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Abstract

Fix £ > 2 and let H be a graph with x(H) = k + 1 containing a critical edge.
We show that for sufficiently large n, the unique n-vertex H-free graph containing the
maximum number of cycles is Ti(n). This resolves both a question and a conjecture
of Arman, Gunderson and Tsaturian [4].

1 Introduction

For a graph G, let ¢(G) be the number of cycles in G. The problem of bounding ¢(G) for
various classes of graph has a long history: for example, an upper bound on ¢(G) in terms of
the cyclomatic number of G was given by Ahrens [1] in 1897; while a lower bound is implicit
in work of Kirchhoff [19] from fifty years earlier.

For graphs on n vertices, the number of cycles is clearly maximized by the complete
graph, which has Y7 ,(i!/2i)(") cycles. But what happens if we constrain the structure
of G by forbidding some subgraph? In other words, what is the maximal number of cycles
in an H-free graph on n vertices (here a graph is H-free if it does not contain a subgraph

isomorphic to H)? For graphs G and H, let ¢(G) be the number of cycles in G and let
m(n; H) := max{c(GQ) : |V(G)| =n,H < G}.

The problem of determining m(n, H) was introduced by Durocher, Gunderson, Li and Skala
[9] (who studied m(n, K3)) and will be the focus of this paper.
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The problem of maximizing the number of edges in an H-free graph has been extensively
studied. Indeed, Turén [23] proved that the unique n-vertex Ky ;-free graph with the maxi-
mum number of edges is the complete k-partite graph with all classes of size |n/k] or [n/k],
which is known as the Turdn graph Ti(n). More generally, the classical Turdan problem asks
for the maximum number of edges in an H-free graph: this is the extremal number ex(n; H)
and the eztremal graphs are EX(n; H) = {G : |V(G)| = n, H € G}, that is the H-free graphs
on n vertices with ex(n; H) edges. For further detail, we refer to [7].

Much less is known about maximizing the number of cycles in H-free graphs. Durocher,
Gunderson, Li and Skala [9] investigated m(n, K3), and conjectured that the maximum
is attained by the Turdn graph T3(n). This conjecture was proved for large n by Arman,
Gunderson and Tsaturian [4], who showed that, for n > 141, Ty(n) is the unique triangle-free
graph containing m(n; K3) cycles. They made the following natural further conjecture.

Conjecture 1.1 (Arman, Gunderson and Tsaturian [4]). For any k > 1, for sufficiently
large n, Ty(n) is the unique n-vertex Cogi1-free graph containing m(n; Copi1) cycles.

A partial result towards this conjecture is given in [4], where it is shown that m(n; Co41) =
O(c(Ty(n))). They also ask about a different generalisation.

Question 1.2 (Arman, Gunderson and Tsaturian [4]). For k& > 4, what is m(n; K;)? Is
Ti—1(n) the Kj-free graph containing m(n; Kj) cycles?

In this paper we prove Conjecture for any fixed k and sufficiently large n and answer
Question [I.2]affirmatively for sufficiently large n. In fact we prove a much more general result.
In what follows we say that an edge e of a graph H is critical if x(H\{e}) = x(H) — 1. Our
main result is the following.

Theorem 1.3. Let k > 2 and let H be a graph with x(H) = k+1 containing a critical edge.
Then for sufficiently large n, the unique n-vertex H-free graph containing the maximum
number of cycles is the Turdn graph Ty(n).

The condition that H has a critical edge is necessary, since if H does not have a critical
edge we can add an edge to the relevant Turdn graph without creating a copy of H (and
the addition of this edge will increase the number of cycles). Conjecture follows from
Theorem as an odd cycle contains a critical edge.

By using the same techniques as in the proof of Theorem [I.3] we are able to obtain a
bound on the number of cycles in an H-free graph for any fixed graph H (not just critical
ones).

Theorem 1.4. Let k > 2 and let H be a fized graph with x(H) =k + 1. Then

m(n; H) < (—k ; 1) nre~(1—e)n



The Turdn graph gives a lower bound showing that this bound is tight up to the o(1)
term in the exponent.

In this paper we concern ourselves with maximising cycles of any length in a graph with
a forbidden subgraph. The related problem of maximising copies of a single graph in a
graph with a collection of forbidden subgraphs has received a great deal of attention. For a
graph G and family of graphs F, define ex(n, G, F) to be the maximum possible number of
copies of G in a graph containing no member of F. The value of ex(n, G, F) is of particular
interest when the graphs being studied are cycles (see [2] 6], [10] for results concerning other
graphs). Improving on earlier work of Bollobés and Gyéri [8] and Gyéri and Li [16], Alon and
Shikhelman [2] gave bounds for ex(n, K3, Co,y1), when k > 2. Using flag algebras, Hatami,
Hladky, Kral’, Norine, and Razborov [17] showed that the unique triangle-free graph with
maximum number of copies of Cjy is the balanced blow up of C5. Also using flag algebras,
Grzesik [14] determined ex(n,Cj, K3). More recently, Grzesik and Kielak [15] determined
ex(n, Cogt1, F), where k > 3 and F is the family of odd cycles of length at most 2k — 1.
They also asymptotically determine ex(n, Cogi1, Cor_1).

The rest of paper is organised as follows. Section [2| contains a number of lemmas about
counting cycles in complete k-partite graphs (Lemmas [2.1H2.6)). These will be used in Sec-
tion [] for the proof of Theorem [I.3] The statements are very natural but our proofs are
unfortunately technical, so we defer these to Section [5] In Section [3] we prove Lemma [3.2
and use similar techniques to prove Theorem [I.4, The proof of Theorem is completed
in Section 4] We conclude the paper in Section [6] with some related problems and open
questions. We conclude the current section with a sketch of the proof of Theorem [T.3]

1.1 Outline of Proof

In what follows we fix H to be a graph with y(H) = k + 1 that contains a critical edge and
assume that n is sufficiently large. As usual, for a graph F' we will write e(F) := |E(F)|
and in the particular case of the Turdn graph, we will write tx(n) = |E(Tx(n))|. Let
G be an n-vertex H-free graph with ¢(G) = m(n; H). As Ti(n) is H-free, we have that
m(n; H) > ¢(T(n)). We will suppose that G is not Ti(n) and obtain a contradiction by
showing that ¢(G) < ¢(Tk(n)).

The first step in the proof (Lemma[4.1]) is to show that G with ¢(G) > ¢(T}(n)) contains
at least e(Tx(n)) — O(nlog®n) edges. In order to prove this, we will need a bound on the
number of cycles an n-vertex H-free graph with m > S(H) - n edges can contain, where 3 is
some constant depending on H. Such a bound is provided by Lemma (3.2}

Given Lemma , we are able to apply the following stability result from [21].

Theorem 1.5 (Theorem 1.4 [21]). Let H be a graph with a critical edge and x(H) = k +
1 > 3, and let f(n) = o(n?) be a function. If G is an H-free graph with n vertices and
e(G) > tr(n) — f(n) then G can be made k-partite by deleting O(n=' f(n)*?) edges.

Since we have f(n) = O(nlog®n), this will imply that G is a sublinear number of edges
away from being k-partite. We then take a k-partition of G which minimises the number of
edges within classes and carefully bound (given that G is not T(n)) the number of cycles
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G can contain that do not use edges within classes (Lemma . We conclude the proof
by separately counting the cycles in G' that use edges within classes and observing that the
total number of cycles in G is not large enough, a contradiction.

2 Counting Cycles in Complete k-partite Graphs

In this section we state some results about the number of cycles in complete k-partite graphs.
These are needed in Section [ for the proof of Theorem [I.3 but may be of independent
interest. Despite the simplicity of the statements, the proofs are annoyingly technical, and
so we will give them later in Section [f]

The first gives a bound on the number of cycles in Ti(n). In what follows we write h(G)
for the number of Hamiltonian cycles in G (a Hamiltonian cycle of a graph is a cycle covering
all of the vertices). We also define ¢,(G) to be the number of cycles of length r in G.

Lemma 2.1.
C2|n/2] (Ty(n)) ~ w27 "n"e™ ",

h(Ty(n)) = Q ((%)n nnéen) .

Since ¢(G) > h(G) for all G, if follows that ¢(Ty(n)) = Q ((%)nn”_%e_”) . Arman [3]

Theorems 5.22 and 5.26] proves similar results here and also provides an upper bound for
c(Ti(n)).

Lemma 2.2. Let k > 2 and G be an n-vertex k-partite graph. Then for any r, ¢.(Tx(n)) >
¢ (G). Furthermore, when n > 5, ¢(Tx(n)) > ¢(GQ) for any n-vertex k-partite graph G not
isomorphic to Ty(n).

In particular, Lemma implies that the Turdn graph Ty(n) has the most Hamilton
cycles amongst all k-partite graphs on n vertices.

In order to state the next few lemmas we require some more technical definitions. For
a= (ay,...,a;) € N¥ we define K, to be the complete k-partite graph with vertex classes
Vi,..., Vi, where |V;| = a;. Let v be some vertex in V(K,). We define h,(j, K,) to be
the number of permutations v; - - - v, of the vertices of K,, such that v; = v, v, € V; and
vy -+ v, is a Hamilton cycle (we count permutations rather than cycles, so that we count
a cycle vq -+ - v, with ve and v, from the same vertex class twice). Note that if we count
the Hamilton cycles by considering v - - - v, with v; fixed, by counting the number of cycles
visiting each other vertex class first, then each cycle will be counted twice due to the choice
of orientation. So for v € V;, we have

1 .
h’(Kg) - §Zhv(]7Kg)- (21)
J#i
The next lemma will allow us to count cycles more accurately in complete k-partite
graphs that are not balanced.

and for fixed k > 3,



Lemma 2.3. Let k > 3. Let b= (by,...,b), c = (c1,...,cx) € N¥ be such that b; > b; if
and only if ¢; > ¢;, and that Ky, = T (n). Denote the vertex classes of K. by Vi, ..., Vi, and
vertex classes of Ky, by V{,..., V. Then ifv € Vi,w € V], then

k
b
B2, K.) < B2, Ti(n) [T e/,
=1

We now bound the proportion of Hamilton cycles starting from a fixed vertex that imme-
diately pass through a fixed vertex class. This will be important when we bound the cycles
in a non-complete k-partite graph.

Lemma 2.4. Let k > 3, and suppose Ti(n) has vertex classes Vi, ..., Vi (arbitrarily ordered
independently of class size). Then for n sufficiently large, if v € V1,

he(2.Til) > - h(Ti(n)).

The next two lemmas give a recursive bound on the number of Hamilton cycles in Tj(n).
This will allow us to bound the number of cycles in the Turan graph in terms of the number
of Hamilton cycles it contains. Throughout the chapter we will make use of the notation

(n);:=n-(n—1)---(n—(1—1)).

Lemma 2.5. For k,n € N,k > 3 and i € [n],

Lemma 2.6. For k,n € N,k > 3:
c(Ti(n)) < eF2h(Ty(n)).

Finally, we have similar results when k = 2. This case is slightly different to when k& > 3
as Ty(n) only contains even cycles.

Lemma 2.7. Forn € N and i = o(n), we have

c(To(n — 1)) < 2e (é)ic,zm (Ty(n)).

n

3 Counting Cycles in H-free Graphs

Fix H to be a graph with y(H) = k 4 1 containing a critical edge. The first aim of this
section is to prove a lemma bounding the number of cycles in an n-vertex H-free graph
containing a fixed number of edges. We will need the following theorem of Simonovits [22].



Theorem 3.1 (Simonovits [22] Theorem 2.3]). Let H be a graph with x(H) = k+1 >3
that contains a critical edge. Then there exists some ng such that, for all n > ng, we have
EX(n; H) = {Tk(n)}.

Given H, define n{(H) to be the smallest value of ny such that Theorem holds and
choose nog(H) > ny(H) such that ex(n; H) > 10n for each n > ny. We define S(H) := 10n,.

In a recent paper, Arman and Tsaturian [5] consider the maximum number of cycles in
a graph with a fixed number of edges: They show that if G is an n-vertex graph with m
edges, then

AG) ()" for e > 3,

n—1

C(G) < { %A(G) . (\3/§)m’ otherwise.

This general bound is not strong enough for us: comparing this bound with the bounds
given in Lemma we see that a graph with at least as many cycles as Tj(n) has at least
(1+0(1)) e 'ty (n) edges. However under the additional assumption that our graph does not
contain a forbidden subgraph H, we are able to prove the following lemma which we will
later use to show that an H-free graph with at least as many cycles as Ti(n) has at least
(14 0(1)) tx(n) edges. We remark that when m is close to tx(n), the bound we gives beats
the general bound of Arman and Tsaturian by an exponential factor.

Lemma 3.2. Let H be a fized graph with x(H) = k+ 1 > 3 containing a critical edge.
For n sufficiently large, let G be an H-free graph with n vertices and m edges where t(n) —
10n > m > B(H) - n (recall the definition of B(H) from just after Theorem (3.1). Then

c(G)=0 </\"n’”r2 ()" e(iiﬁ_/\n), where

A::1—<1—k2—_]€1ﬁ>. (3.1)

N =

The next lemma bounds the maximum number of paths that an H-free graph G can
contain between two fixed vertices. For x,y € V(G), define p,, to be the number of paths
between x and y in G.

Lemma 3.3. Let H be a graph with x(H) =k + 1 > 3 that contains a critical edge. Forn

sufficiently large, let G be an H-free graph with n vertices and m edges where ti(n) —10n >
m > B(H) - n (recall the definition of S(H) from just after Theorem (3.1)). Then for any

z,y € V(G),
pen(©) =0 (wur (E2) et
where X is as defined in (3.1)).
Lemma [3.2] follows easily from Lemma [3.3



Proof of Lemma[3.3. Observe that for each edge e = xy in G, the number of cycles containing
e is at most p,,. Thus, by Lemma [3.3]

c(G) < Z Pry(G)

zyeE(G)

as required. N

Before proving Lemma [3.3, we prove the following Lemma which allows us to consider
an integer valued linear optimisation problem to find upper bounds for the number of paths
between vertices in graphs with a forbidden subgraph.

Lemma 3.4. Let H be a graph with x(H) > 3. Let G be an H-free graph with n vertices
and m edges, and let z,y be vertices of G. Then p,,(G) is bounded by the mazimum value
of the product

[ [ max{r:, 1} (3.2)
=2
under the following set of constraints:
(i) 1i € Z>g, for 2 <i<mn,
(ii) >, <m, and
(iii) Soi_, 1 < ex(t; H), for2 <t <n.

Proof of Lemma[3.4 Fix z,y € V(G). We define a sequence of vertices (z;)icf, and a
sequence of graphs (G;)cn as follows. Let x; =  and Gy = G. For i > 2, given z;_; and
Gi_1, let G; = G;_; \ z;_1 and choose z; with p,, ,(G;) as large as possible.

We count the number of paths between x and y by summing over possibilities for the
second vertex in a path. We get the following inequality

pey(G) = D pay(G\ {2})

z€N(x)
<dg(z1) - max{p,,(G2) : z € N(x1)}
= dG(%1)Pasy(Ga2)-

Repeating this process gives



where £ is minimal such that max{p,,,, ,(Ge1) : Te41 € Ng, (7))} = 1.
For 1 <i </, let d; := dg,(x;). Note that the d; are positive integers and that Zle d; <
m. Also note that for any ¢t € {1,..., ¢}, we have

14
D di < e(Gy).
i=t

Therefore, as G is an (n —t+ 1)-vertex H-free graph, Zf:t d; <ex(n—t+1; H). The result
follows by letting r; =0 fori =2,....n—fand r; =d,y1_;fori=n+1—-1¢,... n. ]

We now prove Lemma |3.3]

Proof of Lemma 3.3 Following on from the proof of Lemma [3.4] we consider a relaxation of
the constraints given in the statement of Lemma Recall that ng := ng(H) is such that
ex(s; H) = tx(s) and ex(s; H) > 10s for all s > ny. We look to maximise

Hmax{ri, 1}, (3.3)

under the following relaxed constraints:
(a) 1; € Zsy, for i > ny,
(b) 7; € Rsy, for i < ny,

(c) >or,r <m,and

(d) S0, < ex(t; H), for each ng < t < n.

Since m > B(H)n, we have ™ > 10;(’:—("0) Now let (r;)", be a sequence maximising (3.3)
subject to (a)-(d). We may assume that ro,...,7r,, and rpy41,...,7, are in increasing order
as this will not violate (a)-(d).

Claim 3.5. There is some I € [ng + 1,n — 2] such that:

(Z) r; = tsonol ) fOT 1 < no,

(i1) ri = t(i) — tp(i — 1), forng+1<i <1, and
(i1i) r; € {ry,ry+ 1}, fori>I.

Proof of Claim. Let T = Y%, r;. Then (r9,...,75,) = (0,...,0, g, ..., %) for some S €
[ng — 1] (or else we can increase [[°, ;). We may assume that T is an integer as we can
replace T' by [1'] and still satisfy (a)-(d). Differentiation of the function j(z) = (£)* shows
that if T' > eng, then S =ng— 1 and so r; = % for each i € [no].

Suppose that T' < e - ng. Then since ™ > S(H) > wrf(’j—(_nf), there must be a j > ng such

that r; > @ > 10. Choose j to be minimal with this property. It can easily be verified
no
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that increasing 7, by 2 and decreasing r; by 2 gives a sequence which satisfies (a)-(d) but
gives a larger product. Therefore it must be the case that T'> e - ng and so S = ng — 1.
Now suppose that (i) doesn’t hold and so e - ng < T < tx(no). Since ™ > mt’“—("o) there

5tk no

exists some j > ng such that r; > . Choose j to be minimal with thls property and

define (s;)I, by s; = % for ¢« < no, s; = r; — 1 and s; = r; otherwise. Then (s;)7,
is a sequence satisfying (a)-(d) which gives a larger product, a contradiction. Therefore
T = tr(no) and (i) holds.

Now suppose that (ii) does not hold and so 7,041 < tx(no + 1) — tx(ng). Since T >
2(tk(no + 1) — ti(no)), there must be a j > ng such that r; > t;(ng + 1) — tx(ny). Choose j
to be minimal with this property and define (s;)I5 by Spo+1 = Tno+1 + 1, s; = r; — 1 and
s; = r; otherwise. Then (s;), is a sequence satisfying (a)-(d) which gives a larger product,
a contradiction. Therefore r, 41 = tg(ng + 1) — tx(no) and (ii) holds.

Let j > ng + 1 be minimal such that S27_ 7, < tx(j) — 1 (such a j must exist since
m < tx(n)) and set I = j — 1. If (iii) does not hold then there exists some ¢ > j such that
r; +1 < ry. Let ¢ be minimal with this property, and define s; := r; + 1, s, := r, — 1, and
s; == r; for all i & {7,t}. The sequence (s;);c[n) satisfies (a)-(d) but

ﬁ max{r;, 1} < ﬁ max{s;, 1},
i=2 i=2

a contradiction. Therefore (r;)"_, satisfies properties (i)-(iii), completing the proof of the
claim.
Finally note that I < n — 2 follows from m < t;(n) — 10n. O

Putting the values for r; from the claim into (3.3)), we see that

Doy < (Z)(—TD "I -0 I

0 (H ) , (3.4)

where (s;) is some sequence such that s; =t (i) —tg(i — 1) fori € {2,..., 1}, s; € {sy,s;+1}
fori>1,and m=>",s.

Note that s; = t;,(i) — t(i — 1) = (i — 1) — | 52| for ¢ < I. Then the sequence (s;)!_, is
just the natural numbers up to I — 1 — VTJ Wlth a repetition at each multiple of £k — 1. In

other words,
I-1 I-1

and sgpp1 = {(k — 1) for each ¢ < % Letting b = V;klj we have

1 b

H si=(s)! [k —1) = s/lbl(k — 1)". (3.5)



The remaining n — I elements of the product [[;_, s; are all at most s; + 1. Therefore,

by and we have
Pay = O (H Si)
i=2

) (sI!b!(k: - 1)bs?—fei) . (3.6)

|
@)
/N
3
+
»
&
+
—
~
)
~
<.
+
=
)
ol
—_
=
@D
]
ko]
—N
23
|
~
——
N——

Since s; =1 —1— Ll;klj > (k— 1)% and b = Ll_lj < IT we have b < *. Therefore

pay =0 (sy—b—m (%)Hm (k= 1) exp {s% - I})
osen{2-1Y)
Note that s; € [52(I — 1), % 1] and so
o000 (Y o7 oot -0}
ol (Y ol o))

Substituting I — 1 = an gives

E—1\" -
Day = O (a”nn (T) e(lzk Da Om) . (37)

It remains to determine the value of . We do this by counting edges. Since m =), s,
we see that

m>t(I)+sr(n—1). (3.8)

Arguing as for (3.5), we see that
St b

(1) =Y i+ (k=1)) j

i—1 j=1

%( + 57+ (k= 1) (b +b)).
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If we put this value for ¢;(/) into (3.8)) we see that

1
m > S(sp+sr+ (k=D +0) +s1(n—(1—-1)) =5
1
:5(s?—s[—i-(k:—l)(bQ—i-b))+s;(n—([—1)).
Now consider that b = V%J > I;kl — 1, so that b*> +b > (%) — =—=. Recall also that

s; > 2211 — 1) and so

mZ%((%) (1—1)2—%(1—1”%;1(1—1)2—%(1—1))
+u([—1)n—%(1—1)2
k1 N
S Lt S T )

Substituting (I — 1) = an and rearranging gives

L3 o3\ _ 2% m
- — | -« =] - —=.

n - n k—1n?

Recall that I < n—2andso a < (1 - —) On the other side of the inequality, (1 — %)2 -
2k m is positive since m < t,(n) — 10n. Therefore we can take square roots and rearrange

k—1 n?
3
a < (1——) —
n
2k—1

to get
Since the expression an'" (kT) e®-Da " ig increasing in o when o < 1 — %, (13.7) is
maximised by setting o = ( — %) A. We are then done since

n . n 2k—1 —(1=3\\n o n ok—1
1— § A"n" k 1 e(k—l)(l—%)A ( n) =0 [ \"n™ u e (k= 1))\—)\71 .
n k k

]

(-2 -s253) ~(-2)

Theorem follows easily from the idea of this proof by applying the following theorem
of Erdés and Simonovits.
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Theorem 3.6 (Erdés and Simonovits [I1, Theorem 1)). Let H be a graph with x(H) = k+1.

Then,
i 0B L
oo (1) k

2

Proof of Theorem[1.4 Let e > 0. By Theorem and the fact that tx(n) ~ (1—1) (5),

we know that for n sufficiently large, ex(n; H) < (1 + €)tg(n). Thus, for n sufficiently large,
ex(s; H) < (1 + &)ty(s) for all n2 < s < n. For ease of notation, let ny 1= nz.

To bound the number of cycles in the graph, we wish to bound p, ,(G) for z,y € V(G).
From Lemma [3.4] we see that it is enough to bound the product

ﬁ max{r;, 1},
i=2

where (r;) satisfies the relaxed conditions:
(i) r; € Rt for all 4, and
(i) S0, 7 < (14 e)ty(t), for each ny <t < n.

1+e)t
It is easily seen that this expression is maximised when r; := % forve=2,...,m

and r; = (1 + &) (t(i) — tg(i — 1)) otherwise. Therefore, we arrive at the following bound

< (2) T 090 -ut-v)

=0 (w f[(1 + ) (e (i) — tr(i — 1)))
-0 (@fﬂm H(tk(z’) — t(i — 1))) . (3.9)

Recall from (3.5)) that, defining b = L"T’lj , we have

n

H(tk(z') —te(i—1)) = (n— 1 —b)Ibl(k — 1)".

Applying Stirling’s approximation and simplifying gives

[Ttk = tuli — 1)) = O ((n — 1 — by =0H 25042 (k- 1))

1=2
o) ((k ; 1) nn+1en> )

12



Putting this into (3.9) gives

—1\"
Py = O (<—k 2 ) n”+165”+”1_”) . (3.10)

Now, as in the proof of Lemma [3.2] we see that by (38.10) and the fact that ny = o(n),

c(G) < Z Pzy

zyeE(G)

-0 (nQ (%) nn+leen+n1n>
_0 <(%) nne—<1—2a>n) |

Since ¢ is arbitrary, we have our result. O

4 Proof of Theorem 1.3

Here we complete the proof of Theorem [1.3] This will follow from the next two lemmas.
The first gives a lower bound on the number of edges in an extremal graph. (See also [3,
Theorem 5.3.2] for a K} version.)

Lemma 4.1. Let H be a graph x(H) = k+1 > 3 containing a critical edge. For sufficiently
large n, let G be an n-vertex H-free graph with m edges and ¢(G) > ¢(Tx(n)). Then m >

nE) o (nlog*(n)).

2k

Given this lemma, we can apply Theorem to show that any extremal graph G is close
to being k-partite. We then carefully count the number of cycles in such a graph. In what
follows, for a graph G and a k-partition of its vertices, we call edges within a vertex class
irreqular and those between vertex classes reqular. Define a best k-partition of a graph G to
be one which minimises the number of irregular edges contained within G. The next lemma
counts the cycles using only regular edges if G is not Tj(n). Recall that ¢,(G) is the number
of cycles of length r in G.

Lemma 4.2. Let H be a graph with x(H) = k+ 1 > 3 containing a critical edge. Suppose
G 2 Ti(n) is an n-vertex H-free graph with ¢(G) > c¢(Tx(n)). Then for sufficiently large n,
the number of cycles using only regqular edges in the best k-partition of G is at most:

{ (Ti(n)) — 75z h(Ti(n))  for k>3,
c(Ta(n)) — gco2 ) (Ta(n))  for k= 2.

Given Lemmas and 1.2 we now complete the proof of Theorem [I.3] We will then
prove the lemmas themselves. The main work remaining for Theorem is to count the
number of cycles using irregular edges.

13



Proof of Theorem[1.3. Let H be a graph with a critical edge with chromatic number y(H) =
k+ 1 > 3, and suppose G is an n-vertex H-free graph with ¢(G) = m(n; H). Then, in
particular, ¢(G) > ¢(Tx(n)). Suppose for a contradiction that G is not isomorphic to Ty (n).
Fix a best k-partition of G: by Lemma and Theorem [I.5] we know that for sufficiently
large n, the graph G has at most n%5® irregular edges in its best k-partition.

Let ¢/(G) be the number of cycles in G containing at least one irregular edge and let
c®(G) be the number of cycles in G using only regular edges. If ¢!(G) = o(h(T}(n)), then
by applying Lemma and taking n sufficiently large, we have ¢(G) = &(G) + /(GQ) <
c(Ty(n)). Thus c/(G) = Qh(T(n))).

Let E} be the set of irregular edges in GG. For each non-empty A C Ej, let C'4 be the set
of cycles C' in G such that E(C) N E; = A and such that C contains at least one regular
edge. Fix A such that C4 is non-empty and fix an edge ajas € A. (Note that A must be a
vertex-disjoint union of paths or else it would not be possible to have a cycle using all edges
in A.) For any cycle C = 125 - - - x; in Cy, with x; = a; and x5 = ay, define S(C) to be the
directed cycle z125 - - - z; (so for all 4, the edge x;z;41 is directed towards z;41, where indices
are taken modulo 7).

For each C € Cy, the orientation of S(C) induces an orientation fo on the edges of A.
Given a fixed orientation f of A, we write

CA(f) = {CEOAZfC:f}.

We will bound the size of each C'4(f). A bound on ¢!(G) will then follow by summing over
all possible A and f.

Let G/A be the graph obtained by contracting every edge in A. Then remove the re-
maining irregular edges to form J (so J is an H-free k-partite graph with n — |A| vertices, as
A is a vertex-disjoint union of paths, and each edge of A lies inside some vertex class of our
k-partition). For each cycle C'in C4(f), we obtain an oriented cycle g(C) in J by replacing
each maximal path u;---u; in E(C') N A oriented from wu; to u; by u;. As C contains at
least one regular edge, ¢g(C) is either an edge or cycle in J.

We claim that g is injective on Cy (f). Indeed suppose that there exists a cycle C' € Cy(f).
Recall that A is a vertex-disjoint union of paths and furthermore that f orients the paths of
A. Denote these oriented paths (u%)iew oo (U)icpp- Each cycle C € Cu(f) must contain
these oriented paths as segments (each edge of A must be contained in C' and it is not
possible to break up a path or else a vertex must be adjacent to more than two edges in the
cycle). Therefore we have an inverse of g which takes a cycle from g (C4(f)) and replaces
each instance of uJ with the path u! - - ué

As J is a k-partite graph on n — |A] Vértices, by Lemma we have
co(J) < e(Tp(n — [A])).
Recall that for each C' € C4(f), g(C) is either an edge or a cycle in J. We therefore have

[Ca(N] <2 e(Ti(n = [A]) + 2| E(Ti(n))| < 4 - c(Ti(n — |A])),
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for sufficiently large n by applying Lemma and recalling that |A| < n%%. Let F4 be the
set of all possible orientations f of A. We have

G < BT+ Y N [cus), (4.1)

ACE; fEF,

where the first term counts cycles that contain only irregular edges and the second term
counts cycles in ¢/(G) that contain both a regular and irregular edge.

We will bound the second term of this expression. Recalling that there are at most n%%
irregular edges, we get that

n0-55

n055\
S Y leani<y ( ; )21 A e(Tiy(n — 1)),
ACE;] fEF =1
For k > 3, we now apply Lemma and Lemma for each ¢ in the sum,
77,0'55
> Sieani < (" e nmn - o)
- 1

ACE] fEFy i=1
0.55

B

i=1

6 0.55¢

— o (W(Ty(n))).

We have |E;|IFrl < (n%%)" which is o(h(Tk(n))) by Lemma . Therefore, using ({4.1]) we
see that ¢/ (G) = o(h(T}(n)), a contradiction. Therefore G is isomorphic to Tj(n).
Similarly for k = 2, we apply Lemma [2.7] to get

0.55

n0.55 n055 ‘ i
> Y=Y (7)) s (5) awn o)
ACE; feFy i=1

n0-55

< 8e - CQ |n/2] T2 Z no 55 (—)

= 0 (capnyo) (Ta(n)))

and we conclude as before. O
We now present the proofs of Lemmas [£.1] and [£.2]

Proof of Lemmal[{.1] First suppose that m = O(n). We can then crudely bound p, ,(G) by
Lemma [3.4 By (3.2) and constraints (i) and (ii) above we have

Py y(G) < maxl_lrz < max (TZ)E

i=1
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The function f(z) = ()" is maximised at z = 2 and so p,, ,(G) < e = €™, This is
asymptotically smaller than ¢(7j(n)) by Lemma [2.1]

So m # O(n). Suppose that m < tx(n) — 10n (otherwise we are done so assume) so
that we obtain a bound for ¢(G) from Corollary Dividing this bound by ¢(Tx(n)) =
Q((%)”nn_%e’”) gives

c(G) 25 s +(1-Mn
— O [ \"n25et-nx 4.2
c(Ti(n)) ( nee > ’ (42)

where A is defined in (3.1)).
If we take the logarithm of the right hand side and call it R for ease of notation, we get

2k — 1

(k—1)A
< 2.5log(n) +n(log(A) + (1 —A)) + 32" +0(1).

R < 2.5log(n) +n(log(A\) + (1 —\)) + +O(1)

First assume that A < 1 — n~2 log(n): we will show that then R — —oo and so (4.2) is
o(1).
If A <e? then log(\) +(1—X) < logz()‘). Furthermore we see from (3.1]) that A = Q (%)
and so A™! = o(n). Therefore

R < 2.5log(n) + glog()\) + o(n)
< 2.5log(n) —n+o(n) - —oo,
as n tends to infinity.

Otherwise, A= < e? and since (by assumption) A < 1-n—2 log(n), we may apply Taylor’s
theorem to see

R < 2.51log(n) — n(1 — \)* 4 3¢?
< 2.5log(n) — log®(n) + 3e? — —o0,
as n tends to infinity.
In either case R tends to —oo for sufficiently large n, and we must have that ¢(G) <
¢(Tk(n)), a contradiction.

Therefore A > 1 — log(n)n_%. Equation (3.1) now allows us to conclude that m >
ti(n) — O (nlog?(n)), as required. O

For the proof of Lemma we require the Erdés-Stone Theorem [12].

Theorem 4.3 (Erdés-Stone [12]). Let k > 2, t > 1, and € > 0. Then for n sufficiently
large, if G is a graph on n vertices with

(@) > <1—ﬁ+s) (Z)

then G must contain a copy of Ty, (kt).
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We now apply this theorem to complete the proof of Lemma [£.2]

Proof of Lemma[.3. Let the best k-partition of G, be Vi,...,Vi. By Lemma[L.1] ¢(G) >
ti(n)—O (nlog”n), and so Theoremtells us that G contains tx(n)(1—o(1)) edges between
its vertex classes V1, ..., Vs. We therefore have |V;| = (1 + o(1)) for each 4. Also note that
G cannot be k-partite (else ¢(G) < ¢(T}(n)) by Lemma [2.2). Therefore G must contain an
irregular edge. Now we count the cycles in G which contain only regular edges. Note that
if we define G¥ to be G\E;, where E; is the set of irregular edges, then G is k-partite;
G® C K, for some a = (aj, ..., a;) € NF.

Let ¢ be such that H C T (tk)+e, where e is any edge inside a vertex class of T (tk). Pick
an irregular edge uv: Without loss of generality we may assume uv € V;. We first show that

u and v cannot have 17> common neighbours in every other vertex class. Suppose otherwise
and form a set ) by picking 5 vertices in N(u) N N(v) NV; for i = 2,..., k and picking 5
vertices in V] to be in ().

The graph GT[Q] does not contain a copy of Ty (tk): if it did, it would contain a copy
of Ti(tk) + e and hence a copy of H. So then applying Theorem there are Q(n?)
regular edges that are not present in GG, a contradiction. Thus, without loss of generality,
IN(u) N N(v) N'V3] < & and, again without loss of generality, [N (v) N V5| < 3% (since
V2| = Z(1+0(1)) and we may assume that n is large).

When k£ > 3, this means that G cannot contain at least % of the Hamilton cycles contained
in K, which start from v and then go to vertex class V5. Recall that h, (i, K,) is the number of
permutations of V(K,) = {v1,...,v,} such that v; = v, v, € V; and v - - - v, is a Hamilton
cycle. Since cycles may be counted at most twice due to orientation when considering
permutations, the number of Hamilton cycles in K, which start from v and then go to
vertex class V3 is at least $h,(2, K,). By applying (2.1)), we get

{(GM) < elI) - 5

n—1 k
— N (K + 52@(@',@ + (; 136> ho(2, I,).

r=3 =3

ho(2, K,)

Let b = (by,...,by), be such that b; > b; if and only if a; > a;, and that K}, = Tj(n).

Recall that a; = 7(1 + o(1)) and so i le‘log( Dl = (1 4+ o(1)). Therefore by applying
Lemmas [2.3 and [2.4 - we get

3
H

C(GR) < Cr H ‘log [— Z hv(’i, Tk(n)) + (% - %) hv(QaTk(n))

Il
= W

S =

=) (K, + (1+0(1)) (Cn(Tk(n)) - %hv(l Tk(n)))

=3

<

< (1 o) (Tu(m) - Gh(Tu(m) )
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Finally, we can apply Lemma [2.6] to get

1

H67) < (1-+o(1) (eTu(n) = Zh(Ti(n)) = Th(Tin) )

< (140(1) <C(Tk(n)) (1 - m) - ékhwk(n))) ,

and so for n sufficiently large, ¢«(G*) < ¢(Ty.(n)) — 14 h(T(n)).

For k = 2, first consider that if |V;| and |V4| differ in size by more than 1, then G%
contains no cycle of length 2|n/2|. Counting cycles by length and applying Lemmal[2.2] gives

n/2|—1

L
o(GM = Y (G

[n/2] -1

< Y en(Dn)

= C(J;(n)) — Cany2)(T2(n)).

Therefore assume that |V;| and |V3| differ in size by at most 1 (so G is a subgraph of
Ty(n)). Recall (from the third paragraph of this proof) that G contains a vertex v with
degree at most 5n/16. Therefore, when applying the argument for & > 3, we lose at least a
quarter of the cycles of length 2|n/2| which contain v from T5(n). Note that v is present in at

least half of the cycles of length 2|n /2] in Ty(n) and so ¢(GT) < ¢(Ty(n))— %CQLQJ (Tk(n)). O
2

5 Counting Cycles in Complete multi-partite Graphs

In this section we present the proofs for the lemmas concerning counting cycles in complete
multi-partite graphs that we stated in Section [2, We start with some preliminary lemmas.
In order to state these we require some technical definitions.

Define a code on an alphabet A to be a string of letters ay - - - a,, where each q; is in A.
For k£ > 3, we now discuss a way to count the number of Hamilton cycles in a k-partite
graph GG. Suppose each vertex class V; of G is ordered. Consider a code a; - --a,, where
each a; € [k]. From such a code, we attempt to construct a Hamilton cycle v; - --v, in G
as follows: for j =1,... ,nlet p(j) := [{¢ < j:ar = a;}|. Define v; to be the p(j)-th vertex
in V,,. For vy ---v, to be a Hamilton cycle, each letter must appear in the code a;---a,
the correct number of times (|{j : a; = i}| = |V;|, for each ¢ € [k]) and any two consecutive
letters of the code must be distinct (a; # a;41 for each j € [n — 1], and a1 # a,).

For a code a; - - - a,, with each a; € [k], we say that the code is in @ if a; # a;41 for each
i, where indices are taken modulo n (so each pair of consecutive letters are distinct). For
c=(c1,...,c;) € NF we say that the code is in P, if there are ¢; copies of i, for each i € [k].
Finally we say that a code is in P, if it is in P, where d = (dy, ..., d;) € N* is such that
di<dy<...<dpy<dy+1land)  d =n.
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In what follows it will be useful to consider a random code, so let C,, j, denote the random
code C,, = ay - - - a,, where each q; is independently and uniformly distributed on [£].

Enumerate the vertex set V(K,) = {v1,...,v,}. We can count the number of Hamilton
cycles in K, by considering the probability that a permutation o of [n] picked uniformly gives
a Hamilton cycle vy . .. Ux(n). Since we have a choice of orientation and starting vertex, each
Hamilton cycle will be counted 2n times, and so

h(K,) = %P [Un(1) - - - V() 18 @ Hamilton cycle] . (5.1)

For i € [n], define b; € [k] such that v; € V;,. Then by - -- b, has the same distribution
as Cp . conditioned on the event {C, ; € P.}. Note further that v, (1) ... v is a Hamilton
cycle if and only if by - - - b, € ). Putting these into gives

!
h(K) = - Plbr b € Q]
|
- %P[CM € Q|Cyy € P (5.2)

Obtaining good bounds on the probability that a random code is in @ (and similarly
in P,) is relatively easy but approximating the probability of the intersection of the events
proves more tricky. The following lemma will help us bound (j5.2)) from below, in order to

prove Lemma [2.1]

Lemma 5.1. Let k > 2 and suppose C, = a;---a, where the a; are independent and
identically uniformly distributed on [k]. If ¢ = (c1,...,cx) € N¥ is such that Y, ¢; = n, then

P[Cn,k € Q|Chy € Pn,k] > P[Cn,k € Q[Chx € PQ]:
and in particular,
]P)[Cn,k S Q|Cn,k‘ S Pn,k] Z ]P)[Cn,k S Q]

Proof. Let k > 2 and suppose ¢ = (ci,...,¢;) € N¥ is such that > ,;¢; = n. Suppose
that there exist some ¢ and j such that ¢; < ¢; — 2, and let ¢ = (¢},...,¢,) be such that
¢ =ci+1,c;=c;—1and ¢, = ¢ fort#1i,j. It is sufficient to show that P[C),, € Q|Cy . €
P, > P[Chx € Q|Chx € P.] — we may inductively find an ¢ and j until the ¢, differ by at
most one and ¢ corresponds to the vertex class sizes of a Turdn graph.

Fix a subset A of [n| with |A| = n — (¢; + ¢;) and let R4, be the event that C,, is in
P, that A = {¢:a, #i,j}, and that a; # apq for all £ in A and a,, # a; if both n and 1
are in A. R4, can be thought of as the event that everything in the code except the letters
with values 7 and j behave well. Now note that we can partition over all the sets of size
n — (¢; + ¢;) in [n], and get the expression

P[ka € Q|Cn,k - PQ] = Z P[ka - QlRA&] 'P[RA7§|Cn7k - Pd

Ae (n*([czl]Jrc]))
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Note that given P, holds, we may as well identify 7 and j when considering whether R4,
holds. As such, P[R4.|C,r € P.] is constant with respect to ¢; and ¢; with fixed ¢; + ¢;.
This in turn, means that P[Ra.|Cx € P.] = P[Ra~|Chr € Pr] and so to prove the first
statement of the lemma, it is sufficient to show that

PlCok € Q|Rac <P[Chir € QlRa], (5.3)

for each A C [n], with |A| =n — (¢; + ¢j).

Let A C [n], with |A| = n — (¢; + ¢;) and condition on the event R4 . (note that we may
assume that this event is not null else we have nothing to prove). If we consider C,,; as a
code that is a cycle (imagine joining a1 to a,), then the occurrences of 7, j form a collection
of segments of total length ¢; 4 ¢; with ¢; copies of 7 and ¢; copies of j. Conditioning just
on R4 ., we have choice over where we place the ¢ and j letters in the segments. Since we
must have ¢; total copies of ¢ in the segments, there are (C"::Cj ) such choices of placement of
the 7 and j letters. Conditional on R4 ., the ¢ and j placements are uniformly distributed
on these (Ciz_cj) choices. Conditional on R4, for the code () to be in @), the segments
all have to be a string of letters alternating between ¢ and j. As such the first letter of a
segment dictates the remainder of that segment.

Let the lengths of the {7, j}-segments of C,x be 71,...,7, and let Soqq and Seyen be
the number of odd length {3, j}-segments and even length {i, j}-segments respectively. We
are then able to compute P[C,,, € Q|Ra.] by considering the starting letter of each {1, j}-
segment. Suppose that ¢ of the soqq {7, j}-segments with odd length start with 7. Then in
the code, there will be 5,94 — 2t more appearances of j, than of . Therefore, since C,, ; € F,
we must have 2t — s,qq = ¢; —¢; and so t = w% Note that if soqq + ¢; — ¢; is odd,
then P[C),, € Q|Ra.] = 0 since ¢t must be an integer (and so we have nothing to prove).
Therefore we assume that s,qq + ¢; — ¢; is even in what follows.

We can specify such a code by choosing the starting letter of each even interval arbitrarily
and choosing exactly ¢ odd intervals to start with i. Comparing this with all possible choices
of placements of 7 and j letters, we obtain

Seven (sodd)
t

c;
Seven (sodd>
t+1

(ci;&-;c;)
o i)
= ety (5.5)
(37)

Writing b = ¢; — ¢; and dividing (5.4) by (5.5]), we get

PlChi € QR = (5.4)

]P)[On,k € Q|RA,QI] -
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P[Cox € Q|Rae]  ¢j(Soad + ¢ — ¢; +2)
P[On’k € Q|RA’Q/] N (Ci + 1)<Sodd + Cj — Ci)
(i +b)(S0aa — b+ 2)
(e 1)(S0da +b)
_ CiSodd t+ 2¢; — be; + bsegq + 2b — b?
B CiSodd + bc; + b+ Sodd
2¢; +b — Soaq
=1-0- 1)c¢sodd +bc; + b+ Soad

(5.6)

Since there can be at most ¢; +¢; = 2¢;+b odd length {3, j}-segments, we have 2¢; +b > soq44,
and b > 2. The right hand side of ([5.6)) must be less than or equal to 1 and so

P[Cn,k S Q‘RA,g] S ]P)[Cn,k € Q’RA,QIL

as required for (5.3]). This completes the proof of the first statement of the lemma. For the
second statement we partition P[C), ;, € Q] over the P, to give

PlCok €Ql =D P[Cok € QNP
= P[Cok € Q|Cpk € PJP[C, € P

S Z]P)[On,k € Q|Cn,k € Pn,k]P[Cn,k € Pg]

- [Cn,k € Q|Cn,k € Pn,k]u

as required. O

We now use Lemma to bound from below the number of Hamilton cycles in Tj(n)
and in turn prove Lemma [2.1

Proof of Lemma[2. Let k > 3 and suppose ¢ = (cy,...,c;) € NF is such that Y, ¢; = n.
Recalling (5.2)), we note that if ¢; < ¢; — 2 and we let ¢ = (c},...,¢,) be such that ¢, =
¢i+1,¢; =c¢; — 1 and ¢} = ¢; otherwise, then applying Lemma [5.1] gives

hEy) = h(Ky). (5.7)
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Furthermore, we have

!
h(Ty(n)) = ;—nIP’[C’n’k € Q|Crk € Poyl
n:
>
n—1
n
— %P[an 7& a17an—1|an—1 7& e 7£ (11] gp[al # ai_l‘ai_l 7& e ;,é (11]

nl (k—2\ (k—1\""
> -
~ 2n k k
) E—1\"
:Q n—s ,—n
(e (50))
as required.

For k = 2 we apply a simple counting argument. The number of cycles of length ¢t = 2 \_%J
in T5(n) this is easily counted by ordering both colour classes and accounting for starting
vertex and orientation. Therefore we get

,_
I3
[

t |
c(Th(n)) = 2 2 —
(T(n)) 1]

VI3 |—
—|l3

and the result follows by applying Stirling’s approximation. ]
We now use a counting argument to prove Lemma [2.2]

Proof of Lemma[2.3. As before, let ¢ = (c1,...,cx) € N¥ be such that >, ¢; = n. If there
exists i and j such that ¢; < ¢; — 2, and we let ¢’ = (¢}, ..., ¢) be such that ¢ = ¢; + 1, =
¢; — 1 and ¢, = ¢, otherwise. We are going to show that ¢, (Ky) > ¢.(K,), for all r.

Without loss of generality, we may assume that ¢ = 2 and j = 1. We can count the
number of cycles of a given length, r, by choosing r vertices and then counting the number
of Hamilton cycles in graph induced by this cycle and then summing over all choices of r
vertices:

- T [(06) )]

a€l T} {0,ei}: — Vi1
i ai=r

Fix a copy K of K. with vertex classes Vi, ..., V) and choose v € Vi; then define K’ to be
K \ v with a vertex v’ added to V3 which is a neighbour of all vertices not in V5. We can see
that K’ is a copy of K. Using this coupling to compare ¢,(K,) and ¢,(Ky), we only need
to consider cycles in K containing v and the cycles in K’ containing v’. We write ¢, ,(G) to
be the number of cycles of length r in GG containing vertex v. In what follows we denote the
unit vector in direction m by e,, = (y1,...,yx), where y,, = 1 and y, = 0 otherwise. Since
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we already assume that v is in our cycle, we then choose r — 1 other vertices and count the
number of Hamilton cycles on the induced subgraph to express ¢, ,(K) as

o) () )]

=2
Zf:1 a;=r—1

- 2006z, [0E) ]

a2€{0,...,c2} Zi‘il a;=r—1

and similarly we may express ¢,/ (K') as

2 e s () ]

.....

ag,..., i=310,..., i =3
o2l ) g€l (0)
c 1\ /c b c
1~ 2 )
a ay a;
a1€{0,...,c1—1} (azyes ak.)e]‘[f:g{o ..... ci}e =3
a2€{0,...,c2} Zf:l a;=r—1
where @' = (ag, a1, a3, a4, . ..,ax) is the vector a with the first two values switched.
Define:

Z’f:lal—r—l
Then
C1 — 1 (&)
K) = .
Cro(K) > ( o )(GQ)n(al,ag,g,r) (5.8)
a1€{0,...,c1—1}
a2€{0,....c2}
and

TSR S G | () T (5.9

a a
a1€{0,...,c1—1} 1 2
a2€{0,...,c2}

If we subtract (5.9) from (5.8)) and split the sums depending on the values of a; and as,
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we get

) = enaB) = 3 (MY () s o) = ntorsae )

a a
0<a2<ai<c2 1 2
C1 — 1 Co
+ E ( ) < (n(CLZaa’l?Qu T) _77<a17a27§>r))
ay a2
0<ai;<az<ca

n S (Cla_l 1) (ZZ) (n(az, a1, ¢,r) — nlar, as, ¢, r)) .

0<az<c2<a1<ci—1
If we swap around the values of a; and as in the second line of this expression, we get

Crar (K') — €0y (K)

2 (CE) () e o)

+ > (cla_l 1) (Z) (n(az, ay, ¢, 7) = nlas, as, ¢, r)). (5.10)

a1€{ca+1,....,c1—1}
CLQG{O,...,CQ}

From ([5.7)), we obtain that if = > y, then we have n(z,y,c,7) < n(y,x,c,r). Thus in the
first sum of (5.10), when a; > as, we have n(az, a1, ¢c,r) — n(ay,as,¢c,r) > 0. At the same
time, note that since ¢; — 1 > ¢,

(6 -()E) -

if and only if x > y. Combining these, we must have that for all 0 < as < a1 < ¢

((Cla_l 1) (Z) N <Cla; 1) (Z)) (77(%“1’9» r) —nlai, a ¢, 7")) >0

and so the first sum is positive.

In the second sum of (5.10), a; > a, and tells us n(ag, ar, c,r) — n(ay, as,c,r) > 0.
Thus the second sum is positive as well. We are then able to conclude that ¢, ., (K') > ¢, ,(K)
as required.

All that remains is to prove that ¢(7x(n)) > ¢(G) for any k-partite graph G. Suppose
that G = Ko where & = (2, ..., ) € N is such that 3% ¢ = n. While there exist some
i and j such that ¢f < c¢f —2, define ¢ = ([, ... ) by T =cf + 1, ST = -1
and ¢! = ¢! otherwise. Suppose that this process terminates with ¢/, so Tj.(n) ~ K. Note
that by successive applications of (5.7)), we have h(G) < h(K1-1).

We will now show that h(G) < h(K_-1). In order to do this, we have to consider a
bit more closely. If h(G) = h(K-1), then at each application of (5.7)), we have equality. So

let us suppose, in order to obtain a contradiction, that h(K.-1) = h(K.), for some /. In

this case, we must have that s,qq = cf’l + 0]151 for all A € (n_(([:ﬂc]_)).
O]
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Say that a code aq, . . ., a, has an ij transition if there exists some s such that {as, as.1} =
{7, j} where indices are taken modulo n. For a fixed A, if soqq = ciI 14 C]I-_l then there can
be no ij in any code in @ conditional on R, . Therefore if h(K.-1) = h(K.) then there
are no codes in ) N P with an 75 transition. However we will show that we can construct
such a code with an ij transition, and hence obtain our contradiction. We now split into

two cases dependent on whether ¢/ = ¢l — 1 or ¢/ = c]I- .

First suppose that the ¢/ = ¢} — 1. éince K i is balanced, all vertex classes are of size ¢!
or c§ . In any Hamilton cycle of K., there must be a transition from a vertex class of size
¢! to a vertex class of size c§ and so by symmetry there must be a Hamilton cycle with a 7j
transition.

Now suppose that ¢/ = cjl- . If all the vertex class sizes of K. are the same, then we
are done by symmetry. Similarly if the vertex class sizes of K. are ¢/ — 1 and ¢!, then
there must be a transition between two classes of size ¢/ and so we are done by symmetry.
Finally it remains to consider when ¢! = c]I- and the vertex class sizes of K. are ¢/ and
¢! + 1. Consider a permutation m = 7y - - - 7, such that 7,1 =4, 7, = j and {my,..., 7} =
{l :¢f =c+1}. Ifr =1andk = 3, then ¢/ > 2 (else there are only four vertices)
and so the code mmomm3(mmems) - -+ (mymams) is sufficient. If r = 1 and k > 4, then the
code mymom ey - W(7y - Wy) - o+ (w1 - - - ) is sufficient. Finally, if » > 2, then the code
e (my e mg) - e (- - - ) is sufficient.

We have shown that there must be an instance of a strict inequality at in the
comparison of (K -1) with h(K.r). It then follows immediately that ¢(Tj(n)) = c¢(K.r) >
C(KCIA) > C(G) [

The proof of Lemma has a similar flavour to that of Lemma [5.1, We first prove
a preliminary lemma where we evaluate h,(2, K.) by considering random codes and then
compare h,(2, K.) with h,(2, Ks). Lemma will follow directly from this next lemma.
(For what follows we define R4 as in the proof of Lemma )

Lemma 5.2. For k > 3, suppose ¢ = (c1,...,c,) € N¥ is such that Y, c; =n with 0 # ¢; <
cj—2. Letd = (cy,...,¢) be such that ¢; = ¢;+1,c; = ¢;—1 and ¢, = ¢, otherwise. Suppose
Viyoo s Ve and V... V! are the vertex classes of K. and K. and pick some v € V1,0 € V/.
Then
h(2, K,) < LG
Ci(Cj — 1)
Proof. Recall that h,(2, K.) counts orderings vy,...,v, of V(K.) where v; = v, vy € Va,
and vy ---v, is a Hamilton cycle. There is a bijection between such an ordering and the
pair (C, (7;)icik)) where: C'is a code a; - - a, on [k] with a; = 1, a; = 2 that is in both @
and P.; and 7; is an ordering of V; for each 7 and v is the first vertex in m;. So if we let
Cpr = a1---a, be a random code where each a; is independently and identically uniformly
distributed on [k], we have an expression for h,(2, K_):

ho (2, K.

k

ho(2, K,) = k"(c; — 1)! (H(cﬂ))P[C’mk € QNP (a1, a2) = (1,2)].

=2
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By considering the multinomial distribution with parameters n and (%, ey %) we have
P[C, ;s € P - (5.11)
nk € el = ————— n’ .
Hf:l (ci!)
and so
n!
hv(ZaKg) - C_P[Cn,k € Q’ (a17a2) = (172)|Cn,k € Pd
1
n!
=— > PCok € Q, (a1,a2) = (1,2)|RaJP[Rac|Cp € P (5.12)
1
A

where R4, is defined as in the proof of Lemma and the sum is taken over all A €
(”—([C?]-&-cj)) :

For what follows, we only consider A € (nf([c’jlrcj)) such that R4 .N{(a1,a2) = (1,2)} # 0
as these are the only ones that contribute to when considering either ¢ and ¢’. As in the
proof of Lemma , conditioning on R4, let Soqqa and Seyen be the number of {4, j} subcodes
with respectively odd and even lengths, where we consider the code cyclically. Unlike before,
we now require (aj,as) = (1,2) and so if one of 7 and j is 1 or 2, one of the subcodes will
have a fixed value at a; and so a fixed starting letter. Let xeven be the indicator that there
is an even length subcode with a fixed first letter. Similarly let x,qq be the indicator that
there is an odd length subcode with a fixed first letter and further let xoqq(7) and xoaa(7)
be the indicator that there is an odd length subcode with the first letter having fixed value
1 and j respectively.

As in Lemma , by letting t = % we can now compute P[C,, x € Q, (a1, as) =
(1,2)| R

25even —Xeven (sodd _qud)
t—Xodd (%)

PlCnx € Q, (a1,a2) = (1,2)|Ra,] = ) , (5.13)
28even_Xeven (t_s:fi;j(doddé))
P[Coy € @, (a1,a2) = (1,2)|Ra¢] = . (5.14)

ci+c;
Let b = ¢; — ¢; > 2. Note that the x values will be the same when considering both ¢

and ¢’ and so dividing (5.13)) by (5.14) gives

]P)[On,k € Q? (ah a2) - (17 2)|RA,Q] _ Cj (t +1- Xodd(i»
PlCoi € Q, (a1,a2) = (1,2)[Rae] (e +1)(S0dd — t — Xoda(J))

¢j  Sodd —b+2— 2Xodd (%)
ci+1  Sodd +b— 2Xoda(J)
< Cj ) Sodd — b + 2
T+l Sseqat+b—2

(5.15)
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Note that Szdd +Z+§ is non decreasing in s,qq and seqq < 2¢; +b = 2¢; — b, so we can bound

5.15) by taking Seqq = 2¢; + b = 2¢; — b to get:
PlChx € Q, (a1,a2) = (1,2)|Ra ] < G 2¢; +b—b+2
PlChk € Q,(a1,a2) = (1,2)|Raw] ~ i +1 2c;+b—b—2
¢j(ci +1)
(ci +1)(¢; — 1)
= ) (5.16)

If we apply inequality (5.16|) to (5.12)):

; !
ho(2, K.) < = Z {Z_P[ka € Q,(a1,a2) = (1,2)[Rac] - P[Rac|Cri € PJ}

Cj—lA 1

Recall that P[Ra.|Cpx € P.] =P[Ry |Cri € Pyl so

c; n!
hv(2>Kg) < Z {_P[an € Q, (ala @2> (1 2)’RAC] ]P[RA,g’Cn,k € PC]}
C; — 1 1 C1

ce; n!
=— —P[C, ,(a1,a2) = (1,2)|Ray]| - PlRay|Crk € Py
ey 3| PO € Qo) = (2] PlRa IO < P
A

- Cl(Cj — 1)

Noting that is maximised by ¢ = 7, we get

hot(2, K ).

iz K < S 2.5,

as required. N
We now apply this result to prove Lemma [2.3]

Proof of Lemma[2.3 Let k>3 and ¢ = (cy,...,c,) € N¥ and suppose K, has vertex classes
Vi, ..., Vi. Further suppose Tj,(n) has vertex classes V7, ..., V) with b; = [V/| < [V]| = b; only
if ¢; < ¢; and suppose that v € V3 N'V/. We will prove by induction on f(c,b) =, |c; — bs|
that

ho(2, K.) < hy(2, T(n H ro=(:)

The base case of f(c,b) = 0 follows since K, is Tj(n). Suppose that f(c,b) > 1 and the
result holds for smaller values of f(c,b). Note that if f(c,b) # 0, then since > ,(¢; — b;) =0,
there must be 7, j such that ¢; <b; —1 and ¢; > b; + 1. Let 7 and j be such that b; — ¢; and
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c¢; — b; are maximised. If b, = b; 4+ 1, we have a contradiction since then ¢; < ¢;, but b; > b;.
This means that ¢; > ¢;+2 and so if welet ¢ = (¢}, ..., ¢;) be such that ¢} = ¢;+1,c; = ¢;—1
and ¢, = ¢, otherwise, we may apply Lemma to get that

(Ci + 1) i

&
ho(2, K,) < D (2, Ky
(2, )—ci(cj—l) (2, Ko)

oo ffoe ()| fos (D)} mzir e

To proceed by induction, we first observe that f(c¢/,b) < f(c,b) and secondly we must
check that if b, < bs, then ¢, < ¢,. Note that this still holds for » = ¢ and s = j and will
still hold if neither r =i nor s = j. If r =4 and b; < bs but ¢} > ¢, then it must be the case
that by — ¢s > b; — ¢;, which contradicts our choice of i. Similarly if we have s = j, b, < b;
and ¢, > ¢;, then we arrive at the similar contradiction that ¢, — b, > ¢; — b;. Therefore we
may apply the inductive hypothesis to to conclude that

b
o=(4)

o () o () Do T

oo ()b ()

o(2, T (n He‘log e ’Hexp{

l;ézy l=i,j

(2, Ty(n H elos ()

he(2, K.) < exp{

+

O

We use a more complicated probabilistic argument for the proof of Lemma 2.4 We
consider a different version of the random codes we have previously considered.

Proof of Lemmal[2.4 Let K be a copy of the Turdn graph Ty (n) with vertex classes Vi, ..., V4,
and fix b; = |V;| for each i € [k]. (Note we do not order the sizes of the vertex classes.) Fix
a; = 1, then given a;_; for i > 2, let a; be uniformly distributed on [k] \ {a;_1}. Define the
code C?(by, k) = ay - - - ay,, where m = max{j : [{i < j:a; = 1}| = b1} (in other words, keep
track of a random walk on K} and stop just before the (b; + 1)-th appearance of 1).

Conditional on m = n, the code C?(by, k) is uniformly distributed on codes f; - - - f, in Q
that contain b; copies of 1 and satisfy f; = 1. This is equal in distribution to Cy, = d; - - - dp,
where each d; is independently uniformly distributed on [k], conditional on C,, ; being in @,
having b, copies of 1 and starting with d; = 1. This conditional equivalence between the
two random codes allows us to compute bounds in new ways.

Let W be the number of transitions from 1 to 2 in C?(by, k) — that is W = |{j : (a;, a;+1) =
(1,2)}|. Note that any shift of a code in @ N Py (apr41 -+ - anay - - - apr for example) will also
be in @ N B,. This means that we can shift the code C?(by, k) to each appearance of 1 to
get another instance of a code f;--- f, in ), with f; = 1 containing b; appearances of 1.
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Thus by symmetry, given W, the probability that C?(by, k) starts with (a;,az) = (1,2) is
%. We seek to show that W is at most g—}c with probability asymptotically smaller than
the probability that C?(by, k) is in B With this we know that, conditional on the event
{C?(by, k) € Py}, with high probability W > & and hence by symmetry
2 W 2 1
P [CLQ = 2|C (bl,k’) € Pd =K |:—l C (bl,k) € Pb:| Z ﬁ(l — 0(1))

Since each letter after a copy of 1 is independently and uniformly distributed on {2, ... k}
and there are by copies of 1, W is distributed like a Binomial random variable Bin(b;, ﬁ)
Applying a Chernoff bounds gives:

P [W < 2—]{:2} <ew (5.18)

Now consider the probability that the code C?(by, k) is of the correct length. Note that
the letter directly after a 1 cannot be a 1 but (until the next copy of 1), each subsequent
letter is a 1 with probability ﬁ and so removing the letter after each 1 and considering an
appearance of a 1 as a failure the variable m — 2b; is distributed like a Negative Binomial
random variable, NB(b;, £=3).

I T (= I
() )

Now an application of de Moivre-Laplace (see [I3], VIL.3]) tells us that
b

Plm = n| = @(n% exp{ ((Zl_ b:) (’1;)12)2 }) (5.19)

Note that [b; — 7| < 1, as the size of a vertex class of a copy of the Turan graph Tj(n)
and so |b; — 22| = | 22 (b; — 2)| < 2. Putting this into (5.19), we see that

Plm =n] = @(né exp{—O(nl) })

=0(n2). (5.20)

Next, consider P [C?(by, k) € By|m = n]. As mentioned above, conditional on m = n,
C?(by, k) is distributed like C,, ; conditional on being in @), starting with d; = 1 and having
by copies of 1. By Lemma , the events {C),, € Py} and {C,,, € Q} are positively correlated
and so

P[C?(by, k) € Pylm =n] =P[Cpx € P|Cpx € Q,dy =1, by copies of 1]
> ]P)[ka S PQ|Cn’k < Q]
> ]P)[Cn’k < PQ]
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Recalling ([5.11)) and that |bz- — %‘ < 1 for all 4, Stirling’s approximation gives

P[C2(by, k) € Pylm =n] = Q(n"2). (5.21)
So combining ([5.20) and (5.21)) we can conclude
P [C*(bi, k) € QN Py =P [C*(by, k) € PoJm =n|P[m = n]

o < ’”1) . (5.22)

We can now complete our proof. We have

k

(2 7i(00) = 0 = D1 TL0) ) PICos € Q1 s e ) = (1,2)

=2
k

:k”(bl—l)!(n(bl!)>ﬂ"[ Cok € Q,dy =1,{j:d; =1]| = by}

1=2
‘P[anGPb,dQ—Q‘aneQ dl 1|{j d —1}‘—61]
Recall that C),, = d; ---d, given that C,,;, € Q and d; = 1 and |{j : d; = 1}| = b is

equal in distribution to C?(by, k) = a; - - - a,, given m = n and so

k

ho (2, Tu(n)) = k™ (by — 1)!(H(bl!))1@[cn,k €Q.di=1,|{j:d; =1} = by]

1=2
P[C?(by, k) € Py, as = 2|m = n]
k

= (0= 01 (T[00) JPICs € Qe = 114G = 1} =]

1=2
-Play = 2|C?(by, k) € Py,m =n] - P[C*(by, k) € Pylm = n). (5.23)

We can bound P[dy = 2|C?(by, k) € P,,m = n] by conditioning on the value of W as
follows:

Play = 2|C*(by, k) € Pyym =n] > P {ag =

2(C? P, —
C?(by, k) € Pypym=n,W > %21

n
_ <
p{w_%?

C?(by, k) € Pyym = n}
n PW < %]

—= 2k2

> — .
— 2k2by P[C2(b1, ) S PQ, = TL]

By applying (5.18) and (5.22) we get

Play = 2|C?(by, k) € Py,m =n] >
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This means that for sufficiently large n, Plas = 2|C*(b1, k) € Py, m = n] > 3. Putting
this into (5.23]), we see

_— k
(2. Ty(m) > w(gwﬂ))m@k € Qudi = L1{j: d; = 1} = by
-P[C*(by, k) € Pylm = n]
k7 (by — 1)!

= = (100 )PiCus € Qut = L1+ dy = 1} = ]

=2
: ]P[Cn,k € PQ|Cn,k € Q,dl =1, |{j : dj = 1}| = bl]
k™ (b — 1)! (1
= % <H(bl'))P[On,k S Q N PQ, dy = 1]

=2
2n - Pldy = 1|C i, € Q N By
3kby

k

- [H(bl-!)] PlChr € QN By -
=1

2n- Pld, = 1|C,, . € QN By

By symmetry, P[d; = 1|C\,x € QN Py] = %1 This completes the proof of the lemma. [J

Now we bound below the number of Hamilton cycles in Ty (n) by the number of Hamilton
cycles in Ty(m), where m < n.

Proof of Lemmal[2.5 Let v be a vertex contained in the largest vertex class V; in Ti(n).
Removing v gives Tj(n — 1). For each Hamilton cycle v; -+ - v,,_1 in Tg(n — 1), we can form a
Hamilton cycle in Ty (n) by inserting v between two vertices v; and v;41, both not in V;. For
each Hamilton cycle in Ty(n — 1), there are at least (n — 1)%-2 spaces where we can insert
v and under this construction each Hamilton cycle in Ty (n) will be formed in at most one
way. Counting over all Hamilton cycles in Tj(n — 1), we get that
k—2
h(Tx(n)) > (n — I)Th(Tk(n —1)). (5.24)

We can apply equation ([5.24]) inductively to get that for any ¢ € [n],

) 2 0= 1 (52 W(Tin = )

]

We now bound the number of cycles in Ti(n) in terms of the number of Hamilton cycles.
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Proof of Lemma[2.0. Let I be a subset of [n] with |I| = r. Then by Lemma [2.2|and Lemma
2.5, we have

G|

| N

TkT

h
(k ) G
() o

IN

IN

Summing over all subsets I, we have

n—

c(Ti(n)) < Z

1=

() () "5

as required. N
Finally, we prove Lemma [2.7]

Proof of Lemma[2.7 Let n € N and denote | %] by ¢ and [%] by . For r > 2, the number
of cycles of length 2r in Ty(n) is

Summing over r = 2, ...t gives

tit' t
<
- 2t Z (t — ")’’’

where we substituted ' = t —r to obtain the second equality. As co(To(n)) =
is easily bounded by 2, we have

tlt’! t
2t and (t—s)s!

t—2 1

o(To(n)) < 2e0(To(n) Y

r'=

< 2x(Th(n)) ) | ri' = 2¢ - e (Th(n)). (5.25)

>0
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Let s = VZT_IJ and s’ = ’—g-‘ Note that t = s’ and ' = s+ 1, and so

n—2ssl s dlslt !
> 2 St 25 2 (5.26)
Using gives
/ /
o (D= 1) = 57 < 2 G = ey (Do)
As i = o(n), repeatedly applying this bound along with gives
c(Ta(n —1)) < 2e- Cy| i | (Ta(n — 1))
< 2e (ﬁ L) Ca| 2] (T3(n))
I 1 2
< 2e (%)Zczm (T3(n)),
n >
as required. O

6 Conclusion and Open Questions

In this paper we resolve Conjecture for sufficiently large n (we do not optimise the
value of n given by our approach, as it would still be very large). For triangle-free graphs,
Arman, Gunderson and Tsaturian [4] (see also [9]) show that the Turdn graph T5(n) uniquely
maximises the number of cycles when n > 141, but it seems likely that this should hold for
all values of n.

Theorem [1.3|only deals with H such that x(H) > 3 and H contains a critical edge. When
H does not satisfy these properties, our approach is not feasible as the extremal H-free graph
is no longer Ty (n). It is interesting to consider what could be true for such H. For example,
it is natural to ask whether it is possible to maximize the number of edges and the number
of cycles simulateously (as in Theorem |1.3)).

Question 6.1. Let H be a fixed graph. Does EX(n; H) contain a graph with m(n; H) cycles
for sufficiently large n?

As Ty(n) does not contain any odd cycle, Theorem [1.3/implies that for any odd k, Tz(n) is
the n-vertex graph with odd girth at least k& containing the most cycles. Arman, Gunderson
and Tsaturian [4] ask a more general question.

Question 6.2 (Arman, Gunderson, Tsaturian [4]). What is the maximum number of cycles
in an n-vertex graph, with girth at least g7
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This question seems difficult since comparatively little is known about the maximum
number of edges in an graph with girth at least g > 4.

Another interesting problem was raised by Kirdly [I8] who asked for the maximum num-
ber of cycles in a graph with m edges can contain (without constraining the number of
vertices); he conjectured an upper bound of 1.4™ cycles. In a recent paper Arman and Tsa-
turian [5] give an upper bound of 8.25 x 3™/% and a lower bound of 1.37™, and conjecture
that their upper bound is correct to within a (1 4 o(1))™ factor. It would be interesting to
consider the effect of adding the additional constraint of forbidding a subgraph. In particular
what is the maximum number of cycles that a triangle-free graph with m edges can contain?

A similar problem to that of Kirdly is to maximise the number of cycles in a graph with
n vertices and m edges. For m = Q(n?) and n sufficiently large, Arman and Tsaturian [5,
Conjecture 6.1] conjecture a maximum of (1 + o(1))" (22)" cycles. The current best upper
bound is (1 + 0(1))" (22)" given in the same paper. We believe that the method used to
prove Lemma improves this upper bound but does not prove the conjecture.

Another direction of research is to maximise the number of induced cycles. Given a graph
G, let m;(G) denote the number of induced cycles in G and let m;(n) := max{m;(G) :
|V(G)| = n}. Morrison and Scott [20] recently determined m;(n) for n sufficiently large and
proved that the extremal graphs are unique. The extremal graphs in question are essentially
blow-ups of /3 and contain many copies of Cj.

It would be interesting to consider what happens to the extremal graphs when we forbid

Cy.
Question 6.3. What is m;(n; Cy) := max{m;(G) : |V(G)| = n, G is Cy-free}?
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manuscript and detailed comments.
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