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ABSTRACT. The main contribution of this article is an asymptotic expression for the
rate associated with moderate deviations of subgraph counts in the Erd&s-Rényi ran-
dom graph G(n,m). Our approach is based on applying Freedman’s inequalities for the
probability of deviations of martingales to a martingale representation of subgraph count
deviations. In addition, we prove that subgraph count deviations of different subgraphs
are all linked, via the deviations of two specific graphs, the path of length two and the
triangle. We also deduce new bounds for the related G(n, p) model.

1. INTRODUCTION

Deviations of subgraph counts in random graphs, and in particular in the Erdés-Rényi
random graph G(n, p), have been the focus of intense study in recent years. Almost all of
the results have concerned either small deviations (of the order of the standard deviation)
or large deviations (of the order of the mean). Less is known about the intermediate range
of moderately large deviations.

Corresponding to the first category, deviations of the order of the standard deviation,
Ruciniski established [31] that for the entire range of densities p such that npH) (1 —
p)n? — oo the number of copies of a fixed graph H in G(n, p) is asymptotically normally
distributed. Articles with results that are quantitively stronger have followed [3}21}29/30].
On the other hand Janson [14] (building on the earlier articles, Janson [13] and Janson and
Nowicki [16]) gives a general framework in which to think about random graph statistics.
Among other results, he proves a functional central limit theorem for the evolution of
subgraph count deviations, and that subgraph counts in G(n,m) are also asymptotically
normally distributed.

In the second category, deviations of the order of the mean, usually referred to as large
deviations, have become a major focus in recent years. Interest in these problems grew af-
ter the seminal articles of Vu [32] and Janson and Rucinski |17] in the early 2000s provided
many results, using a large range of techniques, which were still far from best possible.
Important subsequent advances include the translation of such deviation problems into
variational problems for graphons (Chatterjee and Varadhan [7]) and solutions to these
variational problems for certain values of the parameters (Lubetzky and Zhao [24] and
Zhao [34]). We recommend the survey of Chatterjee [6] and the references therein for a
more detailed overview. Note that the approach of Chatterjee and Varadhan [7], which
is applied in the context of the model G(n,p), has been generalised to apply in G(n,m)
by Dembo and Lubetzky [8]. Very recently, a major breakthrough by Harel, Mousset and

Samotij [19] has greatly extended the range of such large deviation results.
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In this article, we focus on deviation events of some intermediate size, usually called
moderate deviations. We shall focus on the random graph model G(n,m), with a fixed
number of edges, which we believe to be the more natural context in which to study
moderate deviations of subgraph counts. For example, in the dense case, the standard

3/2_ while it is of order n?

deviation of the number of triangles in G(n,m) is of order n
in G(n,p). This expresses the fact that by far the easiest way for G(n,p) to have extra
triangles is simply to have extra edges. By fixing the number of edges and working in

G(n, m) one studies the finer problem of other possible causes of triangle count deviations.

Our main contributions are as follows:

(i) We give a general martingale-type expression for subgraph count deviations in
G(n,m) (see Theorem [2.1]).

(ii) We prove that subgraph count deviations are generally well predicted by the de-
viations of the counts of two specific graphs, P> and K3 (see Theorem .

(iii) Using the above results, we determine the asymptotic rate associated with moder-
ately large subgraph count deviations. That is we determine the function r = r(n)
such that a deviation of this type has probability exp ( — (1 + o(1))) (see Theo-
rem [1.1]).

(iv) We deduce results concerning moderately large subgraph count deviations in G(n, p)
which are significantly stronger than previously known bounds (see Theorems

and .

We state other auxiliary results along the way, such as an approximate bound on devi-
ation probabilities across the whole range of deviations, Theorem and an estimate for
the tail of the binomial distribution, Theorem [1.13

We require the following notation. We write Ny (G) for the number of embeddings of a
graph H in a graph G. That is, the number of injective functions ¢ : V(H) — V(G) such
that

d(u)p(v) € E(G) for all wv € E(H).

This is also referred to in the literature as the number of isomorphic copies of H in G.
When we count without multiplicity we write (g), so that, for example

K
Ni,(K4) =24 and ( 4) =

We shall be interested interested in Ny (G), where H is a fixed graph and G is a large
random graph. For example, we think of a fixed graph H with v = v(H) vertices, and
e = e(H) edges, and a large graph G with n vertices and m edges, where n is taken very
large, and m behaves as a function of n. (In view of this choice of notation, we will never
use e to denote the base of the natural logarithm, but will rather write exp(1).)

Let N := (g) For a graph H with v vertices, and e edges, the expected number of
embeddings (isomorphic copies) of H in G(n,m) is

Lg(m) = V. (1.1)
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where (n)g :==n(n —1)...(n — k + 1) denotes the falling factorial. It will be useful at
times to note that

1

LH(m) - LH<7TL— 1) =

N_m=+1 Z (Lipg(m —1) = Lg(m —1)). (1.2)

feE(H)
The intuition behind the identity is that both sides represent the increase in the expected
number of embeddings of H caused by the addition of an edge: the sum on the right hand
side corresponds to the expected number of almost complete embeddings, in the sense that
a single edge is not present. Alternatively, direct calculation shows that both sides have
value e(n)y,(m — 1)e—1/(N)e.

A natural way to generate G(n, m) is to add the edges one at a time. The Erdés-Rényi
random graph process (G; : i =0, ..., N) is defined as follows. Let G be the empty graph,
and for each i > 0 let G;41 be obtained by adding a uniformly chosen edge to G;. Clearly
G, is distributed as G(n,m). The process ends with G being the complete graph K,.
We observe that the process is Markovian. We refer the reader to the books [5}[15] for
further background on random graphs.

Our focus will be on subgraph count deviations in G,,. We write Dy (G,,) for the
deviation of the H-count in G,,. That is,

Dy (Gp) := Ny(Gnm) — Lg(m). (1.3)
We shall see that paths of length two, which we denote A, and triangles, which we denote
A, play a particularly important role. We write (I/{) for the number of paths of length
two in a graph H and (ZI) for the number of triangles in H.

Let us define the function vy (t) for t € (0,1) by
H\? 9c— H\? 9c— -
v (t) = <4</\) 2721 - 1)? + 12(n) ¢ 3(1—t)3) . (1.4)

We now state our main result concerning the asymptotic rate of moderate deviations
of subgraph counts. We use the notation f < g for f = o(g). We express the deviation
v=3/2 ag this is the order of the standard deviation (in the dense case).

The model we consider is defined as follows. Let (Gpm : m = 0,...,N), n > 1 be
independent copies of the Erdés-Rényi random graph process, and let (Gj¢)n>1 denote
the sequence of random graphs (Gp m, )n>1, Where m,, = [tN]. We will be interested in
Gt both in the case that ¢t € (0,1) is a constant, and the case that ¢t = t(n) is a function
of n. We exclude the case that ¢(n) converges to 1 (see Remark [L.4)).

as a multiple of n

Theorem 1.1. Let t = t(n) € (0,1) be a sequence bounded away from 1, and let H be
graph with v vertices, e edges, and (I/{) > 1. Then

P(DH(Gn,n > ann”—3/2) = exp (—yu(t)er(1+0(1))),
for every sequence (o, : n > 1) which satisfies either

(i) 1 < o < n'? and t(n) =t € (0,1) is constant, or
(ii) max{t'/?n=12logn, t*73/?} < a,, < min{t2e75/2pl/2 te+2p1/2)

Furthermore the same holds for P (Dg(Gpy) < —anV /%),
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Remark 1.2. We initially proved the results of this article in the dense case (i.e., with
t € (0,1) a constant), and have now partially extended them to sparser regimes. The
problem of finding the asymptotic rate across the whole range of sparse densities remains
open.

Remark 1.3. In the sparse case, t = o(1), we may simplify vz (t) to

(i) (4 (I/{) 2t2€_2(1 — t)2)_1 in the case (g) =0, or
(i) (12(%)21526—3(1 —1)%) " in the case (X) > 1.

We may also note that the same dichotomy applies to Ay (G, ), see (1.5), in the sense
that the term involving Da (Gy+) dominates, in the sparse case, if (Z) > 1.

Remark 1.4. Our proof of Theorem breaks down as ¢ approaches 1. However, with
an alternative approach one may obtain the same bound provided:

(1-1)°? « a, < (1-1t)2nl/2,

The alternative approach is to approximate Dg(Gp ) by Ag(Gp,) (using Theorem ,
and apply Corollary to each of D5(Gp ) and Da(Gpt) to express these deviations in
terms of deviations in the complement, and then apply Theorem [I.1] to the complement.
(Since the complement is sparse the deviation event is more easily achieved by D, and
the contribution of DA is essentially trivial.)

Remark 1.5. In the dense case, t € (0,1) constant, the range of deviations considered
(w(nv=3/2), 0(nv"1)), corresponds to the range strictly between the orders of magnitude
of the standard deviation of Dy (G) for G ~ G(n,m) and G ~ G(n,p) respectively. This
range is best possible, in the sense that the asymptotics of log(P (Dg(Gp ) > an®~3/2))
are different if a,, = O(1) or ay, = Q(n'/?). For a,, = O(1) this follows from the central
limit theorem of Janson [14]. On the other hand, if a,, = Q(n'/?) then the asymptotic
log probability is largerﬂ Theorem below gives an exponent which is best possible
up to multiplication by constant (in the dense case) across the whole range of deviations

(w(n*=*72),8(n")).

A key step in proving Theorem is to establish a relation between the subgraph
count deviations Dy (G, +) of different graphs H. Specifically, we prove that Dy (Gp¢), the
deviation of the H-count in G, ; is generally well predicted by a certain linear combination
of Dx(Gpy), the deviation of the P count, and Da(Gyp ), the deviation of the triangle
count. Let us define

An(Gug) = 0772 () = 3(2)) DAGaa) + 0"t (R) DalGrs) (1)

to be this linear combination, where v = v(H) and e = e(H). Note that Ay (G ) is n?~3
times a linear combination KDy (Gr.t) + pDa(Gr t), in which the coefficients depend only
on H and t.

IAs a particular example, if any vertex has degree n — 1 then Dp(Gn:) > (1 —t)?n?, and this has
probability at least Q(t") which is larger than exp(—vx (t)(1—t)*n(1+0(1))) for certain values of t € (0, 1).
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Theorem 1.6. Let H be a graph with v vertices and e edges. There exists a constant
C = C(H) such that for all n, and all t = t(n) € (0,1), we have

P (|Ds(Gng) = Air(Gug)| > CBE12n7™2) < exp(—b) (1.6)
for all 3logn < b < t1/2n,. Furthermore
P(’DH(Gn,t) — A (Gy)| > C’bn”_2> < exp(—b) (1.7)
for all b > 3logn.

We also state a weaker version of Theorem which applies across the entire range of
possible deviations.

Theorem 1.7. Let H be graph with v vertices and e edges. Then there is a constant
c = c(H) such that for all t = t(n) € (0,1), and for all a,n > c~1, we have

P (|DH(G”¢)| > a”v73/2) < exp ( — camin{a, n1/2}) )

A discussion of our approach. Our main results, and Theorem in particular, are
proved using a pair of lemmas of Freedman [12], stated in Section which provided
an upper and a lower bound on deviation probabilities of martingales. In particular, in
certain circumstances, they imply that the probability that a martingale (5;)!", has a
certain deviation « from its mean, is given by

exp <—a2 (12; 0(1))> ’

where 3 is asymptotic to the discrete quadratic variation

Z]E (S = Si—1)?| Fiza]

i=1
of the process.

In order to apply these results in our setting we are presented with two main challenges.
The first is to give a martingale expression for subgraph count deviations Dy (G,,). We
state both a precise martingale expression for Dy (Gyy,), see Theorem and an approx-
imate (but simpler) martingale expression for Dy (Gyy,), see Theorem The precise
martingale expression, Theorem [2.1] is relatively easy to prove. To verify the accuracy
of the approximate martingale expression, Theorem is substantially more difficult and
this is done in Section [5] as part of the proof of Theorem [I.6]

The second challenge is to understand the behaviour of the discrete quadratic variation
of these martingale expressions. The relevant result, Proposition which follows from
the more precise Proposition allows us to deduce that this discrete quadratic variation
is very predictable — it is very likely to be close to a particular deterministic function.

Our proof of Proposition [7.2| makes use of Theorem [I.6] which concerns the relationship
between subgraph count deviations, and Theorem

We remark that the Hoeffding-Azuma inequality, Lemma [3.1] is simpler to use than
Freedman’s inequality and for this reason we use it to prove various auxiliary results.
However, we stress that the main theorem itself, Theorem could not be proved using
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the Hoeffding-Azuma inequality. In essence, the Hoeffding-Azuma inequality gives sub-
stantially weaker bounds than Freedman’s inequality when the martingale increments are
typically much smaller than their maximum possible value; more precisely, when the con-
ditional second moment of the increments, E [X?\}"i_l], are typically much smaller than
their essential supremum, || X;||co-

Remark 1.8. We developed this discrete martingale approach to understanding subgraph
count deviations precisely because this approach combines well with results, such as those
of Freedman, about discrete martingales. We would like to acknowledge that a continuous
time martingale framework for subgraph counts, and random graph statistics in general,
was developed by Janson [14] in the 1990s. There are number of connections between our
results and those of Janson. In particular, the significance of P, and triangle counts is
also evident from Janson’s results. We encourage the interested reader to read [14] for
results on the central limit theorem in G(n,m), results on functional limits of random
graph statistics, and much more.

1.1. Moderate deviations of subgraph counts in G(n,p). Until this point we have
focussed exclusively on deviation events in the model G(n,m). We now deduce results
concerning the probabilities of moderate deviations of subgraph counts in the Erd6s-Rényi
random graph G(n,p). We write ¢ for 1 — p here and throughout.

We shall suppress n from the notation and write G, for a graph chosen according to the
distribution G(n, p), i.e., with each edge included in G}, independently with probability p.
For a graph H with v vertices and e edges, we write

Lu(p) == (n)up®
for the expected number of isomorphic copies of H in Gy, and
Dp(Gp) == Nu(Gp) — Lu(p)

for the deviation of the H-count Ny (G,) from its mean. We consider deviations of size
8, Lu(p) (that is, 6, times the mean) where n~! < §,, < 1. This corresponds to the range
strictly between the standard deviation and the regime of large deviations (i.e., the order
of the mean).

Our first result corresponds to the range 8,, < n~1/2. In this range we obtain a precise
asymptotic expression for the deviation probability. We remark that this result has already
been obtained using a completely different approach by Féray, Méliot and Nikeghbali, see
Theorem 10.1 in [11]. Their result, which is proved in the framework of mod-¢ convergence,
also gives an asymptotically tight expression for deviation probabilities in this range.

Theorem 1.9. Let p € (0,1), and let H be a graph with v vertices and e edges. Let
(6 :m > 1) be a sequence such that n=' < 6, < n~'/2. Then

P (Du(Gnp) > onp®(n)o)

B [e2q 62pn? ((3e —2) — (3e — 1)p)dipn?
= (14 0(1)) W—pexp (— 167 + 12032 — log(ndy,) | -
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Remark 1.10. Observe that the only dependence on the graph H in this range is via
the numbers of edges e. This is related to the fact that it is vastly easier to achieve this
deviation by having extra edges in G, than achieving the deviation in G,, for m ~ pN.
In other words, the above expression corresponds to the probability of the appropriate
deviation of the binomial distribution.

The range of larger deviations, n'/? < 8, < 1, is more difficult to study in that there is
a non-trivial interplay between the deviation probabilities of the binomial distribution and
subgraph count deviations in G,,. In particular, we require the full strength of Theorem[I.]
to obtain the following result. It is for this reason that v (p) appears in the rate.

We will also require the following notation. Recall that N := (g) Set

re = (14021 1] pév,

and for 0 < z < v/N/2 define

(pi+1 + (_1)iqi+1)xi+2
(i +1)(i + 2)pH/2¢*/2Ni/2

E(x,N) =) _

i=1
We can now state our result for larger deviations. In fact the result may be stated across
the whole range n~! < 6, < 1.

Theorem 1.11. Let p € (0,1), and let H be a graph with v vertices and e edges. Let
(8, :m = 1) be a sequence such that n=! < 6, < 1. Then

P(Du(Gnp) > 0np®(n)o)
52n

167H (p) €4p26—2q2

72
= exp (—2* + E(xzs,N) + (1 +0(1)) + O(logn)) .

We remark that the asymptotic rate, which gives the bound
2 —§52pn2
exp (<504 o1)) = exp (PR 4 o2 ) (18)
already appears in the articles of Doring and Eichelsbacher 9] and [10]. The difference

between the results is the order of magnitude of the error term. In the range §, >
n~1/2\/logn we have an error term of the form o(d2n) in the exponen

On the other hand, Déring and Eichelsbacher in [9] obtained the asymptotic rate for

the range of parameters
\/g nl < 6, < PP

by an estimation of the log-Laplace transform and the Gartner-Ellis theorem. In [10]
Doéring and Eichelsbacher show that results may also be obtained through a moderate
deviation principles via cumulants, in an approach based on a celebrated lemma of large

2We believe that it ought to be possible to reduce the error term in the missing range Q(n‘lﬂ) < on <
O(nil/Q\/logn) to be of the form o(62n), rather than O(logn). For example, one might prove this by
combining our approach with the central limit theorem for subgraph count deviations.
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deviations theory due to Rudzkis, Saulis and Statulevicius. The results of [10] include the
asymptotic rate for the range of parameters

\/gn—l < 6, < p(ge—4)/5q4/5 45

It may be of interest to investigate for which ranges of 4, and p our more precise
expansion remains valid. Janson and Warnke [18] focussed on the lower tail and found the
same asymptotic expression, (L.8)), for the logarithm of P (Dy(Gryp) < —0,p%(n),) across
the whole range of moderate deviations and densities p < n~"/™2(1) where my(H) =
maxjcp(e(J) —1)/(v(J) — 2). Furthermore, their result also applies in the setting of
k-uniform hypergraphs.

We also remark that a weaker result with the 1+ o(1) replaced by O(1) may be proved
using only Theorem to bound deviation probabilities for Dy (Gyy,). In this sense Theo-
rem has a relatively minor impact on the strength of the bound obtained for deviations
Dy (Gp) in G(n,p). On the other hand, we believe that this reinforces our argument that
G(n,m) is the more natural setting in which to study these subgraph count deviations in
the first place.

Finally, the reader may wonder why we gave the implicit definition —22/2 + E(x., N)
rather than just writing out the expansion. The problem is that the number (and com-
plexity) of the terms in the expansion grows as d,, increases. We illustrate this by giving
the expansion in the range n~/2logn < 8, < n=2/5.

Corollary 1.12. Let p € (0,1), and let H be a graph with v vertices and e edges. Let
(6 :m > 1) be a sequence such that n=/?logn < 6, < n=2/5. Then

P (D (Gnp) > onp(n)o)

— e (_ oapn® _ plBe =g —1]a3n> | pl(c — ql(8e + 11)q — 6] + 1 — 3pg| o

4qe? 12¢2%e3 48¢3et

82n
+ (1 +0(1)) 67 ()e g2 |

Naturally, both results will rely on an estimate for tail probabilities of the binomial dis-
tribution. While estimates are available (Littlewood [23] for example, see also McKay [27]),
we shall give a proof of the following estimate for completeness. This result is essentially
due to Bahadur [2]. In addition to E(z, N) defined above, let us also define a truncated
version of the sum:

J P (—1)igitT) g2
E(z,N,J) Z Z+2)zq/2qi32Nz’/2'

1=1

Adapting the argument from Theorem 2 of Bahadur [2], we obtain the following asymp-
totics for
by(k) =P (Bin(N,p) = k)
and
By (k) =P (Bin(N,p) > k).
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k—pN

AT The theorem is valid for p € (0,1) a constant or p = py a

in terms of xy =
function.

Theorem 1.13. Suppose that (zn) is a sequence such that 1 < xny < /Npq. Then
2

b (Lo +a /o)) = (1-+ (1)t exp (=23 = Bl V)

and

1 x3
By (N + o /W) = (14 o) exp (<5 = Blan.V))

Furthermore, if 1 < zn < (pgN)"2(pgN)~V/+3) then the infinite sum E(zy, N) may
be replaced by the finite sum E(xpy, N,J) in both expressions.

The proof of Theorem [I.13]is given in the appendix.

Let us now return to Theorems and and give an overview of their proofs. We
immediately observe, by conditioning on the number of edges of G, that we may express
P(Du(Gp) > 6,p°(n),) as a sum:

N
P(Du(Gp) > 6up®(n)y) = > bn(m)P(Ne(Gm) > (14 6,)p%(n)y) -
m=0

For m > pN we have that the first term (by(m)) is decreasing while the second is increas-
ing. The proofs are therefore concerned with identifying which terms make the largest
contribution.

In the case of Theorem the problem reduces exactly to a calculation of the maxi-
mum, as all other effects are swallowed up in the O(logn) error term in the exponent.

In the case of Theorem we exploit the fact that there is an interval [m_,m4] over
which the first term (by(m)) decreases very little and the second term grows from o(1) to
1—o(1).

Layout of the article. In Section [2] we present Theorem the general martingale
expression for the subgraph count deviation Dp(G,,). We also present an important
approximate representation, Theorem and a lemma relating subgraph counts to sub-
graph counts in the complementary graph. In Section[3|we state the martingale inequalities
that we shall use throughout the article. These include the Hoeffding-Azuma inequality,
a related inequality adapted to G(n,m) and, crucially, Freedman’s inequalities for the
probability of deviations of martingales. In Section [4] we prove bounds concerning the
behaviour of degrees and codegrees in G(n,m). In Section [5| we prove the approximate
representation result, Theorem and deduce Theorem

We then turn our focus towards deviation probabilities themselves. In Section [6] we
prove Theorem (1.7 which gives a general though not especially precise bound on sub-
graph count probabilities. In order to prove the tighter result Theorem [I.I} we must first
understand better the variances and covariances of the increments of the martingale rep-
resentation. In Section [7| we prove bounds on general covariances of increments in the
martingale representation of Dy (G,,), and in Section |8 we prove Theorem [1.1

Finally, in Section |§| we deduce our results for subgraph count deviations in G(n,p).
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Notation. Throughout N denotes (5). Let us also recall that Ny (G) denotes the number
of embeddings of a graph H in a graph G, and that (g) denotes the number of copies of
H in G counted without multiplicity.

Use of m and t: In Sections and [ we work with the Erdés-Rényi random graph
process and use m simply to denote the number of edges of G,,. In later sections m is

used specifically to refer to [tN]. The latter use corresponds to the use in the definition
of Gyt as Gy with m = [tN].

Use of ¢ and s: We think of G,, as the result of a realisation of the random graph
process (G; : i = 0,...,m). In this context we use s throughout to refer to i/N, the
proportion of pairs that occur as edges of G;. This usage occurs below in the definitions

of Xg(Gm), A (Gny), Ve p (i,n) and W g (Gi—1), for example.

Use of v and e: We use v and e to denote the number of vertices and edges of the
small graph we are currently working with. The majority of the time this is the graph H.
However, in Section and Section [7] it is the graph F. When necessary we write v(F)
and e(F'), for example, to avoid ambiguity.

Introductory notation: First introduced:
(n)o(m)e
Ly(m) = ————

DH(Gm) = NH(Gm) — LH(m)

DO — —
— w [ —
— S —

AH(Gm) = NH(Gm) - NH(Gm—l)

H\2,9¢— H\2 9¢— -
v (t) = (4(/\) 20721 - 1)? + 12() "t 3(1—t)3>
Martingale increments related to subgraph count deviations: First introduced:

Xu(Gp) == Ap(Gn) — E[An(Gn) | Gr]

N
I

[
[\

Xp(Gi) = s 2 (1) = 3(1) ) Xa(Gi) + 0737 ( L) Xa (G)

Yr(Gi) == Xp(Gi) — Xp(Gi)

B E
[\ =

Additionally, Xy (Gj;t), see (2.5)), is defined by

Xu(Gi;t)

— +)2 —#)3
o v3ges (t(fz) 8_32 X,(Go) + (8 8_33 (XA (G)) —35X/\(Gi))> .

There are three random variables Ay (G ), Aj;(Gny) and A} (Gpy) that all approxi-
mate D (Gp ) in some sense. They are first defined respectively as equations (1.5)), (2.6))
and (5.23)). In the following definition m denotes [tN | and Xy (G;,t) and Xp(G;) are as
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defined above.

A (Gry) = nP=3te2 ((f\’) - 3(5)) Dp(Gg) + 033 () DA(Go)

m

5(Gng) =Y Xu(Gist)
i=1
m

» (1 — 1)) (t — 5)c—elF)

VICHEDY Z a _s) Xr(G)
i=1 FCE(H
Degrees, codegrees and their deviations: First introduced:

dy(Gp,) := degree of u in G,

2
Du(Gr) = du(Grn) — 2

n

dy,w(Gm) = codegree of u in G,

n—2)(m
Du,w<Gm) = du,w<Gm) - w (4.2)
(N)2
A(e;) = Dy(Gi—1)* + Du(Gi—1)? + Dy (Gi_1)? (.7)
Functions related to covariance: First introduced:

B
=

Vi (iyn) = n =55t =41 — 5)(s0y(F, F') + (1 — s)02(F, F"))

o:(F. F) = s(5) (%)

0P F) = 36(4) ()

§ B
bol i

Wi (Gn) = s/ T3 (B (7) D, 1)

Finally, we write log for the natural logarithm.

B
b

2. MARTINGALE EXPRESSION FOR Dy (G,,)

In this section we state and prove Theorem our martingale expression for Dy (Gp,).
In doing so, we also prove Lemma which concerns the expected number of copies of
H created with the addition of the mth edge. We also state an approximate expression
for Dy (Gy,), see Theorem which will be proved in Section [5| as part of the proof of
Theorem

For the duration of the section, let us fix n and let (G,, : m = 0,..., N) be a realisation
of the Erdos-Rényi random graph process on n vertices. It is helpful to think of G,, as
also including the information of the order in which its edges were added. Let us define

AH(Gm) = NH(Gm) — NH<Gm_1), (21)

the number of embeddings (isomorphic copies) of H created with the addition of the mth
edge. Our martingale expression for Dy (G,,) will be based on centered versions of these
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random variables. Let
Xu(Gm) == Ag(Gp) — E [A(Gn) ! Gm-1] - (2.2)
Note that X (Gyy,) is obtained from A (Gyy,) by shifting it so that E [ Xy (Gp)|Gm-1] = 0.
We may now state the martingale expression for Dy (G,,).
Theorem 2.1. Let H be a graph with v vertices and e edges. Then

Z Z (N — me(F)( )e—e(F)XF(Gi)’ (2.3)

i=1 FCE(H — e

where the inner sum is taken over all 2° graphs F with V(F) = V(H) and E(F) C E(H).

Remark 2.2. Equation ({2.2]) shows that Xy (G,,) is a martingale increment with respect

to the natural filtration of Gy, ..., GN. Since
(N*m)e(F)( )e e(F)
Xp
FCE(H)

is a hnear combmatlon of the random variables Xp(G;), it too is a martingale increment,
and so is indeed a martingale.

We begin with a lemma about E [Ay(Gyn)|Gm-1], the expected number of embeddings
(isomorphic copies) of H created with the mth edge, given the graph G,,_1.

Lemma 2.3. In the Erdds-Rényi random graph process (G, :m =0,...,N),

E[An(Gn) [ Gnt] = 55 2 (Ving(Gnet) = Nir(Gn )
fEE(H)
= (L) = Lu(n=1) + 5———= 3 (Din(Gn-1) = Dir(Gn 1))
fEE(H)

where H \ f denotes the graph obtained from H by removing the edge f.

Proof. Let us first observe that the second equality follows directly from the definitions.
Indeed, one may simply expand Ny (Gr,) as Lg(m) + Dy (G,,), and use (1.2)).

We now prove the first equality. We may view Ap(G,,), the number of embeddings
(isomorphic copies) of H created with the addition of the mth edge, e,,, as a sum

= > AHf
fEE(H

where Ap ¢(G,) denotes the number of embeddmgs of H created with the addition of e,,,
in which e,, is the image of the edge f of H. It therefore suffices to prove that

E[Ap,(Gm)| Gm-] = ]V_?ln_i_l(NH\f(Gm—l) — Ni(Gm-1)) (2.4)
for each f € E(H).

Fix f € E(H). In order for an injective function ¢ : V(H) — V(G,,) to represent
an embedding of H in G,,, but not in G,,_1, and have e,, = ¢(f), it is necessary and
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sufficient that ¢ embeds H\{f} into Gy,—1, that ¢(f) is not an edge of G,,,—1, and, finally,
that e,, is chosen to be ¢(f).

The number of injective functions obeying the first two conditions is precisely Ngp f(Gim—1)—
Ny (Gp-1), and, for any such ¢, the probability that e,, is chosen to be ¢(f) is 1/(N —
m + 1). The required equation, (2.4)), follows immediately. O

We now prove Theorem [2.1]

Proof. The proof is by induction on e = e(H), and on m € {0,...,N}. Ife=1orm =0
the result holds trivially. Now consider a graph H with v vertices and e > 2 edges, and
m € {1,...,N}. We may expand Dy (G,,) as follows

DH(Gm) = NH(Gm) - LH<m)
= NH(Gm—I) + AH(Gm) — LH(m — 1) — (LH(m) —LH(m — 1))
= DH(Gmfl) + AH(Gm) — (LH(m) — LH(’ITL— 1))

= DH(Gmfl) + XH(Gm) + E [AH(Gm) ‘ Gmfl] — (LH(m) — LH(m — 1))

1
N1 2 Pmy(Gmor) = Du(Gron)),
fEE(H)

where we have used the definition of Xy (Gyy,) in the fourth line and Lemma in the
last line.

We have an expression for Dy (Gy,) in terms of Xy (G,,) and a linear combination of
deviations Dp(Gy,—1) with F C H. By the induction hypothesis each of these may be
expressed as a linear combination of the Xp(G;) with FF C E(H) and 1 < i < m. One
may check that the resulting expression for Dy (G,,) is that claimed. O

We now give a simpler expression which approximates D (G),) very well. Since this
expression is itself closely related to the quantity Ay (Gy ) which appears in Theorem [1.6
we use the notation A};(Gy). For a graph H with v vertices and e edges, let us first
define

. . v=3 [ e—2(H (1 _t)2 e—3(H (1 _t)3
Xp(Git) == n (t (A)WXA(Q) + 73 (0) 1 (Xa(Gi) = 3sX,(G)
(2.5)
where s = i/N, as it is throughout the article, and define
A3 (Gny) =Y Xu(Gist). (2.6)
i=1

We are now ready to state Theorem The statement will be given for ¢ € (0,1/2].
This form is sufficient for the proof of Theorem

Theorem 2.4. Let H be a graph with v vertices and e edges. There exists a constant
C = C(H) such that for all t =t(n) € (0,1/2] we have

P(\DH(Gn,t) — N (Gg)| > Cbtl/Qn”‘2> < exp(—b) (2.7)
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for all 3logn < b < t1/2p, Furthermore,
P(’DH(Gn,t) — N (Gy)| > C’bn”_2> < exp(—b) (2.8)
for all b > 3logn.

Remark 2.5. The curious reader may wonder why we express the terms Xy (G;;t) of
A3 (Gpy) as a linear combination of X, and XA — 35X, rather than directly as a linear
combination of X, and XA. We consider this choice natural because X, and Xa — 35X,
are asymptotically orthogonal (i.e., uncorrelated) in the sense that

E [X0(Gi) (Xa(Gi) — 38X, (Gy) | G
is typically o(n), while their individual variances are ©(n). See Section [7|for more details.

In fact, the result holds for all ¢t € (0,1). This follows directly from Theorem
and (5.34).

Theorem 2.6. Theorem holds for t =t(n) € (0,1).

Theorem [2.4] is proved in Section [5] as part of the proof of Theorem After proving
Theorem [I.6] we easily deduce Theorem [2.6]

2.1. An aside: subgraph counts from subgraph counts in the complement. We
record a simple lemma that allows one to relate subgraph counts in G to subgraph counts
in the complement G°.

Lemma 2.7. Let H and G be graphs, and let G¢ be the complement of G, then

Nu(G) = Y (D) INg (), (2.9)
H'CE(H)

where the sum is over all 2¢(") subgraphs of H.

Proof. Writing Ni#4(@) for the number of induced embeddings (isomorphic copies) of H
in G we have, by inclusion-exclusion, that

NpUG) = > (-1 NG (@),
FCHCK,

and, in the other direction,

Na(@) = Y NBUG) = Y NRE)

HCFCK, FeCHe

where K, is the complete graph on the vertex set of H.
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We now have

Nu(G) = ) Np(Go)

FeCHe

= > Y ()N (6

FeCHe FeCH'CK,

= 3 VNG Y ()

H'CK, HU(H')°CFCK,

= Y () UONg(G),

H'CH

where the last line follows since the sum over F in the line above gives 1 if HU(H')¢ = K,
and 0 otherwise. O

By linearity, the same identity holds for deviations.

Corollary 2.8. Let H and G be graphs, and let G¢ be the complement of G, then

Du(G) = Y (=)Dm(G,
H'CE(H)

where the sum is over all 2¢H) subgraphs of H.

Proof. This follows easy from Lemma by linearity. Indeed, by taking expectation (with
G ~ G(n,e(@))) on both sides of (2.9) we obtain that

Lu(e@) = Y (=) Lp(e(G).

H/'CE(H)

Subtracting this from (2.9)) gives the required identity. O

3. MARTINGALE DEVIATION INEQUALITIES

In this section we state the Hoeffding-Azuma inequality [1,20] which bounds the prob-
ability of martingale deviations. The particular form of the Hoeffding-Azuma inequality
we shall use is stated as Corollary

For certain key results, including our main theorem, we need to use an inequality
of Freedman [12] instead. Freedman’s inequality gives significantly stronger bounds in
certain contexts; in particular when the martingale increments, X;, have conditional second
moments, E [X?|F;_1], much smaller than || X;[/%.

We begin with the Hoeffding-Azuma inequality and its corollary. The corollary is an
application of the inequality to functions f(Gy,), where G,, ~ G(n, m).

Let (Sy)n>0 be a martingale with respect to a filtration (Fy,)n>0. Write X; = S; — Si_1,
i > 1 for its increments and note that E [X;|F;_1] =0 for all 7 > 1.
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Lemma 3.1 (Hoeffding-Azuma inequality). Let (Sim)*_, be a martingale with increments
(X)M,, and let ¢; = || Xi|loo for each 1 < i< M. Then, for each a >0,

=1
—a?
P(Sy—Sg >a) <exp| —7— | .
(S " ) P 22%161‘2

Furthermore, the same bound holds for P (Syr — So < —a).

Let us write G, ,, for the family of graphs with n vertices and m edges. One may think
of Gn m as endowed with an edit distance, in which graphs which differ in two edges, G
and G \ {e;} U {e;} for example, have distance 1. It is then natural to say a function
[ Gnm — Ris C-Lipschitz, it |f(G) — f(G")| < C for all pairs of adjacent graphs G, G".

Given a function ¢ : E(K,) — R, let us say that a function f : G, ,, — R is ¢-Lipschitz
if for every adjacent pair of graphs G,G’ € G,, ,, we have

| F(G) = (G| < dler) + 9(ey),
where G A G’ = {e;, e}

Corollary 3.2. Given ¢ : E(K,) — R and a 9-Lipschitz function f : Gpm — R, we
have

2
P(f(Gm) — E[f(Gm)] > a) < exp< )

e
811413
for all a > 0, where ||1)]|3 := D ecB(Ky) Y(e)?.
Furthermore, the same bound holds for P (f(Gm) — E[f(Gm)] < —a).

Remark 3.3. While we include a proof of this corollary for completeness, we do not claim
that it is an original result. The statement is very close in spirit to that of McDiarmid’s
concentration inequality [26], although in a slightly different setting, as we do not have
independence. See also Warnke [33], where generalisations of McDiarmid’s inequality are
proved, including one where the independence condition may be weakened.

Proof. Let ey, ...,en be an ordering of the edges of K,, in which 1 is decreasing. Consider
the martingale

Z; = E [f(Gm)‘Gmﬁ{el,...,ei}] ,

where the conditioning indicates that we reveal the first ¢ edges in the ordering. Observe
that Zp = E[f(Gm)] and Zy = f(Gy,). The result will follow immediately from the
Hoeffding-Azuma inequality provided we prove that

|Zi = Zia| < 20(ey) almost surely. (3.1)
Let G_ := Gy, N{e1,...,e;_1} and let us set m— = |G_| and m' = m —m_ — 1. We
may generate G, as follows. Let J be a uniformly random subset of {i + 1,..., N} of

cardinality m/, and let k& be chosen uniformly in {i +1,..., N} \ J. We promise that G,
will be given by either

G_ U {61} U {6]‘ 1 j € J} =: G_,i”] (3.2)

if e; € Gy, or by
G_ U {ek} U {ej 1 j € J} =: G_,k’(] (3.3)
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if e; ¢ G,. With this in mind, we have

E [f(Gm) ‘ Gm N{e,... ,ei}]
= le;eanBslf(G-i))|G-] + le;¢cn Baplf (G- k,)|G-]
= Ejulf(G_r)|G-] + leecn Bl f(G=i5) — f(G— k,1)|G-]

and

E [f(Gm) ‘ Gm N {61, ce ,61;1}]
= P(e; € GulG-)Ej[f(G-i0)|G-]+ P(e; & Gn|G-) Ejk[f (G- k1) |G-]

= Esplf(Gop0)|G-] + P(e; € Gu|G)Egi[f(G-i7) — (G- 10)|G-].
It follows that

Zi — Zier = Byl f(G-ig) = F(G-k,0)|G-](Le;ei,, — P(ei € G| G-)).

Since |1¢,eq,, —P(ei € Gn|G-)| < 1, we obtain
Zi — Zia| < |Eyplf(G=ig) — F(G_p)IG-]| < Bunllf(G-ig) — F(G_r)||G-].
and since | f(G_;,y) — F(G— k1) < d(ei) + d(er) < 2¢(e;) we obtain (3.1)). O

We now state Freedman’s inequality, and the related converse inequality.

Probabilistic intuition would suggest that deviation probabilities ought to be more
closely connected to the second moment of the increments X; than to || X;||oo. Freedman’s
inequality [12] essentially allows us to replace || X;||%, by E [X?F;—1], the conditional
second moment.

Lemma 3.4 (Freedman’s inequality). Let (S,,)M_, be a martingale with increments

(X;)M | with respect to a filtration (Fp)M_,, let R € R be such that max; | X;| < R almost
surely, and let

Vim) =Y E[IX*|Fi] .

i=1
Then, for every a, 8 > 0, we have

—a?
— > < < _— ] .
P(Sm—So > @ and V(m)<pB for somem) < exp <2( T Ra)>

In addition, Freedman [12] proved that this exponent is often close to best possible.
Before stating this converse, let us restate the above inequality. Define the stopping time
meq to be the least m such that S, > Sy + «, and define

To = V(mg).

The above inequality states that

Freedman’s converse inequality [12] is as follows.
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Lemma 3.5 (Converse Freedman inequality). Let (Spm)M_, be a martingale with incre-
ments (X;)M, with respect to a filtration (Fn)M_,, let R be such that max; |X;| < R

m=1>
almost surely, and let T, be as defined above. Then, for every o, 8 > 0, we have

—a?(1 + 46)
25 ’
where § > 0 is minimal such that /o > 9RS™2 and o?/3 > 1662 log(6462).

1
P(T, <pB) > 2exp(

From the point of view of our present applications, the essential content of these in-
equalities is that
—a?(1 +o(1))
)

when aR < 3 < a?. See Section 3.4 of [26] for other martingale inequalities in a similar

(1<) = o

spirit.

3.1. A bound for the hypergeometric distribution. The hypergeometric distribu-
tion represents the number of successes in a series of draws without replacement. Given
N, K, m, arandom varianble S, has hypergeometric distribution with parameters N, K, m
if P(Spm=k) = (Ik() (]Tvn__llf)/(ﬁ) If p =E[Sy] = Km/N we have the following bounds on

the upper tail:

a2 —a?
P(Sn = < —0—= ] < —_— 4
(S w+a) < exp <2M+20/3> exp <2M+a) (3.4)
and the lower tail: )
P(Sm < p—a) < exp (;Z) , (3.5)

which were proved in [20]. They also appear in Theorem 2.10 of [15].

4. DEGREES AND CODEGREES IN G(n,m)

There are many results on degree sequences of random graphs, for more information
see the articles of Bollobés [4], McKay and Wormald [28] and Liebenau and Wormald [22]
and the refernces therein.

We are not aware of a direct reference for the degree and codegree bounds that we
require. In this section we prove bounds on the probability of certain events related to de-
grees and codegrees in the model G(n,m). All the proofs are straightforward applications
of Corollary a form of the Hoeffding-Azuma inequality.

The three degree deviation results we prove concern the largest degree deviation, the
sum of fourth powers of degree deviations and the sum of squares of degree deviations.
After stating these results in Section [4.1] we state the analogous codegree results in Sec-
tion We make no effort to optimise the constants in any of these results.

Although it differs from the standard notation, we write d,,(G) for the degree of a vertex
u in a graph G. In the case of G, ~ G(n,m) the expected degree of u is 2m/n, and so

2m

Dy (Gy) = du(Gp) — e (4.1)
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is the deviation of the degree of u from its mean. We shall also consider codegrees, writing
dy,w(G) for the number of common neighbours of vertices v and w in a graph G, and

(n —2)(m)2

D, w(Gm) = du,w(Gm) - (N)2

)

(4.2)
for the deviation of dy . (Gp,) from its mean.

4.1. Degrees. We prove bounds related to the maximum degree deviation (Lemma ,
the sum of fourth powers of degree deviations (Lemma , and the sum of squares of
degree deviations (Lemma.

We first state the result about the maximum degree deviation. Let
Dinax(Gr) = mngu(Gm)

and
Dpin(Grn) := min Dy, (Gyy,)

Lemma 4.1. For all b > logn, and all m < N, we have
F (Dmax(Gm) > 40121212 4b) < exp(—b).
Furthermore, the same bound holds for the event Dyin(Gn,) < —4bpV/2¢1/21/2 _ yp.

Proof. Fix a vertex u € V(G,,) and let a = 4b'/2t1/2p1/2 4 4b. The degree d,(G,,) has
hypergeometric distribution with parameters N,n — 1,m. By the bound (3.4]) on the tail
of the hypergeometric distribution we have

2tn+a

P (Dy(Gm) > a) < eXp< ) < exp(—2b).

A union bound over the n < exp(b) vertices completes the proof of the main statement.
The lower tail bound follows by a similar argument. O

Our result on the sum of fourth powers of degree deviations is as follows.

Lemma 4.2. There is a constant C > 0 such that, for all b = n'/2, and all m < N, we
have

P Z Dy (G)* > Cbn®*min{b,n} | < exp(-b).
ueV (Gm)

Proof. Fix b > n'/2. We define a family of events related to degree deviations. For each
7 =1, let
a; = 93-0/2p1/2,)1/2 | 93-i/8,,5/8

We may immediately note that

ajz > 2670pn + 20-3/4y,5/4 (4.3)

and that
a? < 215222 4 915-1/2,,5/2 (4.4)
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For each j > 1 and for each set U C V(G,,) of cardinality 2/ we define E;.FU to be the
event that

Dy (Gm) > aj forallu e U,
and E;U to be the event
Dy (Gm) < —aj; forallueU.

Claim: P (EJJFU) < exp(—2b — 21H3/4p1/4),

Proof of Claim: Define
f(Gm) = Z Du(Gm) :
uelU
We observe that E[f(Gy,)] = 0 and that f is ¢-Lipschitz for the function ¢ (e) = [e N U]|.
We have ZeeE(Kn) P(e)? < 4|Un = 27 2n. We are now ready to apply Corollary
Noting that f(Gp,) > 27a; on the event E;-fU, we have

n . —22ja]2
P(Efy) < P(f(Gn) > Ya;) < exp | 572 | -

The claim now follows immediately from (4.3)).
Naturally, the same bound holds for P <E]_U>

Now, for each j > 1, a union bound allows us to bound the probability that any of the
events E;TU or EJ._U occurs for any set U of 2/ vertices. Indeed this probability is at most

2<2nj> exp(—2b — 21F39/4p1/4) < exp(—2b) exp(1 4 27 + 27 log(n277) — 21+37/4p1/4)
< exp(*Qb),

where we use the fact that (2”]) < (exp(l)nZ_j)z7 and the final inequality is obtained using
the bound log z < z'/* applied with 2 = n27J. Taking a union bound over 1 < j < logy n
there is probability at most

log, nexp(—2b) < exp(—b)

that any of the events E;TU or E;U occurs. On the complementary event, there is a
partition of the vertices into groups Vi, Va,... such that |V;| < 27! and |D,(G)| < q;
for all u € V;. Thus, with probability at least 1 — exp(—b), we have

log, n
4 j+1 4
S DGt < Y 2l
ueV (Gm) Jj=1
logy
< Z (216—jb2n2 i 216+j/2n5/2>
j=1
< Ob*n?,
where we have used (4.4)) to prove the second inequality, and for the third we have taken
C > 2" and used that b > n'/2.
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This proves the lemma in the case that b < n. If b > n, then let J be the smallest integer
such that 27 > b/n. It follows that 277/ < n/b. We now argue as above, except using the
trivial bound |D,(Gy,)| < n for the vertices u € V; for j < J. Now, with probability at
least 1 — exp(—b), we have

Z D, (Gp)* < 27t + ZQHla?
ueV(Gm) j=J
Abn® 1 Z (2167]'1)2”2 X 216+j/2n5/2>
Jj=J

4bn® + 217722 4 216p3

N

N

< 4bn® + 2V7n3 + 21653

Chn?,

N

where C has been taken to be at least 2'®. This proves the inequality in the case b > n,
completing the proof. O

Lemma 4.3. There is a constant C' such that for all b > 30, and all m < N, we have

P Z Dy(G)? > Cbhn? | < exp(—bn).

Proof. Fix b > 30. Let £ = |logyn|. We shall consider a function f, for each sequence
o€ {0,41,£2,+4,...,420V(Em) defined as follows

fo(Gm) = Z JuDu(Gm) .

ueV (Gm)

P = Y ot

ueV(Gm)
To see the connection between these functions and the result of the lemma, consider the
choice of o* defined by setting o = 0 if |Dy(Gp)| < n'/2, and otherwise defined so that
o has the same sign as D, (G,,) and |o¥| is the largest power of two such that |o%|n'/? is
at most |Dy(Gy,)|. With this choice of o* we have

Let us set

for (Gm) = llo*|Pn'/?. (4.5)
Furthermore, if ", Dy (Gm)? > Cbn? with constant C' > 129 then
Dy(G)? — n
*(12 *\2 u m
lo*|? = Zu:(au) > ;Zm > 32bn. (4.6)

By (4.5)), (4.6]), and a union bound, proving the lemma reduces to the problem of proving
the following inequality:

> P(folGn) > ol*nt?) < exp(~bn). (4.7)
o:||o]|2>32bn
We first bound this probability for each fixed o.
Claim: P (f,(Gn) > [[o]*n'/?) < exp(—|lo]?/16).



22 CHRISTINA GOLDSCHMIDT, SIMON GRIFFITHS, AND ALEX SCOTT

Proof of Claim: The function f, is ¥-Lipschitz for the function ¢ (uw) = |oy| + |owl,
for which 3 c gk, P(e)? < 2n D ueV(Gom) 02 = 2n||o||?. Since E[f,(G.n)] = 0, it follows
from Corollary [3.2] that

—lo||*n

2.1/2\ <
P (fo(Gm) > llo*n*/?) < exp<16n||a‘2

) < exp(—[lo|2/16),

as required, completing the proof of the claim.

For o with ||o||? > 32bn it follows that

—llo]f?

< exp(—bn) exp [ — lo1” .
16 32

Substituting this bound into (4.7]) we need only prove that

3 exp<_|:|3;H2> <1. (4.8)

o:||o||2>32bn

]P’(f(,(Gm) > H0H2n1/2) < eXp<

We prove this bound by splitting into “types”. Given a sequence = (_y_1,...,Z¢t1)
we say o has type x if precisely xg vertices u have o, = 0, precisely x; have o, = 2/~ and
precisely z_; have o, = —2/~! for each j € {1,...,¢+ 1}. Setting

Sy := {o : ohas type zand||o|* > 32bn}

and observing that there are at most n3¢ < exp(n) choices of ¢ which have type =z, it

suffices to prove that
A2
Z exp lo] < exp(—n) (4.9)
32
UES(E

for each type z. Note that all o of type = have the same ||o||?, which is given by
p(x) = ij4lj|+1_
70
It follows that S, is empty if p(z) < 32bn. Fix a type x with ¢(z) > 32bn, we prove (4.9)
for this type x. We must prove that

Sz < exp <80(x) - n) :

32
()

n
w( )
—f—15 -3 Lp4+1 j#0

and, by the well known inequality (Z) < (en/k)*, we obtain

We have

1/2
|Sz| < exp Z$j log(en/z;) | < exp 61/2711/2236/ ,
j#0 j#0
where we have used the inequality logy < yl/ 2 for y > 0.

For each j # 0, we have
|z < min{n, 4! 7 p(z)}.
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Using |z;| < n for [j| <4 and |z;] < 47T p(x) for |j| > 5, we have

1S.| < exp [ 16n + 2n!/2 Z 21T () /2
l31=5

Since () > 32bn, we obtain

S| < exp <(P(x) + pl2) ) < exp ((p(:C) - n) :

2b 16b1/2 32

as required, completing the proof. ]

4.2. Codegrees. We now state and prove the analogous results for codegrees.

Recall that d, ,,(Gp) denotes the number of common neighbours of vertices u and w in
G, and
(n —2)(m)2
Dy Gm = dyw Gm - T
w(Con) = du(Gn) ~ L
is the deviation of dy, ,,(Gy,) from its mean. Let

D! . (Gp) = IEEZ)XDU’UJ(Gm)

max

and
fin(Gm) = min Dy, ,(Gr,) .

U,W

Lemma 4.4. For all b > 2logn, and all m < N, we have

(G > 4b12¢1 2012 4 Sb) < exp(-b).

max

P (D’

Furthermore, the same bound holds for the event D' . (Gp) < —4bY/2t1/2n1/2 — 8.

min
We omit the proof, which is essentially identical to the proof of Lemma [£.1]
The codegree version of Lemma[f.2] on fourth powers of degree deviations, is as follows.

Lemma 4.5. There is a constant C > 0 such that, for all b > n'/2, and all m < N, we
have

P Z Du,w(Gm)4 > C'bn3 mln{b,n} < exp(—b) .
u,weV (Gm)

The proof is very similar to that of Lemma One difference is that in place of the
events E;U and E;U, we consider events of this type inside matchings. This may appear
ad hoc, but if we do not make such a restriction the argument runs into problems when
we arrive at the union bound.

Proof. Fix b > n'/2. Let My, ..., M, be a sequence of matchings which partition E(K,).
We define a family of events related to codegree deviations. For each j > 1, let

a; = 94=i/2p1/2,)1/2 | 94=i/8,,5/8
We may immediately note that

(a})? > 287 Tbn + 2879/4p5/ (4.10)
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and that

(@)t < 297%pn? 4 21979/2p5/2 (4.11)
For each 1 < j < logy,n and for each set U C M of cardinality 27 we define F;“U to be
the event that

Dyw(Gm) > a; for all uw € U,

and Fj_U to be the event

Dy w(Gm) < —aj for all uw € U .

Claim: P (F]*U) < exp(—4b — 22+3i/4p1/4),
Proof of Claim: Define

uwwel

We observe that E [f(G,,)] = 0 and that f is ¢-Lipschitz for the function ¢ (e) = |[en|J U],
where | JU denotes the set of vertices that occur in an edge of U. We have Y (e)? <
273, We are now ready to apply Corollary Noting that f(G,) > 2/ a;» on the event

F]TU we have
] _22]'(@/‘)2

The claim now follows immediately from (4.10)).
Naturally, the same bound holds for P (FJ._U).

Now, for each j > 1, a union bound allows us to bound the probability that any of the
events F' IU or F ;U occurs for any set U of 27 pairs of M;. Indeed this probability is at
most

2 . . ) ) .
2(”2/]. > exp(—4b — 22439/ 1) exp(—4b) exp(1 + 27 + 27 log(n277) — 22+31/4p1/4)

< exp(—4b) )

where the final inequality is obtained using the bound log z < z/4 applied with 2 = n277.

Taking a union bound over 1 < j < logy n there is probability at most

log(n) exp(—4b) < exp(—2b)
that any of the events F].JFU or F]._U occurs. The above argument also holds inside the
remaining matchings My, ..., M,. Since nexp(—2b) < exp(—b), we have with probability
at least 1 — exp(—b) that in each matching and for each j > 1, at most 27 edges uw have
Dyw(Gr) > aj and at most 27 have Dy, (Gm) < —aj.

In this case, there is a partition of the edges of K, into groups Ej, ... such that |E;| <
2970 and | Dy (Gm)| < a; for all uw € E;. Thus, with probability at least 1 — exp(—b),
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we have

logo

> DiwlGm) < 3 27 Infa))?
uw 7=1

logy

< Z (220—jb2n3 + 220+j/2n7/2)
j=1

< Cbv*n?,

where we have used (4.11)) to prove the second inequality, and taken C' > 222.

This proves the lemma in the case that b < n. If b > n, then let J be the smallest
integer such that 27 > b/n. It follows that 27/ < n/b. We now argue as above, except
using the trivial bound |Dy.,(Gy)| < n for the pairs uw € V; for j < J. Now, with
probability at least 1 — exp(—b), we have

logy 1
ZDﬁ,w(Gm) < 2/Hnd 4 Z 2j+1na§
uw j=J
log, n
< 4bnt + Z (220—jb2n3 + 220+j/2n7/2>
j=J
< 4bnt + 221—Jb2n3 + 920,,4

< 4bn* + 22pn?t 4+ 220p4

N

Chn*,

where C' has been taken to be at least 222. This proves the inequality in the case b > n,
completing the proof. O

Finally, the generalisation of Lemma [£.3] to codegrees is as follows.

Lemma 4.6. There is a constant C' such that for all b > 30, and all m < N, we have
P <Z Dyw(Gi)* > C’bn3> < exp(—bn).

Proof. We describe how the proof may be obtained from ideas present in the above proofs.
As in the proof of Lemma [£.5] let My, ..., M, be a family of matchings that partition K.

Claim: There is a constant C such that

Pl Y Duw(Gm)*>Cbn® | < exp(—2bn).

uwe My

Proof of Claim: In the same way that the proof of Lemma was adjusted to bound
deviation probabilities for Y-, can Doyw(G)* in the proof of Lemma so Lemma
may easily be adjusted to prove the claim.
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Applying a union bound over the matchings M, ..., M, one obtains that with proba-
bility at least 1 — exp(—bn) we have

> Duw(Gm)® < Chn?
uwe My,

for all k = 1,...n. In this case

ZDu,w(Gm)2 = Z Z Du,w(Gm)2 < Cbn37

k=1 vwe M,

as required. i

5. APPROXIMATING THE DEVIATION Dpg(Gj ) IN TERMS OF D/\(Gm) AND DA(Gpyt) —
THEOREM [L6

The main aim of this section is to prove Theorem which states that Dy (Gpy) is
well approximated by a certain linear combination Ay (G, t) of Dp(Gp ) and Da(Gpy).
This result will be extremely useful since, for the range of deviations for which it applies,
it essentially reduces the study of all subgraph count deviations Dy (G, +) to the cases of
two specific graphs, the path of length two and the triangle.

In order to prove Theorem [1.6) -, we first prove Theorem [2.4] which shows that D (G, t)
is very well approximated by

Agr(G)

n’~ e— 1_t) e—3(H (1_t)3

= SZ <t 2( ) )2XA(G2') + 17 (a) 5 (Xa(Gh) = 3sX,(Gh)) |

a sum of terms each of which is a linear combination of X, (G;) and XA (G;), where m =
[tN] and s := i/N. We deduce Theorem![L.6](for t € (0,1/2]) from Theorem [2.4]by showing
that Ag(Gpy) is very close to A} (Gy) deterministically. It is then straightforward to
deduce the remaining cases (t € (1/2,1)) using Corollary

Let us now discuss the task of proving Theorem Naturally, our proof that Dy (G +)
is well approximated by A}, (G, ) begins with the precise martingale expression for Dy (Gy,)
(given by Theorem [2.1])

Z Z N m e(F)( )efe(F) XF(G’L) .

i=1 FCE(H) (N —i)e

In order to show that the precise expression is well approximated by A};(Gr ), we show
that each Xr(G;) can be well approximated by

* v—3 _e(F)— F F v—3 _e(F)—3(F
X5(Gy) = nv3se) 2((/\)—3(A))X/\(Gi) + v 3ge) 3(A)XA(G1-). (5.1)
This statement is made rigorous in Proposition

Definition 5.1. For each graph F we define
Yr(Gi) = Xrp(G;y) — X5(G;). (5.2)
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We prove that Yp(G;) is small, in particular in the L? sense. Since it is the graph
Gi—1 that determines the distribution of Yz (G;)|Gi—1, the result will state that it is very
unlikely that G;_1 is such that E [YF(G¢)2|GZ-,1] is large.

Proposition 5.2. Let F' be a graph with v(F') vertices and e(F) edges, and let t € (0,1/2].
There is a constant C = C(F') such that for all 1 <i < tN and b > 3logn, we have

IP’(IE [Yir(Gi)?| Gia] > Cbn%(F)—G) < exp(—b). (5.3)

Remark 5.3. The result may be proved for all £ € (0, 1), however for our purposes working
for t € (0,1/2] is sufficient.

In Section [5.I] we prove Proposition We will then be ready to prove Theorem [2.4]
in Section 5.2l and Theorem [I.6] in Section 5.3

5.1. Proof of Proposition Fix a graph F' with v(F) vertices and e(F') edges. In
this subsection we write v for v(F') and e for e(F'). The proof of Proposition depends
on Lemma [5.4] and Lemma 5.5l We shall now motivate and state these two lemmas.

Let eq,...,eny be the order in which edges are added in the realisation of the Erd&s-
Rényi random graph process, so that G, = {e1, ..., e, }. In particular, in this notation e;
is the edge we add to go from G;_1 to G;. Define A}(G;), a linear combination involving
the degree and codegree deviation of e;, by

A5(Gy) = 2es°Inv=2 4 ge=2pv—3 (2(1;) - G(Z)) (Du(Gy) + Du(Gy))

+ 6557303 (1) Dy (Gi)

We will prove that Ap(G;) (which was introduced in (2.1])) is usually well approximated
by A} (G;) (see Lemmal5.5). On the other hand, we prove that Yz(G;) may be expressed
in terms of the difference Ap(G;) — A%(G;).

Lemma 5.4.
Yr(Gs) = (Ar(Gs) — AR(Gy)) — E [Ap(Gy) — AR(Gy) | Giza] -
Proof. This expression for Yz(G;) follows almost directly from its definition as Yr(G;) :=
Xr(G;) — X5(G;). Indeed, the definition of Xp(G;) is
Xp(Gi) = Ap(Gi) — E[Ap(Gi) | Gi]
and so we need only prove that
Xp(Gi) = Ap(Gy) — E[AR(GH) | Gia) (5.4)

As X7.(G;) is defined (5.1) as a linear combination of X, (G;) and Xa(G;) it is useful to
note that

8(i — 1)

Xp(Gi) = AN(GH) — + E

— ANGi) | Gia

= 2(Du(Gi-1) + Dy(Gi—1)) — E[2(Du(Gi-1) + Duw(Gi-1)) | Gi-1]

and
XA(Gi) = 6Duw(Giz1) — E [6Duw(Gi-1) | Gii]
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where we have used that

ApN(G) = 2(du(Gi—1) + dw(Gi-1))

8(i—1
and 6 2)(i—1
n—2)(i—
An(Gy) = (n=2)(i=1)s 6Dy(Gi1) . (5.6)
(V)2
The required equation (5.4)) now follow simply by substituting these values in the defi-
nition of X5 (G;). O

We now state Lemma We shall use the quantity A(e;) defined to be the sum of
squares of the degree and codegree deviations associated with edge e;. That is,

A(e;) = Dy(Gi—1)? + Dy(Gi-1)* + Dy (Gi1)?, (5.7)
where e; = {u, w}.

Lemma 5.5. Let F be a graph with v vertices and e edges. There is a constant C = C(F)
such that, for all 1 <1< N and b > 1, the event that

|AR(Gy) — Ap(Gy)| > Cb2nv =3 + Cn" " Aley) (5.8)
has probability at most exp(—b).

Proof. The vertex set of Gy, is [n] = {1,...,n}. By symmetry we may assume that the
pair 12 is added as the ith edge, i.e., ¢; = 12. Thus, the event (5.8) may be viewed as
an event concerning the first ¢ — 1 edges e, ...,e;—1. We may reveal this information as

follows: we first reveal the neighbourhoods Ni(G;—1) and N2(G;_1) of vertices 1 and 2 in
Gi—1, and then we reveal the remaining edges. We shall prove, for any choice on the first
step, of N1(G;—1) and Na(Gj_1), that the conditional probability that occurs is at
most exp(—b). The result of the lemma then follows by taking expectations.

Let us now fix Ny := N1(Gi—1) and Ny := Na(Gi—1). We set di = |N1| and dy = | Na|.
Let us also abbreviate D1(Gj—1), D2(G;—1) and D1 2(Gi—1) to D1, Dy and D 3 respectively,
for the duration of the proof.

Our aim is to show that in selecting the remaining i —1—d; —dz edges, in V(G,,) \{1, 2},
there is probability at most exp(—b) that (5.8]) occurs.

The proof will use the triangle inequality, in the sense that we bound |Ap(G;) — A%(G;)|
by introducing a third quantity A} (G;) such that

P (\AF(Gi) — AF(G)| > CbY2n | Ny, Ny, = 12) < exp(—b) (5.9)
and
|A5(Gi) — A3 (Gi)| < CbY2nv™ + CnP~1A(ey) (5.10)
deterministically. We set
AP (G;) == E [Ap(G;) | N1, Np,e; = 12] .

It is clear (by considering the triangle inequality) that proving the lemma reduces to

verifying (5.9) and (5.10]).
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Let us subdivide Ap(G;) depending on which edge f of F' corresponds to the new edge
e;, and its orientation with respect to e; = 12, which one may think of as oriented 12.
That is, we write

Ap /Gi)

for the number of embeddings ¢(F') of F' created with the addition of e; = 12 in which
o(f) = 12. Clearly
Gi) = > ApAGi), (5.11)
7

where the sum is over orientations f of edges f € E(F). We shall also define A*F’ f(Gi)
and A*F’jf(Gi_l) for each f € E(F), as follows. We shall write I';(f) and I'a(f) for the
neighbourhood in F' of the start and end vertex of f respectively, and we set

B(f) == [TinTa|, ai(f) :== [T1\T2| and ao(f) == |T2\T4|.
We may now define

— —

Al ~(GZ~) = s7Ipv72 4 Se_Qn”_?’(al(f)Dl + az(f)D2) + st 3B(f) D12, (5.12)

Y paa(f) = 2(3) = 6(X) and X pA(F) = 6(5),

Ap(Gi) = Y A3 HGi). (5.13)
7

One may easily verify that ) 7 ~ar(f)
from which it follows that

We may also define
A;t]?(GZ) =E |:AF7J;’(GZ) } Nl,Ng,ei = 12:| .
It follows directly from linearity of expectation that
AR (Gy) = ZA;}@) : (5.14)
f
Taken together, equations (5.11f), (5.13) and (|5 14|) reduce the problem of proving
and (5.10) to the problem of proving, for each fekE (F),

IP’(}AR HGi) = A G| > OB | Ny, Naje; = 12) < exp(—b) (5.15)

and
A%, HGi) = AT HG; )| < On7 + Cn T Aley) (5.16)
deterministically.
Fix f € E(F). Let us write a1, ap and 8 for ay(f), aa(f) and B(f) respectively, and let
a = a1 + ay. Let us first prove ((5.16]) for this f. We shall use the notation +F to denote

an error of up E. For example, we may express |N;| as sn + D; + 1, for j € {1,2} and
’Nl ﬁNQ‘ as 32n—|—D12 + 2.

We begin with a discussion of A** . f(G ), the expected number of embeddings ¢(F)

created with the addition of edge e; = 12 in which ¢(f ) = 12, given N; and N,. Let
us observe that, writing F’ for the graph obtained by removing the vertices of f, this is
precisely the number of embeddings ¢(F’) of F’ in

Gy = Gi[V(Gi) \ {1,2}]
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in which
(1) € N1 and ¢(I'2) € Na.

We may thus calculate that

p A Gi) = (INUN Nof)g(IN1] = B)an ([N2] = B £ 1)z (n =2 = @ = B)u-2-a-p
(i =1 —[N1| = [Na| + [N1 N Na|)e—1-a—28
(N/)e—l—oz—Q,B ’
n—2

2 ) We may now expand each of these term to obtain a
main contribution and error terms. For example, we may express (|N1 N Na|)s as

where we have written N’/ for (

(sn+ D12 £2) = (s°n+ D12 +2) + 52071,
Continuing, and using that |D; 2| < n, we may express (|N1 N Na|)g as
s2PnP + 8?5 2nP71D 5 + 2/8715*2Di2 + 2(3% + g%nf 1.
In particular, there is a constant C1 = C1(F'), so that
(IN1 N Na|)g = s%nf + Bs*P=2nP~1D; 5 + C’l(nﬁ_l +nﬁ_2A(ei)) :

We may assume that C; = C}(F) is also chosen so that the equivalent statements hold
for the remaining terms. In particular,

(N1 B 1), = 75 -+ s AD, = O (%4 52 )
for j = 1,2,
(n —2—a-— 6)1)727047,8 = 77?7270[75 + Clnvigiaiﬁ

and
(1 =1 —|[Ni| — [Nao| + [N1 N Na|)e—1-a—28
(N,)eflfafZB

Replacing C7 by a larger constant Cy if necessary, it follows that

— se—l—a—2ﬁ 4 C’ln_l.

A;kf(Gi) = g Ipv2 4 ge2pv 3 (a1D1+a2D2) + se_?’n”_?’ﬁDLg +Cy (n”_3+n”_4A(ei)) ,

completing the proof of .

All that remains is to prove (5.15). With e; = 12 and the neighbourhoods N; and
Ny fixed we have that AFf(Gi) is a function f(G) of the graph G = G;_1[V \ {1,2}] ~
G(n — 2,i — 1 — dy — dy), and by definition, see (5.12)), we have E[f(G)] = A7 (G).
Furthermore f(G) is n’~*-Lipschitz, in the sense described in Section 3| By Corollary
we have that

o _C2bn2v—6
(116~ LG > v/25) < 2o (ZS ) < expl-2
provided we choose C' > 5. This precisely proves ([5.15]), completing the proof. ]

We now prove Proposition [5.2]
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Proof of Proposition[5.9. Let b > 3logn be fixed. By Lemma there is a constant C
such that the event
|Ap(Gy) — A3(Gy)| > C1bY2n" =3 + C1n*A(e;) (5.17)
has probability at most exp(—3b) < n~2exp(—2b). We say that G;_ is b-good if
does not occur for any choice of e;. Since there are fewer than n? choices for e;, it follows
that
P(G;—11is b-good) > 1 — exp(—2b).
If G;_1 is b-good then we have that
|AF(G;) — Ap(Gy)| < Cib2nv=% + C1in*Aley)
for all possible choices of e;, and
E [Ar(Gy) — Ap(Gy) | Gica] | < C1bY20"7% + Cin*E [A(e;) | Gioa] -
It follows immediately from Lemma that
Yr(Gi)| < 201620073 + O A(e;) + C1n*E [A(e;) | Gizi] (5.18)
whenever G;_; is b-good. And, since (a4 8+ 7)? < 3(a? + 5% +42),
Yr(Gi)? < 1203002070 + 303 8A(e;)? + 3CIn*°E [A(ei) |Gia]® (5.19)
whenever G;_1 is b-good.

The first term is already in an appropriate form; we now consider the other two terms.
Recalling that A(e;) = D2(Gi—1)+ D2 (G;_1) + D2 ,(G;_1), where e; = uw, it follows that

E [A(e;)? | Giz1] < 3E [Di(Gi-1) + Dyy(Gi-1) + Dy (Gi1) | Gia]

By the Lemmas [4.2] and there is a constant C5 such that each of the events

Y Du(Gi1)* > Con® + Cobn® min{b,n} (5.20)
ueV(G;—1)
and
> Duw(Gic1)* > Con* + Cobn®min{b,n}, (5.21)
u,weV (Gi—1)

has probability at most exp(—2b). We say the G;_1 is b-great, if it is b-good, and neither
of the events (5.20)), (5.21]) occurs. We have
P (Gi—1is b-great) > 1 —exp(—2b) — 2exp(—2b) > 1 —exp(—b).
Finally, if G;_1 is b-great, then since each vertex has probability at most
n—1 n—1 2

N—i+tl S (1-s)N (1-9)n
of being included in e;, and each remaining pair has probability at most 3/(1 — s)n? of
being e;, we have

6 9
)2 ) < - )4 s \4
E [A(ez) | szl] (1 — S)TL Z Du(szl) + (1 — s)n2 Z Du,w(szl)
uEV(Gifl) u,wEV(Gifl)
< 20C9n? + 20Cybn min{b, n}
< Cgan,

/



32 CHRISTINA GOLDSCHMIDT, SIMON GRIFFITHS, AND ALEX SCOTT

where C3 = 40C,. Taking conditional expectations in (5.19)), and using the bound on
E [A(e;)?|G;-1], we have

E [Yr(Gi)?| Gi1] < Cn® 0,
where C = 12C%(C5 + 1), whenever G;_; is b-great. This completes the proof of the

proposition. ]

5.2. Proof of Theorem In this section we show how we may deduce Theorem
from Proposition

Let t € (0,1/2] and let H be a graph with v vertices and e edges. The main statement
of Theorem is that there exists a constant C' = C(H) such that

]P’(\DH(GM) — N (Ghy)| > (Jbtl/?nH) < exp(—b) (5.22)

for all 3logn < b < t'/2n, where A* 5(Grt) = >0 Xp(Gy; t) is the sum of the increments

_ _£\3
Xut(Gist) = n=3 (te—Z(A) 8 - t; X, (@) + =3 (1) (f - 33 (XA (GH) — 3sXA(Gi))> |

The proof will use the triangle inequality, bounding the difference between Dy (G )
and A} (Gny) via

_ _ g)e—elF)
= Z Z (L=t — s) FXF(Gi), (5.23)

i=1 FCE(H) (1—s)
where as usual m denotes [t |.

Notice that A}7(Gy+) is close to the martingale expression for Dy (G, ), given by The-
orem with m = [tN], except with coefficients

(1=t — s)) (N = m)er) (M = D)e—e(r)
(1—s)° (N — 1) '
The following lemma bounds the difference between these coefficients. For fixed constants
0<c<eandany 1 <i<m< N,
(N—=m)e(m—i)e—e (1 —=0)°(t —s)°¢
(N — 1) (1 —s)°
Lemma 5.6. Let t € (0,1/2] and ¢,e € N. There is a constant C = C(c,e) such that for
all1 <i<m<tN, we have

in place of

Veeli,m) =

C

|Vee(i,m)] < 3

Proof. We will show that the constant C' = 24e? works for all sufficiently large n. One
may then adjust C' so that the result holds trivially for all smaller values of n.

Set k=N —iand £ = N —m. We have

(E)c(k — E)e—c ec(k B g)eic _ (@c(k — e)e—cke*1 - ec(k - 6)676(1/"' — 1)6—1
(k)e ke (k—1)e_1k®

The numerator of this expression may be written as

[(O)c = €] (k= Oe—ck®™ + [(k = £)emc = (k= O PR + [k = (k= 1)e1](k —0)°°

Veeli,m) =
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Since £ < k, and the highest order term cancels in each of the square brackets, the
numerator has absolute value at most

3222
On the other hand the denominator is at least

1
Bk = Dea > SR

for all sufficiently large n. And so
6e? < 12¢2 '
N—-m = (1—t)n?
Since t € (0,1/2], this complete the proof. O

Vee(i,m)] < 662k~ =

We are now nearly ready to prove Theorem Before doing so we require one more
lemma. We may view Yr(G;) as a function of G;_1 and e;. Let us write ||Yr|G;-1]|c for
the maximum possible value of |Yr(G;)| over the possible choices e € E(K,,) \ E(G;—1) of
the ith edge.

Lemma 5.7. Let F be a graph with v(F') vertices and e(F') edges. There is a constant
C = C(F) such that, for all1 <i < N and all b > 3logn, the event that

||YF|GZ—1||OO > Cbl/an(F)—3 + C’bsnv(F)_3 + Cb3/2sl/2nv(F)—7/2 + Canv—4

has probability at most exp(—b).

Proof. With the usage of b-good introduced in the proof of Proposition [5.2] we have that
G;—1 is b-good with probability at least 1 — exp(—2b) and we recall (5.18)), which states
that for some constant C; we have

Yr(Gi)| < 201620 E)=3 4 CinFI4A(e;) + Cin? ) TE [Aes) | Gizi]
whenever G;_; is b-good. Let Fa be the event that some e € E(K,,) \ E(G;-1) has
Ale) > 1000(bsn + 3251212 4 b2) .
It follows easily from Lemma and Lemma [4.4] that P (Fa) < 6exp(—2b).
We may now observe that there exists a constant C' such that the event that
[YF|Gicilloo > CBY20P)=3 1 Chsn?F)=3 o Cp3/261/20(F)=T/2 | cp2po(F) =4
is contained in Fa U {G;_1 is not b-good}. This probability is at most
6 exp(—2b) + exp(—2b) < exp(—b),
as required. O]
Proof of Theorem[2.4 Let t € (0,1/2]. We shall focus on the proof of the first statement.

To deduce the “Furthermore” statement, simply follow the same proof, with the variable
t removed, and use R = 2¢t1npv=2,

Fix 3logn < b < t1/2n. By the triangle inequality it clearly suffices to prove
|Di(Gry) — A3 (Grg)| < Citn”™? (5.24)
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deterministically, and
P (\A*H*(Gm) — N (G| > @btl/%v—?) < exp(—b) (5.25)

for all 3logn < b < tl/Qn, for some constants C; and Cs.

We begin with (5.24). By Theorem we have the precise martingale expression for
Dy (Gpyt) given by

-y oy ! (]G)(_ e Dt ().

i=1 FCE(H)

where m = [tN]. It follows that Dy (Gpt) — A (G ) is

Z Z e(i,m) Xp(Gy).

i=1 FCE(H)

Since each Xp(G;) is at most n¥=?2 deterministically and ve(p) (i, m) is at most C3/ n?,
where Cj5 is the constant given by Lemma [5.6] it follows that this difference is at most

nv— 201 Ctnv 2

deterministically, where Cy = 2°Cl.
We now prove - Let 3logn < b < t1/2n be fixed. The proof proceeds by replacing
the Xr(G;) in A} (Gryt) by
Xp(Gi) + Yr(Gi)
where
Xi(Gi) = n s 072 (1) = 3(X) ) Xa(Ga) + 05573 () Xa(Gi)
We claim that the X7,(G;) contribute exactly A};(Gpy), so that:
Claim:

m _ pelB) (¢ — gye—elF)
N (Goy) — M(Goy =3 S LD 09"y ). (526)

i=1 FCE(H) (1=5)

Proof of Claim: We must prove that

— eI (¢ — g)e—eF)
Z S LD T N () = A ().

i=1 FCE(H) (1=5)

That is, we must prove that
1—t¢ e(F) t—s e—e(F)
) o ( (_ 5)° "X = XalGnt).
FCE(H)

for all # = 1,...,m. It is clear that both sides are linear combinations of the increments
XA (G;) and XA (G;), so it suffices to prove they receive the same coefficients on each side.
We begin with X, (G;), which receives coefficient

—$)2 _ 13
ne=sge-2 () 8 - 32 — anv3sres () 8 - 33 (5.27)
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on the right hand side, and coefficient (5.28)—3x ([5.29)) on the left, where ([5.28]) and (5.29)

are given by

v—3 § : (1 — t)e(F) (t — S)E_E(F) e(F)—2(F
' FCE(H) (I—s)e ’ (/\> (5.28)
and (F) (F)
-3 A=) =) gy 5 (F
E . 2
' FCE(H) (=) S (A) .

Since there is a contribution to (5.28)) for each copy of P, contained in the subgraph
F C E(H), one may sum first over copies of P, contained in H, with each having a
contribution equal to the total contribution of subgraphs F' C F(H) which contain it.

Thus is nv—3 (I/{) times

Z (1 =) E)(t — 5)c—e® ge(F)-2
(I—s)°

. (1 —t)Q(t_ 3)672 8(1 —t) e(F")
- (1—s) Z ( t—s ) ’

FICE(H)\P

where P is some copy of P, of H. Summing, using the binomial identity, reveals that (5.28))
is precisely
o3 () (1 —t)?
AN (1—s)2
Similarly, (5.29) is n*~3(¥) times

Z (1= t)E)(t — 5)—) ge(F)-2
(1—s)°

TCFCE(H)
B 8(1 _ t)g(t _ 8)373 Z 8(1 _ t) e(F")
N (1—s)e t—s ’
F'CE(H\T
where T is some triangle of H. By the binomial identity, we find that (5.29)) is precisely

vz (Hy st¢3(1 — )3
"= (A) 1-s3 =
The coefficient on the left, (5.28)—3x(5.29), is equal to that on the right, (5.27]).

Similar calculations confirm that X (G;) receives coefficient

g 1—1t)3
()

on both sides, completing the proof of the Claim.
Now to complete the proof of (5.25)), it suffices to prove, for some constant Cy, that
m
1—1¢ e(F) t—s e—e(F)
> > L=H= (E—s) Yp(Gi) (5.30)

i=1 FCE(H) (1 =)

is at most Cybt'/2n?=2, in absolute value, with probability at least 1 — exp(—b).
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Let C4 be a constant 3e(H) times larger than the largest constant required by Propo-
sition for a subgraph F' C E(H) and Cjs the equivalent for Lemma With these
choices we have

P (E[Yr(G)? | Gi1] > Cibn®8) < exp(—3e(H)b) < n~ 227 exp(—2b)  (5.31)
for all F C E(H). Let Ex(m) be the event that for some F C E(H) and 1 < i < m either
E [Yr(Gi)?|Gi1] > Cybn®™°

or
1YE|Gictllso > CsbY2n"3 + Csbtn®=3 + C5b%/2t1/2p?=7/2 & Cb?nv~4

occurs. By , Lemma and a union bound, we have

P(Ep(m)) < exp(—2b).
Let us define

Yi(Gi) = Yr(Gi) 1g, e -
We observe that the Y}5(i) are also martingale increments, in the sense that

E [YA(Gi)|Gi—1] = 0.
We observe further that they satisfy
E [Y£(Gi)?| Gi-1] < Cabn®~°

and
|YF*(GZ)| < CSbl/Qn”U—3 + CSbtnU—fS + 05b3/2t1/2n'u—7/2 + CSanv_47

almost surely, and

m
1_te(F) t— e—e(F)
>y G T ) (532
i=1 FCE(H)
is equal to (5:30) on Q\ EX(m).
We bound the probability that (5.32) is large using Freedman’s inequality, applied to
the martingale ([5.32)), with increments

(1 _ 2f)e(F) (t _ S)e—e(F)
Z (1 _ S)e

Vi(G) -

FCE(H)

Furthermore, since the coefficients are all at most 1, we have
2

_ e (¢ — g\e—e(F)
E Z (1 t) : (t 65) Y}?’(Gz) Gi—l < 4e(H)C4bn2v—6
FCE(H) (1-s)

almost surely. We now apply Freedman’s inequality, Lemma to (5.32)), with a =
Czbtl/anfQ,

ﬁ _ 46(H)C4bmn21)—6 < 4e(H)C4btn2v—4
and
R = Ceb"*n" ™3 + Cebtn"3 + Cb®/%t1/2nv=7/2 4 Ceb?nv—*
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where the inequality relies on the condition b < 1/ 2n, and where we have chosen Cg =
2¢(H) 5. We obtain that the probability that (5.32) exceeds Cobt'/?n?=2 in absolute value

is at most
Pt
e < exp(=b),
=P <4e(H)C4btn2v—4 + BCgCﬁbtn2“—4> Xp( )
provided Cy > 2¢H)+1Cy 4, completing the proof of the theorem. O

5.3. Proof of Theorem We now show how we may deduce Theorem from
Theorem 2.4l The main statement of Theorem [L6] is that

P (|DH(G,L¢) — A (Gny)| > Cbtl/Qn”_Q) < exp(—b)
for some constant C' = C'(H), and for all 3logn < b < t/2n, where

Ar(Gug) = 0772 (1) = 3(2)) DAGns) + 0"t (2) Da(Gr) . (5.33)

We shall use the triangle inequality to control the difference between Dy (Gy ) and
A (Gny) via Af(Gr ).

We prove Theorem first for ¢ € (0,1/2], and then show how we may deduce the
result for t € (1/2,1).

Proof of Theorem [1.6| for t € (0,1/2]. Let t € (0,1/2]. We shall focus on proof of the main
statement. To deduce the “Furthermore” statement simply follow the same proof, with
the variable t removed, and use the “Furthermore” part of Theorem

Let 3logn < b < tY/?n be fixed. By Theorem there is a constant C' = C(H), such

that
P ( D (Gg) = Ny (Go)| > Cbtl/zn”_Q) < exp(—b)
for all 3logn < b < t*/2n. So, by the triangle inequality, it suffices to prove the bound
|A5(Grg) = Ap(Gry)| < C'tn¥™? (5.34)

deterministically, for some constant C' = C’(H). Using Theorem the precise martin-
gale expression for Dy (G ), to expand Dy (G, ;) and Da(Gp ) in terms of X, (G;) and
XA (G;) we may express Ag(Gr,) as a sum of the formﬂ

m

> (ali,m)X\(G) + B, m)XA(Gy)) -

i=1
On the other hand A}, (G, ;) is already of the form

)

> (o (i,m)X\(G) + B'(6,m)Xa(Gy)) .

=1
We shall prove that

ali,m) —a/(i,m) = n"=3t°2 <(]/L\I) - 3(2[)) vo.2(iym) + 3n? "33 (g) vp.3(i,m) (5.35)

30ne does not need to include terms Xp(G;) for graphs F with e(F) < 1, as Xp(Gi) = 0 in all such
cases.
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and

B(i,m) — B'(i,m) = n* "3t 3u33(i,m). (5.36)
By Lemma the v values are O(n~2), and so, based on (5.35]) and ([5.36)) these differences
are O(n”~%). Since each of X, (G;) and XA (G;) has absolute value at most n determin-
istically, and the sums each have m < tN terms, this completes the proof of , and
therefore the whole proof.

All that remains is to verify (5.35)) and (5.36]). We observe that ([5.36) follows immedi-
ately from the definitions. In order to prove (/5.35)), let us calculate

ali,m) — nV732 ((J/L\[) - 3(21)) voo(i,m) — 3n¥"3te3 (g) v 3(i,m) . (5.37)
We have that

‘ e N—-m o3 e N —m)o(m —1
atiom) = =2 () (1)) e gsnaty (V- el )

And so, using the definition of v, ¢(i,m), we have that (5.37) equals

) 1—t)2 3o 1—t)(t—s
() -3(0) frma + e @

Cancelling, we obtain

e 1—1)2 o3 e 1—1)3
() e )

which is precisely (i, m), completing the verification of (5.35]) and therefore the proof. [

We have now proved Theorem for t € (0,1/2]. We deduce the cases t € (1/2,1) by
considering the complementary graph and using Corollary

Proof of Theorem fort € (1/2,1). For this range of ¢ it suffices to prove the “Further-
more” statement. Indeed, up to a change of the constant this implies the main statement.
Fix t € (1/2,1] and b > 3logn. Let t' =1 —+¢ € (0,1/2]. Let C” be the maximum over
subgraphs F' C E(H) of the constant obtained by the proof of Theorem in the case
t€(0,1/2], let C" = eC” and C = 2°C’. By Theorem [L.6]for ¢ € (0,1/2] we have

P (‘DF(Gn,t’) - AF<G'rL,t’)

> C'bn’"?) < exp(—eb) < 2 %exp(—b).
Thus, by a union bound there is probability at least 1 — exp(—b) that
‘DF(Gn,t’) - AF(Gn,t’)| < C'bn? (5.38)

for all I C E(H). We complete the proof by showing that if (5.38) holds for Gy, = G7, ;,
then
|Di(Gryg) — A (Gny)| < Cbn®72. (5.39)

(It is elementary that the complement of Gy, ; is distributed as Gy, v.)

We now prove (5.39)) which will complete the proof of the theorem. We shall use Corol-
lary which allows us to relate subgraph count deviations to those in the complement.
By Corollary 2.8 we have that

Dy(Gng) = Y (=))Dr(Gy,) .
FCE(H)
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If (5.38) holds in G, , (which has the same distribution as G, ) then
Dp(Gne) = Y (~D)Ap(Gry) = Con®2.
FCE(H)

We claim that the main sum

S (D)IAR(G) (5.40)
FCE(H)

is equal to Ap(Gy+). Clearly proving this fact will complete the proof.

By the definition of Ap(Gy, ), see (5.33), we can rewrite (5.40)) as (5.41) + (5.42),
defined by:

Y (1)) (e ((1/*:) _ 3(£)) D (G (5.41)
FCE(H)
and
MDY (=) ) E3 (L) D (Crpr) - (5.42)
FCE(H)

Summing over P»s and triangles of H and using the binomial identity, as in the proof of
Theorem [2.4] we obtain that (5.41)) is equal to

—3,e—2(H — —3(H
n" =t Q(A)D/\(Gmt’) + 30717 (7)) Da(Gr) (5.43)
while (5.42)) is equal to
—3,e-3(H
— V33 (A) DA(Gryp). (5.44)

Again using Corollary and using the fact that we are taking G, ¢/ to be the complement
of Gy, we have

D/\(Gn,t’) = D/\(Gn,t) and DA(Gnyt/) = —DA(Gn’t) —|-3D/\(Gn7t).
Substituting these values in ([5.43) and (5.44)), we obtain that (5.40) is
_3,e— H H —3,e-3(H
nv3e—2 ((/\> —S(A)) Dp(Gng) + 17273 (1) DA(Gry) -
This proves that (5.40)) is equal to Ay (Gpt), and therefore completes the proof. O
5.4. Deducing Theorem We recall that Theorem is stated for t = t(n) €

(0,1/2). Having proved Theorem we may now deduce that Theorem applies for
t € (0,1). This was stated as Theorem [2.6

Proof of Theorem[2.6, In proving (5.34]) above, we established that
|A5(Grg) = Ap(Gry)| < C'tn¥™?

deterministically. It is now immediate by observation that Theorem follows from
Theorem and the triangle inequality. O
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6. A CGENERAL BOUND ON DEVIATION PROBABILITIES — THEOREM [L.7]

In this section we prove Theorem We recall that this theorem gives a weaker
bound on subgraph count deviations than Theorem [1.1l However, it applies across the
whole range of possible deviations and gives an exponent which is best possible up to
multiplication by constant.

Our proof will rely on using Theorem which states that Dy (G, ) is well approxi-
mated by A} (G ), and the following proposition.

Proposition 6.1. Let H be a graph with v vertices and e edges. There is a constant
c=c(H) > 0 such that for all t € (0,1/2], and all n,n > ¢!, we have

P (|A3(Gua)| > mn"?) < exp (= enmin{n,n'/?})
Let us first show that Theorem follows easily from these results.

Proof of Theorem[I.7] We prove the result for ¢ € (0,1/2]; up to changing the constant,
the result then follows for ¢t € (1/2,1) by Corollary Now suppose that t € (0,1/2],
has been fixed. Let us also fix the graph H with v vertices and e edges.

For all o, n, we have, by the triangle inequality,
P (\DH(Gn,t)} > omv—3/2) <P (\A;I(Gn,tn > %n”_3/2> FP(F(/2),  (6.1)
where F'(b) is the event that
1D (Gny) — A3 (G)| > bn"=/2.
We bound the first probability by applying Proposition We obtain
P (’A*H(Gn,t)} > %n”_3/2> < exp ( — damin{a, nl/z}) )

where ¢ is a quarter of the constant of that proposition.

We bound the second probability using Theorem Let C = C(H), be the constant
given by Theorem By Theorem [2.6] we have that

—anl?
P(F(a/z>><exp< o )

Substituting these bounds into (6.1)), we obtain

/2
P (1Du(Gu] > an™) < o~ amintan™) + o (")

< exp ( — camin{a, n1/2}) ,

where ¢ is taken to be at most min{c’/2,1/4C}. O

All that remains to complete the section is to prove Proposition We require the
following lemma.
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Lemma 6.2. There is a constant C' such that for all 1 < i < N/2, and all p > 1 there is
probability at least 1 — exp(—nn'/?) that

E [X7(Gi)?|Gia] < Cn!'/? max{n,n'/?} (6.2)
and

E [XA(Gi)?|Giq] < Cn'’? max{n,n'/?} . (6.3)
Proof. Let C’ be twice the larger of the constants given by Lemma and Lemma
Let E; be the event that

Z Du(Gi—1)? > C'n3? max{n,n'/?}
u

and F» the event that
Z Duw(Gi1)? > C'n®? max{n,n'/?}.

By considering the cases 7 < n'/? and 5 > n'/2, it follows from Lemma that
P(E1) < exp(—2n)L, 12 + exp(—27m1/2)1n>n1/2 < exp(—=2nn'/?).
Using Lemma one may obtain the same bound on P (Es), so that
P (EyUEy) < 2exp(—2nn'/?) < exp(—nn'/?).

It therefore suffices to prove that the event that (6.2)) fails is contained in Fj, and the
event that (6.3)) fails is contained in F.

Let us now find a bound on E [X,(G;)?|Gi—1] which will show that (6.2) holds in EY.
We recall that X, (G;) is defined by X (G;) = Ap(G;) — E[AN(Gi)|Gi-1], and so

E [X/\<Gz)2 ‘ Gi—l] = Var(A/\(Gi) ‘ Gz’—l)

8(i—1))2

<E Gi1

n

<A/\(Gi) -

Now, we recall from (5.5)) that A,(G;) = 8(i —1)/n + 2(Du(Gi_1) + Dw(Gi_l)) where
uw is the ith edge. It follows that, on the event EY,

L 2
E [XA(GZ'P |Gi—1] < N_ir1 Z 4(Dy(Gi1) + Dy(Gi—1))
wwgE(Gi—1)
8
Syoirr 2 (DulGi) + DulGi)?)
wwgE(Gi-1)

< 320" n'/? max{n,n'/?},

For C > 32C" it follows that the event
E [X/\(Gi)2 ’ Gi-1] > Cn'/? max{n,n'/?}

is contained in E7, as required.
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We recall from ((5.6) that Ax(G;) = 6(n—2)(i —1)2/(N)2 46Dy (Gi—1). A calculation
as above, using that

E [XA(GZ)2 ‘ Gifl] = Var(AA(Gi) ‘ Gifl)

— 9\ (i — 2
< = (a0 - =20
- L (DG,
uvw@E(Gi—1)

shows that the event ([6.3]) fails is contained in Fs, provided C' > 160C’, completing the
proof. O

We now present a proof of Proposition [6.1

Proof of Proposition[6.1 The proof is obtained by an application of Freedman’s inequality,
Lemma [3.4] to

A3(Gny) = D Xu(Gist)
=1

where m = [tN| and

it = s (1) f= e + (D=5

Since the co-efficients of X ,(G;) and X (G;) are at most Cn®~3 in absolute value, for
some constant C' = C(H ), we have

(Xa(Gi) - 38X/\(Gv:))) :

E [XH(Gi;t)Q ‘ Gl'fl] < 202n2v_6E [X/\(Gl)Q | Gz;l] + QCQRQU_GE [XA(Gl)Q } Gifl] .
Writing Eyar (i — 1) for the event that
E [Xg(Gi; t)? | Gi-1] > 4C,C*n %2 max{n, n'/?} (6.4)

where C is taken to be the constant of Lemma it follows, from Lemma that
P (Eyar(i — 1)) < exp(—nn'/?). Now let Ey,, be the event

ZE [Xu(Git)?| Giza] > 4C3mn* 12 max{n,n'/?}
i=1

where Co = max{C,C1}. By a union bound, we have
P (Eyar) < n? exp(—nnl/Z) < exp(—nn'/?/2).
One may also note that, since | X,(G;)|, | Xa(Gi)| < n, we have

’XH(Gi;t)‘ < 20nY 2 almost surely.
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We now apply Freedman’s inequality, Lemma with a = ntl/ 2pv=3/2 with B =
4C5tn?="/2 max{n, n'/?} and with R = 2Cn"~2. We obtain

P (A}I(Gn,t) > nn”_3/2>

_n2tn2v—3

8C3tn2v=7/2 max{n,n'/2} + 4Cnn2v-7/2

—nmin ,n1/2
< exp( " 12{67'75’ }> + exp(—nn1/2/2)

<o

) + P (Ear

< 2exp ( — 4enmin{n, n1/2}) ,

where ¢ was chosen to be at most 1/24C3. Since an identical argument applies to bound
the probability that A} (Gpny) < —nn?=3/2 we have

P (‘AE(Gn,tM > nn”_3/2> < dexp (—4en min{n,nl/Q}) < exp ( — enmin{n, nl/Q}) :

This completes the proof. ]

7. VARIANCE AND COVARIANCE OF THE INCREMENTS X p(G;)

The aim of this section is to prove that the conditional variance Var(Xp(G;)|G;—1) of
X (i) and the conditional covariance

E [XF(Gi)XF/(Gi) | Gifl] )

of Xp(G;) and X (G;), are very predictable, in the sense that they are generally close to
certain deterministic functions. Given two graphs, F' with v vertices and e edges, and F’
with v’ vertices and €’ edges, let us define

Vi (i,n) == v =2seH =41 — 5) (56, (F, F') 4 (1 — 5)8a(F, F")) , (7.1)
where
o(EF) =s() (") ad  eE ) =36(5) (%) (7.2)

Proposition 7.1. Let F,F' be graphs with v,v’ vertices (respectively) and e,e’ edges
(respectively) and let t € (0,1). There is a constant C = C(F, F',t) such that, for all
1 <i<tN and all 3logn < b < n/2C, we have

P (|E [Xr(Gi)Xp(Gi) | Gia] = Vier(isn)| > COY2po =172} < exp(—).

Since the path of length two and the triangle play a particularly important role (see
Theorem for example), it is perhaps of interest to note that in these cases we have

Vaali,n) = 8ns(1 —s),
Viali,n) = 24ns?(1 — s) and

Vaa(i,n) = 36ns(1—s?).
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We may also now explain why we chose to express the terms of A} (G ) as multiples of
X (G;) and XA (G;)—3sX,(G;). This representation was chosen because these increments
are asymptotically orthogonal in the sense that

E [X/\(Gl)(XA(Gz) - ?)SX/\(GZ)) } Gifl] == o(n)
with high probability. This follows from Proposition [7.I] and the fact that
V/\’A(’I/,n) — 38V/\7/\(’L,n) = 0

We in fact prove an even more precise result, Proposition which includes a second
order term related to the current deviation D, (G;—1). We define

WF’FI(GZ'_1> = 8nv+v,_788+e/_4 (f\‘) (}/7\/)D/\(Gi—1)- (7'3)

Proposition 7.2. Let F,F' be graphs with v,v’ vertices (respectively) and e, e’ edges
(respectively) and let t € (0,1). There is a constant C = C(F, F',t) such that, for all
1 <i<tN and all 3logn < b < n/2C, we have

P (}E [XF(Gl)XF/(GZ) } Gifl] — (VF,F’ (Z,TL) + WF,F’(Gifl))} > Cb’rlv+v,_6) < exp(—b) .
The term Wg p/(G;—1) is generally much smaller than the main term Vg g (i,n). This

follows from the fact that D, (Gi_1) is generally much smaller than n?, which follows from
Theorem

Let us observe that Proposition follows from Proposition and Theorem

Proof of Proposition[71. Let F,F’ and ¢ be fixed. Writing C for the constant of Propo-
sition and c for the constant associated with H = A in Theorem we define

c=2(cr+s(N)(N))-
By the triangle inequality,
‘E [Xp(G) X (Gi) | Gia] — VRF/(Z',n)’

< |B [Xp(G)Xw (Gi) | Gia] = (Vi (ion) + Wi (Gi)) | + We (5,m)],
and so the event
‘E [(Xr(G)Xp(Gi) | Gia] — VF,F/(Z',TL)‘ > Cb!/2prt =12 (7.4)
may only occur if
’]E [Xp(G)Xp(G) | Gia] — (Vi (iyn) +WF,F/(GZ-_1))‘ > 20 b1/ 2t =11/
> 20 bt —6

or
|DA(Gi—1)| > 2¢7 102032,

By Proposition and Theorem respectively these events each have probability at

most exp(—2b). By a union bound, the event (7.4) has probability at most 2exp(—2b) <

exp(—b), as required. O

We now prove Proposition [7.2]



MODERATE DEVIATIONS OF SUBGRAPH COUNTS 45

Proof of Proposition[7.9. Let F, F’ and t be fixed. Let ¢ < ¢N. Since
Xp(Gy) == Ap(Gi) — E[Ap(Gi) | Gi-1] |
the conditional covariance may be expressed as

E [Xr(Gi)Xp(Gi) | Gia]

= E [Ar(G)Ap(Gs) | Gic1] — E [Ap(Gi) | Gic1] E [Ap(Gi) | Giza] - (7.5)

The proof consists of two main stages. In the first we express each of the terms of
as a linear combination of terms of the form Ly (i) and Dy (G;). This first stage results
in the expressions and , which we combine to obtain , an expression for
E [ Xr(Gi)Xp (G;)|Gi-1] in terms of Ly (i) and Dy (G;). In the second stage we expand
these terms and, after some calculation, arrive at the conclusion.

We begin the first stage by calculating an expressionﬁ for E[Ar(G;)|Gi—1]. Let ®f be
the set of injective functions ¢ : V(F) — V(G;—1). We write ¢(e) for the image of an
edge, i.e., p(uw) = {o(u), p(w)}. For f € E(F), we say that ¢ is f-ready if ¢(e) is an edge
of G;_1 for every edge of F'\ f and ¢(f) is a non-edge of G;_1. For f € E(F), we define

@{; = {p € Dp : ¢is f-ready}.

Since a copy of F' may only be created at the moment we add its final edge, and each of
the N — i+ 1 remaining pairs is added as the ith edge with probability 1/(N —i+ 1), we
have

NP %
E[Ar(Gi) | Gi1] > N (7.6)

FeBE) —i1+1
Observe that |<I>£\, the number of f-ready injective functions ¢, is given by
9% = Npyy(Gic1) = Ne(Gioa) .
Substituting this into (7.6]), and expanding each Ny (G;—1) as Ly (i — 1) + Dg(Gi-1), we

obtain
E [AF(Gi) } Gi_l]
_ Z LF\f(i—l)—LF(i—l) 1

N—i+1 TN i1 > (Dp\y(Gic1) = Dp(Gin)) -
fEE(F) FEB(F)

Since it is easily checked that

> Lpy(i—-1) - Lr(i-1) _ Lp(i) — Lp(i—1),

SeB) N—i+1

we obtain

E [AF(Gi) ’ Gi—l} = (LF(i) —Lp(i— 1)) + :

o1 2 (Prs(Gic) = Dr(Gien))

FEB(F)
(7.7)

4This expression is in fact already given by Lemma however reproving it is a useful step towards
the more difficult challenge of expressing E [Ar(G;)Ap/(Gi)|Gi—1] in the desired form.
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We continue the first stage by calculating the expression ([7.8) for E [Ar(G;)Ap (G;)|Gi-1].
To abbreviate the notation we set
EF,F’<GZ'—1) = E [AF(Gz)AF’(Gz) ‘ Gi—l] .
Let @5 = ®p X ®pr, be the set of pairs (¢, ¢') of injective functions ¢ : V(F) — V(Gi—1)
and ¢ : V(F') — V(G,—1). We say that such a pair (¢,¢') is (f, f', —)-ready, for edges
f € E(F), f' € E(F') and a relative orientation — of the edges f and f’, if

(i) ¢p(e) € E(Gi—1) for alle € F'\ f,
(ii) ¢'(e) € E(G;—1) for all e € F'\ f' in G;_1, and

(iii) ( f) and ¢/(f’) map to the same non-edge of G;_1, and have relative orientation

For f € E(F), f' € E(F') and a relative orientation —, we define

BLET = {(6.0) € D ¢ (60 s (f. f's—)-ready} .

Since embeddings of F' and F’ may only be simultaneously created at the moment we add
their final edge, and each of the N — ¢ + 1 remaining pairs is added as the ith edge with
probability 1/(N — i+ 1), we have

B
Ep
FF f%; N—-i+1°
Observe that
(e

the number of (f, f/, —)-ready pairs (¢, ¢’) includes a count over those pairs (¢, ¢’) whose
images overlap in exactly two vertices, those whose images overlap in three vertices, and
those pairs that overlap in four or more vertices. The count of pairs with overlap exactly
two vertices is
Nrop,pr.p.p1—)(Gi-1) = Nrwpr.g.p,—)(Giz1) -

where I'(F, F' : f, f’,—) is the graph obtained by joining F' and F’ by identifying f and
/" using the relative orientation —, and T'°(F, F’ : f, f/,—) is obtained by then removing
the identified edge. The count of pairs with overlap exactly three vertices is

> (Nro(e e g, ) (Gim1) = N ) (Gie1)
ueV(E)\fu'eV(E)\f’
where T'(F, F" : f, f',u,u/,—) is the graph obtained by joining F' and F’ by identifying
f and f’ using the relative orientation — and also identifying v and «/, and T'°(F, F’ :
I, f u,u’',—) is obtained by then removing the identified edge. It follows that

Erp(Gi-1)
1
== > (Nrogpppp(Gic1) = Negpprgpr(Gic1))
N—-7+1 it
1
+ N_ir1 Z (Nro(rrr g5 ) (Gic1) — Nrg gt o, —) (Giz1))
f7fl7u7u/7A

+ O(nv+v/—6) ’
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where the error term O(n*+?'~6) comes from the fact that there are O(n*+'~%) pairs
that overlap in four or more vertices, and N —i +1 > N —tN + 1 = O(n?), as
t € (0,1) is fixed. Expanding the terms Ng(G,;—1) we obtain the desired expression
for E [AF(Gl)AF/ (Gl)|Gl_1]

Err (Gi-1)
1 , .
N _it1 Z (Lro(pprf,pr,—)(i = 1) = Lppprp,pr— (i — 1)) (7.8)
f7f/7é
1 . .
v 2 T (= 1) = Lgeg - (i —1)
f7fl’U7u/’A
1
+ N1 2 Prewresp ) (Gict) = Drpy g (Gict))
f7f/74\

1
TN it Y. (Dreerppuw,—~(Gict) = Drpprs g, (Gic1))

]“7.f.l7/1'1/71‘l/74

+ O '9).

Combining ([7.7)) and (7.8) and substituting into ([7.5)), we obtain the following expression
for E [XF(GZ)XF/ (Gz) ‘Gi—l]:

E [Xp(Gi)Xp(Gi) | Gii]
1 ) .
= m Z (LFO(F,F';f,f',A)(l -1) - LF(F,F':f,f’,A)(Z - 1))
£f—

1 | |
v 2o Ererrippaa (= 1) = L paa o) (i = 1)
N—-i+1
ot
1
+ 57 O (Prowrrg(Git) = Dr(ppg.p~(Gie))
N—-7+1 Pl

1
TN il Y (Drowpnspruu—~)(Giz1) = Drgeprgpruw, ) (Giz1))

Iof !, —

— | (Lr()) = Lrp(i - 1)) + N_lHl > (Dry(Gic1) = Dp(Gio1))
fEE(F)

(Lpr (i) = Lpe(i = 1)) + N—lz+1 > (Dpny(Gic1) = D (Gicn))
J'eE(F")

+ O(nvtv' 9y, (7.9)

X

We now begin the second stage of the proof. Essentially we must understand the terms
in , and calculate what remains after cancellations. Our hope is that all the terms
involving deviations reduce to Wg g/(G;—1), up to a small error term. To prove this we
use Theorem and Theorem
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By Theorem [I.6)and Theorem [L.7] there exists, for each v*, a constant C; = C4(v*) such
that for all 1 < b < n/2C, and all graphs H on at most v* vertices, each of the events

|D(Gs) = Ar(Gas)| < Crbn?D72 (7.10)

and
|Dp(Grs)| < C1bY2nH)=3/2 (7.11)
fail with probability at most exp(—((v*)? + 2)b). Let E,«(b) be the event that both

of ((7.10)), (7.11)) hold for any graph H on at most v* vertices. By a straightforward union
bound over the (at most 2(“*)2) graphs H on at most v* vertices. We have that

P (B (b)) > 1 — exp(=b).

To complete the proof it suffices to prove that there is a constant C' such that, on the
event Fy,. . (b), we have

‘E [XF(GZ)XF/(Gl) ‘ Gi—l] — (VF,F’(Z" n) + WF,F’(Gi—l))‘ < Cbnv+v/_6 .

Let us continue our calculation of E [Xr(G;) X/ (G;)|Gi—1] by expanding and cancelling
the terms of . We begin by calculating the total contribution of the terms
involving only the Ly (i — 1). Using that both T'°(F, F’ : f, f',—) and T'(F, F' : f, f',—)
have v+ v’ — 2 vertices, and that e(T°(F, F': f, f',—)) = e+ —2and e(T(F, F' : f, f',—
)) =e+e —1, it is easily verified that

. . n _o9(t—1 /_QN—i+1
Lratrng i = 1) = Lrrpsg g i = 1) = ool (N))e:ef 1( .
ere —

for every choice of f, f’, —. It follows that

1 . .
m Z (Lro(FVF/:fJ‘ZA)(Z — 1) — LF(F,F’:f,f’,—\)(Z — 1)) (712)
f7f,7é
_ 266,(”)1}—}—1}’—2(1- — 1)e+e’—2
(N)e+e’—1

_ 2ee’ (n)v+v/72 Se+e’—2

N + O(n"™' )

_ 466,72_2 (1 + 1) (nv—l—v’—Q _ (v+g’—2)nv+v’—3> 86+6/—2 + O(nv—‘rv’—ﬁ)
n

= deent TV dgete’ =2 4 266’(2 —(v+v =2)(v+v — 3))n“+”/*5se+el*2 + O(n”*”l%) .

The main negative term comes from the product

—(Lr(i) = Lp(i = 1)) (Lp (i) = Lpr (i — 1)) .
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this main negative term is
2 / /
_466/71,_4 (1 + ) (n)v(n)vlse—&-e —2 + O(nv+v —6)
n

which may be expressed as

— dee'n? VAT 2 4 26! (v(v—1)+0' (v =1)—4) nUtYogete =2 L O(pt V=6, (7.13)
The final contribution from terms purely involving the terms Ly (i — 1) is

1 . .
N _ Z + 1 Z (LFO(FvFI:fvf,7u7ul7_\) (Z - 1) - LF(FvFl:f7fl7u7u/7_\) (’L B 1)) .
f7f,7u7u/7A

The value of the summand depends on the number of extra overlaps of edges that occur
in the identification. For j = 0,1,2, let A; be the number of sequences f, f’,u,u’,— in
which T°(F, F': f, f/,u,u/,—) has e + ¢’ — 2 — j edges, meaning that j edges other than
f and f’ are lost in the identification. The contribution of

1 | |
N1 Lo (= 1) = Lo g, (@ = 1)

is
/I !I_o_ s !
2nv+v 5Se+e 2—j O(anrv 6)

in the case of j extra edges being lost in the identification. It follows that the total
contribution of these terms is

opv V=5 ()\Ose+e’—2 4 A st B >\2Se+e’—4) + Ot 6y, (7.14)
Summing all contributions to from terms involving only the Lg(i — 1), i.e., sum-
ming , and , we obtain
opvtv =5 ((Ao ~2e (v —2)(W — 2))Se+e’72 T Apsete 3 4 )\286+e’74> 4 O(nwvub‘) .
Using that A\g + A1 + Ao = 2ee’ (v — 2)(v' — 2), this total contribution is

ot ( (= A= Ag) s 2 Mot 8 Agse+6’—4) + O(n"t' )

= oputv' =5 ()\18€+e,_3(1 —s) + )\236+€/_4(1 — 82)) + O(n””/_ﬁ).

We may now relate A\; and A to the parameters 01 (F, F’) and 03(F, F') that occur in the
definition of Vg g (i,n).

Claim: We have 2\ = 01(F, F’) — 205(F, F’) and 2\o = 02(F, F").

Proof of Claim: Let p; be the number of pairs of an edge f of F' and a disjoint vertex u
such there is precisely one edge between the endpoints of f and u. Let py be the number

of such pairs in which both possible edges are present, i.e., f U{u} is a triangle in F', and
let p} and pl, be the equivalent quantities in F’. It is easily verified that

p=2(D)=6() wmd = a(5).

Let us now prove that 2\g = 09(F, F’). We recall that A2 counts the number of choices
fy f',u,u/,— such that the overlap contains two extra edges. This occurs if and only if
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fU{u} and f" U {u'} are triangles in their respective graphs, and so Ao = 2paph, where
the factor of 2 has come from counting the two possible orientations. It follows that

222 = dpoph = 36(1) (h) = 6o(F F).

We now turn to A;, which counts the number of choices f, f’,u,u’,— such that the
overlap contains exactly one extra edge. This occurs for one of the two orientations if there
is one edge between f and u and likewise between f’ and v/, and with both orientations
if one of the two is a triangle. Thus

A = piph + 2p1p5 + 2p2p) -

Substituting in the values of p1, pa, p}, p we obtain

20 = 202(3) -6(2) () -6(1)) +122(3) ~6(2)) (7) + 122(7) -6 (2)) (£) .
which is 61 (F, F') — 26,(F, F'), completing the proof of the claim.

Using the claim, the total contribution of the terms involving only the Ly (i — 1) is
nv+v’*5s€+€/*4((s — §%)(01(F, F') = 205(F, F')) + (1 — s*)0s(F, F')) =

nv+v’75se+e’f4(1 _ S) (Sel(F, F/) + (1 B S)QQ(F, FI)) — VF,F’(ivn) . (715)

We now turn to terms involving deviations Dy (G;—1). On the event E, . (b), that
both of (7.10) and (7.11)) hold for all graphs on at most v + v’ vertices, we have that the
deviation Dy (G;—1) is given by

nv(H)—3Se(H)—2 (I/_‘\’) D/\(Gi_l) + nv(H)—3se(H)—3 (Z) (DA(GZ'_l)—&SD/\(GZ‘_l)) + Clbnv(H)_2
(7.16)
for all graphs H on at most v + v' vertices, and so, in particular for any graph included
in (7.9). Thus, we need only to determine the coefficients of D, (G;—1) and Da(Gi—1)
obtained after summing the terms of that involve deviations. We note that the
terms with overlap at least 3, in the sum over f, f’, u,u/, — for example, are at most

Clbl/anJrv’le/Q _ O(anrv’fﬁ)

on E, ., (b). We may also safely ignore the term
1
TN it 1) Z (Dp\f(Gi-1) — Dr(Gi-1)) Z (Dpn g (Gi-1) — Dpi(Gi-1))
feE(F) feE(F)

which has absolute value at most

Cl2bnv+v’77 — O(nv+v/f6)
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on E, . (b). The remaining terms are

1
N—i+1 > (Dromrig—~)(Gict) = Drwgpr—)(Giz1))
f7f,7é

—(Lp(i) = Lp(i - 1)) N_it1l Y (Dpnp(Gic1) = Dp(Giov))

— (Lpr (i) = Lo (i — 1))m Z (Dp\f(Gi-1) — Dp(Gi-1))

By expanding each Dy (G;_1) using ([7.16) we will find an expression for the remaining
terms of (7.9)) as a combination

B1DA(Gi—1) + B2(Da(Gi—1) — 3sDp(Gi—1)) + O(bn*+V'=5)
on E’U—l—l}’ (b)
Let us first calculate ;. Using that

e(n)y(i —1)e—1
(N)e

and expanding each Dy (Gj—1) using (7.16[), we find that
. oo/ —5 gerrel — TO(FF'-f,f,— D(F,F' f,f,—
(N —i+1)8; = nvTV5get 42 (( ( ff )) (( If )))

Lp(i)—Lp(i—1) = = 2en’ %1 4 O(n"?)

A
L=
_ 2env+v’—5$e+e’—4 Z ((F,kf/) — S(};\/))
J'EE(F")
— 9 v+v -5 e+e —4 Z ((F\f) (f\‘)) . (717)
fEE(F)

We may count the contribution of the first sum as follows, each P, in F is counted 2(e—2)e’
times by the first term and 2ee’ times by the second, while Pss in F” are counted 2e(e’ —2)
and 2ee’ times respectively. The other way to find a P in these graphs is crossing between
F and F’; a little thought shows that there are

F\ (F’
1(,) ()
such contributions to each of the two terms. Thus the result of the first sum is

2 ((30) + () (1= + 4() () =) = 2/ () = 2e(%)).

The equivalent results for the second and third terms are
 (F' F’
e (/\)(l—s) — 2(/\)
F F
6(/\)(1 —5) 2(/\)
respectively. Substituting these values in (7.17)) we obtain

(N i+ 1)y = a2 () (F)ser 11— ),

and

and so

b1 = st Taere =t (E) (B) 4 ofurn—9),
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This is consistent with our aim to prove that the contribution of terms involving deviations
is given by W +(Gi—1) up to O(bn**?"=6). All that remains is to prove that S = 0. That
is, the terms which contribute a multiple of DA (G;—1) — 3sD(G;—1) in the expansion
cancel. We have

Bo(N —i+1) = n" g5 3 <(F°(F F 1.1, 4)) (F(F,F’:Af,f’e)))

f’é
_ 9eptty =B gete =5 Z <(F2f) _ S(IZ))
J'EE(F")
_ 9plputv =B gete =5 Z ((Fgf) _ S(Z)) _
JEE(F)

The calculation is as above; however, since no triangles can cross between I and F”,
we obtain only terms that cancel. The result is that 85 = 0. This confirms that the
contribution of terms in (7.9) that involve deviations contribute

WF,F’(Gi—l) + O(bnv+v/_6)
on E,,(b). Combining this with (7.15)) we obtain
‘E [XF(G1>XF/(GZ) ‘ Gi—l] — (VF,F/(i,n) + WF,F’(Gi—1>)‘ < Cbnv+v,76

for an appropriately chosen constant C' on E, .,/ (b), an event with probability at least
1 — exp(—b), as required. O

8. PROBABILITY OF SUBGRAPH COUNT DEVIATIONS — THEOREM [L.1]

In this section we bring together the various threads and complete our proof of Theo-
rem Armed with Theorem it will suffice to prove the analogous statement with
A3 (Gry) in place of Dy (Gpy).

Proposition 8.1. Lett =t(n) €
with v vertices, e edges, and (1;\1) > 1. Then

P (A3 (Gug) > ann®™2) = exp (= qu(H)ad(1+0(1)),

(0,1) be a sequence bounded away from 1, let H be graph

for every sequence (o, : n > 1) with 732 < ay, < 212, Furthermore, the same
holds for P (A’;I(Gn,t) < —ann”*S/Q).

Here the expression vy (t) is as defined in the introduction, namely:
2 2 -1
v (t) = <4(I/7\[) 2721 —1)> + 12(8) o3 - t)3) .
Let us observe that indeed Theorem [I.1] follows from Proposition 8.1 and Theorem [2.6]

Proof of Theorem[I.1] Let us fix t = t(n) € (0,1) and a graph H with v vertices, e edges,
and (/\) > 1. Let the sequence (o, : m > 1) with

max{t"/?n"2logn, t*73?} <« a, < min{t?~%/2p1/2 ¢+2p1/2)

be given. Finally, let us also fix € > 0. We may suppose ¢ < 1/10.
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We first show the upper bound on P (DH(GM) > ann“*:”/?). We begin by observing
that

P (DH(GW) > ann”*3/2> <P (A}‘{(Gmt) > (1-— E)an”*3/2>
+ P (|DH(GM) — N5y (G| > sann”_3/2> .
Now, by Proposition |8.1, we have
P (A5 (Gna) > (1= 2)ann” ™) < exp (= yu(H)ad(1 -+ 0(1))?)

< exp (—ym(t)ap(1 - 3¢))

for all sufficiently large n. On the other hand, we shall apply Theorem (as stated in
Theorem with b = ea,,C~11/2p1/2 to bound

P (‘DH(GW) — A*H(Gm)} > Eann”*S/Q) :

It is easily checked that the conditions on «,, ensure that 3logn < b < 1/ 2n, for all n
sufficiently large. By Theorem [2.6| we have

P <‘DH(GM) — A*H(Gn,t)‘ > £ann”_3/2> < exp(—cat_1/2ann1/2)
for some constant ¢ > 0. Since a,, < t2¢7°/2n1/2 we have that
cet™V2a,n? >y (t)ad (1 — 3¢)
and so, for all sufficiently large n,
P (Dp(Gny) > ann”2) < (14 &) exp (= yu(t)ad(1 - 32)).
Since ¢ is arbitrary, and vy (t)a? > 1, we have

P (DH(Gn,t) > annv—3/2) < exp(— v (t)a? (1 — o(1))) .

The proof of the lower bound follows immediately by the same argument, and the fact
that

P (DH(Gn,t) > annv—3/2) > P (A*H(Gn,t) > (1 —i—e)ann”_?’/Q)
= P (|D(Gs) = Aig (G| > caan® /%) .
This completes the proof. 0

Our remaining task is to prove Proposition Let us recall that A} (Gp¢) is the
martingale expression
LtN]

Nir(Gni) = D (K@) XA(Gi) + (i) (Xa(Gi) = 3sXp(Gh)))
i=1
where
(1)
(1-s)?

K%7n(i) = pt 32 (I/{)
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and

3
phaai) = n () 0

We prove a general statement on the probability of deviations of martingales of this
general form.

Proposition 8.2. Lett = t(n) € (0,1) be a sequence bounded away from 1, let k = (k!))n>1
and p = (p!)n=1 be two sequences of functions such that k%, : {1,... [tN]} — [-C,C] for
some constant C € R and p!, : {1,...,[tN]} — [-Ct~1,Ct™], and suppose there exists

n > 0 such that
[tN]

Z\H )| +tlph (i) > ntN (8.1)

for all sufficiently large n. Then
[tN]
Spi= D (Rn(DXA(G) + ph(0) (Xa(Gi) = 3sXA(G)))

=1

A2
]P)(S;; > ann3/2> — eXp( an(1+0(1))> ’
nz

satisfies

2Tk p
> 1) with t'/? < a,, < t*n'/?, where
[tN]

Top = n 2 Z (85 (1= s)mt (i) + 3652(1 — )24, (i)?)

for every sequence (o,

Furthermore the same holds for P (S} < —ann”*i)‘/z).
Let us observe that indeed Proposition [8.1] follows from Proposition
Proof of Proposition[8-1 Let k be the sequence of functions

to. —vy2—e t . 1- ’
Kt (1) = 372 Kpn(i) = (I/O ((1 _?)2

and let p be

_+)3
0 i - L

It is easily verified that the average I L N] Zu ! k! (i) is bounded away from 0.

Since nV~ 3te 251& A* (G ) we have
P<AE(GTL¢) > ann”_3/2) = ]P’(SfZ > antQ‘eni”/?) :

In order to apply Propositionwe must verify that t1/2 < a,t27¢ < t*n/2. This follows
immediately from the condition that t*~3/2 <« a,, < t*t2n!/2. And so, by an application
of Proposition we have

P <A?{(Gn7t) > annv_3/2) = exp(

—a2th2e(1 4 0(1))>

2Tk p
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where
[tN]

Tap 1= N2 Z (85(1 — )k (1)? + 365%(1 — 5)2,0;(1')2) .
i=1

All that remains is to prove that

1+ 0(1)
) = ———. 2
rVH( ) 2t2ei47—n,p (8 )

Substituting the values of x! (i) and pf, (i) into the definition of 7, , we obtain

2e—4 2e—4 2[th oy (1—1t)? ?
i, =t ;85(1—3) <(/\)(1_3>2>
\_tNJ 3\ 2
2e—4_ —2 2 o (,—1(H\ (1 —1)
+ " n ;365(1_5) <t (A>(175)3 .
The contribution of the first term is
[tN]
(440(1)) 904 4 (H\? S
vt =0t (y) ;;u_gg

=4+ o(1))t**74(1 —t)4(5\1)2/0 ﬁds

— @+ o(ne2(1 - 02(1),

where we have used that the integral has value t2/2(1 — ¢)? (as may be seen using the
substitution u = 1 — s, for example). The contribution of the second term is

18 4 of1 ) o LtV 2
(jﬁ)%kﬁa—w%i)gga—sw
i H 2 t 82
=8+ o)t -1 (£)" [ s

= (6 + ()21 — 1 ()

where we have used that the integral has value t3/3(1 — ¢)3. Summing these two contri-
butions, we have

t26747_mp _ (2 + 0(1>)t2€72(1 . t)2 (]/:\’)2 X (6 + 0(1))152673(1 _ t)3(g)2 .

By observation, (8.2) holds, and so the proof is complete. ]

Our final task is to prove Proposition [8.2l This proof will use the inequalities of Freed-
man stated in Section (Bl

Proof of Proposition[8.3 Let t € (0,1) and the sequences k = (k}),>1 and p = (pl)n>1
be fixed. We may assume that ! : {1,...,[tN]} — [-C,C] and pf, : {1,...,[tN]} —
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[-Ct~1,Ct™1] are such that (8.1)) holds. Let us also fix e > 0. It will be useful at times
to note that

Q) < 7, < O(1) (8.3
which follows easily from the definition of 7, , and the conditions on x!, and pf,.

We must prove an upper bound and a lower bound on the probability of a deviation of
the final value S, of the martingale

[N
Shoi= ) (KL(DXA(Gi) + ph(1) (Xa(Gi) — 3sXp(GY))) -

i=1
Fix the sequence (o, : n > 1) with t'/2 < a,, < t*n!/2.
We first prove the upper bound on the probability
IP(Sf1 > ann3/2> )

by an application of Freedman’s inequality, Lemma We have that S! is the final value

of a martingale
[tN]

Sp= ) X(0),
i=1
with increments
X (i) = rp(D)XA(Gi) + P (1) (Xa(Gi) = 3sX5(Gy)) -
In order to apply Freedman’s inequality we need to assess the quantity

[tN]

V([tN]):= > E[X()*|Gid] .

i=1
Let EL () be the event that
}V(LtNJ) - n37',@p| < et’nd.

We bound the probability of E (£) using the following claim. The quantities Vg g (i, n)

are as defined by (|7.1]).
Claim: Let § = ¢/15C?. If

‘E [X/\(Gz)Q ‘ Gi—l] — V/\7/\(i,n)| g otn
|]E [X/\(GZ)XA(Gz) ‘ Gifl] — V/\7A(i,n)| < 5t2n and
|E [XA(G)XA(G) | Gic1] = Vaali,n)| < 6t°n,

for all 1 <i < [tN], then E!(¢) occurs.

Proof of Claim: We may express E [ X (i)?| Gi_1] as

kn(0)? E [XA(G)? | Gica] + 260, ()0}, (i) B [XA(Gi) (Xa(Gi) — 3sX5(Gh)) | Gia]
+ pL(i)2 E [(XA(G,;) — 35X,(Gy))?| Gi_l} .
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By the assumption of the claim, it follows that
E[X(i)?| Gi—1] =rL(1)* Vo a(i,n)
+ 26, (1) (1) (Va,a(iyn) — 35Vpa(3,m))
+ oL (@) (Vaa(i,n) — 6sVy a(i,n) + 95>V A(i,n))
+ 30C%dtn.
Substituting in the values
Vaali,n) = 8ns(1 —s),
Viali,n) = 24ns?(1 — s) and
Vana(i,n) = 36ns(1—s?),
we obtain that
E[X(i)*| Gim1] = 8ns(1 — s)kl(i)* + 36ns*(1 — s)*p},(i)* + 30C%5tn.
Now summing over i = 1,...,[tN]| we obtain
[V([tN]) — 07| < 30C%6tn[tN] < et?n®,

as required. This completes the proof of the claim.

Let C7 > max{15,C} be at least the maximum constant of Proposition for cases
with F, F’ € {A\,/A} and with ¢t = sup,, t(n). By the claim, the event Ef(¢)¢ may only
occur if one of the events in the condition of the claim fails to occur. Using Proposition [7.1]
to bound the probability of such events, we obtain that, for all sufficiently large n,

—g26

_—etn
152C4C?
o 2t6
< exp( 608 n> . (8.4)
1

We are now ready to apply Lemma [3.4 and obtain our upper bound. For an upper bound
on || X (i)||c we simply use that

X)) < 4C|X (D) + Ct7HXA®G)| < 5Ct n.
A

P (EL(e)) < 3tNeXp<

We observe that

P(Sfl > ann3/2) <P ({Sfl > ann3/2}ﬂEf1(5)> + P (EL(e)°) .

We bound the first probability by applying Freedman’s inequality with o = ann’’?, B =
n3(7y,p + €t?) and R = 5Ct"'n, and the second by (8.4). We obtain

2,3 246
- —E°t°n
P(St > 3/2) <e o exp (—g— | -
n = Ol P 2n3(7ye p + €t?) + 10Ct Loy, n5/2 e s

for all sufficiently large n.

By the upper bound condition of o, and (8.3)) we have that o, < t*n!/? = O(t3T,17/p2n1/2).
It follows that the second exponential above is o(1) times the first exponential, and the
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second term of the denominator in the first exponential is o(1) times the first term. And

]P’(SfL > ann3/2> < exp (_0‘721(1_0(5))>

2Tkp

SO

for all sufficiently large n. Since € > 0 is arbitrary this completes the proof of the upper

bound )
_an(l + 0(1))> )

P (Sfl > ann3/2> < exp( o
R,p

We now prove the lower bound. In principle the proof of the lower bound should
be straightforward, essentially equivalent to the proof of the upper bound, except with
Lemma 3.5 being used instead of Lemma[3.4 One subtlety is that such a direct application
of Lemma [3.5] would give a lower bound on the probability of a deviation occurring before
a certain time, rather than at time [tV ]. In particular, it will allow us to obtain a lower
bound on the probability of the event F!(e) that

4
I < [tN] such that Z X(@i) > (1+¢e)a,n’?.
i=1
By an application of Freedman’s inequality to the part of the martingale that occurs after

first crossing (1 + 5)oznn3/ 2 one easily verifies that there is at least probability 1/2 that
the martingale remains above a,,n%2, for all sufficiently large n. And so,

1
P(Sh > ann®?) > SP(Fi(e))
for all sufficiently large n. Thus, to complete the proof we need only prove that
—a2(1+0
P (Ffl(e)) > exp <a”( + (E))>
2Tk p
for all sufficiently large n.

We recall that the statement of Lemma provides a lower bound on the probability
P(To < B)
where T, is defined by

Mo

T, =Y E[X@]]F] .
i=1
where m,, is the least m such that the martingale exceeds . If we take
o = (1+¢)apn’/?

and B = n3(7,, — et?), then it is easily observed that event T, < [ is contained in
E!(e) U F!(e). So we have that

P(Fl(c)) = P(Tn < B) — P(EL(e)°) .
Applying Lemma we obtain

P (#0) > qo (“CGD) e (22)
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where § > 0 is minimal such that 3/a > 9R6~2 and o?/8 > 1652 log(646~2). Substitut-
ing the values of a and 8 we obtain

1
P(F() > S exp (
From the definition of «, it is easily verified that § = o(1), and so

_a2
P (F!(c)) > exp <<1+0<>>>

2Tk p
for all sufficiently large n, as required. This completes the proof of the main statement of
the proposition.

—a2(1+0(e) + 0(5))) .

2Tk p

The furthermore part of the statement follows immediately by multiplying the functions
by —1 and applying the main part. O

9. MODERATE DEVIATIONS OF SUBGRAPH COUNTS IN G(n,p)

As discussed in the sketch proof in the introduction, the proofs of both Theorem
and Theorem are based around the identity

N
P(Du(Gp) > 6up°(n)u) = D bn(m)P(Nu(Gm) > (146,)p(n)y) (9.1)
m=0

and in particular in finding which terms make the largest contribution to the sum. With
this in mind we define

my = pN(1+ 6,)"¢
and note that this is approximately (up to a small additive constant) the value of m at
which no deviation is required in Gy, in order that Ny (G.,) > (1 + 0,)p¢(n),. Indeed,

since
e

(m—e) _ (m)e  m°
Ne (N)e = Ne
we have Ly (ms) < (14 6,)p%(n)y and Ly (m. +¢€) > (14 0,)p°(n)y.
It will be useful in the proof of Theorem to also consider a value m_ slightly less
than m, and a value m_ slightly larger. We define

m_ = |my — 6, *nl/4]

and
my = |m. + 6,204

The intuition behind the definitions of m_ and m4 is simply that their difference from
m. is between order n'/2 (the amount one must change m to have a significant effect on
Ly (m)) and order §,;! (the amount one can change m before it has a significant effect on
the tail bound for binomial deviations). In other words, the probability that G, has at
least m4 edges is asymptotically equivalent to the probability it has at least m_ edges,
and yet the event Ny (G,,) > (1 + 6,)p°(n), changes from being very unlikely to very
likely as m grows from m_ to m..

In addition we define
m — pN

x(m) = N

I
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and we set x, := x(my), z— = z(m_) and x4 := x(my).

We split the proof of Theorem into two parts (Section and Section , corre-
sponding to the lower bound and upper bound. Theorem [I.11]is proved in Section [9.3

9.1. Lower bound of Theorem Let the sequence n~! < 8, < n~'/2 be given.

Since the second term, P (Ng(G,,) > (14 d,)p°(n)y), in the expression (9.1)) is increas-
ing in m it follows that

N
B(Di(Gy) > 6up*(n)) = 3 by(m)P (Ni(Grn,) > (1+6,)p°(n))

m=my
= BN(my) P (Ng(Gmy) > (1+8,)p°(n)y)
The proof of the lower bound therefore reduces to proving the following two lemmas.

Lemma 9.1.

e2q 62pn? (3e —2) — (3e — 1)p) 63 pn?
By(my) = 4/ exp (‘ O g I o) o))

Lemma 9.2.

P (N (Gm,) > (14 6,)p°(n)y) = 14 0(1).
Let us first see that Lemma [9.2] follows easily from Theorem

Proof. The event that
Ni(Gmy) < (14 00)p°(n)y (9.2)

will correspond to a large negative deviation Dy (G, ). Indeed, we observe that

LH(m+) — (n)v(m+)5

(M)
= e (4 510
g o
> o 6, )

> (n)pp(1+ 6,) + Q8,1 2n 74y,
And so (9.2)) is contained in the event
Dy (G, ) < Q6,1 /2n7T/%).

Since &,/ 2nv=7/4 = w(n¥=3/2), this event has probability o(1) by Theorem as re-
quired. ]

Remark 9.3. In fact one does not need Theorem [[.7to obtain Lemmal[0.21 An alternative
would be to use Chebyshev’s inequality and the fact that the variance of Dy (Gy,) is
O(n2v—3)‘
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Before proving Lemma let us examine more closely the values of z, and x;. We
recall that m, = pN(1+ 5n)1/ ¢, and so has expansion
§n  62(e—1)

M :pN<1+e 2¢2

+ 0(55;)) .
It follows that z, may be expressed as

S.p /2NY2 52 (e — 1)pl/2N1/2 ,
Ty = cqi/? — 5212 + O(6;n)

6up?n  82(e—1)p'/2n _
= = - = + O(83n) + O(n™1). 9.3
As my —my is 5;1/2711/4 + 1 it is clear that x4 — x, is (5;1/2711/4/\/Npq +n~L. In fact
we will only need that zy — z, = O(&:Uzn_?’/‘l), so that

oupt?n  82(e—1)p'/%n

Ty = - + O(8;12n 734y 9.4
Proof of Lemmal9.1 By Theorem we have
Bu(ms) = (1+o(0)—— e (~ 5 = Be.N.) 9.5
my) = 0 exp | —— — E(z4, N, , )
N{m4 T p B +

where we have used that 2, = ©(5,n) < N'/* to truncate the infinite sum E(z,, N) to
E(xzy,N,1).

From our expression (9.4) for x; we have that

ai _ &pn®  G(e — 1)pn?

= 1
2 4e2q 4e3q + o(1)

and
§3p3/2n3
Ty = W + O(TZ)
It is straightforward to calculate that

2 2,9 3,002
x5 dspn ((3e = 1)p — (3e — 2))dapn
— + K N,1) = .
2 + Bley, N.1) 4e2q + 12e3¢2

Substituting this into ([9.5) and using that = = d,p"/*n/ev/2¢"/? + o(1), we obtain the
desired result. O

9.2. Upper bound of Theorem A key observation is that the expression for
By(my) given in Lemmal9.1]is also an expression for By (m_) (as the difference between
the two is contained in the o(1) term). This follows easily from the proof of Lemma
and the observation that x_ may also be expressed as
Supt?n 62(e —1)p'/n

. - — 06
z ev/2q1/2 2v/262q1/2 (

—1/2n—3/4) .
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Applying the trivial upper bound P (Ng(Gp,) > (14 0,)p°(n)y,) < 1 for m > m_ we
obtain from the identity (9.1]) that

P(Du(Gp) > dnp®(n)o)
m_—1

< By(m-) + Y bv(m)P(Ng(Gm) > (1+6,)p°(n),)
m=0

_|e%q 52pn? ((3e —2) — (3¢ — 1)p) 63 pn?
= ﬂ—pexp (— 4e7g + DErE — log(nd,) + o(1)

+ > by(m)P(Ng(Gm) > (1+6,)p°(n)y) -

m=0

It therefore suffices to prove that

m_—1

Y )P (Nu(G) > (14 6,)p°(n)u) = o(1)exp (—ro(p,n.8n))  (9:6)
m=0

where we have set

62pn? N ((3e —2) — (3¢ — 1)p) 63 pn?

-1 On) -
4e2q 12e3¢2 0g(ndn)

To(p7 n, 5TL) =

We bound the sum by showing that the contribution of terms with m < m_ — n is small
and by dividing the terms m_ — n < m < m_ into intervals. If we write m = m, — f, we
may calculate that

LH (m) — (n)v(m)e

(N)e
_ (mu(m. — pY°
Ne
< (n)op®(m§ — fmg1)

Ne
= (1+38)p"(n)o — Qfn"~?).

It follows that the event Ny (G),) > (146,)p°(n), corresponds to a deviation Dy (G,,) >
Q(fn?=2) which has probability at most

exp(—Q(f?/n)) (9.7)
by Theorem
This gives us immediately that the contribution to of terms with m < m_ —n is

at most e~ (™ which is certainly o(1) exp(—r(p,n,4d,)), as required.
We split the remaining values of m into intervals I := {mgy1,...,mp — 1} where
my = |my — kbn V2py 4]. To complete the proof it clearly suffices to show that

(571/2,”‘3/4*‘

Bn(mp+1)P (Ng(Gmy,,) > (1+0,)p%(n)y) = o(1) exp(—r(p,n,dy)) .
k=1
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To bound By (mgy1) we calculate that xy := x(my) satisfies

1/2 20, _ 1\nl/2
$k — 5np n o 571(6 1)p n _ O(k651/2n_3/4),
eV/2q1/2 2v/2e2q1/2

and so working as in the proof of Lemma we obtain

Bn(mg) < O(1)exp (-To(p,n,én) + O(k:5}/2n1/4)) '

On the other hand, we have from ({9.7)) that
It follows that

"5711/2113/4]
Z BN (mg4+1) P (Ng(Gm,) > (14 6,)p°(n)y)
k=1
(571/2"3/4W
= 0(1) exp (—To(p,n,5n) + O((k + 1)852pM4y — Q(k26;1n_1/2)>
=1
<0 Zexp( ro(p,m, ) + k551n_1/2(0(62/2n3/4) _ Q(k)))
<0 Zexp( ro(p.mn.8) — QK0 112))

= 0(1) exp(—TO(pa n, 671)) :

9.3. Proof of Theorem Let the sequence n~! < §,, < 1 be given.

We set
z2 2n
r(p,n,d,) = = + E(xzs,N) — " )
(p.m.0n) = 5 R T e

Our aim is to prove that
P(Dg(Gpyp) > 6,p°(n)y) = exp ( —r(p,n,6,) + 0(62n) + O(logn)) .

Since we have included a O(logn) error term in the exponent, which is equivalent to a
multiplicative factor of n®®)| the sum given in (9.1) is equivalent to its largest term, and
so it suffices to prove that

m£XbN(m)]P(NH(Gm) > (14 6,)p°(n)y) = exp (—7(p,n,6,) + o(dzn) + O(logn)).

The maximum is achieved with m slightly smaller than m,. We explore values of m of
the form m, — f.
It will be useful to isolate a subset of the terms of r(p,n, d,), we set
2
s(p,m, o) = ?* + E(z,N),
and note that

bn(m.) = exp (— s(p,n,8,) + O(logn)) .
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Let us calculate expressions for by(m) and P(Ng(Gp) > (1 + dn)p¢(n)y) for m =
my — f. We note that

z(m) = z, — fo !

where o = /Npq, and so, by Theorem we have
_fa1)2
by(m) = exp (_(:L'*ga) — E(xe — fo ', N) + O(logn))
= exp (—s(p,n,0,) + (1 +o(1)) frwot + O(logn)) . (9.8)

In order to get an expression for P (Ny(Gr,) > (14 6,)p°(n),) we first calculate

LH (m) — (n)v(m)e

(N)e
_ (n)o(ms — f)° v—
=N + O(n"7?%)
mefl
= (14 6,)p%(n)y — ef (n)vﬁ + 0(n*7?)
ef (n)vpeil

= (1 40a)p"(n)o — (14 0(1)) = +0(n"7?)
— (L 60 () — (1+0(1)) 26fp* 1072 + O(m*2).
Therefore the event N (Gp,) > (1 + d,,)p¢(n), corresponds to a deviation
Dy (Gr) > (1+0(1))2efp® tn"2.
If f =Q(n) then
P(Nu(Gm) > (14 0n)p°(n)y) = exp(=2(f))
by Theorem [I.7] For f < n we may apply Theorem [I.1] to obtain

(oI P,

B (N(Gr) > (L4820 (n)s) = exp (‘ (9.9)

We may immediately observe that the maximum will not occur with f = Q(n). Indeed,
for such f, we get

exp (=s(p,n,6n) + (1 + 0(1)) fo™" = Q(f))

and fx./o—Q(f) = o(f) —Q(f) < 0 for all sufficiently large n. We may therefore assume
f<n.

In this range (f < n), we may combine and to obtain
bn(m) P (Ng(Gm) > (1+6,)p°(n))

_ AtoW)mpetfp*?

= exp <—s(p, n,0,) + (14 0(1)) frwot O(logn)) :

If 6, < n~'/2y/logn then z, < /nlogn and the maximum of the terms involving f
is o(logn), and can be absorbed into the error term. If 6, = Q(n~'/2\/Togn) then the
maximum is obtained with

fo= (14 0(1) it

8vu(p)oe?p

2e—2 °



MODERATE DEVIATIONS OF SUBGRAPH COUNTS 65

Setting m = my — f,, this maximum is given by

b (m) P (N (Gm) > (14 60)p° (1))

2
in

16vg (p)o2ep

= exp <—s(p,n, dn) + (14+0(1)) 55 T O(logn)> .

Since x, ~ npl/Qn/\/2qe and o2 ~ pgn?/2 we have shown that at the maximum we have
by (m) P (Nu(Gm) > (1+ 6n)p°(n)v)

2
oin

16vu (p)etp

2e—2

7 + 0(logn)> ,

— exp (—smn,an) (14 o(1)

as required. This completes the proof.
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10. APPENDIX

We prove Theorem [1.13

In the context in which it was presented and applied it was more natural to state the
theorem for Bin(N, p) where N denotes (g) Let us revert to lower case n for the proof,
so that

bn(k) := P (Bin(n,p) = k)
and
B, (k) := P(Bin(n,p) > k) .

As we stated before the statement of Theorem p may may either be a constant
p € (0,1) or a function p = p,.
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Set o, = y/npq. We must prove that

72
bu(|pn + xnon]) = (1+0(1)) 2202 exp <—2” E(xn,n)> (10.1)
and
22
By (pn + xnop) = (1—&—0(1))3371\1/ﬂ exp (—2" E(mn,n)> ) (10.2)

for all 1 < z,, < oy, where

z+1 t 01 ,.042
+ (=)'
E
(33,71 ; ’L+ )(2+2) i/2 z/2nz/2

Let us also remark that if we keep track of the error terms in the proof then we obtain

T, 1 1 x2
B, (pn + xnoy) = <1 +0 < T 3:%)) mexp <—2 - E(J:n,n)> .

Proof of Theorem[1.13. Let us note immediately that
E(xp,n,J) = E(xzn,n) + o(1)

in the case that x,, < (pgn)'/?(pgn)~"/+3) and so the “Furthermore” statement follows
immediately from the main statements.

Both of the main asymptotic identities will follow from the fact that
An(np + 2,00)Cr(xy) — 1

where

__ (k+1)g n\ gk on—
An(k) = E+1—(n+1)p <k‘>pkq "

and

Ch(z) := 2v/2m exp <x; + E(z, n)>

In fact we prove that
An(np + 'Ino'n)c;l_(xn) -1

CHz) = <x + \/7@ V2 exp (5”22 + E(:c,n))

which is clearly equivalent as 1 < C;F (z)/Cy(z) <1 + O(y/q/pnz) = 1+ 0(1).

Setting k, = np + x,0, we observe that

where

np 1
k,+1 _np+xnan+1_\/q+I"+an
kn+1_(n+1)p TnOn + ¢q Ty +

and so

q kn+1 np q 1
n - == — (1 nil — —_— .
<x+\/np>kn+1—(n+l)p \/Q<+x\/np+np>
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It follows that
Ap(kn) Cyf ()

n _ 1
= <kn>pk"q" kn (1 + /nip + np) V2702 exp (xi/Z + E(:L‘n,n)) )

We have n, k,,n — k, — oo and so we may apply Stirling’s approximation to the three
factorials involved in the binomial coefficient to obtain that the right-hand side is asymp-
totically equivalent to

1
(1 Tyt 772?) exp (a7/2 + E(wn, 1))

1/2 np+Tnon ng—Tnon ’
(e =) (i) (/i)

The first term in this product is equal to 1+O(zy,//np). On the other hand the logarithm
of the denominator of the second term in the product is

(np + zpop) log (1 + Tp /q) + (nqg — xn0,) log (1 — Ty p>
np ng

e g ) (2) e S (2)

=1

) VAR EAS

jz(:) ] + 1 p]/QqJ/zn]/Z

(V]

= % + E(xy,n)

provided n is such that z,/v/n < min{y/q/p, v/p/q} (which is certainly the case for all n
sufficiently large). Hence,

An(kn) G (wn) = (1+ O(an/v/Ap)) — 1

Now observe that
(kn +1)q

bp(np + zpoy,) = A (kn)

and that
(kn + 1)g Tn
as n — oo, from which it follows that

—1

1 z2 >
exp | ——— — E(xn,n) | .
Tno? p( 5 (T, 1)

Finally, by Theorem 1 of Bahadur [2], we have

bn(np + &nom) = (14 0(1))

AR TR

It follows that

22
B, (np+ xn0,) = (1+0(1)) ! exp (—2” — E(xn, n)) . O
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