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Key example: the 7-sphere

Hopf fibration: S° — S7 — S*
@ round metric g% = gg3 + ggs
@ ‘canonical variation" g, = Kkgss + gg« for Kk >0
o g Einstein & g = g1 or g™ = gy5
Octonions: S" C O
@ ~~ cross product x
@ ~~ 3-form
©®(u,v,w) = g"®(u x v,w) Gy-structure

Fact: ™ determines g

o dp®™ = p * ' for > 0 constant <+ nearly parallel

Note: d * o™ =0
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Geometric flows

Ricci flow

0 .
% = —2Ric;
@ Critical point: Ricci-flat Ric =0
@ Ric = Ag, A > 0 ~> shrinker: critical point for rescaled flow
Laplacian flow Laplacian coflow
0 0 *
% = Avpr 5t¢t = At *t ot
= (ddi + did)e: = ddj *¢ ot

Critical point: dy = 0 = d7,¢ ~ Ricci-flat with Hol(g) C G

Laplacian (co)flow restricted to (co)closed Gy-structure =
gradient flow of Hitchin volume functional on [p¢] ([*+p¢])

o dp =pux*xp, >0~ expander: critical for rescaled flows
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Observations and main results

Nearly parallel Go-structure dp = pu* @, >0
@ ~~ Einstein metric Ric=Ag, A >0
@ Go-structure more information than metric

@ suggests Laplacian flow/coflow finer detail than Ricci flow

d * ¢ = 0 ~» Laplacian coflow = gradient flow of volume on [*¢]

o ~ % = —2Ric; + Q¢ where Q; quadratic in dp

@ ~~ metric flow = Ricci flow plus lower order terms

@ nearly parallel = Laplacian coflow expander but
positive Einstein = Ricci flow shrinker

@ = lower order terms matter

Main results: compare behaviour of Ricci flow, Laplacian flow &
coflow near Einstein metrics/nearly parallel Gp-structures on
3-Sasakian 7-manifolds
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G,-structures on the 7-sphere

Recall: S3 — S — S%, 3-form ¢ inducing round metric gt
o S3 =SU(2) ~ left-invariant coframe 11,712,173
@ wi,wo,ws orthogonal self-dual 2-forms on S* with length /2

@ ~~ two 3-parameter families of 3-forms for a, b, ¢ > O:

pF = a2’y Amp Az — acny Awy — ac®np Awa F bcPiz Aws

o ¢* induces g = a%n? + a*n3 + b*n3 + c?gss
= @1 and ¢~ isometric (and Berger metric on SU(2))

o dxpt =0
o o nearly parallel < a=b=c ~ ¢~ = c3p™ or
a:b:%CWQO—‘r:C:S(pnp

Note: ¢"P induces “squashed” Einstein metric g"P
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3-Sasakian 7-manifolds

Definition
(X7, gt) 3-Sasakian < cone (Rt x X7, g = dr? + r’g®)
hyperkahler Hol(g) C Sp(2) ( ~ generalizes (S, g*))

Fact: J infinitely many 3-Sasakian 7-manifolds
e SU(2)/T — X' — Z*, Z ASD Einstein
© a,b,c>0~ g=2a’n+a’n3 + b®n3 + c?g7 induced by

@F = £a’bn At Az — ac®m Awi — ac®np Awp F be?z Aws
@ a=b=c=1~ ¢ = " nearly parallel inducing g*

o Vba=+bb=c=1~ o =" nearly parallel inducing
g"P “squashed” Einstein metric , cone has Hol = Spin(7)

Example: Aloff-Wallach space (SU(3) x SU(2))/(U(1) x SU(2))
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Ricci flow

SUR)/T — X7 — Z*% ~ g = a2 + a2n + b2ng + c2gz

) .
%Z—QRIQ
b2 g b b}
=A4(2- L 42T )(F+nd) -4 L +22L )03
< 2 C?)(m ) aztﬁr o)
2a2 + b?
—4(6—tczt)gz *)
t

~> ansatz preserved and only critical points for rescaled flow are:

ar=br=cr <> g° and VBa; =V6b; = c; <> g"

After rescaling, under Ricci flow (*)

@ 3-Sasakian Einstein g* stable
@ ‘“squashed” Einstein g"P unstable (saddle point)
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,0) <+ Kahler—Einstein on twistor space Y° of Z4

,0) ¢ nearly Kahler metric on Y®
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Laplacian coflow
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Laplacian coflow

*tcpti = cf volz $atbtct2n2 A3 ANwi F atbtct2773 AN A wo

- 3?‘-}2771 A2 N\ ws

0 *¢ Pt
ot

= At x¢ pr = dd *¢ @ (1)
~> ansatz preserved and only critical points for rescaled flow are:
cpt_:at:btzct<—>g0t5 and @j_:\/gat:\/gbt:CtH(,an

Note: for ¢, , a; = by not preserved

After rescaling, under Laplacian coflow ()

@ nearly parallel ©* stable and nearly parallel ©"P stable

Moreover, any initial p* flows to either ¢ or P

= _— —= =
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Dynamics for Laplacian coflow

a,b,c>0functionsofth:a—and Y =—
c

~~ dynamics for ¢, and ¢

NI 1T 7izzsa9NV1 /17427 srrs 1 ~~N\NWpllirsr 2777
1117727295}Vl /747 rvrrrfe <N\ Y1t it 7277/
T1P'1 17272729\ /7 7srrfie - ~\N\VN IVt i r s r s
T1P'1 7772729\l /177 frer e SNV it s e frrs
11177723\l 047 7sryfrre— 08 Ny IRV AV VAV AV oy ar av i g
rirzszs- Lt ddrfr N\VIllt 4t 0 frerrer

FE I A A AV A a g S r P \ IRV AV S SV 3 4P 4P oF JP aF g g

Nr1r 72 rrtll it frrr \L bt 0t rrrr
1177 Frrtlfrr 06 V42 f v rrrrre -

¥ 117 7rrHr s frrr = ¥ I
J 1 77 rrNr f e e | 4 2 r i r i m
17 777 o 04 A P P
1777 Af rr e TN ~w~~\fI SV r ot rr i r e -

1] “p ipp o o i e i in, W s o o it i e
Iy et i T AR S i e
Farard A e ————— 02| ~= o e o — — —————
yavd o i — — ——— ——— ~ o —— —————
Ve - S T Xy e e ———

SRS (S e R R S e R e S e I e SRR e

0 0

0 1 2 3 0 02 04 06 08

x X

Flow lines




Laplacian flow
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Laplacian flow

@ = +albem A Az — arcim Awr — arcip A wa F becks Aws

- = Dwpr = didp: 1)

After rescaling, under Laplacian flow ()
e nearly parallel p* and ©"P both unstable (sources)
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Conclusion

Results
3-Sasakian 7-manifold ~~
@ two 3-parameter families of coclosed Gy-structures ~~ metrics

@ two nearly parallel Gy-structures ~» 3-Sasakian and squashed
Einstein metrics

@ Ricci flow: 3-Sasakian metric stable, squashed metric unstable

o Laplacian coflow: both nearly parallel Gy-structures stable, all
members of family flow to them after rescaling

@ Laplacian flow: both nearly parallel Ga-structures unstable, all
non-trivial members of family flow away

Questions
@ stability of nearly parallel Ga-structures?
@ coclosed condition and Laplacian flow?

@ short-time and long-time existence of Laplacian coflow?
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