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AT INFINITY

Assumptions

Let G be a group such that:

(A1) G admits a finite K(G,1)
called X (with universal cover
X);

(A2) G is L*-acyclic, i.e. its L?-
homology vanishes;

(A3) G satisfies the Atiyah conjec-
ture;

(A4) the Whitehead group of G is

trivial.

The ring D(G)

Z.G embeds in the von Neumann al-
gebra of G. The von Neumann alge-
bra in turn embeds in its algebra of
affiliated operators. The ring D(G)
is the rational closure of ZG in this
algebra of affiliated operators.

Definition /Theorem

The group G satisfies the Atiyah
conjecture if and only if D(G) is a
skew-field.

Thurston norm

M is a closed 3-manifold. By Poincaré
duality, every ¢ € H'(M;Z) is dual to
a class in Hi(M;Z) represented by a
surface > in M.

|¢lr = min{x_ (%) | ¥ is dual to ¢}

with x_(X) = > max{—x(Xp),0}
2067'('0(2)
defines the Thurston norm |.|r.

L?-homology

The (reduced) L*-homology of G is
computed by taking the homology of
the chain complex

LA(G)% = LA (@)%t — ... 5 L2 (@)%
obtained from C*()? ) by tensoring it
with L?(G). (When taking the homol-
ogy, we divide the kernel by the closure
of the image of the boundary.) The L?-
homology of G does not depend on the

choice of X.

Key properties of D(G)

When G satisfies the Atiyah conjec-
ture, then G is L?-acyclic if and only
if Cx(G) ®zg D(G) has trivial ho-
mology. We do not have to mention
L?(G) at all!

Let G'P denote the free part of the
abelianisation of G, and let K =
ker(G — G*™P). Then D(G) is the
skew-field of fractions (Ore localisa-
tion) of D(K)G™P. In practice, this
means that every element in D(G)

can be written as a fraction of ele-
ments in D(K)GHP.

L?-torsion norm

Theorem [Friedl-Liick]

Let G = (M) be hyperbolic. Then
|- |7 = 9(P(z)) — N(P(y))

Ascending HNN extension

Foxp = (Fy,t |t ot = f(x),2 € F,,)

is an ascending HNN extension of
F,, provided that f is injective. The
group F,*s satisfies (Al)-(A4) by
the works of Linnell, Lick, and
Waldhausen.

Theorem [Funke—K.]

The Thurston norm defined by
[¢lr = N(P(x)) — N(P(y))

1S a semi-norm.

To the universal L2-torsion
pP(G) = zy™!

with =,y € D(K)G™P, we associate
the function

N(P(x)~N(Py)): H(GiR) - R

Theorem [McMullen]

Let M be a closed 3-manifold with
the first Betti number at least 2.
Then

| e =1 ]a

Theorem [Funke—K.]

Let G = F,*; with the first Betti
number at least 2. Then E:oE

I
[ dr=1-1a @

Cellular homology

The cellular Z-homology of X is
computed by taking the homology
of the cellular chain complex

~ ~ ~

Cr(X) = Cph1(X) = -+ = Cp(X)

Observing that the boundary maps
are G-equivariant, and that each
Cr(X) is a finitely generated free
G-module, we can reinterpret the

chain complex as a complex of free
Z.G-modules:

(ZG)% — (ZG)*=* — - = (ZG)%
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Universal L2-torsion

Write Ci(X) = Vi ® Wi as G-
modules, so that the k" boundary
map is trivial on V; and induces an
isomorphism

L Wi & D(G) — Vi1 ® D(G)

We define the universal L?-torsion

of G to be

p2(G) = T det(u) ™0™
k=1

From group rings to polytopes

Take z € RG™" where R is a ring.
The support of z is a finite sub-
set of G which in turn is a sub-
set of the R-vector space H1(G;R).
Taking the convex hull of supp z in
Hi(G;R) gives us a polytope P(z).

From polytopes to norms

Let P be a polytope in Hi(G;R).
We define 91(P) to be a semi-norm
HY(G;R) — [0,00) given by

N(P)(¢) = max{¢p(a)=¢(b) | a,b € P}

Alexander polynomial

The map Co(X) — Ci(X) is a
d1 X do matrix over ZG. Apply-
ing the map induced by G — GP
gives us a dj X do matrix over ZGHP,
and the Alexander polynomial A €
ZG™b is the greatest common divi-
sor of the (d; —1)-minors of this ma-
trix.

Alexander norm

The Alexander norm is defined by
|- 4 =9(P(Ag))




