. It seems rather more natural than the usual
construction of smooth bump functions via the pathological function f(z) = e” 2. Furthermore
it is possible to quantify the smoothness of our function by giving a very strong estimate for its
Fourier Transform.

Proposition 27 There is a non-negative function F' : R — R with Supp(F') C [-1,1] and ||F||; =1
whose Fourier Transform satisfies the decay estimate |EF(7)| < 28’7"1/26_'7‘1/2 for |T| > 4.

Proof Let I; = {—4]%, 4]%} and let f; be the characteristic function of I; weighted so that its

integral is 1, i.e. f; = 2j2X[j. Let gi, = f1*--- x fi be the convolution of the first k functions f;.
We have immediately that

k
lgelle = [T IA0L = L.
j=1
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Furthermore we can compute

and hence

Here, as is natural, we have interpreted the value of % at x = 0 to be 1.

Now if || <1 then

sinx 1| = $_2 _ ac_4 n
T R E] 500
< zf?
Therefore
ko . k
4 2
[T () = Ta+e
=1 T J i=1
where
< TQ
lej| < @-

Since ), |e;| < 0o, the product in (49) converges absolutely and gi(7) — h(7) for some function .

Let us now split the product for g; and write, for any m < k,

R 452 T 452 T
’gk(T)’ = H TSIH <@) H TSIH @
1<j<m m<j<k
T
S H — S1n <4j—2)
1<j<m
4\
<——> (m!)2. (50)
7]

Also, rather more trivially, |gx(7)| < 1 for all 7.

By putting m = 2 in (50) we see that the functions |gy(7)| for £ > 2 are simultaneously dominated
by an integrable function. It follows from the Bounded Convergence Theorem that

/ Gr(1)e™ dr — / h(7)e™ dr (51)
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for all real z. However, by a suitable version of the Fourier Inversion Theorem (see, for example,
Korner [4]), we have that

w .
/ gr(T)e'™dr = 2mgi(x)

—00

and so (51) tells us that

for all real z.

What we have shown so far is that our functions g, which we suspect by (50) to have rather rapidly

decaying Fourier Transforms for large k, tend pointwise to some function F(z) = %fz(—x) This

function, then, would seem to be a natural candidate for our smooth bump function. We prove that
it is such a function in two Lemmas.

Lemma 28 The function F just constructed is non-negative, supported in [—1,1] and has | F||; = 1.

Proof Non-negativity is clear. It is easy to see that g is supported in [—ng, nx], where

T
=y 22 2) =

Hence F is supported in [—1,1] as claimed. Finally we have
gr(x) = fix(fox- - * fi)
= / filz —y)(fox = fir)(y) dy

< N fillsoll fo * - - % frll
= 2

for all real z. Since each gy, is supported in [—1, 1] it follows from the Bounded Convergence Theorem
that ||g[l1 — ||F|l1. Therefore |[F|j; = 1. .

During the proof of the last Lemma we saw that the sum of the lengths of the intervals I; was
at most 2. It turns out that one gets the smoothest bump functions by making y |I;| converge
as slowly as possible. We have tried to do reasonably well, whilst retaining simplicity, by taking
11l = %

J

Lemma 29 The Fourier Transform of F' satisfies the decay estimate
[F(r)| < 2| /2eI

for all |T| > 4.
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Proof It follows immediately from the Bounded Convergence Theorem that §x(7) — F(7) point-
wise. Therefore we have, from (50), that

Fol < () oo (52)

7]

for any positive integer m = m(7) we care to choose. A crude version of Sterling’s Formula gives
the inequality

m! < 8mMmtae ™,
Substituting this into (52) yields
- 4m2\™
F < 64 -
POl < oam () (53)

for any positive integer m. Supposing that |7| > 4, take m = | |7|'/2]. Writing m = 3|7|1/2 —n,
where 0 <17 <1, we get

|F(7-)| < 64-%|7—‘1/2,< 4 >(%T|l/2—n) <E|T|>(§|TI/2_,7)

e?|7]

A

= 32|T|1/2 . 6277 . e_lT‘l/Q

< 28|7'|1/2e_|7|1/2.

Proposition 27 is proved. O

Most of the hard work has now been done and we can prove Theorem 25 relatively quickly. First
of all define the function G5 by G = Fs * x|_1,1), where Fs(z) = $F (£). We have Fs(r) = F(67)
and X[—1,1)(7) = ZsinT - Therefore if §|7| > 4 we have

~ A 2 si
Gl = [Fan]| 2T
1/2
< 9 <%> ool
:
< 985 (8IT)'/?
< 166—(5|T\)1/27 (54)

the last step following from the assumption that § < 4. Since trivially |Gs(7)| < 2 for all 7, it is
casy to see that the bound in (54) is actually valid for all real 7. Now set 751 (x) = G5 (%) to finish
off the proof of Theorem 25. O

Finally we turn to the proof of Theorem 26. It turns out that we have essentially constructed
o = o5 n already. Define o as a function on Z by o(n) = G5 (%), and extend it to a function p on

32



R in the obvious way by defining p(x) = Gs (%) The Fourier Transform & lives on T and is defined
by

This certainly looks like some sort of discrete approximation to the Fourier Transform of p, namely

oo

plr) = / o (z)eX™a .

—0o0
We know from earlier investigations that this is rapidly decaying. However it still seems rather
unreasonable to me that such a vague comparison can be made completely explicit, as we now
show using the Poisson Summation Formula. Let us start by recalling the version of the Poisson
Summation Formula given in [4].

Theorem 30 [Poisson Summation Formula] Let f : R — R be a continuous function for which
Yo oo |f(m)] converges and >~>° | f(2mn + x)| converges uniformly on [—m,7]. Then for any
real x we have

> fm)e™ = 2x )" f(2mn + x).
meZ nez

The proof of this result is not hard, and essentially consists of checking that both sides of the
claimed equation have the same Fourier Coefficients when considered as functions on T. The Poisson
Summation Formula can be better understood in a fully general context in which arbitrary locally
compact abelian groups are considered (as opposed to the rather simple group R, with its discrete
subgroup Z, as appear here).

Let us apply the Poisson Summation Formula with f = p. By the Fourier Inversion Formula we
have
plx) = 2mp(—z) = 2mp(x).

This and our earlier estimates make it clear that the conditions Theorem 30 are satisfied in this
case. Applying it, and recalling that ¢ = p on Z, we have

() = Za(m)e%imx

meZ

= NY G;(2rN(n+ 1))
nez

= N G5@2rN(n+|z]). (55)

nez
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We know that p is rapidly decaying, and so the dominant terms are those with with |n| < 1. The
sum of these terms outweighs the sum of all the other terms. We conclude our exposition by working
out the details. From (55) and our estimates for G5 we have

6(x)) = N > Gs@rN(n+ |zl))
neBbbZ
< 16Nze—<2w6N|n+||wH|>”2
ne”L
< 16N ) e ~(ONn-+|z[|)*/2
ne”
< 16N | 5eONI#E 4 g 37 mONm) 2 ) (56)
m>2

Now from Lemma 20 we have, if v > 1, that

1/2y,—~1/2
Z@—(Wm)lﬂ < 21+~ / Ye 7
m>2 v
867%71/2

gerlal)

<
< 1/2

for any real number x. Now we assumed that N > % and so we may combine this with (56) to get
that
1/2

6(x)] < 99 e~ (ON|lz[])

for all . This concludes the proof of Theorem 26. O
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