Discrepancy in graphs and hypergraphs

B. Bollob4s *f A.D. Scott *

Abstract

Let G be a graph with n vertices and p(g) edges, and define the
discrepancies disc, (G) = maxy cy () {e(Y) —p(‘g‘)} and disc, (G) =
maxy cy(q) {p('?) —e(Y)}. We prove that if p(1 — p) > 1/n then
disc;} (G)disc, (G) > p(1 — p)n®/6400. We also prove a similar in-
equality for k-uniform hypergraphs, and give related results concern-

ing 2-colourings of k-uniform hypergraphs. Our results extend those
of Erdés, Goldberg, Pach and Spencer [6] and Erdés and Spencer [7].

1 Introduction

The discrepancy of a graph G is disc(G) = maxycy(q) le(Y) — %(lgl) |, where
we write e(Y) = e(G[Y]) for the number of edges of G spanned by Y. If G
has edge density 1/2 then the discrepancy can be seen as a measure of how
uniformly the edges are distributed among the vertices; see Sés [11] and Beck
and Sés [1]) for more discussion and a general account of discrepancy. Erdds
and Spencer [7] showed that for some constant ¢ > 0 every graph G of order
n satisfies disc(G) > cn®/2. More generally, they showed that for every k > 3
there is a constant ¢, > 0 such that if H is a k-uniform hypergraph of order
n then disc(H) > ¢pn*+9/2 where disc(H) = maxycym |e(Y) — %(‘?) |. By
considering random graphs they showed that this bound is sharp up to the
value of the constant.
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Now suppose that G is a graph with e(G) = m = p(‘g‘), where p < 1/2,
so that we expect a random subset Y C V(G) to span a subgraph with p(";')
edges. Then a more appropriate measure of edge distribution is given by the
quantity disc,(G) = maxycv (g le(Y) — p(§)| Erdos, Goldberg, Pach and
Spencer [6] showed that in this case disc,(G) > cy/mn, where ¢ is an absolute
constant.

A subset of vertices with large discrepancy can clearly be either more

or less dense than the whole graph. Let us define the positive discrep-

— %('g')} and the negative discrep-

ancy by disc” (G) = maxycy(q) {%('g') - e(Y)}. Then a random graph G €

G(n,1/2) shows that it is possible to have max{disc™ (G), disc™ (G)} < en’/2.
The one-sided discrepancy can be smaller: for instance, the complete bi-
partite graph K5,/ has positive discrepancy O(n), although its negative
discrepancy is cn?. Similarly, the graph 2K, /2 has positive discrepancy O(n)
but negative discrepancy cn?. These examples show that we can guarantee
small discrepancy on one side provided we allow large discrepancy on the
other. In this paper we shall prove that positive discrepancy substantially
smaller than n®? guarantees negative discrepancy substantially larger than
n?/2; indeed, we shall quantify the trade-off between positive and negative
discrepancies. Surprisingly, the correct measure turns out to be the product
disc™ (@)disc™ (G).

We remark that a different type of negative discrepancy was considered by
Erdés, Faudree, Rousseau and Schelp [5] with the idea of showing that graphs
with small negative discrepancy contain complete subgraphs of fixed size. For
further recent results in this direction see Krivelevich [9] and Keevash and
Sudakov [8].

We begin with some definitions. For a k-uniform hypergraph G, a real
p € [0,1] and X C V(G) let

4,(X) = e(X) —p('),f ‘).

For disjoint sets of vertices X and Y, let

ancy by disc*(G) = maxycv(q) {e(Y)

dp(X,Y) = e(X,Y) — p|X||Y].
Then we define

disc; (G) = X%?(XG) d,(X) (1)
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and

and set

disc,(G) = Xrél‘é/l(XG) |d,(X)| = max{disc, (G), disc, (G)}.
If p is not specified we assume p = 1/2, so for instance disc(G) = discy/2(G).

Note that the cases p = 0 and p = 1 are trivial, and that if e(G) = po(|§|)

we have disc,(G) > |d,(V(GQ))| = |p — p0|(|§|). We will therefore usually
take p with e(G) = p(‘g‘). Note that, for any p, disc;r(G) = discf_p(@) and
disc, (G) = disc{_,(G). We shall usually assume p < 1/2, since if p > 1/2
we may replace G by G and p by 1 — p.

We remark that it does not make much difference if we restrict the defi-
nitions in (1) and (2) to sets X of size n/2 (or some other size cn): as noted
by Erdés, Goldberg, Pach and Spencer [6], this would change the resulting
discrepancy by at most a constant factor.

We shall frequently refer to a random bipartition V= X UY. Unless
otherwise stated, this means a random bipartition in which each vertex is
assigned independently to X or Y with equal probability. Throughout the
paper we shall use ¢; and p; for sequences of independent Bernoulli random
variables, with ¢; € {+1,—1} and p; € {0,1}, each taking either value with
probability 1/2.

The rest of the paper is organized as follows. In section 2 we give lower
bounds on disc,(G) for graphs; in section 3 we turn our attention to hyper-
graphs. Finally, in section 4, we consider some related results concerning
subgraphs of a fixed graph or hypergraph.

2 Discrepancy of graphs

In this section we prove our results on graph discrepancy. Let GG be a graph of
order n and size p(}). If G is very sparse, say 0 < p < 1/(n—1), then taking
the union of p(g) /2 edges from G gives a subgraph with at most p(g) vertices,
so disc) (G) > p(3)/2—p(p(3))?/2 = pn?/5—p*n* /8 > pn? /20 for sufficiently
large n, while since GG has average degree at most 1 it contains an independent
set of size at least n/2, and so disc™ (G) > p(”éz) > pn?/9 for sufficiently
large n. On the other hand, max{disc™(G),disc™ (G)} < e(G) < pn?/2.
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Thus disc, (G) and disc, (G) are both ©(pn?). A similar argument applies if
G is very dense, with p > 1 —1/(n — 1). (More precise bounds are given by
Erdés, Goldberg, Pach and Spencer [6].)

We therefore restrict our attention to graphs with p(1 —p) > 1/n. Our
main result is the following.

Theorem 1. Let G be a graph of order n and size p(g), where
p(1—p) >1/n. Then
disc;! (G)disc, (G) > p(1 — p)n®/6400. (3)

p

As an immediate corollary we get the following result of Erdds, Goldberg,
Pach and Spencer [6].

Corollary 2. Let G be a graph of order n and size p(g), where
p(l —p) > 1/n. Then

disc,(G) > /p(1 — p)n®/?/80.

We remark that the result of Erdos and Spencer for graphs can easily be
deduced from Theorem 1: if 1/3 < p < 2/3 then disc(G) > 3(disc} (G) +
disc, (G)) > n*?/160, while otherwise disc(G) > |e(G) — 1(5)| = (3)/6 >
n3/2/12.

We also remark that, for r > 2, the Turén graph 7T,.(n) gives a bound on
the optimal constant in (3). Defining p by ¢.(n) = e(T,(n)) = p(}), we have
p~1-— % A little calculation shows that

pn

disc,) (T,.(n)) = < T O(r), (4)

and, for r even,

- (1 —p)n?
disc, (T:(n)) = (1 + 0(1))7,
which implies

p(l—p)n®

disc;} (T, (n))disc, (T.(n)) < (1 + o(1)) o1

Before turning to the proof of Theorem 1, we make some comments about

one-sided discrepancies. Since every graph with n vertices and t¢.(n) edges
contains a subgraph of order u and size at least ¢,.(u) for every 1 < u < n,
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the Turan graphs 7,.(n) have minimal positive p-discrepancy among graphs of
order n and size t.(n). Thus (4) gives an optimal bound in these cases, which
have density p ~ 1 — % To obtain a similar bound for arbitrary densities,
we define an extension of the Turan numbers for non-integral r. Given an
integer n > 1 and a real number » > 1, we can write n = qr + s, where q is

an integer and 0 < s < r. We define the fractional Turan number ¢,.(n) by

where

7.(n) :s<q;—1) +(r—s)(g).

Note that this is consistent with the definition of Turdn numbers when r is
integral; it is convenient to work with the quantity #,(n) instead of t,.(n).
A bound matching (4) will follow from the following result.

Lemma 3. Suppose that n > 1 is an integer and 1 < r < n. Let G be
a graph with n vertices and at least t.(n) edges. Then, for 2 < u < n, G
contains a subgraph with u vertices and at least t,.(u) edges.

Proof. 1t is enough to prove the theorem when v = n — 1. Taking com-
plements, this is equivalent to showing that if e(G) < t.(n) then there is a
vertex v such that e(G \ v) < #.(n —1). We may also assume r > 1, or else
G is empty.

Adding edges if necessary, we may assume that

e(G) = |tx(n)] = tr(n) —n, ()

where 0 <n < 1. Thus if n = gr + s,

((G) = s(q‘gl) +(r—s)(g) 1y

1

= 3 (qu + (25 — r)q) — .

A short calculation shows that

AG) > [@W :q—l—l—[w—‘. (6)

qr + s



By (5) and (6), it is sufficient to show that

-2
¢4+[Eii_ﬂ

pp -‘ +n>t.(n)—t(n—1). (7)

If ¢ = 0 then we have a complete graph and are done immediately. Thus we
may assume that ¢ > 1. Now if s > 1, then it is easily seen that

tr(n) —t(n—1) =q,

while if 0 < s < 1, then a simple calculation shows that

tr(n) —t,(n—1)=qg—1+s. (8)

Now if s > 7 then gs + s > 25, and so the left side of (7) is at least ¢ + 7,
and thus (7) is satisfied. If s <7, however, then 0 < s < 1, so (8) holds. It
is then sufficient by (7) to show that

[@ii:%}+n2&
qr + s
which holds provided
qs+s—2n o1
qr + s

But ¢r + s =n and gs + s — 2n > —2n > —2, so this holds for n > 2. n
Calculating as in (4), we obtain the following result.

Corollary 4. For 0 < p < 1, every graph G with n vertices and p(g) edges
satisfies
. n 1
disc (G) > — + O(—).
isc, (G) > g T (1—p)
We now turn to the proof of Theorem 1. We shall need two simple
inequalities (these follow easily from the Littlewood-Khinchin inequality, see
[10], [12], [13]; however, we give short proofs at the end of the section). Recall

that ¢; and p; are i.i.d. Bernoulli with ¢; € {+1,—1} and p; € {0, 1}.

Lemma 5. Forn > 1,

Bl el >+/n/2.
=1



Lemma 6. Let a = (a;); be a sequence of real numbers, and A a real
number. Then

E| Y eai— Al > |al[y/V2n
=1

and

E|Y piai — Al > [lall/vn.
=1

Our main tool in the proof of Theorem 1 is the following lemma, which
shows that in a random bipartition of a graph G, we do not expect the vertex
neighbourhoods to split too evenly.

Lemma 7. Let G be a graph of order n and size p(g), where p(1—p) > 1/n.
Let V(G) = X UY be a random bipartition. Then

ES|I0(2) Y| = plY]| = v/o(l = p)n*?/20.

Proof. We may assume p < 1/2 since we may take complements and replace
p by 1 —p. Suppose x € V(G) has degree d = d(z) = p(n — 1) + r(x). For
v # x, define e, = 1 if zv € F(G) and e, = 0 otherwise. Then

E|[D(z) Y| =plY \{z}|| = E|D_ pules —p)
vET
_ E‘%Z(ev—p)‘l'%zev(ev_p)‘
vFET vE£T
> max{%|d—(n—l)p|,%|EZ€u(€o—p)|}7

vFET

since 3, (e, —p) = d — (n —1)p and the distribution of }_ , €,(e, —p) is
symmetric about 0. Now, by Lemma 5,

d n—1
B Y -] = EYall-p+ 3 a-p)
vE£T i=1 i=d+1

d
> E‘ZGz‘(l—P)’
> (1-p)/d/2
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and so
EHF@)WYP—MY\{ﬁH}Z%nmXﬂﬂxﬂil—p) d(x)/2}.

Now for x € V = V(G) let I(x) = 1 if 2 € X and I(z) = 0 otherwise.
Then, since I(z) and |I'(z) N'Y| are independent random variables,

EY |I0@nY|=plY|| = EY I(@)|T(x)nY]-ply\ {z}]]

= LSEIR@) Y] -\ {2}
> imax{ZV{xN,Z(l—P)\/ d()/2}
> IS @I+ (1 - V) 2)

eV

Note that the first equality holds as Y =Y \ {z} if I(z) = 1. Furthermore,
|r(z)] + (1 — p)\/d(x)/2 is minimized when r(z) = 0 and so d(z) = p(n — 1).
Thus

—E:Or )+ (1=p) d@v@ > §M1—m p(n—1)/2

zeV

> p(]' _p)n3/2/207

since p < 1/2 and we may assume n > 3. [
After this preparation, we are ready to prove Theorem 1.

Proof of Theorem 1. Since (3) is symmetric in p and 1 — p, we may replace
G by its complement G, and so we may assume that disc;;(G) < disc, (G). If

disc; (G) > /p(1 — p)n®?/80 we are done. Otherwise, suppose disc, (G) =
p(1 — p)n®/2/80a, where a > 1. We shall show that

disc, (G) > a/p(1 — p)n®/?/80, 9)
so disc, (G)disc, (G) > p(1 — p)n®/6400.



Let V(G) = X UY be a random bipartition. Then since p(1 —p) > 1/n,
it follows from Lemma 7 that

EY |IN()nY|—=plY|| > /p(1—p)n*?/20. (10)

zeX
Now let Xt ={x e X :|T'(z)NY|>p|lY|} and X~ = X\ XT; s0
BX.Y) =D (F@)nY[=plY) + 3 (D) nY|=pl]).
zeXt z€EX—
Since Ed,(X,Y) = 0, we have
EY [L@nY|=plY||=E ) [IT@=)nY]-plY]
zeXT zeX

and so by (10)

Ed,(X*.Y)=E 3 (&) nY] - plY]) = Vol - pin®?/a0. (1)

zeXt
Now Ed,(Y) =0, so (11) implies
E(dy(X1,Y) + ady(Y)) > v/p(1 — p)n®/?/40. (12)

Let X, Y be a pair of sets achieving at least the expectation in (12) and let Z
be a random subset of X*, where each vertex of X is chosen independently
with probability 1/a. Then it follows from (12) that

Ed,(ZUY) = E(dy(2)+dy(Z,Y) + dy(Y))

1 1
= Edp(X) + adp(X, Y) + dp(Y)

> 2, (X) + /P~ p)n¥?/ 40,

a?
Since disc; (G) = v/p(1 — p)n®?/80«, this implies
dy(X)/a® < —(1/a)\/p(1 = p)n®?/80

and so d,(X) < —ay/p(1 — p)n®?/80, which gives the desired lower bound
on disc, (G). O



Finally in this section we give the proofs of Lemmas 5 and 6, postponed
from earlier.

Proof of Lemma 5. A simple calculation shows that for n = 2k we have
E[>0 & = 217%K (%) and for n = 2k + 1 we have E[ 37 ¢;] = 2725 (2k +
D) =E| X 6. Let s, =E| Y1 &|/v/n. Then, for k > 1, sy io/s0 =
(k+3)/Vk(k+1) >1and, for k >0, sopi3/som41 = \/(k: +H)(k+3)/(k+

1) < 1. Thus (s2)%2; is increasing and (Sor+1)%2, is decreasing; both con-
verge to E|N(0,1)| = \/2/x. Therefore s,, > s, = 1/+/2 for all n. O

Proof of Lemma 6. We may clearly assume that all a; are nonnegative. Since
>, €a; is symmetric about 0, the expectation is minimized for a given a
when A = 0. Now if a; # a; then let a; = a}; = (a;+a;)/2; it is easily checked
that E|B + €;a; + €;a;| > E|B + €;a; + €;a}| for every real B. It follows that
E|Y" ", ca;| > E|> " €al, where a =", a;/n. Thus, by Lemma 5,

E| > ea;— Al > aE| Y €| > ay/n/2 = ||al]1/V2n.
=1 =1

The second inequality follows directly from the first. n

Note that in fact proof of Lemma 5 implies the inequalities E| Y | a;] >

Vv2/mn||al|y if nis odd and E| Y"1, a;] > (1 + o(1))+/2/mn||a||; for general

n

3 Hypergraph discrepancy

In this section we turn our attention to hypergraphs. After defining a little
notation, we begin with a result for weighted hypergraphs; we then turn to
the consideration of unweighted hypergraphs.

If G is the complete k-uniform hypergraph with edge-weighting w and
X C V(G), we define

Kex (k)

As in definitions (1) and (2) we define disc™(G) = maxycy () d(X) and
disc™ (G) = —minxcvy () d(X); we also define

disc(G) = max{disc" (@), disc™ (G)}.
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Note that this is consistent with the definitions for an unweighted hypergraph
G by taking w(e) =1 if e € F(G) and w(e) = —1 otherwise.
For disjoint sets X1, ..., X; and integers ki, . . ., k; such that 3/_ k; = k,

we define )
iy (X1, X)) =D wle),

where the sum is over edges e with |e N X;| = k; for every i.
We can now state the first result of the section.

Theorem 8. Let G be the complete k-uniform hypergraph of order n with

edge-weighting w such that 3 w(e) =0 and Y |w(e)| = (}). Then

disc* (G)disc™ (G) > 274 pkt1,

We shall need three lemmas. In the first lemma we use the fact that
if P(z) is a polynomial of degree k with sup,coq|P(z)] < 1 then every
coefficient of P(z) has absolute value at most 2¢k?*/k!. (Tamas Erdélyi
[4] pointed out to us that this is an elementary consequence of Markov’s
Inequality; see [3].)

Lemma 9. If G is a complete k-uniform hypergraph with edge-weighting w
and disc(G) < M then for disjoint subsets X, Y of V(G) and 0 <i <k,

|di i (X, Y)| < 22 M.

Proof. Let Z be a random subset of X, where each vertex is chosen indepen-
dently with probability p. Then

E(d(ZUY)) =) pdipi(X,Y).

Since disc(G) < M, it follows that maxp<,<1 | Zf:o s o(X,Y)| < M and
s0 maxo<i<k |dip—i(X,Y)| < 2kk2kM/k! < 22K [ -

We also need an analogue of Lemma 7.

Lemma 10. Let G be a complete k-uniform hypergraph of order n with edge-
weighting w. Let V(G) = U UW be a random bipartition. Then

E > fdeoa (K W) = k275 Y w(L)]/V2n.

Keuk-1) Lev(G)*)
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Proof. Let V = V(G) = UUW be a random bipartition. Given K € V#=1),
it follows from Lemma 6 that

Eldj-11(K,W\K)[ 2 ) Jw(E U {o})|/V8n.

veV\K

Since the event {K C U} and the random variable dj_; (K, W \ K) are
independent, and each edge L € V® occurs k times as K U {v}, we have

E Y |deaa(KW)| = > P(K CU)E|de11(K, W\ K)
KeU(k=1) KecV(k=1)
> ) 27F N w(K U {v})|/vV8n
Kev (k=1 veV\K
= k27" ) w(L)]/V2n.
Lev(k)

The following lemma will be useful several times.

Lemma 11. Let G be a k-uniform hypergraph of order n with edge-weighting
w. Suppose that « > 1 and X,Y are disjoint subsets of V(G) with

dy e 1(X,Y) +ad(Y) = M > 0. (13)

Then either
disct(G) > 27 M /o

or
disc™ (G) > 273 M.

Proof. If |d; x—i(X,Y)| > 275 oM for some 0 < i < k then we are done by
Lemma 9. Otherwise, let Z be a random subset of X, obtained by choosing
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each vertex of X independently with probability 1/«. Then

k
Ed(ZUY) = EY dixi(2,Y)

=0

k
= ) dipi(X,Y)/a
=0

d(Y)+dip1 (X, V) /o= > 27 FaM /ol

>
i=2
> M/a—(k—1)2""M/a
> 27 )M /.
Since some set Z must achieve this bound, we obtain the desired bound on
disc™ (G). O

We can now prove the main theorem of this section.

Proof of Theorem 8. As in the proof of Theorem 1, we may assume that
disct (@) < disc™(G). If disc™(G) > 27™n*+D/2 we are done. Other-
wise, suppose disc™(G) = 27 n+D/2/q for some o > 1: we shall show
disc™ (G) > 27 ank+1/2,

Note first that for disjoint sets X, Y C V(G), if

A1 (X, Y) +ad(Y) > 274 pt+1)/2 (14)

then we are done by Lemma 11. It is therefore enough to find disjoint X, Y
satisfying (14).

Let V(G) = Xy UWj_; be a random bipartition and let Wy,_; = X} U
Wi_o,...,Wy = X5 UW; be random bipartitions where, as usual, in each
bipartition each vertex is assigned independently to either vertex class with
probability 1/2. We define weightings w; on the i-sets in W; for each i by

wiK) = dig.. 1 (K, Xis1, -, Xe). (15)
Let Wy, = V(G) and define wy = w. Then for 1 <i < k and K € W,
wi(K) = dig.. 1(K, Xis1, .., Xz)
= Y dia (KU {2} Xi, .., Xp)

r€Xit1

= Z wit1 (KU {z}).

z€Xi41
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It therefore follows from Lemma 10 that given W;,; and w;q,

E > |wi(K)| > (i+1)270 3" jwga(L)]/v2n. (16)

Kew(® Lew(tY

It follows that

E DY |di.a({a}, Xo, . Xp)| = B fwi(x)

zeWy zeWy

> k2705 3T (K| (vV2n)

Kew
= fio=("2) (Z) J(2n) k=02,
Let X  ={z e Wy :dy_ 1(z,Xs,...,X}) > 0}. Then, as in (11),

Ed (X Xo, ..., Xp) > %ku(kél) (Z)/(gn)(k—l)m > 92K (kD)2

17
We partition the edges in Vy = X; U Uf:g X; that meet X, in exa(ctlgf
one vertex as follows. For a nonempty S C {2,...,k}, let Vg = [J,c4 Xi
and Es = {KU{z} : 2 € X{, K e V¥V |KNX)| >0Vi € S}. Let
dg = ZKGES w(K) and note that dy 1 (X, Vs) = Z(Z);éTcs dranddy, gy =

,,,,,

1(X{F, Xo, ..., Xg). Let Sy be minimal with |dg,| > (2k) " *151dgy 4.

I{Il2an} |d17k—1(X1+75)| > |d17k—1(X1+vV50)|

> |dg|— Y lddl

0£TCSo
[So|—1
> ( —k+|So| _ Z ]{5|50| 2]{7 k+z)d ..... K
> dy,., k}/2(2k)k_1
> 2_k2d{2 ..... k}

Thus it follows from (17) that

ES I?&X ’dlk 1(X1 ,Vs)| > 2- 3k (k+1)/2

14



and so there is some S C {2,...,k} with
Eldy i1 (X7, Vs)| = 273 (kD72 2k,

Now let Y = Vs and X = {z € Wy : dyp_1({z},Vs) > 0}. Then, since
E dy j—1 (W1, Vs) =0, we have

E dyp 1 (X5, Ve) > 273 nkt/2 joktl > o=dk?), (k+1)/2
Finally, since E d(Vs) = 0, we have
E dy 1 (XE, Vs) + ad(V) > 27 W pktd/2,
It follows that there are sets X, Y satisfying (14). 0

We note that Theorem 8 implies the following bound on disc, (G)disc, (G)
for unweighted hypergraphs G.

Corollary 12. Let G be a k-uniform hypergraph with n vertices and p(’;)
edges. Then

disc; (G)disc, (G) > 91K 2,2 (1 p)2phtT

Proof. The result is trivial if p = 0 or p = 1. Otherwise, let H be the complete
k-uniform hypergraph on the same vertex set as G with edge-weighting w
defined by w(e) = 1/2pife € E(G) and w(e) = —1/2(1—p) otherwise. Then
> w(e) =0and Y Jw(e)] = (}), and so, by Theorem 8,

disc* (H)disc™ (H) > 274 ph+1,
Now for Y C V(G),

dOY) = ev) —p('Y')

2
= Z (lker@ —p)
Key (k)
= ) 2p(1-pw(K)
Key (k)

= 2p(1 —p)d"(Y).

Thus
disc; (G)disc, (G) = 4p*(1 — p)*disc™ (H)disc™ (H), (18)

which implies the required bound. 0
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We can, however, improve upon the p*(1 — p)? term in Corollary 12 (at
the cost of a slightly worse constant) to obtain a bound similar to that in
Theorem 1. First, however, we need a version of Lemma 7 for unweighted
hypergraphs.

Lemma 13. Let G be a k-uniform hypergraph of order n with p(Z) edges,
where p(1—p) > 1/n andn > 2k. Let V(G) = XUY be a random bipartition.

Then
E D Jdias(KY) < plYl] 2 2% ol = et

KeXx(k=1)

Proof. We follow the argument of Lemma 7. As before, we may assume
p<1/2. Let V =V(G) = X UY be a random bipartition. For K € V*=1),
let d(K) be the number of edges of G containing K and define r(K) by
d(K)=pn—k+1)+r(K). Let d = p(n — k+1). Then, as in Lemma 7,

Eldi1a (K, Y\ K) = plY \ K| > 5 max{|r(K)], (1~ p)/d(K)/2).

For K € V* Y we define I(K) = 1 if K € X and I(K) = 0 otherwise.
Then I(K) and di—11(K,Y \ K) are independent random variables, so

E Z ‘dk—l,l(K7Y)_p|Y||

KeX (k=1
=E Z I(K)ldk—l,l(Kay\K) —P|Y\K|‘
Kev(k-1)
= 9kl Z ]E‘dk—l,l(K> Y \ K) - p\Y \ K”
Kev(k-1)
> 27 % max{ Z Ir(K)|, Z (1 —=p)vd(K)/2}
Kev(k—1) KeVy(k-1)
> 2700 ST (K] + (1 — p)Vd(K) 2

Kev (k-1

Since |r(K)| + (1 — p)\/d(x)/2 is minimized when r(K) = 0 and d(K) =
p(n —k+1),

n

E Y |dai(KY)—plY]| > (k_1)2—@*”(1—p>¢p<n—k+1>/2

KeXx(k-1)
> 27 /p(1 — p)nk_%.
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Theorem 14. Let G be a k-uniform hypergraph of order n with p(Z) edges,
where p(1 —p) > 1/n. Then

disc; (G)disc, (G) > 2718 (1 — p)nFt,

Proof. Let H be the complete k-uniform hypergraph on V(G) with weighting
w(e) = 1 —pif e € E(G) and w(e) = —p otherwise. Then disc™ (H) =
disc; (G) and disc™ (H) = disc, (G). Note that w(H) = 0. As usual we may
assume p < 1/2 and disc™ (H) > disc* (H) = 279 /p(1 — p)n®+D/2 /o, If
a < 1 we are done, so we may assume « > 1. We will show that disc™ (H) >
279% /p(1 — p)an®+1/2_If there are disjoint X,Y C V(H) with

di1(X,Y) + ad(Y) 2 27 /p(1 = p)n**D72 (19)

then we are done by Lemma 11. Thus it is enough to find disjoint X, Y
satisfying (19).

As in the proof of Theorem 8, we define random sets W, = X D Wj;_1 D
-+« D Wy, where the i-sets in W; are weighted as in equation (15). Then by

Lemma 13,
E Z |wi_1(K)| > 2_2k2\/p(1 —p)nk_%, (20)
KewF Y

while W1, ..., Wjy_5 satisfy (16). We have
ES Jui(@)] > (k-11276) 3w (K)]/(vV20) 2,

£E€W1 KEW]EIizl)
and so, defining X" as before, we can replace (17) by

Edy 1 (X], Xo, ..., Xz) > 2% /p(1 — p)n+1/2, (21)

The argument is completed as before (with all bounds changed by a factor
272 /p(1 = p)). O

The following corollary is immediate.

Corollary 15. Let G be a k-uniform hypergraph of order n with p(Z) edges,
where p(1 —p) > 1/n. Then

disc, (G) > 27 /p(1 — p)yn*+1/2,
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We note that Corollaries 2 and 15 are best possible up to the value of the
constant 279, To see this, let G € G® (n, p) be a random k-uniform hyper-
graph, where each possible edge is present independently with probability p,
andlet S C V(G). Let N = (}) and h = (1+€)k!™"/2,/2p(1 — p) In 2n*+1/2,
Then by standard bounds on the tail of the binomial distribution (see [2],
Theorem 1.3), provided p(1 —p) > cn'~*, for any subset S of V(G) we have

B(|d,(S)| > h) < B(B(N,p) - Np| > h) < 2"

for sufficiently large n. Thus there is some k-uniform hypergraph G of order
n with disc,(G) < h.

Let us also note that the gain from p*(1 — p)? to p(1 — p) between Corol-
lary 12 and Theorem 14 comes because a “typical ” vertex in G has degree
p(Zj): so if p is small, then the weight around a typical vertex is con-
centrated in fairly few edges. We remark that no similar bound is pos-
sible for the larger class of k-uniform hypergraphs with > |w(e)| = (Z)
such that ) max{w(e),0} = p(}): consider a random k-uniform hyper-
graph H € G®(n,1/2), and let G be the weighted hypergraph obtained
by giving each edge weight 2p and each non-edge weight —2(1 — p). Then if

1

e(H) = 5(2) (which happens with probability at least c¢,n="/2 if (Z) is even)

we have Y |w(e)| = (}) and Y max{w(e),0} = p(}). On the other hand,
it follows from (18) that disc, (G)disc, (G) = 4p*(1 — p)*disc™ (H)disc™ (H),
while disc™ (H) and disc™ (H) are both O(n**1/2) with exponentially small
failure probability.

It is interesting to ask about the range in which Theorem 1 and Theo-
rem 14 are sharp (up to the constant). For instance, in the case of graphs
the remarks above show that disc; (G) and disc, (G) can both be around
cy/p(1 — p)n®2. When p is (about) 1/2, the complete bipartite graph and
its complement show that we can have discrepancy O(n) on one side (and
cn? on the other). Thus Theorem 1 is sharp in in middle of the the scale
from cn to dn?, and (for p = 1/2) is sharp at the ends. How sharp is it at
other parts of the scale, or at the ends when p # 1/27

The constant in Theorem 14 is clearly not best possible. A more careful
version of the argument should improve it to 27°*1"*: it would be of interest
to know the correct order of magnitude. It would also be interesting to know
what happens in the range n*=* < p < 1/n.

18



4 Subgraph discrepancy

In previous sections we have been concerned with the discrepancy of sub-
graphs or, equivalently, 2-colourings of the complete graph. We begin this
section by considering 2-colourings of an arbitrary graph: questions of this
form were raised by Sés in [11].

For a k-uniform hypergraph G, a subgraph H of G and a real number
p € [0,1], we define

disc; (H,G) = max e(H[S]) — pe(G[S])

SCV(G)
and

disc, (H,G) = Srcn‘ixé)pe(G[S]) —e(H[S)).

Note that if G is the complete k-uniform hypergraph then these two defini-
tions agree with (1) and (2). We set

disc,(H, G) = max{disc, (H, G), disc, (H,G)}.

We begin with a fairly straightforward analogue to Theorem 8. Note that
arguing as in Corollary 12 gives a bound with p*(1 — p)? in place of p(1 — p).

Theorem 16. Let G be a k-uniform hypergraph with n vertices and m edges,
and let H be a subgraph of G with pm edges, where p(1 —p) > 1/n. Then

disc; (H, G)disc, (H,G) > 27185 (1 — p)ym? /"1
We first need a version of Lemma 13.

Lemma 17. Let G be a k-uniform hypergraph with n vertices and m edges,
and let H C G be a subhypergraph of G with pm edges, where p(1—p) > 1/n.
Let V(G) = X UY be a random bipartition. Then

E Y 4" (K,Y) —pd?, (K,Y)| > 275 /p(1 = p)m/v/n.

Kex(k-1)

Proof. For a partition V(G) = X UY, let us write

FXY) = > df (KY) - pd) (K Y)].

KeXx(k-1)
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As in Lemma 13, we may assume that p < 1/2 or else replace H by its
complement in G. For K € V* =Y et dy(K) be the number of edges of
H containing K and let dg(K) be the number of edges of G containing K.
Define 7(K) by dy(K) = pde(K) + r(K). Then, as in Lemma 13,

Bl (56, Y\ K) — pdi®) (K, V)| 2 g mac{{r(K)] (1~ p) /(K /2).

Thus
Ef(X,Y)>2"0D N p(K)| + (1= p)/du(K) /2.

KeV(k=1

Now |r(K)|+(1—p)y/du(K)/2 is minimized when r(K) = 0 and so dy (K) =
pdg(K). Thus

Ef(X,Y) > 22® N (1—p)y/pda(K)/2

Kev(k-1)
> 27D N (1= p)da(K)+/p/2n
KeVv(k=1

since dg(K) < n. Now >y a1 da(K) = km, so

Ef(X,Y) > 2% DEm(1 —p)\/p/2n
> 270 /p(1 — pym/v/n.

O
Theorem 16 now follows by a modification of the proof of Theorem 14.

Proof of Theorem 16. Let V =V (G). We may assume p < 1/2 or replace H
by its complement in G. We define, as in Theorem 14, an edge-weighting w
on V® by w(K) =1-pif K € E(H), w(K) = —pif K € E(G)\ E(H)
and w(K) = 0 otherwise. Note that then w(V) = 0. We may assume
disc, (H,G) > disc, (H,G) = 279 /p(1 = ple(G)/v/n" o If o < 1 we are
done, so we may assume « > 1. If there are disjoint X, Y with

dy g (X, Y) +ad(Y) > 27 /p(1 — p)m/n*D/?,

then we are done as before by Lemma 11. Once again, we define random
subsets Wy, = X D Wj_1 D -+ D Wi. Applying Lemma 17 instead of
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Lemma 13 to Wj_1, we can replace (20) by
E Y Jue(K)| =27 /p(1 = pym/vn. (22)
Kew k7Y
As before, W1, ..., Wy_ satisfy (16); applying this k£ — 2 times to (22), we
see that (instead of (21)) we obtain

Ed(X;, Xo, ..., X,) > 27%/p(1 — pym/n*=/2,

and the argument is completed as before. O

Corollary 18. Let G be a k-uniform hypergraph with n vertices and m edges,
and H a subgraph of G with pm edges, where p(1 —p) > 1/n. Then

disc,(H,G) > 279 /p(1 = pym/n*=D/2,

We obtain stronger results when there is a restriction on the maximum
overlap between edges of positive and negative weights.

Theorem 19. Let G be a complete k-uniform hypergraph of order n with
edge-weighting w. Suppose in addition that, for some 1 < s <r, if w(e) >0
and w(e') < 0 then lene| < s. Let M =Y |w(e)| and m = > w(e). If
m = (2p — 1)M, where p(1 —p) > 1/n, then

disc; (G)disc, (G) > 27 p(1 — p)> M2 /n* .

Proof. Suppose first that p = 1/2, and let £ = {e : w(e) # 0}. As in
the proof of Theorem 8, we may assume disct(G) < disc™(G). Suppose
disct(G) = 279%e(H)/n*~V/2q, where a > 1. If there are disjoint X,Y
with

dyp 1 (X,Y) + ad(Y) > 2% e(H) /nl—D/2

then we are done by Lemma 11. Otherwise, define W;, X; and w; as before,
and consider W and ws. Since w(e) > 0 and w(e’) < 0 implies |eNé€’| < s,
we have, for K € Ws(s),

|ws(K)| = > |w(e)]

eNWs=K, |eNX;|=1Vi>s
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and so

E ) |w(K)|=E > jw(e)]
KEW§S) [eNWs|=s, |eNX;|=1Vi>s

Let A, be the event that |eNW,| = s and |[eNW;| =1 for all i > s. Then

PA, > 2% and so E> e lws(K)| > 2% M. Applying Lemma 10 as in

(16), we obtain that K

EY ldia({o}h Xe, o X0)| > E Y Jws(K)]/(V2n)*!

(EGWl KEWS(S)
> 27 N/,

The rest of the argument follows as in the proof of Theorem 8.

Now suppose p # 1/2. As in the proof of Corollary 12, we multiply all
positive edge-weights by 1/2p and all negative edge-weights by —1/2(1 — p)
to obtain a new edge-weighting w’. The result follows immediately. O]

As an application of Theorem 19, let us consider the complete subgraphs
of a graph and its complement. For ¢t > 2 and a graph G, we write k;(G) for
the number of copies of K; of G. We write

diser, (G) = mavc, ki (G(S]) = kir(G1S])]-

For instance, disck,(G) is just disc(G). Clearly, complete subgraphs of G
meet complete subgraphs of its complement in at most one vertex: applying
Theorem 19 to the k-uniform hypergraph of complete or independent k-sets
gives the following result.

Corollary 20. For every graph G of order n,
disck, (G) > cen’ 2,
For instance, in some subset S,
|k(G[S]) — ks(G[S])| = en®2.

Considering random graphs shows that this result is best possible up to
the constant. A similar approach yields results in some cases for discy(G)
where H is not a complete graph (and discy is defined in the obvious way).
It would be interesting to determine the correct order of magnitude of discy
for all graphs H. When H is fairly dense, so that copies of H and H cannot
overlap very much, we obtain a lower bound on discy (G) using Theorem 19.
However, when H is sparse this gives a much weaker bound; for instance,
what can we say when H is a tree?
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