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Abstract

We prove a conjecture of Andras Gyarfas, that for all x, £, every graph with clique number at most
x and sufficiently large chromatic number has an odd hole of length at least ¢.



1 Introduction

All graphs in this paper are finite and have no loops or parallel edges. We denote the chromatic
number of a graph G by x(G), and its clique number (the cardinality of its largest clique) by w(G).
A hole in G means an induced subgraph which is a cycle of length at least four, and an odd hole is
one with odd length. In [4], Andrds Gyérfas proposed three conjectures about the lengths of holes
in graphs with large chromatic number and bounded clique number, the following:

1.1 For all k > 0 there exists ¢ > 0 such that for every graph G, if w(G) < k and x(G) > ¢ then G
has an odd hole.

1.2 For all k,£ > 0 there exists ¢ such that for every graph G, if w(G) < Kk and x(G) > ¢, then G
has a hole of length at least £.

1.3 For all k,¢ > 0 there exists ¢ such that for every graph G, if w(G) < k and x(G) > ¢ then G
has an odd hole of length at least £.

The third evidently contains the other two. The first was proved in [5], and the second in [2], but
until now the third has remained open. In this paper we prove the third.
Since this paper was submitted for publication, two of us have proved an even stronger result [7]:

1.4 For all integers p,q,k > 0 (with ¢ > 0), there exists ¢ such that for every graph G, if w(G) < k
and x(G) > ¢, then G has a hole of length p modulo q.

There have been two other partial results approaching 1.3, in [1, 6]. The second is the stronger,
namely:

1.5 For all £ > 0, there exists ¢ > 0 such that for every graph G, if w(G) < 2 and x(G) > ¢ then G
has holes of £ consecutive lengths (and in particular has an odd hole of length at least £).

One might expect that an analogous result holds for all graphs G with w(G) < &, for all fixed &, as
was conjectured in [6], but this remains open. We can prove that there are two holes both of length
at least ¢ and with consecutive lengths, by a refinement of the methods of this paper, but we omit
the details.

The proof of 1.3 will be by induction on k, with ¢ fixed, so we may assume that x > 2 and the
result holds for all smaller x. In particular there exists 7 such that for every graph G, if w(G) < k—1
and G has no odd hole of length at least ¢ then x(G) < 7. We might as well assume that ¢ is odd
and ¢ > 5. Let us say a graph G is a (k, ¢, 7)-candidate if w(G) < k, and G has no odd hole of length
at least ¢, and every induced subgraph of G with clique number less than k is T-colourable. We will
show that for all k, ¢, 7 there exists ¢ such that every (k, /¢, 7)-candidate has chromatic number at
most c.

If H is a subgraph of (G, and not necessarily induced, then adjacency in H may be different from
in G, and we speak of being G-adjacent, a G-neighbour, and so on, to indicate in which graph we
are using adjacency when there may be confusion. If X C V(G), the subgraph of G induced on X
is denoted by G[X], and we often write x(X) for x(G[X]). The distance or G-distance between two
vertices u,v of G is the length of a shortest path between w,v, or co if there is no such path. If
v € V(G) and p > 0 is an integer, N/ (v) or NP(v) denotes the set of all vertices u with distance



exactly p from v, and N&[v] or N”[v] denotes the set of all v with distance at most p from v. If G is
a nonnull graph and p > 1, we define x?(G) to be the maximum of x(N”[v]) taken over all vertices
v of G. (For the null graph G we define x*(G) = 0.)

As in several other papers of this series, the proof of 1.3 examines whether there is an induced
subgraph of large chromatic number such that every ball of small radius in it has bounded chromatic
number. The proof breaks into three steps, as follows. We first show that for every (, ¢, 7)-candidate
G, x(G) is bounded by a function of x*(G). Second, a similar argument shows the same for x?(G);
that is, there is a function ¢ such that y(G) < ¢(x?(G)) for every (k, £, T)-candidate G. For the third
step, we apply a result of [3], which implies that in these circumstances there is an upper bound on
the chromatic number of all (k, ¢, 7)-candidates.

2 Gradings

Let G be a graph. We say a grading of G is a sequence (W1,..., W,,) of subsets of V(G), pairwise
disjoint and with union V(G). If w > 0 is such that x(G[W;]) < w for 1 <i < n we say the grading
is w-colourable. We say that w € V(G) is earlier than v € V(G) (with respect to some grading
(Wh,...,Wy)) if u € W; and v € W; where i < j. We need some lemmas about gradings. The first

1S:

2.1 Let w,c >0 and let (Wy,...,Wy) be a w-colourable grading of a graph G with x(G) > w + 2c.
Then there exist subsets X,Y of V(G) with the following properties:

e G[X|,G[Y] are both connected;

e cvery verter in Y is earlier than every verter in X;
e some vertex in X has a neighbour in Y ; and
X(X),x(Y) > c.

Proof. Let us say v € V(G) is right-active if there exists X C V(G) such that
e G[X] is connected,;

e v is earlier than every vertex in X;
e v has a neighbour in X; and
o X(X)>ec

Let A be the set of all vertices of G that are not right-active, and B = V(G)\ A. Since x(G) > w+2¢,
either x(A) > w+ c or x(B) > c¢. Suppose that x(A) > w + ¢, and let C' be a component of G[A]
with maximum chromatic number. Choose ¢ with 1 < ¢ < n minimum such that W; N V(C) # 0.
Since x(W;) < w, it follows that x(C \ W;) > ¢. Let C’ be a component of C'\ W; with maximum
chromatic number; consequently x(C’) > ¢. Choose v € W; N V(C) with a neighbour in C’ (this
exists since C' is connected). But then v is right-active with X = C’, a contradiction.

This proves that x(A) < w+ ¢, and so x(B) > ¢. Let C be a component of G[B] with maximum
chromatic number. Choose i with 1 < ¢ < n maximum such that W; N V(C) # 0, and choose
v e W;NV(C). Since v is right-active, there exists X as in the definition of “right-active” above;
and then setting Y = V(C) satisfies the theorem. This proves 2.1. |



Next, we need:

2.2 Let w,c >0 and let (W1,...,W,,) be a w-colourable grading of a graph G. Let H be a subgraph
of G (not necessarily induced) with x(H) > w + 2(c + x*(G)). Then there is an edge uv of H, and
a subset X of V(QG), such that

e G[X] is connected;

e u,v are both earlier than every vertex in X;

e exactly one of u,v has a G-neighbour in X; and
e X(G[X]) > c.

Proof. We claim:

(1) There exist X,Y C V(G) with the following properties:
e G[X] and H[Y] are connected;
o cvery vertex of Y is earlier than every verter of X;

e some vertex of Y has no G-neighbour in X, and some vertex of Y has a G-neighbour in X ;
and

e X(G[X]) > c.

By 2.1 applied to H, there exist X,Y C V(H) such that
e H[X], H]Y] are both connected;
e every vertex in Y is earlier than every vertex in X;
e some vertex in X has an H-neighbour in Y; and
o \(HX]) X(H[Y)) > e+ (@),

If some vertex of Y has no G-neighbour in X, then (1) holds, so we may assume that every vertex of
Y has a G-neighbour in X. Choose y € Y and let N be the set of vertices in X that are G-adjacent
to y. Let C be a component of G[X \ N] with maximum chromatic number. Since x(G[N]) < x1(G),
it follows that x(C) > c. If some vertex of Y has a G-neighbour in V(C') then (1) holds with X = C,
so we assume not. Choose z € N with a G-neighbour in V(C). Then G[V(C) U {zx}] is connected,
and some vertex in Y has a G-neighbour in it, namely y. We may therefore assume that every vertex
of Y has a G-neighbour in V(C) U {z}, and hence is G-adjacent to x, since no vertex of Y has a
G-neighbour in V(C). But this is impossible since x(G[Y]) > x(H[Y]) > x*(G). This proves (1).

Let X,Y be as in (1). Since some vertex of Y has a G-neighbour in X and some vertex of Y has
no G-neighbour in X, and H[Y] is connected, it follows that there is an edge wv of H with u,v € Y
such that exactly one of u, v has a G-neighbour in X; and so the theorem holds. This proves 2.2. |



We also need the following;:

2.3 Let G be a graph, let k > 0, let C C V(G), and let xg € V(G)\ C, such that G[C] is connected,
xo has a neighbour in C, and x(C) > kx'(G). Then there is an induced path xo-----x) of G where
T1,...,75 € C, and a subset C' of C, with the following properties:

.
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e G[C'] is connected;

e 15 has a neighbour in C', and xg,...,x,_1 have no neighbours in C'; and

o X(C") > x(C) = kx!(G).

Proof. We proceed by induction on k; the result holds if £ = 0, so we assume that k£ > 0 and the
result holds for k—1. Consequently there is an induced path xg-- - --x_1 of G where x1,...,xp_1 € C,
and a subset C” of C, such that

e 1o,..., 151 ¢ C";

e (G[C"] is connected;

e 7;_1 has a neighbour in C”, and =z, ..., Z,_o have no neighbours in C”; and
o X(C") = x(C) — (k — 1)x'(G).

Let N be the set of neighbours of zj_1, and let C’ be the vertex set of a component of G[C” \ N],
chosen with x(C’) maximum (there is such a component since x(C”) > x!(G) > x(N)). Let x}, be a
neighbour of xj_1 with a neighbour in C’. Then xzg- - - - -z and C’ satisfy the theorem. This proves
2.3. |

If G is a graph and B,C C V(G), we say that B covers C' if BNC = () and every vertex in C' has
a neighbour in B. Let G be a graph, and let B,C' C V(G), where B covers C. Let B = {b1,...,bny}.

For 1 <i < j < m we say that b; is earlier than b; (with respect to the enumeration (by,...,by)).
Forv e C, let i € {1,...,m} be minimum such that b;, v are adjacent; we call b; the earliest parent
of v. An edge wv of G[C] is said to be square (with respect to the enumeration (by,...,by,)) if

the earliest parent of u is nonadjacent to v, and the earliest parent of v is nonadjacent to u. Let
B ={by,...,by}, and let (Wy,...,W,,) be a grading of G[C]. We say the enumeration (by,...,by)
of B and the grading (W1, ..., W,,) are compatible if for all u,v € C with u earlier than v, the earliest
parent of w is earlier than the earliest parent of v.

2.4 Let G be a graph, and let B,C C V(G), where B covers C. Let every induced subgraph J of G
with w(J) < w(G) have chromatic number at most 7. Let the enumeration (b1, ...,by) of B and the
grading (W1, ..., Wy) of G|C| be compatible. Let H be the subgraph of G with vertex set C and edge
set the set of all square edges. Let (Wi, ..., W,) be w-colourable; then x(G[C]) < wrx(H).



Proof. Let X C C be a stable set of H. We claim that y(G[X]) < wr. Suppose not. Since
(Wh,...,Wy) is w-colourable, there is a partition (Ai,...,Ay) of C such that W; N A; is stable in
G for1 <i<mnandl<j<w. Consequently there exists j such that x(G[X N A;]) > 7. From
the choice of 7, it follows that w(G[X N A4;]) = w(G). Let Y C X N A; be a clique with |Y| = w(G).
Choose ¢ € {1,...,n} maximum such that W; NY # 0, and let y € W; NY. Let b be the earliest
parent of y. Since |Y| = w(G), there exists ¥’ € Y nonadjacent to b. Since y,y' € Y C A;, and
y,y" are adjacent, it follows that ¢y ¢ W;, and so ¢/ is earlier than y, from the choice of y. Since the
enumeration and the grading are compatible, the earliest parent b’ of 3 is earlier than the earliest
parent of y, and in particular is nonadjacent to y; and so yy’ is a square edge, contradicting that
y,y' € X. This proves that x(G[X]) < wr. Since C can be partitioned into x(H) sets that are stable
in H, it follows that x(G[C]) < wrx(H). This proves 2.4. |

Combining these lemmas yields the main result of this section:

2.5 Let G be a graph, and let B,C C V(G), where B covers C. Let every induced subgraph J of
G with w(J) < w(G) have chromatic number at most 7. Let (W1,...,W,,) be a w-colourable grading
of G[C], and let the enumeration (by,...,by) of B be compatible with this grading. Let £,p > 1 be
integers. Let

X(C) > wr(4(L + 2)x°(G) + w).
Then there is an induced path p1-----pr of G|C], such that
o k> 1/;
® p1p2 1S a square edge;
e p1,p2 are both earlier than all of ps, ..., px; and

e let byl be the earliest parent of p1,pe respectively; then for each v € {b,b/,p1,...,pe}, the
G-distance between pg, and v is at least p + 1.

Proof. Let ¢ = {xY(G) + (£ + 2)x?(G). Thus
X(C) > wr(2(c+ x'(@)) + w).
Let H be the subgraph of G[C] with edge set the square edges; then by 2.4,
X(H) > 2(c+x"(G)) + w.
By 2.2, applied to G[C] and H, there is a square edge uv, and a subset X of C, such that
e (G[X] is connected;
e u,v are both earlier than every vertex in X;

e exactly one of u, v is adjacent in G to a member of X; and

o X(G[X]) >ec.



Let {p1, p2} = {u, v} where ps has a neighbour in X. Since x(X) > ¢ > £x!(G), 2.3 implies that there
is an induced path pi-----p; of G where p3,...,p; € X, and a subset C’ of X, with the following
properties:

° pi,...,pe ¢ C;

e G[C'] is connected,;

e py has a neighbour in C’, and py,...,ps_1 have no neighbours in C’; and
o X(C") 2 X(X) = 1 (G) > (¢ +2)x°(G).

Let b,V be the earliest parent of p1, pa respectively, and let Z = {b,V',p1,...,p¢}. Thus |Z| = £+ 2.
Since x(C") > (£4+2)x”(G), there exists x € C’ such that the G-distance between z and each member
of Z is at least p 4+ 1. Let py-----pr be an induced path of G[C’ U {ps}] between p; and x; then
p1-- - - -pg satisfies the theorem. This proves 2.5. |

3 Little bounding balls

In this section we carry out the first two steps of the proof, showing that the chromatic number of
every (k,{,7)-candidate G' can be bounded in terms of x3(G), and then can be bounded in terms of
x%(G). More precisely we first prove the following.

3.1 Let G be a (k,!,7)-candidate; then x(G) < 24(2¢ + 5)7x3(G)2.

Proof. We may assume that x(G) > 4x3(G). Since some component of G has the same chromatic
number, we may assume that G is connected. Choose some vertex, and for ¢ > 0 let L; be the set
of vertices with G-distance i from the vertex. There exists s such that x(Ls+1) > x(G)/2. Since
x(LoU---UL3) < x3(G), it follows that s > 3. Let Vj be the vertex set of a component of G[Ls1]
with maximum chromatic number; and choose z € Ly with a neighbour in V(. For i > 0 let M; be the
set of vertices in Vo U{z} with G[VpU{z}]-distance i from z. Choose ¢ such that x(Mi+1) > x(Vb)/2.
Again, since x(V)/2 > x3(G), it follows that t > 3.

The set of vertices in M, 1 with G-distance at most three from z has chromatic number at most
x3(G); so there is a set C C Myyq with x(C) > x(My41) — x*(G) such that every vertex in C' has
G-distance at least four from z. Let B be the set of vertices in Lg with a neighbour in C', and let D
be the set of vertices in M; with a neighbour in C. Thus every vertex in B U D has G-distance at
least three from z.

Let Vi = My U---U M;_1. Thus G[V4] is connected, and there are no edges between V; and C.
Let By be the set of vertices in B with no neighbour in Vj. Let By be the set of vertices v in B with
a neighbour in V; such that the G[V; U {v}]-distance between z, v is odd, and let By be the set where
this distance is even. Every vertex in C has a neighbour in at least one of By, B, Bo; let C; be the
set of vertices in C with a neighbour in B; for i = 0,1, 2.

(1) x(Co) < (40 +9)7x*(G)*.

Take an enumeration (di,...,d,) of D, and for 1 < i < n let W; be the set of vertices v € Cj



such that v is adjacent to d; and nonadjacent to dy,...,d;—1. Then (W7,..., W),) is a grading of Cj,
and is x*(G)-colourable (indeed, T-colourable, but we need the x3(G) bound), and the enumeration
(di,...,dy,) is compatible with it. Suppose that x(Cp) > (4¢ + 9)7x3(G)?. By 2.5 with p = 3 and
w = x3(Q), there is an induced path pi----- pr. of G[Cp], such that

o k>U;
e p1p2 is a square edge;
e p1,p2 are both earlier than all of ps, ..., pg; and

e let d,d’ be the earliest parent of p1,py respectively; then for each v € {d,d’,p1,...,p¢}, the
G-distance between pi and v is at least 4.

Since d,d’ € D, there are induced paths Q, Q" of G[V1 U D] between d, z and between d’, z respec-
tively, both of length ¢. Let y € By be adjacent to py. There is an induced path R between z,y
with interior in Ly U ---U Lg_1, since z,y € Ls. Now y is nonadjacent to d,d’ since the G-distance
between py and d,d’ is at least four. It follows that Q U R is an induced path between d,y, and
Q' U R is an induced path between d’,y, of the same length. Also y is nonadjacent to p1,pa,...,ps
since py has G-distance four from all these vertices. Choose j < k minimum such that p; is adjacent
to y. Now d,d’ are both nonadjacent to ps,...,p; since pi,ps are both earlier than ps,...,p;; and
since p; is nonadjacent to d’ and ps is nonadjacent to d (because pips is a square edge) it follows
that d-pi-pa-----pj-y and d'-pa-- - - - p;-y are both induced paths, joining d,y and d’,y respectively.
So the union of d-pi-pa----- pj-y with Q U R is a hole, and the union of d’-ps-----p;j-y with Q" U R
is a hole; and these holes differ in length by one. Since they both have length more than ¢, this is
impossible. This proves (1).

(2) For h =1,2, x(Cp,) < (40 +9)7x3(G)>.

Enumerate the vertices of V] in increasing order of G[Vj]-distance from z, breaking ties arbitrar-
ily; that is, take an enumeration (ai,...,a,) of Vi where for 0 < ¢ < j < n the G[V;]-distance
between a;, z in G[V1] is at most that between a;, z. For each v € C},, choose i € {1,...,n} minimum
such that some vertex in By, is adjacent both to v and to a;. (Such a value of i exists from the
definition of By, Cy.) We call a; the earliest grandparent of v. For 1 < i < n, let W; be the set of
vertices in C, with earliest grandparent a;. Thus every vertex in W; has G-distance two from a;, and
so x(W;) < x3(G); and it follows that (W1, ..., W,,) is a x*(G)-colourable grading of G[C}] (indeed,
it is x2(G)-colourable, since W; C N2[a;]). Take an enumeration (by, ..., by, ) of By, such that vertices
with earlier neighbours in V; come first; that is, such that for 1 < i < j < m, there is a neighbour
ap, € Vi of b; such that h < A’ for every neighbour a of b; in V;. It follows that (bq,...,b,,) and
(W1,...,W,) are compatible.

Suppose that x(Cp) > (4 + 9)7x3(G)?. By 2.5 with p = 3 and w = x3(G), there is an induced
path pi-----pg of G[C}], such that

o k>1;
e p1p2 is a square edge;

e p1,p2 are both earlier than all of ps, ..., pg; and



e let b,b’ be the earliest parent of pi,pe respectively; then for each v € {b,¥,p1,...,p¢}, the
G-distance between p; and v is at least 4.

Let b” be the earliest parent of pi, and let a,a’,a” be the earliest grandparents of pi, pa, pr. respec-
tively. It follows that ab,a’d’,a”b"” are edges. Since both a,a’ occur in the enumeration (aq, ..., a,)
before a”, and a” is the earliest grandparent of py, there are induced paths @, Q' of G[V;] between
a,z and between a’, z respectively, with lengths of the same parity as h + 1 (because p1,p2 € Ch),
such that b” has no neighbours in @Q,Q’. There is an induced path R between z,b” with interior
in Lo U --- U Ls_1, using only two vertices of Ls_1 (neighbours of z,b” respectively). Now since
p,p’ € C, they both have G-distance at least four from z; and so b, b both have G-distance at least
three from z. Moreover b,b both have G-distance at least four from p, and hence at least three
from b”. Consequently they both have G-distance at least two from the vertices of R in Lg_q (it is
to arrange this that we need to control the chromatic number of balls of radius three); and so b,
both have no neighbours in R. It follows that Q U R is an induced path between b,b”, and Q' U R
is an induced path between b’,b”, and they have lengths of the same parity. Now b” is nonadjacent
to p1,...,pe since the G-distance between pi and pi,...,py is at least four. Choose j minimum
such that p; is adjacent to b”. Also, b,b’ are nonadjacent to ps,...,py since p1,ps are earlier than
P3, ..., pk; and since p1ps is square, the union of QU R with b-pi-po-- - - - p;-b" and the union of Q' UR
with b'-pa-----p;-b" are holes of opposite parity, both of length more than ¢, which is impossible.
This proves (2).

From (1) and (2), we deduce that x(C) < 3(4¢ + 9)7x3(G)2. But x(C) > x(Mi41) — x*(G), so
X(Mi1) < 3(40+ 9)7x3(G)? + x*(G). Since x(Miy1) > x(V)/2, and x(Vo) > x(G)/2, we deduce
that

X(G) < 12(40 + 9)7x3(G)? + 4x3(G) < 24(20 + 5) 73 (G)>.

This proves 3.1. |
Next we bound x(G) in terms of x%(G), as follows.
3.2 Let G be a (k,{,T)-candidate; then x(G) < 96(2¢ + 5)373x2(G)3.

Proof. Let z be a vertex such that x(N3[z]) = x*(G), and let L; be the set of vertices with G-
distance i from z, for 0 < i < 3. Fix a x?(G)-colouring of G[Lo U Ly U Ls], and for each v € L3
choose a path of length three from z to v, and let a(v), 5(v) be the colours of its second and third
vertex respectively. Choose colours «, 3, and let C' be the set of v € L3 such that a(v) = « and
B(v) = . Let B be the set of vertices in Ly with colour 8 and with a neighbour in L; with colour a.
Consequently B covers C', and any two vertices in B are joined by an induced path of even length
with interior in Ly U L.

Let (by,...,b,) be some enumeration of B, and for 1 < i < n let W; be the set of v € C such
that v is adjacent to b; but not to by,...,b;—1. Thus (Wi,...,W,,) is a 7-colourable grading of G[C]|
compatible with (by,...,b,). Suppose that x(C) > (4¢ + 9)7x?(G)%. Then by 2.5 with p = 2 and
w = x%(G) there is an induced path p;-----py of G[C], such that

o k>

e p1p2 is a square edge;



e p1,p2 are both earlier than all of ps, ..., pg; and

e let b,b’ be the earliest parent of pi,pe respectively; then for each v € {b,¥,p1,...,p¢}, the
G-distance between p; and v is at least 3.

It follows that b, b’ are nonadjacent to ps, ..., py; let b’ € B be adjacent to py, and choose 7 minimum
such that p; is adjacent to b”. Since py has G-distance at least three from each of b, ¥, p1, ..., py,
it follows that b” is nonadjacent to all these vertices. Choose j minimum such that p; is adjacent
to b; then b-p1-pa-p;-b" and b'-pa-- - - -p;-b” are induced paths both of length more than ¢ and with
lengths of opposite parity. Let @ be one of them with odd length. There is an induced path of even
length joining the ends of @) with interior in Lo U L;; and its union with @ is an odd hole of length
more than ¢, which is impossible.

This proves that x(C) < (4¢ + 9)7x%(G)?. Since this holds for every choice of «, 3, and there
are only x2(G)? such choices, it follows that x(L3) < (40 + 9)7x?(G)*. But x*(G) < x(L3) + x*(G),
so \3(G) < 2(20 + 5)7x%(G)*. From 3.1, it follows that x(G) < 96(2¢ + 5)373x%(G)3. This proves
3.2. |

4 Multicovers

In this section we combine 3.2 with a result of [3] to deduce 1.3, and for this we need some definitions.
If X,Y are disjoint subsets of the vertex set of a graph G, we say

o X is complete to Y if every vertex in X is adjacent to every vertex in Y; and
e X is anticomplete to Y if every vertex in X nonadjacent to every vertex in Y.

(If X = {v} we say v is complete to Y instead of {v}, and so on.)

Let z € V(G), let N be some set of neighbours of z, and let C' C V(G) be disjoint from N U {z},
such that z is anticomplete to C' and N covers C. In this situation we call (z, N) a cover of C in G.
For C, X C V(G), a multicover of C in G is a family (N, : 2 € X) such that

e X is stable;
e for each x € X, (z, N,) is a cover of C;

e for all distinct x,2’ € X, 2’ is anticomplete to N, (and in particular all the sets {x} U N, are
pairwise disjoint).

Its length is | X|; and the multicover (N, : x € X) is stable if each of the sets N, (x € X) is stable.

4.1 For all m,c,k,7 > 0, suppose that w(G) < K, and x(H) < T for every induced subgraph H of
G with w(H) < k. If G admits a multicover (N, : © € X) with length m of a set C'" C V(G) with
X(C") > ™, then G admits a stable multicover contained in (N, : © € X) with length m, of some
subset C' C C" with x(C) > c.



Proof. Let (N, :xz € X) be a multicover in G of length m, of a set C’ with x(C’) > er™. For each
x € X, since G[N] has clique number less than r, this subgraph is 7-colourable; choose some such
colouring, with colours 1,...,7 (for each x). For each v € C’, let f, : X — {1,...,7} such that for
each z € X, some neighbour of v in N/ has colour f,(z). There are only 7™ possibilities for f,, so
there is a function f: X — {1,...,7} and a subset C' C C” with x(C) > x(C")7~™ > ¢, such that
fo = f forall v e C. For each x € X, let N, be the set of vertices in N/ with colour f(x); then
(N : z € X) is a stable multicover of C. This proves 4.1. |

Let (N; : x € X) be a multicover of C' in G. It is said to be k-crested if there are vertices
ai,...,ax and vertices a;x(1 < i < k,x € X) of G, all distinct, with the following properties:

® ai,...,a; and the vertices a;;(1 <i < k,z € X) do not belong to CU X U, x Na;

e for 1 <i <k and each z € X, a;, is adjacent to x, and there are no other edges between the
sets {a1,...,ap} U{ai 1 1 <i<k,z€ X}and CUXUJ,cx Na;

e for 1 < ¢ < k and each =z € X, a;, is adjacent to a;, and there are no other edges between
{a1,...,ax} and {a;z : 1 <i < k,z € X}

® ai,...,a; are pairwise nonadjacent;
e for all distinct 4,5 € {1,...,k} and all z,y € X, aj, is nonadjacent to a;y,.

Note that a;; may be adjacent to a;,. We say the multicover is stably k-crested if for 1 <1i < k and
all distinct z,y € X, aiz, a;jy are nonadjacent. Theorem 2.1 of [2] (setting j of the theorem to be k)
implies:

4.2 For all m,c,k, 7 > 0 there exist m’',c > 0 with the following property. Let G be a graph with

w(G) < K, such that x(H) < T for every induced subgraph H of G with w(H) < k. Let (N, : x € X')
be a stable multicover in G of some set C', such that | X'| > m' and x(C") > . Then there exist
X C X" with | X| > m, and C C C" with x(C) > ¢, and a stable multicover (N, : v € X) of C
contained in (N, : © € X') that is 1-crested.

Ramsey’s theorem applied to the vertices {a1, : * € X} together with 4.2 yields (under the same
hypotheses) that such a stable multicover exists which is stably 1-crested; and combining this with
4.1 yields:

4.3 For all m,c,k, 7 > 0 there exist m’,c > 0 with the following property. Let G be a graph with

w(@) < K, such that x(H) < 7 for every induced subgraph H of G with w(H) < k. Let (N, : z € X')
be a multicover in G of some set C', such that |X'| > m’ and x(C") > ¢/. Then there exist X C X'
with | X| > m, and C C C" with x(C) > ¢, and a stable multicover (N, : © € X) of C contained in
(N! :x € X') that is stably 1-crested.

Repeated application of this yields:

4.4 For allm,c,k,k,7 > 0 there exist m’,c > 0 with the following property. Let G be a graph with

w(@) < K, such that x(H) < 7 for every induced subgraph H of G with w(H) < k. Let (N, : z € X')
be a multicover in G of some set C', such that |X'| > m’ and x(C") > ¢/. Then there exist X C X'
with | X| > m, and C C C" with x(C) > ¢, and a stable multicover (N, : © € X) of C contained in
(N! :x € X') that is stably k-crested.
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We deduce:
4.5 For all {,k,7 > 0, there exist m’,c’ > 0 such that if G satisfies:

o W(G) < kK;

o X(H) <7 for every induced subgraph H of G with w(H) < k; and

e G admits a multicover of length at least m’ of a set C C V(G) with x(C) > ¢;
then G has an odd hole of length at least £.

Proof. Let m/,c satisfy 4.4, with k,m both replaced by ¢ and with ¢ = 7. Let G be as in the
theorem; so G admits a stably ¢-crested stable multicover (N, : z € X)) of a set C', where | X| = ¢ and
x(C) > ¢. Let aq,...,ap and the vertices a;,(1 < i < ¢,x € X) be as in the definition of stable k-
crested. Choose distinct 21,29 € X. Let ¢; € {¢+1,¢+ 3} be a multiple of four. There is an induced
path P between x1,z9 of length ¢ such that V(P) C {a1,...,a/} UX U{a;p : 1 <i < /lx € X}.
Since x(C) > 7, there is a k-clique Y C C. Choose b; € N, UN,, with as many neighbours in Y as
possible. By exchanging x;,x2 if necessary, we may assume that b € N.,. Now b; is not complete
to Y since w(G) < k; so there exists y2 € Y nonadjacent to by. Choose by € N,, adjacent to ys.
From the choice of b1, there exists y; € Y adjacent to b; and not to by. If by, by are adjacent let @@
be the path x1-b1-bs-z2, and otherwise let @) be the path x1-b1-y1-yo-bo-x2. Thus @ is induced, and
has length three or five, and the union of P and @ is an odd hole of length more than ¢. This proves
4.5. |

Let N denote the set of nonnegative integers, let ¢ : N — N be a nondecreasing function, and let
h > 1 be an integer. We say a graph G is (2, ¢)-controlled if x(H) < ¢(x*(H)) for every induced
subgraph H of G. Consequently 3.2 implies that:

4.6 FEvery (k,{,T)-candidate G is (2, ¢)-controlled where ¢ is the function
d(z) = 96(2¢ 4 5)37328.

We need the following, a consequence of theorem 9.7 of [3]. That involves “trees of lamps”, but
we do not need to define those here; all we need is that a cycle of length £ is a tree of lamps. (Note
that what we call a “multicover” here is called a “strongly-independent 2-multicover” in that paper,
and indexed in a slightly different way.)

4.7 Let m,k,c £ >0, and let ¢ : N — N be non-decreasing. Then there exists ¢ with the following
property. Let G be a graph such that

o W(G) < kK;
o G is (2,¢)-controlled;
e G does not admit a multicover of length m of a set with chromatic number more than c'; and
e (G has no hole of length £.
Then x(G) < c.
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Finally, we can prove 1.3, which we restate:

4.8 For all k,€ > 0 there exists ¢ such that for every graph G, if w(G) < Kk and x(G) > ¢ then G
has an odd hole of length at least £.

Proof. As we saw in section 1, it suffices to prove an upper bound on the chromatic number of all
(k, £, 7)-candidates, for all 7 > 0. Let m/, ¢ satisfy 4.5, and let ¢ be as in 4.6. Let ¢ satisfy 4.7, with
m replaced by m/.

Now let G be a (k, £, 7)-candidate. If G admits a multicover of length m’ of a set with chromatic
number more than ¢/, then by 4.5, G has an odd hole of length at least ¢, which is impossible. Thus
G does not contain such a multicover. Since G is (2, ¢)-controlled by 4.6, it follows from 4.7 that
X(G) < c. This proves 4.8. |
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