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Abstract

In 1977, Erd6s and Hajnal made the conjecture that, for every graph H, there exists ¢ > 0 such that
every H-free graph G has a clique or stable set of size at least |G|% and they proved that this is
true with |G| replaced by 2°VI°81G1 Until now, there has been no improvement on this result (for
general H).

We prove a strengthening: that for every graph H, there exists ¢ > 0 such that every H-free
graph G with |G| > 2 has a clique or stable set of size at least

20\/10g|G|10g10g\G|

Indeed, we prove the corresponding strengthening of a theorem of Fox and Sudakov, which in turn
was a common strengthening of theorems of Rodl, Nikiforov, and the theorem of Erdés and Hajnal
mentioned above.



1 Introduction

A graph G contains a graph H if H is isomorphic to an induced subgraph of G, and G is H-free
otherwise. |G| denotes the number of vertices of the graph G; and we write x(G) for the largest ¢
such that G has a clique or stable set of cardinality ¢. For most n-vertex graphs G, k(G) = O(logn),
but this changes dramatically if we forbid some induced subgraph. In 1977, Erdés and Hajnal [5, 6]
proposed the following well-known conjecture:

1.1 Conjecture: For every graph H there exists ¢ > 0 such that K(G) > |G|¢ for every H-free
graph G.

The Erd&s-Hajnal conjecture has attracted a great deal of attention over the years, but despite
this, it is only known to be true for a few graphs H. Until recently, it was only known for the graphs
with at most five vertices except the five-vertex path and its complement, and graphs that can be
made from these by vertex-substitution. In two recent papers [8, 10|, three of us have got further:
we have shown it for the five-vertex path, and for infinitely many other graphs that are cannot be
built from smaller graphs by vertex-substitution. But it remains the case that the graphs known to
satisfy 1.1 are rare and highly restricted.

On the other hand, it is known that excluding any fixed induced subgraph will guarantee that
x(@) is much bigger than log |G|. Erdés and Hajnal [6] themselves proved the following:

1.2 For every graph H there exists ¢ > 0 such that k(G) > 2:VI8IGl for every non-null H-free
graph G.

Indeed they proved something slightly stronger, that for all H and all ¢ > 0 the same conclusion holds,
provided that |G| is sufficiently large. Rather surprisingly, until now there has been no improvement
on this for a general graph H. Our result is such an improvement:

1.3 For every graph H there exists ¢ > 0 such that k(G) > 2°V log|Glloglog |G| 1o cyery H-free graph
G with |G| > 2.

Over the years, there have been several theorems discovered that are related to the Erdés-Hajnal
conjecture, and our proof method allows us to strengthen some of them. First, a fundamental
theorem of Rodl [12] shows that every H-free graph contains a large dense or sparse set:

1.4 For every graph H and all x > 0, there exists § > 0 with the following property. For every
H-free graph G, there exists S C V(GQ) with |S| > §|G| such that one of G[S], G[S] has at most 1‘('3')
edges.

How large can § be as a function of x? Fox and Sudakov [7] conjectured that § can be taken to
be a polynomial in x, and noted that this would imply the Erdés-Hajnal conjecture. Rodl’s original
proof gave a tower-type bound, because it used the regularity lemma, but Fox and Sudakov [7] made
a significant improvement, proving a version of 1.4 with better bounds:

1.5 There exists ¢ > 0 such that for every graph H and all x € (0,1/2), 1.4 holds with 6 =
9—c|H|(log 3)*



_ [log |G|
This result implies 1.2 (by setting x = 2V 24T | and applying Turdn’s theorem; the proof is similar

to the proof that 1.8 implies 1.3, which we give later).
Nikiforov [11] gave a different strengthening of 1.4, allowing for a small number of copies of H:

1.6 For every graph H and all x > 0, there exists § > 0 such that if G is a graph containing fewer
than (8|G))! induced copies of H, then there exists S C V(G) with |S| > 6|G| such that one of

G[S],G[S] has at most x(‘g‘) edges.
Fox and Sudakov [7] were able to incorporate the analogous strengthening of 1.6 into 1.5:

1.7 There exists ¢ > 0 such that for every graph H and all x € (0,1/2), setting § = g—clH|(log 1)
satisfies 1.6.

Our main result is:
1.8 For every graph H there exists ¢ such that, if x € (0,1/2) and

5 = 2—c(10g %)2/10g log %,

and G is a graph containing fewer than (8|G|)H| induced copies of H, then there exists S C V(Q)
with |S| > §|G| such that one of G[S],G|S] has at most x(‘g‘) edges.

1.8 strengthens the result 1.7 of Fox and Sudakov, and improves the best known quantitative bounds
in Nikiforov’s theorem 1.6 and Rodl’s theorem 1.4. It also implies 1.3, as we will show later. The
proof of 1.8 is by induction on |H|: let us mention that it is essential for inductive purposes that we
allow G to contain a few copies of H, rather than that G is H-free.

The rest of the paper is organized as follows. We give some definitions and outline the strategy
in section 2. We prove 2.4 in section 3 and 2.3 in section 4. We complete the proofs of our main
results in section 5, where we show that 2.3 implies 1.8, and that 1.8 implies 1.3. In the final section
we discuss analogous results for tournaments and ordered graphs.

We note that all logarithms in this paper are to base 2.

2 Blockades, and a sketch of the proof

A cograph means a Pj-free graph, where Py denotes the path with four vertices; and we denote by
1(G) the largest t such that some ¢-vertex induced subgraph of G is a cograph. Cliques and stable
sets induce cographs, and every cograph J has a clique or stable set of size at least |J |1/ 2. 50 1.1,
1.2, and 1.3 are equivalent to the same statements with x(G) replaced by u(G), and in that form
they are often easier to work with.

If X C V(G), G[X] denotes the induced subgraph with vertex set X. A pure pairin G is a pair of
disjoint subsets A, B of V(G) such that either there are no edges between A, B, or all edges between
A, B are present. If we are trying to prove that u(G) > f(|G|) for all H-free graphs G, where f is
some function, it is enough to know that all H-free graphs G with |G| > 1 have pure pairs A, B with
|Al,|B| appropriately large in terms of |G|. Because then we could deduce by induction on |G| that
G[A] contains a cograph C' with |C| > f(|A]), and similarly G[B] contains a large cograph D, and
so V(C) U V(D) induces a cograph in G, and therefore u(G) > f(|A|) + f(|B]); and if |A],|B| are



large enough, then f(|A|) + f(|B|) > f(|G]|) and the inductive step is complete. The key factor here
is how large we can take A and B to be. For example, if we can take them to be a constant fraction
of G then we would obtain a bound of form |G|¢ (see, for example, [2, 3]).

In fact, for this purpose, we do not really need the pair A, B to be pure. Suppose that either every
vertex in B has at most |A|/(2u(G)) neighbours in A, or every vertex in B has at most |A|/(2u(G))
non-neighbours in A. Choose D C B as before; then, since |D| < u(G), there exists A" C A with
|A’| > |A|/2 such that A’ D is a pure pair, and we apply the inductive hypothesis to G[A'], and
reach the same conclusion as before.

Do such pairs A, B necessarily exist with A, B large? If A, B C V(G) are disjoint, we say B is
x-sparse to A in G if every vertex in B has at most z|A| neighbours in A. Erdés and Hajnal [6]
proved:

2.1 For every graph H, there exists ¢ > 0 such that for every H-free graph G with |G| > 2, and all
x € (0,1/2), there exist disjoint A, B C V(G) with |Al|,|B| > z¢|G|, such that B is xz-sparse to A in

one of G, G.

Then they used 2.1 (with an appropriate choice of z) and the inductive argument sketched above,
to prove 1.2. But perhaps 2.1 can be strengthened. There is a pretty conjecture of Conlon, Fox and
Sudakov [4] that would strengthen it:

2.2 Conjecture: For every graph H there exists c1,co > 0 such that for every H-free graph G with
|G| > 2, and all z € (0,1/2), there exist disjoint A, B C V(G) with |A] > z|G| and |B| > |G|,
such that B is z-sparse to A in one of G, G.

If this were true, then, as Conlon, Fox and Sudakov observed, the inductive argument would yield
exactly our result 1.3 (by choosing x = 1/(2u(G))).

Our argument takes a different approach and leaves this conjecture open, however. Rather than
look for a sparse pair of large subsets, we will look for a large number of smaller subsets, with a
sparseness condition between each pair.

If G,H are graphs, a copy of H in G is an isomorphism from H to an induced subgraph of
G, and we denote by indy(G) the number of copies of H in G. A blockade in G is a sequence
B = (Bi,...,By) of pairwise disjoint subsets of V(G), and we call By, ..., By its blocks. (In some
earlier papers, the blocks of a blockade must be nonempty, but here it is convenient to allow empty
blocks.) The length of the blockade B = (Bi,...,By) is k, and its width is the minimum of the
cardinalities of its blocks. For ¢ > 0, the blockade B = (Bj,...,By) is z-sparse in G if for all i
with 1 < ¢ <k, Bjy1 U---U By is e-sparse to B; in G; and e-restricted if for all ¢ with 1 < i < k,
Bi 1U---U B is e-sparse to B; in one of G, G.

Let us give a sketch of the proof of 1.3. The key step is the following lemma, which says that
if G does not contain too many copies of H then we can find a large blockade that is very dense or
very sparse:

2.3 For all H, there exist k1, ko > 0 such that for every non-null graph G and every x with 0 < x <
ﬁ, if indg (G) < 2% |G|H1, then there is an x-restricted blockade in G of length at least 21log(1/z),

and width at least |z*2|G]].

First let us see that 2.3 implies 1.3. Choose ¢ > 0 sufficiently small; we will show that ¢ satisfies

1.3 by induction on |G|. Let x := 1/(2u(G)). It is easy to arrange that z < ﬁ, and so we can



apply 2.3 to the H-free graph G, and obtain a blockade (B, ..., Bg). Then choose subsets D; C B;
fori=k,k—1,...,1 in turn, such that D; U---U Dy induces a cograph, as follows. Having chosen
Dit1,...,Dg, since D;11 U--- U Dy induces a cograph, it has cardinality at most u(G), and so
(assuming every vertex of B;y; U--- U By has at most z|B;| neighbours in B;; the other case is
similar), at least half the vertices in B; have no neighbour in D;11 U---U Dy. By induction, we may
choose D; from this half, inducing a cograph and of cardinality at least (|B;|/2)¢. Then D;U---U Dy,
induces a cograph, completing the inductive definition. Consequently p(G) > > (| Bi|/2)¢, and the
result follows after some calculation, which we omit. (We will not actually prove 1.3 this way; our
proof goes via the stronger theorem 1.8, which can also be derived from 2.3 with more work.)

The main issue is how to prove 2.3. The core of the argument is the following lemma, which
applies to graphs with few copies of H and has two possible outcomes: either we can drop to a large
induced subgraph with very few copies of some subgraph H' with |H'| < |H|, in which case we can
continue by induction; or we obtain two large sets of vertices that have very few edges or very few
nonedges between them, in which case we attempt to build a blockade.

2.4 Let H be a graph, let g € V(H), and let H' := H\{g}. Letb,c >0, and let a :== b+ (1+¢)|H]|.
Let G be a graph, let A, B be disjoint subsets of V(G), and let 0 < x < 1/2. Suppose that every
vertez in A has at least x|B| non-neighbours in B. Then either:

e there exists B' C B with |B'| > x| B| such that indg (G[B']) < z?| B[]} or
e indy(G) > 2% A| - |B|IHI-1; or

e there exists A C A and B’ C B with |A'| > x*|A| and |B'| > 2% B| such that the number of
edges between A’, B is at most 2x¢|A’| - |B'|.

In the remainder of this section, we will sketch a proof of 2.4, and then sketch how we use it to prove
2.3.

Sketch of proof of 2.4: The idea of the proof of 2.4 is as follows. Let g have degree d in H, let
H;:=H,and fori=d—1,d—2,...,0 let H; be obtained from H;y; by deleting one of the ¢ + 1
edges of H,;41 incident with g. We are interested in copies of H; in GG, where g is mapped into A
and the other vertices of H; are mapped into B. (Let us call such copies “special”.) Each v € A
has at least x| B| non-neighbours in B, and we may assume that this set of non-neighbours (B’ say)
induces a subgraph that contains at least z?|B'|IH1=1 > zb+HI|B|IHI=1 copies of H \ {g}, because
otherwise the first bullet holds. Since this is true for each v, there are at least zb+1HI|A| . |B|IHI-1
special copies of Hy. On the other hand, we may assume that there are fewer than z%|A| - |B|IHI-1
special copies of H; = H, because otherwise the second bullet holds. So for some ¢, the number of
special copies of Hy is at least zPt1HI+¢t|A|. | B|I1=1 and the number of special copies of Hy is less
than g0 I+et+)) 4| | B|I1=1, Let us focus on this value of t.

Now H; was obtained from Hy;; by deleting some edge incident with g, say gh. Fix a copy ¢
of H\ {g,h} in G[B]; let U be the set of u € B such that mapping h to u extends ¢ to a copy of
H \ {g}, and let V be the set of v € A such that mapping ¢ to v extends ¢ to a copy of H \ {h}.
The number of special copies of Hy is the sum, over all ¢, of the number of nonedges between U, V,
and the number of special copies of Hyy1 is the sum over all ¢ of the number of edges between U, V.
Since the second sum is at most z¢ times the first, there is a choice of ¢ such that the number of
edges between U, V is at most z¢|U|-|V| (and by allowing a factor of two here and averaging, we can



arrange that also |U| - |V| > x| A| - |B|). But then U,V satisfy the third bullet, and this will prove
2.4.

Sketch of proof of 2.3: Next, let us explain how to use 2.4 to prove 2.3. Let g € V(H) and F = H\{g}.
We will assume inductively that 2.3 holds for F', with k1, ks replaced by ki, k), say. Choose ki, k2
sufficiently large, and let G' be a graph with indy (G) < z*|G|#!. We must show that there is an
r-restricted blockade in G of length at least log(1/z), and width at least |2*2|G]|].

Choose an induced subgraph J of H maximal such that G contains a large “approximate blowup”
of J; that is, |J| disjoint subsets 4; (j € V(J)) of V(G), each of size about *|G| (where k is an
appropriate constant depending on |J|), and such that for all distinct 4, j € V(J), if ij ¢ E(J) then
A;, Aj are z-sparse to each other in G, and the same in the complement if ij € E(J). It cannot be
that J = H since otherwise there would be 21 |G UH | copies of H in G, contrary to the hypothesis;
let h € V(H)\ V(J), and let J' := H[V(J) U {h}]. There is no large approximate blowup of J’
in G (even allowing its sets to be a little smaller than the A;’s, and the sparsity between them to
be relaxed a little), and we will exploit this. Let W be the set of vertices of G in none of the sets
A; (j € V(J)). Thus W contains almost all vertices of G.

Let us assume, first, that there exists Xo C W with | Xo| > |W|/2, such that for each j € V(J),
if hj € E(H) then every vertex in Xy has at least |A4;| neighbours in A;, and if hj ¢ E(H) then
every vertex in X has at least z|A;| non-neighbours in A;. Then we can obtain a blockade with the
properties we want, as follows. Let j € V(J), and suppose that h, j are nonadjacent in H (the other
case is the same in the complement). Each vertex in X has at least x|A;| non-neighbours in Aj;,
and so we can apply 2.4 with Xo, A; in place of A, B. If the first outcome of 2.4 holds, then since
F = H \ {g} satisfies 2.3, there is an z-restricted blockade in G[A;] of length at least log(1/x), and
width at least |2¥2|A;||; and that blockade has the properties we want, if we arrange the constants
properly. The second outcome of 2.4 cannot hold, since it would contradict the hypothesis of 2.3. So
we assume that the third outcome holds; and we can therefore choose X; C X and C; C A; such
that |X1] > poly(z)|Xo|, and |Cj| > poly(x)|A;], such that there are at most poly(x)|X1|-|A%| edges
between X1, C;. Note what has happened: we started with every vertex in Xy just having a few (at
least x|A;|) non-neighbours in A;, and now there are almost no edges between X; and C;. We can
assume that |C;| has size about equal to its lower bound poly(z)|A;|; and by removing some “outlier”
vertices from X;, we can assume that in addition, X; is poly(z)-sparse to Cj. (The advantage of
this is that, we will choose successively smaller subsets of X7, and they will all be poly(x)-sparse to
Cj.)

Now choose some other vertex j' € V(J) different from j, and apply 2.4 to the pair X1, Aj; we
may assume this gives us Xo C Xy with | Xs| > poly(z)|X1|, and Cy C A with |Cj/| > poly(x)|Aj|,
such that X, is poly(z)-sparse to Cj in G if ij’ ¢ F(H), and the same in the complement if
ij’ € E(H). Continue in this way until we have processed each vertex of J. This gives us X ) CW
with [X| 5| > poly(x)|W|, and C; C A; with |C}| > poly(x)|A;| for each j € V(J), such that X  is
poly(z)-sparse to C; in G or in G (depending whether hj € E(H) or not) for each j € V(J). We
can assume that each Cj is poly(z)-sparse to X (again, by removing a few outliers). Since the
sets A; (j € V(J)) are poly(x)-sparse to each other in G or G (where poly(z) is some polynomial of
large degree), as in the definition of an approximate blowup, and since |C;| > poly(z)|A;| for each
j, it follows that the sets C; (j € V(J)) are still poly(z)-sparse to each other in G or G (where
poly(z) is now some polynomial of somewhat smaller degree). This gives an approximate blowup of
J':= H[V(J)U{h}], contradicting the choice of J. So this cannot happen; and therefore, at some



step, the first outcome of 2.4 held, and so we obtained the blockade we want.

Consequently, we may assume that there is no such Xp; and so, for some j € V(J), there is a
subset A C W with |A| > |W|/(2|H]|) that is z-sparse to A; in G or in G. Now repeat the proof,
working completely within A. After 2log(1/z) iterations of the argument, we will produce the -
restricted blockade that we want; and until that stage, the various subsets we must deal with are
still large enough that the argument is valid. This completes the sketch of the proof of 1.3.

3 The proof of 2.4

In this section we prove 2.4, which we restate:

3.1 Let H be a graph, and let g € V(H). Let b,c > 0, and define a := b+ (1 + ¢)|H|. Let G be a
graph, let A, B be disjoint subsets of V(G), and let 0 < x < 1/2, such that A is (1 — z)-sparse to B.
Then either:

o there erists B' C B with |B'| > x|B| such that ind g\ 1, (G[B']) < 2| B/|IHI=1; o
e indy(G) > 2%A| - |B|IHI1; or

e there exists A C A and B' C B with |A'| > x*|A| and |B'| > 2% B| such that the number of
edges between A', B is at most 2x¢|A’| - |B'|.

Proof. Let g have degree d, let Hy := H, and inductively fort =d—1,...,0, let H; be obtained from
Hyy1 by deleting one of the ¢ + 1 edges of Hyy1 incident with g. Let k := |H|, and s := |A| - |B[F~L.

Let v € A. By hypothesis, the set B’ (say) of non-neighbours of v in B has cardinality at least
z|B|. If G[B'] contains fewer than z°|B’|*~! copies of H \ {g} = Ho \ {g}, then the first bullet holds,
so we assume not. Consequently there are at least z°|B/|F=1 > xF=1*+5|B|*=1 copies ¢ of Hp in G
such that ¢(g) = v and ¢(j) € B for each j € V(H)\ {g}. It follows by summing over all v € A that
there are at least 2¥~1+%s copies ¢ of Hy such that ¢(g) € A and ¢(j) € B for each j € V(H) \ {g}.

For 0 <t < d, let 74 be the number of copies ¢ of Hy in G such that ¢(g) € A and ¢(j) € B for each
j € V(H)\ {g}. We have just seen that 79 > 2¥~1+%s. We may assume that 74 < sz < gh-1+0+edg
because otherwise the second bullet holds. Consequently, for some ¢ with 1 <t < d,

o 7,1 > ghmltbtet=1) g > 9pag and

k—1+4b+-ct

o T < s, and therefore 7 < x°13_1.

Let @ be the set of all copies ¢ of H;_; in G such that ¢(g) € A and ¢(j) € B for each j € V(H)\{g}.
There is one edge of H; that is not an edge of H;_1, say gh. Let J be the graph obtained from H
by deleting both g and h, and let ¥ be the set of all copies of J in G[B]. Each member of & is
an extension of some member of W. For each ¢ € ¥, let n(y)) be the number of ¢ € ® that are
extensions of ¢. Thus the sum of n(¢) over all ¢ € ¥ equals 7;_1. Let ¥’ be the set of all ¢ € ¥
such that n(v) > 7,_1/(2|B[*72), and ¥ = ¥ \ ¥'. Thus

S nw) < B2 (5pas ) = /2

pev”




since |¥”| < |B|F~2 and n(v) < 7,_1/(2|B|*~2) for each ¢ € U”. Since

Z n() + Z n(yY) = 11,

Ppew’” pew’

it follows that
D> n() =7/2

=

For each 1) € W', let U(¢)) be the set of all u € B such that mapping i to u extends ¥ to a copy
of H\ {g}, and let V(¢)) be the set of all v € A such that mapping g to v extends v to a copy of
H\ {h}. Thus n(¢) is the number of pairs (u,v) with u € U(¢)) and v € V(¢) such that u,v are
nonadjacent. Let p(¢) be the number of edges between U (1)) and V (¢0). Thus 7 is at least the sum
of p() over all ¢ € ¥'. Since 13 < x°14_1, it follows that

Z p() <7 < 2 < 22° Z n(vy);

pev’ phew!

and consequently there exists ¢ € ¥’ such that p(¢)) < 22°n(v).
Since 9 € ¥’ it follows that

a

U@ - V@) > () > Tl > 257

> =z A| - |BJ;

and since |U(v)| < |A]| and |V ()| < |B], it follows that |U(¢)| > z%|A| and similarly |V (¢)| > z%|B|.
Since

p(¥) < 2z°n(y) < 22°(U(¥)] - [V ()],

there are at most 2z¢|U(¢)| - |V (¢)| edges between U (1)) and V(v)). Hence the third bullet holds,
setting A’ = U(¢) and B’ = V(¢). This proves 3.1. |

4 The proof of 2.3

Now we turn to the proof of 2.3. We will need:

4.1 Let A, B be disjoint subsets of V(G), such that there are at most c|Al - |B| edges between A and
B. Then there exists A" C A with |A’| > |A|/2 such that A’ is 2¢c-sparse to B.

Proof. There are at most c|A| - |B| edges between A and B, and so at most |A|/2 vertices in A have
more than 2¢|B| neighbours in B. This proves 4.1. |

Let J be a graph, and ¢ > 0 an integer, and 0 < ¢ < 1 a real number. Let G be a graph, and
let A; (j € V(J)) be pairwise disjoint subsets of V(G). We say that the family (A; :j € V(J)) is a
(t,q)-blowup of J if

e cach set A; (j € V(J)) has cardinality ¢;



e for all distinct 7,5 € V(J), if ij ¢ E(J) then A;, A; are g-sparse to each other in G, and if
ij € E(J) then A;, A; are g-sparse to each other in G.

We observe:

4.2 Let J be a graph, and t > 0 an integer. If there is a (t,1/]J|)-blowup of J in G, then ind;(G) >
(t/1 I

Proof. Let (A; : j € V(J)) be a (t,1/|J])-blowup of J in G. If I is an induced subgraph of J, a
copy ¢ of I is good if ¢(i) € A; for each i € I.

(1) Let I be an induced subgraph of J, and suppose that ¢ is a good copy of I. Then there are
at least (t/|J))I=11 good copies of J that extend .

The proof is by induction on |V (J)| — [V(I)|. If this is zero then the claim is true, so we may
assume that there exists j € V(J) \ V(I). Let I’ be the induced subgraph of J with vertex set
V(I)U{j}. For each i € V(I), let us say that v € A; is i-conforming if either ij € E(J) and
¢(i),v are adjacent in G, or ij ¢ E(J) and ¢(i),v are nonadjacent in G. From the definition of a
(t,q)-blowup, for each i € V(1) there are at most t/|J| vertices in A; that are not i-conforming; and
so there are at least t —t|I|/|J| > t/|.J| vertices v € A; such that v is i-conforming for each i € V(I).
For each such v, let ¢’ be the extension of ¢ obtained by mapping j to v; then ¢ is a good copy of
I'. From the inductive hypothesis, there are at least (¢/].J|)|/I=1I=1 good copies of .J that extend ¢';
and since there are at least t/|.J| choices of v and hence of ¢, the claim follows. This proves (1).

But then the theorem follows from (1) by setting I to be the null graph. This proves 4.2. |
The bulk of the proof of 2.3 consists of the following lemma:

4.3 For all graphs H, all g € V(H), and all o« > 0, there exist B,y > 0 such that for every graph G
with |G| > 2 and all x with 0 < x < 1/(8|H|), either:

o there exists A C V(G) with |A| > 2%|G| such that ind g\ (41 (G[4]) < 2| A|HI=1: o
e indy(G) > x'Y]G“H‘; or

o there are disjoint subsets A, B C V(G) with |A| > 2°|G| and |B| > |G|/(2|H|), such that B is
x-sparse to A in one of G, G.

Proof. We may assume that |H| > 2, because otherwise the theorem holds taking v = 1. It suffices
to prove the result assuming that 1/x is an integer. Indeed, suppose that H,g,« are given, and
setting = ' and v = ~/ satisfies the theorem for all G and x with 1/z an integer. Then setting
B =2p4" and v = 27/ satisfies the theorem for all G and z. To see this, let 0 < x < 1/(8|H]), and let

' =1/ ([1/x]). Then 1/2’ is an integer, and 1/2’ = [1/z] < 8!;@];1, and so

2 8| H|z

<z <z
S8H[ =8 H 1= =T




Consequently (/)% > (22)% = 28 and similarly (/)" > 27 and hence, whichever bullet of the
theorem holds for z/, 5/,+/, the same bullet holds for z,23’,29'. So to prove the theorem, we just
need to exhibit values of 3, that work when 1/z is an integer.

By increasing « if necessary, we may assume that « is an integer and « > |H|(|H| + 1). Define
7| = 0, and inductively for i = [H| —1,...,1 define

ri:=a+2/H|+ 1+ (|H|+ 1)rip1.

Let 8 :=r1+3 and v := 2r1 + 5| H|. We claim that /3, satisfy the theorem (when 1/z is an integer).

Thus, let G be a graph with |G| > 2, and let > 0 such that 0 < = < 1/(8|H]|), where 1/z is
an integer. If 2%|G| < 1, the third bullet is true taking |A| = 1 (unless |G| — 1 < |G|/|H|, which is
impossible since |G|, |[H| > 2), so we may assume that #°|G| > 1. We assume the first two bullets of
the theorem are false, and we will show that the third holds.

Let ¢ := |[2°7YG]|]; thus ¢t > 2P|G|, because x°~1|G| > 1 and x < 1/2. Let t; := 7"t and
qi =" /|H| for 1 <i < |H|. Thus t1,...,t ) are integers.

Since v/|H| >  + 1, it follows that

t> 1G] > (1/2)a G| > |H]a"1[G)|

and consequently (t/|H|)#! > 27|G|¥|. Hence by 4.2, there is no (t,1/|H|)-blowup (that is, no
(t\#> q)z1)-blowup) of H in G. Let J be a maximal induced subgraph of H such that there is a
(t141, q5))-blowup (A : j € V(J)) of J in G, and let k := |J|.

Thus J # H; let h € V(H) \ V(J), and L := J;ey () 4;. For each j € V(J), let M; be the set
of vertices v € V(G) \ L such that

jev

e if hj € E(H), then v has at most x| A;| neighbours in Aj;
e if hj ¢ E(H), then v has at most x|A;| non-neighbours in A;.

For each j € V(J), since t; >t > 2°|G|, we may assume that |M;| < |G|/(2|H]|), since otherwise the
third bullet of the theorem holds. Since

IL| = kty, < ka®~17T|G| < 2®|H| - |G| < |G|/ (2|H]),

it follows that the union of L and the sets M; (j € V(J)) has cardinality at most |G|/2. Let Z be the
set of vertices of G that do not belong to L or to any of the sets M; (j € V(J)). Thus |Z| > |G|/2;
and for each j € V(J), if hj ¢ E(H) then Z is (1 — x)-sparse to A;, and if hj € F(H) then Z is
(1 — z)-sparse to A; in G. Let s := ™ "k+1. Thus ¢ = tx and g1 = qi/s.

(1) Let j € V(J), and let Y C Z with |Y| > |Z|s*~L. Then there exist C C A; with |C| = 2ty41, and
X CY with | X| > s|Y], such that X is Sqey1-sparse to C in G if hj ¢ E(H), and X is Lqj.11-sparse
to C in G if hj € E(H).

By taking complements if necessary, we may assume that hj ¢ E(H), and so Y is (1 — x)-sparse
to A;. We will apply 2.4 with b,¢, A, B replaced by a, 7,1 + 1,Y, A;; note that the expression
b+ (1+c¢)|H| of 2.4 becomes a + (ri41 + 2)|H| = 1, — rp4+1 — 1. By 2.4, we deduce that either:

e there exists A’ C A; with |A’| > 2|A;| such that indg\ (5 H(G[A']) < x| A'[H1=1; or
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o indy(G) > a4 or

e there exist A’ C A; and D C Y with |A'| > 2" "=+17YA,| and |D| > 2™ "++171|Y| such that
the number of edges between A’, D is at most 2z"++1+1|A’| - |D|.

If the first bullet above holds, then the first bullet of the theorem holds, since |A’| > z|A;| =
Tty = 7"t >t > 2P|G) (because |J| < |H| and so 7] = 1), a contradiction. If the second holds,
then the second bullet of the theorem holds, also a contradiction, since

xrk’Y| ) ‘Aj“lﬂ_l > mrk+r1+ﬁ|H\’G‘|H\ > w2r1+B|H|’G’|H\ _ x'y’G“H\

(because
‘AJ.‘|H|—1 > ¢HI=1 > $5(|H\—1)’G||H\—1 > xﬁ\H||G’|H|—1_

and |Y| > |Z|sF1 > 2=V |1@) > 2™ |G).)
Thus the third bullet above holds. Let A’, D be the corresponding subsets. Since

A > @i Tl = g Ly e = gy e >

it follows by averaging that we may choose C' C A’ with |C| = 2t;,1 such that the number of edges
between C, D is at most 22"++111|C| - |D|. By 4.1, there exists X C D with

D 1
'm2|J22f“””ﬂYzﬂw

such that X is 42"+ Flsparse to C, and hence %qkﬂ—sparse to C, since 4x™+1tl < ﬁx’”kﬂ
(because z < 1/(8|H]|)). This proves (1).

Starting with Y = Z, and applying (1) recursively to each j € V(J), we obtain a subset X C Z
with |X| > |Z|s*, and a subset C; C A; with |C;| = 2t for each j € V(J), such that for each
j € V(J), X is 3qr41-sparse to C; in G if hj ¢ E(H), and X is $qy41-sparse to C; in G if hj € E(H).
Since (from the choice of )

1
|X| > 12| > 5:c’““k*’“"k+1|G\ > 2P G| > TR = gy

we may choose Dy, C X with |Dp| = tg41. By 4.1, for each j € V(J) there exists D; C C; with
|Dj| = tr41 such that D, Dy, are giyq-sparse to each other in G if hj ¢ E(H), and Dj, Dj, are
qr+1-sparse to each other in G if hj € E(H). Let i,j € V(J) be distinct. We assume that ij ¢ E(H)
(the other case is the same in the complement). Since (A4; : j € V(J)) is a (tg, gx)-blowup of J, it
follows that A; is gx-sparse to A;. Since |Dj| = ty41 = a7 "k+1t = s|A;|, this implies that A; (and
hence D;) is (qx/s)-sparse to Dj, that is, gyyi1-sparse to D;. Consequently (D; : j € V(J')) is a
(tk+1, @r+1)-blowup of J', where J’ is the induced subgraph of H with vertex set V (J)U{h}, contrary
to the maximality of J. This proves 4.3. |

Now we use 4.3 to prove 2.3, which we restate, slightly strengthened:

4.4 For all H, there exist k1, ko > 0 such that for every non-null graph G and every ¢ with 0 < z <
ﬁ, if indg (G) < 2*|G|H!, there is an x-restricted blockade in G with length at least 2log(1/x)

and width at least |x*2|G||. Consequently, for all such G,x, there is a blockade in G with length at
least log(1/x) and width at least |2*?|G|| that is x-sparse in one of G,G.
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Proof. The first statement is trivially true when |H| < 1, and we proceed by induction on |H|. So
we may assume that |H| > 2, and g € V(H), and the theorem holds for H \ {g}; let ki, k) be the
corresponding constants (using H \ {g} instead of H). Let d := log(2|H|). Choose j3,~ satisfying
4.3, taking o = k. Let k1 := v + 2d|H| and kg := kj + 3 + 2d. We will show that ki, ko satisfy the
theorem.

Thus, let G be a graph and x with 0 < z < ﬁ such that indg(G) < 2¥|G|Hl. Choose an z-
restricted blockade B = (Bj, ..., Bx) in G with k maximum such that By, ..., By_1 have cardinality
at least #%2|G| and |Bg| > (2|H|)**|G].

(1) We may assume that |Bg| > 24|G|.

We may assume that £ — 1 < 2log(1/z) and so
Byl = (21H|)'7F|@) = 2070 G| > 272e /|G| = 22|,
This proves (1).

If 2¥2|G| < 1, the result holds trivially (because |2*2|G|| = 0 and blockades may contain empty
blocks), so we may assume that |G| > 2z~ *2. By (1), |Bx| > 224|G| > 22¢=%2 > 1 and so |B| > 2.
Let us apply 4.3 to G[By], taking a = k}. We deduce that either:

o there exists A C By, with |A| > 27| By| such that ind g (53 (G[A]) < x| A[H1=1; or
e indy(G[By]) > 27| Bi|Pl; or

e there are disjoint subsets A, B C By, with |A] > 2P| By| and |B| > |By|/(2|H|), such that B is
x-sparse to A in one of G, G.

The second is impossible, since by (1), z7|By|Hl > z722dH]|G|HI = gk |G|IH]. Also, the third is
impossible, from the maximality of k, because z°|By| > 27224 G| > 2*2|G|. Thus the first holds.
Let A be the corresponding subset. Since |A| > 28|By| > 2°+%|G|, the inductive hypothesis gives
an z-restricted blockade in G[A] with length at least 2log(1/z) and width at least |[z*2|A|] >
|z¥22P+4|G|| = |2*2|G|]. This proves the first statement of the theorem.

For the second statement, let G,z be as before, and let (B, ..., By) be an z-restricted blockade
in G with length at least 2log(1/z) and width at least |z*2|G|]. Let I be the set of i € {1,...,k} such
that B4 U---U By, is z-sparse to B; in G, and J = {1,...,k} \ I; then for all i € J, B;y; U---U By
is z-sparse to B; in G. So the blockade (B, : i € I) is z-sparse in G, and (B; : i € J) is z-sparse in
G, and one of them has length at least k/2 > log(1/z). This proves 4.4. |

5 Deriving the main theorem

It remains to show that 2.3 implies 1.8, and that 1.8 implies 1.3, and we do so in this section. 2.3
says that graphs that do not contain many copies of H admit blockades with certain properties, but
the length of this blockade is critical. 2.3 gives blockades of length log(1/x), but one might hope that
for some graphs H, we could obtain a version of 2.3 that gave longer blockades; and then there would
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be corresponding improvements in 1.8 and 1.3. With that in mind, we have written the argument of
this section in greater generality than is needed for this paper. (We will use this generality in [8, 9],
for instance.) Let us say the edge-density of a nonnull graph J is the number of edges of J divided
by (13-

A function ¢: (0,1) — RY is subreciprocal if it is non-increasing and 1 < £(z) < 1/z for all
z € (0,3). (To prove 1.8 we will only need the subreciprocal function ¢(z) := log(1/z).) If £ is a
subreciprocal function, a graph H is (-divisive if there exist ¢ € (0, %) and d > 1 such that for every
z € (0,¢) and every graph G with indg(G) < z¢|G|Hl] there is a blockade (B, ..., By) in G with
length at least /() and width at least |2?|G|], that is z-sparse in one of G, G.

Erdds and Hajnal [6] proved that every graph is ¢-divisive where ¢(z) = 2 for = € (0,1/2); and
2.3 implies the following:

5.1 Ewery graph is {-divisive where {(x) :=log(1/z) for 0 <z < 1/2.

The next theorem implies our main result 1.8, by defining ¢ as in 5.1. The proof is an adaptation
of an argument of Fox and Sudakov [7].

5.2 Let H be an (-divisive graph for some subreciprocal function £. Then there exists C > 0 such
that, if e € (0,3) and
§ — 9—Clog?(1/¢)/log(£(e))

)

then for every graph G with indy (G) < (8|G|)H1, there exists S C V(G) with |S| > 6|G| such that
one of G[S],G[S] has edge-density at most .

Proof. Let c € (0,3) and d > 1, as in the definition of (-divisive. Let z := ((c)~"? € (0,1), and let
b > 2 be such that 227% = 1 — 2. We will first show that setting C' = 20bd satisfies the theorem when
e € (0,¢), and then at the end of the proof, give a value of C that works in general.

Thus, let € € (0,¢), and choose § such that

20bd log?(1/¢)
log(£(¢))
Let z := 152e = 217t and let p := ((z)z; then p? > {(z) > 1 since £(z) > €(g) > {(c) = 272
Let t be the least integer such that pt > e72; then since £(¢) < min(¢(z),1/¢) < min(p?,1/e), we
obtain
2log(1/s)w < {4105;(1/5)} < 5log(1/e)
logp | 7 | log(£(e)) | ~ log(t(e))

Let n := %azd; then z = 2'7% > % since € < %, and so

log(1/8) =

1§t:[

plnt = 4tpdHdt 5 2 A0 o Abde _ 9—dbdtlog(1/2) > 5

. 5log(1/e)
since t < Tog(£(2)) -

Now, let h := |H|, and let G be such that indg(G) < (6|G|)". We will show that there exists S as
in the theorem. If §|G| < 1 then we are done, so we may assume §|G| > 1, and hence |G| > 61 > n~".
For all £1,e9 > € and every integer s with 0 < s < ¢, let S5(e1,£2) be the maximum S > 0 such that
for every induced subgraph F' of G with |F| > 1®|G|, there exists 7' C V(F) such that |T'| > B|F|
and F[T] has edge-density either at most 1 or at least 1 — €3. Since d < xdnt, it suffices to show
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that By(e,e) > 2. We claim the following.

(1) For every integer s with 1 < s <t, and for all €1,e9 > &, we have

58*1(617 62) > n- min(ﬁs(pgla 52)) 68(617p€2))'

Put v1 := Bs(pe1,e2) and 7y, := Bs(e1, pea), and let v = min(+y1,72). Let F be an induced subgraph

of G with |F| > n*!|G|; we will prove that there exists T C V(F) such that |T| > nvy|F| and
F[T] has edge-density either at most €1 or at least 1 — 9. Since |F| > 7°71|G|, it follows that
|F| > n*~17t > n~! since |G| > n~*. Since

indy (F) < ind(G) < (3|G)" < (n~ V| F)" = (nf =~ Dad| P! < (2 F)" < 2|1,
there is a blockade (B, ..., By) in F, x-sparse in one of F, F, of length k > /(x) and width at least

[2/|F|] = |49|F|] = 2n|F|

(since |F| > n~'). By the symmetry, we may assume that (Bi,...,B) is z-sparse in F. Let
m = [nm|F|].
Inductively for i« = k,k — 1,...,1, we choose C; C B; with |C;| = m, as follows. Assume

Ck,Cr_1,...,Ciy1 have been defined, and let D; be their union. Thus D; is x-sparse to B;, and so
by 4.1 there exists B C B; with |B}| > $|B;| such that B/ is 2z-sparse to D;; and in particular

1
|Bil = 51Bi| = nlF| = n°|G.

Thus, by the definition of 8,, there exists C; C B. with |C;| > v1|B{| > ny1|F| such that F[C;] has
edge-density either at most pe; or at least 1 — e9. If its edge-density is at least 1 — g5 then we may
set T'= C; and be done; so we may assume that F'[C;] has edge-density at most pe;. By averaging,
we may assume |C;| = [ny1|F|] = m. This completes the inductive definition of Cy, Cy_1, ..., CI.

For 1 < i<k, C; is 2z-sparse to D; = C, UCj_1 U---UC;41, and so there are at most 2zm? (g)
edges between (1, ..., Cg. Therefore, setting T := Ule C;, we have

I T| = km >m >y |F| > | F;

and since k > ¢(z) > p/z and 2z = (1 — z)e < (1 — 2z)e1, the number of edges of G[T] is at most

m o[k 5 (m 5k km T
2 < 1-— < = .
k:p51<2>—|— rm <2>_251k <2>—|—( z)erm <2>_51<2 €1 )
So T is a subset of V(F') with the desired property. This proves (1).
By applying (1) for s =1,2,... ¢, we obtain
> it i ic ot=ig).
bole,e) 2 "~ min i(p'e,p'e)

Since pfe? > 1 by the choice of ¢, and so max (pig,pt*ig)

Bi(pe, p~ie) = 1 for all 4 with 0 < i < t; and hence Sy(e, )
C' = 20bd satisfies the theorem for all € € (0, ¢).

1if 0 < i < t, we deduce that

>
> n! > 4, as claimed. Thus, setting
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Let @ > 1 be such that 27 = ¢; we will prove that setting C' = 20a?bd works for all € € (0, %)
Thus, let € € (0, %), let

(12 O,
os(1/9) = 50 <g 5

and let G be a graph with indg(G) < (5|G|)/#]. Let ¢’ := £, and let
20bd log? (1/5)
log(¢(e))

then ¢/ < ¢, and so & > § since / is non-increasing. Consequently indy(G) < (¢'|G)F!. But
g/ < 27% = ¢, so by what we already proved, there exists S C V(G) with |S| > §|G| > |G| such
that one of G[S], G[S] has edge-density at most &’ < e. This proves 5.2. |

og(1/0") =

Finally, let us deduce 1.3, which we restate. Recall that u(G) the largest ¢ such that some t-vertex
induced subgraph of G is a cograph.

5.3 For every graph H there exists ¢ > 0 such that u(G) > 2V log|Glloglog |Gl for evyery H-free graph
G with |G| > 2.

Proof. Let ¢ be as in 1.8, and let d = 1/(8¢)'/2. Choose ng such that for all n > ny,

1 1
1 loglogn + 3 logloglogn > log(1/d), and
n1/2 > 2d\/10gnloglogn > 4.

Choose ¢ < d/2 with ¢ > 0, such that n§ < 2. We will show that u(G) > 2¢V1es|Glloglog|G| fo
every H-free graph G with |G| > 2.

Thus, let G be H-free. If |G| < ng, then |G|® < n§ < 2, and so u(G) > |G|¢. Hence we may
assume that |G| > ng. Let & = 2-4V1oglGlloglog |G| "5 Jet, § = g—c(log £)?/loglog £ . t}ep

c(log 1)? B d2 log|G]| log log\G]
log log % log log

logd = —
Since . L
loglogf 710g10g|G| + = logloglog\G| log(1/d) > Zloglog |G|

(because loglog |G|+ 1 5 logloglog |G| > log(l/d)), it follows that

log6 > — cd? log |G| log log \G]
- 1 loglog |G|

1
—4cd?log |G| = —§log]G\,

and so & > |G|7'/2. By 1.8 and the choice of ¢, there exists S C V(G) with |S| > |G|'/? such that
one of G[S], G[S] has edge-density at most . Since |G| > ng it follows that |S| > 1/e. By Turan’s
theorem, G[S] has a clique or stable set of size at least

‘S‘ > 1 d\/log|G’\loglog|G > 2(d/2 v/ log |G| loglog |G| > 9¢ \/10g|G\loglog|G|
1+¢|S] % 2

This proves 1.3. 1
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6 Ordered graphs

An influential paper of Alon, Pach and Solymosi [1] showed that the Erdés-Hajnal conjecture admits
equivalent formulations for ordered graphs and for tournaments. In this section we observe that our
result 1.3 also extends to ordered graphs and tournaments. An ordered graph is a pair (G, <), where
G is a graph and < is a linear order of its vertex set. If (G, <) and (H, <) are ordered graphs, we
say (G, <) is (H,<')-free if no induced subgraph of G (made into an ordered graph with the order
inherited from < in the natural way) is isomorphic to (H,<’). Alon, Pach and Solymosi [1] showed
that the Erd6s-Hajnal conjecture 1.1 is equivalent to the following analogous conjecture for ordered
graphs:

6.1 Conjecture: For every ordered graph (H,<') there exists 7 > 0 such that x(G) > |G|™ for
every (H,<')-free ordered graph (G, <).

Our theorem 1.3 translates to:

6.2 For every ordered graph (H,<') there exists ¢ > 0 such that k(G) > 26V1081Gl0g10g |Gl for cpery
(H, <')-free ordered graph (G, <) with |G| > 2.

To prove this, we use a theorem of Rodl and Winkler [13], that says:

6.3 For every ordered graph (H,<'), there exists a graph P such that, for every linear ordering of
V(P), the resulting ordered graph is not (H,<')-free.

Proof of 6.2. Let (H,<') be an ordered graph, and choose P as in 6.3. Choose ¢ satisfying 1.3
with H replaced by P. Now let (G, <) be an (H, <’)-free ordered graph. It follows from the property

of P that G is P-free, and so by 1.3, k(G) > 2¢V1081Glloglog |G| Thig proves 6.2. |

These results also have analogues for tournaments. If G is a tournament, define x(G) to be the
size of the largest transitive subset of V' (G). Our result becomes:

6.4 For every tournament H there exists ¢ > 0 such that k(G) > 2°V log |Gl loglog |G| 151 cvery H -free
tournament G with |G| > 2.

Proof. Fix a linear order <’ of V(H), and let H' be the graph with vertex set V(H), in which uv
is an edge if u is earlier than v in the linear order <’ and v is adjacent from u in H. Thus (H', <’) is
an ordered graph. Choose ¢ as in 6.2 (with H replaced by H'). Now let G be an H-free tournament.
Derive an ordered graph (G’,<) from G similarly. Since G is H-free, we deduce that (G',<) is
(H', <')-free, and the result follows from 6.2, since every clique or stable set of G’ is a transitive set
of G. This proves 6.4. |
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