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Abstract

The free semigroup F on a finite alphabet A is the set of all finite words with
letters from A equipped with the operation of concatenation. A subset S of F is
k-product-free if no element of S can be obtained by concatenating k words from S,
and strongly k-product-free if no element of S is a (non-trivial) concatenation of at
most k words from S.

We prove that a k-product-free subset of 7 has upper Banach density at most
1/p(k), where p(k) = min{¢: ¢ { k — 1}. We also determine the structure of the
extremal k-product-free subsets for all k ¢ {3,5,7,13}; a special case of this proves
a conjecture of Leader, Letzter, Narayanan, and Walters. We further determine the
structure of all strongly k-product-free sets with maximum density. Finally, we
prove that k-product-free subsets of the free group have upper Banach density at
most 1/p(k), which confirms a conjecture of Ortega, Rué, and Serra.

1 Introduction

A subset S of a (semi)group G is said to be product-freeif x -y ¢ S for all x,y € S. Two
very natural questions present themselves.

Density: How dense can the largest product-free subset of G be?
Structure: What is the structure of the densest product-free subsets of G?

These problems have been extensively studied over the last fifty years. In the fi-
nite abelian case, this culminated in a solution to the density problem by Green
and Ruzsa [GRO5] and the structure problem by Balasubramian, Prakash, and Ra-
mana [BPR16]. The finite non-abelian case was first investigated by Babai and S6s [BS85].
This case behaves very differently with the possibility of a largest product-free sub-
sets having vanishing density as shown by the seminal work of Gowers [Gow08]
on quasirandom groups. Recent breakthroughs include the alternating group where
Eberhard [Ebel6] solved the density problem (up to logarithmic factors) and Keevash,
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Lifshitz, and Minzer [KLM24] solved the structure problem. We refer the reader to
[Ked09, TV17] for surveys of the area.

In this paper, we are interested in the infinite non-abelian setting. In particular, we
will work with the free semigroup F and the free group G! on a finite alphabet A. To
define density on F and G, it is natural to use the measure that, for each n, assigns total
weight 1 to the set of all (reduced) words of length 7, and gives equal weight to all
such words. For a set of words S, we write d(S) for its upper asymptotic density and
d*(S) for its upper Banach density under this measure (see Section 2 for details). Since

d(S) < d*(S) for every set S, any result proved for upper Banach density also applies to
upper asymptotic density.

The density problem for free semigroups on finite alphabets was solved by Leader,
Letzter, Narayanan, and Walters [LLNW20].

Theorem 1.1 ([LLNW?20]). Let A be a finite set and F be the free semigroup on alphabet A. If
S C F is product-free, then d*(S) < 1/2.

There is a simple class of examples of large product-free subsets of 7 that show that the
constant 1/2 is best possible here. For a non-empty subset I' C A, the odd-occurrence set
Or C F generated by I' is the set of all words in which the total number of occurrences
of letters from I' is odd (note that if ' = A, then Or consists of all words of odd
length). It is easy to see that these sets are product-free with density 1/2. Leader, Letzter,
Narayanan, and Walters conjectured that these are the only examples.

Conjecture 1.2 ([LLNW20]). Let A be a finite set and F be the free semigroup on alphabet A.
If S C F is product-free and d*(S) = 1/2, then S C Or for some nonempty subset I C A.

We confirm Conjecture 1.2 and in fact prove a more general result, Theorem 1.4, but this
requires some setup. For k > 3, there are two natural ways to extend the notion of being
product-free. Calkin and Erdds [CE96] and Luczak and Schoen [£597] defined a subset
S of a (semi)group to be k-product-free (k > 2) if x; - ... - xx € Sforall x1,...,x, € Sand
to be strongly k-product-free if it is {-product-free for every £ = 2,... k.

We tirst discuss strongly k-product-free sets. Ortega, Rué, and Serra extended Theo-
rem 1.1 to all k, solving the density problem for strongly k-product-free sets in free
semigroups and free groups.

Theorem 1.3 (|[ORS24]). Let k > 2 be an integer, A be a finite set, and H be the free semigroup
or the free group on alphabet A. If S C H is strongly k-product-free, then d(S) < 1/k.

Our first main theorem solves the structure problem for strongly k-product-free sets
in free semigroups. Note first that the odd-occurrence set Or can also be described as
follows: label each letter in I' with a 1 and every other letter with a 0 and let the sum of
a word be the sum of the labels of its letter; then Or is the set of words with odd sum.
The natural generalisation of this to k > 3 provides strongly k-product-free subsets of F
with density 1/k. We prove that these are the only examples.

Theorem 1.4. Let k > 2 be an integer, A be a finite set, and F be the free semigroup on alphabet
A.If S C F is strongly k-product-free and d* (S) = 1/k, then the following holds. It is possible

!The free semigroup on alphabet A is the set of all finite words with letters from A equipped with
the operation of concatenation. The free group on alphabet A is the group generated by .A whose only
relations are that aa—! and a~!a are the empty word for every a € A.



to label each letter of A with a label in 7/ kZ such that S is a subset of the strongly k-product-free
set
T := {w € F: the sum of the labels of letters in w is 1 mod k}.

The set T defined in Theorem 1.4 is strongly k-product-free and has density 1/k provided
the labelling is non-degenerate (otherwise T is empty; see Remark 3.1 for details). The
special case of Theorem 1.4 with k = 2 confirms Conjecture 1.2.

We now turn to k-product-free sets in free semigroups. Since this notion is much weaker
than being strongly k-product-free, the maximum density of k-product-free sets should
be larger than 1/k. In the special case |A| = 1, the free semigroup F on alphabet A is
isomorphic to the non-negative integers under addition. In this case, the term ‘sum-free
is used in place of ‘product-free’. Calkin and Erd6s [CE96] conjectured that a k-sum-free
subset of the non-negative integers has density at most 1/p(k) where p(k) is

4

p(k) :=min{l € Z": L {k—1}.

Note that the integers which are 1 mod p(k) form a k-product-free set since the sum of
k such integers is congruent to k mod p(k) and p(k) was chosen so that k # 1 mod p(k).
In particular, 1/p(k) would be best possible. Luczak and Schoen [£.597] confirmed this
conjecture and also solved the structure problem for the non-negative integers. We
extend their results by solving the density problem (for all k) and the structure problem
(for all but four values of k) for k-product-free subsets of the free semigroup.

For the density problem we prove the following.

Theorem 1.5. Let k > 2 be an integer, A be a finite set, and F be the free semigroup on alphabet
A.If S C F is k-product-free, then d*(S) < 1/p(k).

For the structure problem, we show that the structure of the extremal k-product-free
sets is very similar to that of strongly k-product-free sets except everything is modulo
p(k) (see Section 6 for further discussion of the cases when k is 3, 5, 7, or 13).

Theorem 1.6. Let k > 2 be an integer with k ¢ {3,5,7,13} and p = p(k). Let A be a finite
set and F be the free semigroup on alphabet A. If S C F is k-product-free and d*(S) = 1/p,
then the following holds. It is possible to label each letter of A with a label in 7./ pZ such that S
is a subset of the k-product-free set

T := {w € F: the sum of the labels of letters in w is 1 mod p}.

Finally, we consider k-product-free sets in the free group. Theorem 1.3 solves the
density problem for strongly k-product-free sets. Ortega, Rué, and Serra [ORS24] made
a conjecture corresponding to Calkin and Erdés’s for k-product-free sets.

Conjecture 1.7 ([ORS24]). Let k > 2 be an integer, A be a finite set, and G be the free group
on alphabet A. If S C G is k-product-free, then d(S) < 1/p(k).

We prove a strengthening of this conjecture, with upper Banach density in place of
upper asymptotic density. See Section 6 for a discussion and conjecture on what the
structure of the extremal sets might be.

Theorem 1.8. Let k > 2 be an integer, A be a finite set, and G be the free group on alphabet A.
If S C G is k-product-free, then d*(S) < 1/p(k).
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The rest of the paper is structured as follows. In Section 2 we provide the formal
definitions of density. Sections 2.1 and 2.2 introduce the notions of upper asymptotic
and upper Banach density and prove some important technical lemmas. In Section 2.3,
we then state our main density result, Theorem 2.6, from which Theorem 1.5 follows and
prove the key technical results for our structural proofs, Lemmas 2.9 and 2.10. We also
deduce a result, Corollary 2.7, which shows that the density bounds of Theorems 1.3
and 1.5 hold locally down all subtrees. Before proving Theorem 2.6 we obtain our
structural results in Section 3 whose proofs are simpler and already contain some of the
key ideas. The proof of Theorem 1.4 is given in Section 3.1 and the proof of Theorem 1.6
in Section 3.2. Section 4 is devoted to our main density result. In Section 4.1 we build
the machinery that we use to prove Theorem 2.6 in Section 4.2. In Section 5 we adapt
our arguments to the free group. We finish, in Section 6, with some open problems.

2 Density

Throughout this paper F will be the free semigroup on a finite alphabet 4. That is, F is
the set of all finite words whose letters are in A equipped with the associative operation
of concatenation and whose identity is the empty word.

In this section, we will formally define density for subsets of 7. We start in Section 2.1
by introducing the upper asymptotic and upper Banach density. While we want to
prove upper bounds for these densities, they are difficult to use directly in our proofs
for various technical reasons including that they are not additive.

Instead, in Section 2.2, we will define an adapted notion of density that is closely related
but much easier to handle. We use this directly to prove some basic properties about
the density and to define a notion of density for subtrees of F.

With these notions of density in hand, we state our main density result, Theorem 2.6, in
Section 2.3. While we defer the proof of this result to Section 4 due to its complexity,
we will immediately deduce some properties about the density of a produce-free set in
subtrees of & which will be crucial for proving our structural results in Section 3.

2.1 Upper asymptotic and upper Banach density

To motivate and provide intuition for the notation we view things from the perspective
of a randomly generated word. Let W = aja; - - - be a random infinite word where each
«; is an independent uniformly random letter in A. Taking W,, = aqa; - - - &, we may
view (W,) as a random walk on the infinite | A|-ary tree. We say W hits a set B C F if
the random walks hits B (equivalently if W has a prefix in B) and W avoids B otherwise.
We equip F with a measure y satisfying, for every word w € F,

u(w) = P(W hits w) = |.A| 717l

Note that, for B C F, u(B) = Y_yep 1t(w) is the expected number of times that W hits
B. This has a useful corollary. A set C C F is prefix-free if there are no distinct words
a,b € C where a is a prefix of b. W can hit a prefix-free set at most once.

Observation 2.1. If C C F is prefix-free, then u(C) < 1.



For a positive integer n and a set B C F the length n layer of B is
B(n) :={w € B: |w| = n},
while, for an interval I C Z™,
B(I) ={w € B: |w| € I}.

Note that the measure y is defined so that u(F(n)) = 1. The density of B on layer 7 is
|B(n)|/|F(n)| = u(B(n)), which is the probability that W, is in B. The density of B on
interval I is W(B()
d'(B) = 2L = |17
(P =17 mle
With these definitions in place, we may give standard notions of density. The upper
asymptotic density of B is

d(B) := limsup d{*?™}(B) = lim sup Y u(B(n))/m.

m—00 m—oo 1

The upper Banach density of B is
d*(B) := limsupd!(B) = hmsup 1] Y u(B

[—o0 I— nel

where [ is an interval and the notation I — oo denotes that both |I| and min I tend
to infinity?. In the following we will exclusively use upper Banach density, but since
d(B) < d*(B) for any set B, our results apply equally well to upper asymptotic density.
We remark that these densities always lie in the interval [0, 1].

It should be noted that limit superiors are only subadditive (and not additive). In
particular, for disjoint sets A, B C F we have d*(A UB) < d*(A) 4+ d*(B) and equality
may not hold. For example, the sets

A= |J FH@n—-1)1+1,2n—-1)142,...,(2n)'}),
nez*
B= |J F{@n)!'+1,2n)!+2,...,2n+1)1})
nez*
are disjoint and both have density 1.
Despite this, in the semigroup of non-negative integers F = Z*, d*(B) satisfies some
useful properties. For example, it holds that |d!(x + B) — d’(B)| < x/|I|. This implies
that d*(x + B) = d*(B). Even more importantly, if x1,...,x, € ZT are such that
x1+ B, ..., x, + B are disjoint, then d'(x; +B) +---+d'(x, + B) <1, implying that

n

4B I Ly X
n-dl(B) < Z(d (x;+ B) + |1|) o

i=1

and so n - d*(B) < 1. Not only can this provide upper bounds on the density of B, but if
we knew that d*(B) > 1/n, we could conclude that the sets x; + B, ..., x,; + B cannot all

2The condition min I — oo is often omitted from the definition. However, some simple analysis shows
that, whether or not this condition is included, the resulting density is the same.
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be disjoint and thereby deduce some structural information about B. Such arguments
were used by Luczak and Schoen [Luc95, £.597] for their results about sum-free subsets
of the non-negative integers and also of right cancellative semigroups [LS01].

In the free semigroup F where | A| > 1, these arguments no longer work. For example,
if w € F, itis easy to see that d*(wB) = |.A|~|%l . 4*(B) where wB := {wb: b € B}. Also,
the fact that w; B, . .., w, B are disjoint gives no general upper bound on the density of
B. Even if we consider nested sets B, wB, ..., w"B, taking B := F \ (wF) provides an
example where these sets are pairwise disjoint, but d*(B) = 1 — |.A| =%l which can be
arbitrarily close to 1.

We address these issues in Sections 2.2 and 2.3. By modifying the density that we
consider, we can ensure that the density is additive. Importantly, the density of the set
S C F whose upper Banach density we want to bound will not change. Moreover, in
certain situations, we prove that n disjoint nested copies of B imply that the density of
B is at most 1/n. This will be crucial for proving our structural results.

2.2 Diagonalisation and relative density

Let S C F be a fixed set whose upper Banach density we wish to bound (for example, S
might be k-product-free). There is a sequence of intervals (I;) such that I; — co and

dli(S) — d*(S), asj— co.

Let B C F be another set. The sequence (d%(B)) is bounded (all terms are in [0,1]) and
so, by the Bolzano-Weierstrass theorem, has a convergent subsequence. In particular,
by passing to a subsequence of (I;), we may assume that d(S) — d*(S) and (d%(B))
converges to some limit that we will call d'~(B). Given a countable collection of
subsets of 7, we may, by a diagonalisation argument, assume there is a subsequence
(I;) such that dl(B) — d'~(B) for every B in the collection where d~(S) = d*(S).
Throughout this paper we will only ever consider countably many sets and so we may
assume that this convergence occurs for all sets we consider. These limits, unlike the
corresponding upper Banach densities, are additive. Indeed, if sets A and B are disjoint,
then di(AUB) = d%(A) + d%(B) and so d'~(AUB) = d~(A) + d'~(B). It should be
noted that while d'=(S) = d*(S), we only have d!=(B) < d*(B) for the other sets.

For our proofs we will need not only to bound the density of a product-free set S but
also to bound the density of S on subtrees. We now begin to define this.

The product AB of two sets A, B C F is
AB:={ab:a € Abec B}

and the set B¥ is the product of k copies of B. Note that B is k-product-free exactly if
BN BF = @. A particularly important example of a product is wF for a word w € F:
this is exactly the subtree of F consisting of all words starting with w. Similarly BF is
exactly the set of words that have a prefix in B.

For a finite set B C F we write min B and max B for the length of the shortest and
longest words in B, respectively. Note that if B is finite, then for n > max B the random
infinite word W hits (BF)(n) if and only if it hits B.
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Observation 2.2. If n > |w|, then u((wF)(n)) = pu(w). If C C F is prefix-free and finite,
then u((CF)(n)) = u(C) for n = maxC.

Definition 2.3 (relative density). Letw € F and B C F. For n > |w|, the relative density
of B in wF on layer n is

|B(n) NwF| _ u(B(n)NwF)  u(B(n)NwF)

FynwF]  w(Fn) nwF) H(w)

which is the probability that W, is in B conditioned on the event that W hits w. If
n < |w|, then we will take the relative density to be 0 by convention.

Furthermore, if I is an interval with min I > |w|, then the relative density of B in wF on
interval I is

.”(B(I) mw-’r) _ |I|—1

dl,(B) == FO N wF) — )Y u(B(n) NwF) = p(w) ' -d (BnwF).

nel

If minI < |w|, then we will take the relative density to be 0 by convention.
Note that if w is the empty word then this relative density is just d'(B).
Consider the sequence of intervals (I;) given above where di(B) — d'~(B) for every

set B in a countable collection. For each word w € F and each set in the collection, the

I . . .
sequence (d, ~(B)) is bounded (all terms are in [0, 1]) and so, by the Bolzano-Weierstrass
theorem, has a convergent subsequence. Since F is countable (it consists of only finite
words) we may, via a diagonalisation argument, pass to a subsequence (I;) such that,

for every w € F and every B in the countable collection, (di’J 7(B)) converges to some

limit dilj"f(B ). In conclusion, we may assume throughout the paper that for any set B
we encounter and for all w € F we have

I.
d)-(B) — d=-(B),

where d'=(B) < d*(B) and d'~(S) = d*(S) for one fixed set S. Note that when w is the

empty word, di‘j’f is the same as d'~. As before, these limits are additive. They satisfy
the useful property that we may strip away prefixes.

Lemma 2.4. Ifw,v € F, then dwvf(wB) = dzl)"}(B).

Proof. Let I be any interval with min [ > |wv|. Now

oo (WB) = 17 p(wo) ™ ) p((wB)(n) NwoF).

nel

Removing the leading w from each word in (wB)(n) N wvF shows that u((wB)(n) N
woF) = p(w) - u(B(n —|w|) NoF). Also y(wv) = y(w)y(v) and so

dwv]—"(u)B)_‘I‘ 1 Z "Ll ﬂU.F)

nel—|w|

where I — |w| is the interval obtained by subtracting |w| from each element of I. Thus

|dwv]-'( )_ ( )|_|I| 1 Z ,u mUJT" Zy ﬂZ)J—"

nel—|w| nel
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But, for each integer 1, (B(n) NovF) € [0,1] and so
(Ao (WB) — dyz(B)| < 1|7 p(0) " - [w]

w

Setting I = I; and taking j to infinity gives the required result. O

We are now ready to make an important definition that captures the densest that a set B
can be down a subtree.

Definition 2.5 (sup density). For a set B in the countable collection, the sup density of B
is
dls (B) := sup d=-(B).

sup
weF

Of course, the sup density satisfies déij’p (B) > d'=(B) (note that the empty word is in F)
and so dé‘{j’p(S) > d*(S).

2.3 Key technical density results

We will prove the following strengthening of Theorems 1.3 and 1.5 in Section 4. Note
that while it would not be strictly necessary to state this result for an arbitrary sequence
of intervals (I;) (we could just use the sequence of intervals described in Section 2.2 for
the proofs of all our main theorems), the extra flexibility allows us to prove Corollary 2.7:
the bounds 1/k and 1/p(k) for the density of (strongly) k-product-free sets hold not
only globally but also locally down each subtree w.F.

Theorem 2.6. Let k > 2 be an integer, A be a finite set, and F be the free semigroup on alphabet
A. Let (I;) be a sequence of intervals, with I; — oo, on which all relevant densities converge.
(a) If S C F is strongly k-product-free, then dﬁ‘{‘{p(S) <1/k
(b) If S C F is k-product-free, then dg‘{;’p(S) < 1/p(k).
Note that Theorems 1.3 and 1.5 follow immediately from this: taking (I;) as the sequence

described in Section 2.2 we have d*(S) = d'=(S) < dgij’p(S ) and so Theorem 2.6 gives
the required upper bounds.

We can also directly prove that the bounds for the upper Banach density hold not only
globally but also locally down all subtrees. We will not use this result elsewhere.

Corollary 2.7. Let k > 2 be an integer, A be a finite set, and F be the free semigroup on
alphabet A. Let w be any word of F.

(a) IfS C F is strongly k-product-free, then limsup,_, . d. ~(S) < 1/k.

(b) If S C F is k-product-free, then limsup,_, d! ~(S) < 1/p(k).

Proof. Let S C F be (strongly) k-product-free. By definition of the limit superior, there
is a sequence of intervals (I;) such that [; — oo and
diéf(S) — lirlnsup dl-(S), asj— oo.

—00

Start with this sequence of intervals and apply the diagonalisation argument outlined
in Section 2.2, repeatedly passing to subsequences on which all the densities we need
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to consider converge. We chose the sequence (I;) so that di‘)’"f(S) = limsup, . 4. ~(S).
Therefore,
lim sup dg, 7(S) = dig(S) < d&p (9)-

sup
I—o0

Theorem 2.6 then gives the required upper bounds. O

Theorem 2.6 is also needed for our structural results, Theorems 1.4 and 1.6. For example,
if S C F is strongly k-product-free with d*(S) = 1/k, then applying (a) gives 1/k =
d*(S) = d'=(S) < dﬁ‘{‘{p(S) < 1/k and so d'=(S) = déup(S) This suggests that S is
uniformly distributed down subtrees which is made precise by the following lemma.

Lemma 2.8. I[fd'~(B) = dg‘{;’p(B), then di‘)"’f(B) = d'~(B) for every word w € F.

Proof. Let ¢ be a non-negative integer and let I be an interval with minI > /. Every
word of length greater than / is in exactly one wF (where w € F({)). Hence,

d'(B)= Y d'BnwF)= Y uw (B).
wef(zz) weF (L)

Setting I = I; and taking j to infinity gives

d=~(B)= Y y ) - di=(B).
weF (¢

Now Yye 7o) p(w) = u(F(£)) = 1 and every w € F({) satisfies di‘j’f(B) < diﬁ’p(B) =

d'=(B). Hence we must have di‘;}_-(B) = d!=(B) for every w € F (/). The integer ¢ was
arbitrary and so we have the required result. O

The next two lemmas are the key technical results for our structural proofs. We remark
that for the non-negative integers (that is, when |.A| = 1) they are much more obvious.

Lemma 2.9. Let B C F be such that d'~(B) = diﬁp(B) > 1/n. Then, for any wy, ..., w, €
F, the sets
w1B, wiwyB, ..., wywy---w,_1B, wiwy---w,B

cannot be pairwise disjoint.
Proof. Assume that these sets are pairwise disjoint. Then, for any word w € F,
dl-(wiB) + -+ dle(wy - wyB) = d((w1B) U -+ U (w; - - wyB)) < 1.
Choose w = wy - - - wy,. Applying Lemma 2.4 to each term gives
i o r(B) 4 +d 2(B)+dF(B) < 1.
By Lemma 2.8, each term is d=(B) which contradicts d'~(B) > 1/n, as required. =~ [J

Lemma 2.10. Let B C F be such that d'~(B) = di‘{;’p(B) > 2/(2n —1). Then, for any
wy,...,Wy,01,...,0, € Fand C C B, either the sets

wlB/ w]_wZB, ceey w1 .. w?’l—lB/ w]. e wnc
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or the sets
v1B, ©vivB, ..., v1---v,.1B, ©v1---v,(B\C)

are not pairwise disjoint.

Proof. Assume that both collections of sets are pairwise disjoint. Then, as in the proof of
Lemma 2.9,
s o #(B) 4+ +de -(B)+dF(C) <1

Wy wpF
and
dl

vy U F

Note that d;"f’ (B\C) = dﬁ{’f’ (B) — dﬁ{’f’ (C). Applying this and adding the two inequalities,
we get

(B)+ -+ +dr(B) +dF(B\C) < L.

dleo

Wy wpF

(B)+ - +dle -(B)+dl  ~(B)+-- +d'=(B) <2
However, by Lemma 2.8, each term is d'=(B) which contradicts d'=(B) > 2/(2n — 1),
as required. O

3 Structure of product-free sets in the free semigroup

After formally defining density, we now turn to the structure of product-free sets. In this
section, we determine the structure of (strongly) k-product-free sets in free semigroups
and prove Theorems 1.4 and 1.6 assuming Theorem 2.6.

We start in Section 3.1 by considering strongly k-product-free sets S C F with density
d*(S) = 1/k. Recall that in Theorem 1.4 we want to show that we can label each letter
of A with a label in Z/kZ such that S is a subset of

T := {a € F: the sum of the labels of letters in a is 1 mod k}.

We say that the label of word a € F is the sum of the labels of letters in a. Our strategy
will be to show that a is labelled with ¢ € Z/kZ if and only if S N aS*~**1 # &. To prove
this, we will repeatedly construct nested copies of S and apply Lemmas 2.9 and 2.10.
For example, given any x € S, we can consider the sets

S, aS, axS, axZS, e, axk1s.
By Lemma 2.9 these cannot all be disjoint, but since S is strongly k-product-free we
know that the sets aS,ax8$, ..., ax*"1S are disjoint. Therefore, S Nax"S # & for some

r € Z/kZ and so SNaS™™! # . This way we can identify the label of a. More
complicated versions of such arguments eventually allow us to show that S C T.

To prove our structural result for k-product-free sets S C F with k ¢ {3,5,7,13}, we
will show in Section 3.2 that if *(S) = 1/p(k), then S is strongly p(k)-product-free. This
uses arguments very similar to the strongly k-product-free case. Then, we can simply
apply our structural result for strongly p(k)-product-free sets to obtain Theorem 1.6.
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3.1 Structure of strongly k-product-free sets

Let S C F be a strongly k-product-free set with d*(S) = 1/k. Note, by Theorem 2.6, that

dl=(S) =1/k = dé{’l"p(S) and so we may and will frequently apply Lemmas 2.9 and 2.10
withn =k + 1.

To prove Theorem 1.4, we need to show that there exists a labelling of the letters of A
such that S is a subset of the strongly k-product-free set

T := {a € F: the label of 2 is 1 mod k}.

Remark 3.1. If some prime divides k and every label given to letters in A, then T will
be empty. If there is no such prime, then T will be non-empty by Bezout’s lemma. If T is
non-empty, then d*(T) = 1/k. Indeed, let a1a; - - - be an infinite random word where the
w; are independent uniformly random letters from .4 and let X, be the sum of the labels
of a1, &y, ..., ay. Then (X;,) is a Markov chain on Z/kZ that is irreducible (since T # ©).
The uniform distribution 77 on Z/kZ is stationary for this chain. Let d be the period
of (X,): by the Markov convergence theorem, for each fixed r € {1,...,k — 1}, the
subsequence (X,4.,) converges to 7t in distribution, and so the averages |I| ' Y_,,c; X,
over long intervals converge to 7t in distribution. In particular, d*(T) = (1) = 1/k.

To deduce the structure of S, we need to identify the labels for all words a € F. Clearly,
everything in S should be labelled 1 mod k. For any other a € F, appending a word
from S should increase the label by 1. So, if a has label ¢ and we append i = —¢ € Z/kZ
words from S to a, we should get the label 0, and appending one more word from S
should give the label 1, which might itself be a word from S. On the other hand, for any
other j € Z/kZ \ {i}, appending j 4+ 1 words from S to a should give a label different
from 1 and should therefore never yield a word from S.

Based on this intuition, fori = 0,1, ...,k — 1 define
T;:={ac F:SNaS" # o},

Then, everything in T; should have the label —i € Z/kZ. So, we expect that S C Ty_4
and that T;T; C T;y;. This is exactly what we will show and which allows us to deduce
the structure of Ty_1, which will be the set T from above.

Remark 3.2. Throughout we will view the indices of the T; as elements of Z/kZ and, in
particular, all addition of indices is modulo k.

Note that our definition of T; is slightly arbitrary. Whether we append or prepend
words from S to some a € F, the change in the label of a should always be the same.
So, we could also have defined T; as the set {a € F: SN Si*1a # @}. Fortunately, the
following result tells us that these definitions are equivalent.

Proposition 3.3. For any positive integer r and any a € F,
SNS'a#@ oSNNS iS40 .- SnNsaS ! £ oo SNas + @.
Proof. We first prove the case r = 1. Suppose that SN Sa # &. Then there is some

x such that x, xa € S. Consider the sets S, xS, x2S, ..., x*71S,x¥~1aS = x¥=2(xa)S. By
Lemma 2.9, these cannot all be pairwise disjoint. Since S is strongly k-product-free and
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x €8S, thesets S,xS,...,x 15 are pairwise disjoint. Since S is strongly k-product-free
and xa € S, the sets S, xS, ..., x2S, x*=2(xa)$S are pairwise disjoint. Thus xk=15 and
xk=14S are not disjoint and so S M aS # @.

Let f: 7 — F be the reverse map that reverses each word of F (that is, reads them from
right to left). The function f is a measure-preserving involution. Let S = £(S). Now
S is a strongly k-product-free subset of F with d*(S) = d*(S) = 1/k. In particular, the
previous paragraph shows that SN Sa # @ = SNaS # @. Now, SN Sa = f(SNaS)
and SNaS = f(SN Sa) and so SNaS # & = SN Sa # @ concluding the case r = 1.

For the general case it suffices to prove that for all non-negative integers i,j: SN
S*1aSl #£ @ & SNSaS/t! £ . Suppose that SN S"™1aS/ # @. Then there is x; € S’
and x; € S/ such that S N Sx;ax; # @. Applying the r = 1 case to the word x;ax; shows

that S N x;ax;S # & and so SN S'aSit1 £ @. The other direction is analogous. ]

If the sets To, T1, . . ., Tx_1 are supposed to correctly identify the labels of all words a € F,
then every a should be in exactly one of these sets, and S should satisfy S C Ty_. This
is proved by the following proposition.

Proposition 3.4. The sets Ty, T, ..., Tx_1 partition F and S C Ty_1.

Proof. Leta € F and x € S. Consider the sets S, aS, axS, ax?S, ..., ax*~1S. By
Lemma 2.9, these cannot all be pairwise disjoint. Since S is strongly k-product-free
and x € S, the sets a5, axS, ax*~1S are pairwise disjoint. Hence there is some
re{0,1,...,k—1} suchthatSﬂax’S + @ and so SNaS™t! # @. Thatis, Uk 1. =F.

We next show that the T; are pairwise disjoint (and so partition ). Suppose that
a € T;NTjwhere0 <i<j<k—1. Sincea € T;, Proposition 3.3 implies S N SaS' #+ O
and so there is x € S and y € S’ such that xay € S. Let

C:={seS:ayse S} CS.
Consider the k + 1 sets
S, xS, x2S, ..., xf1g, xk_lay(S \ C).

As S is strongly k-product-free and x € S, the first k of these sets are pairwise disjoint.
Similarly, noting that x*"'ay = x*~2(xay) and xay € S, we have that the last set is
disjoint from each of the first k — 1. Finally, the last two sets are disjoint by the definition
of C. Hence, all k + 1 sets are pairwise disjoint.

Since a € Tj there are zy,...,zj,1 € Ssuch thatz; - - - zj1a € S. Consider the k + 1 sets

2 k—j k—j k—j k—j
S, =z1S, zS, ..., Z; /g, Zq ]225, ceer 2 ]zz---z]-S, Zq ]zz---zj+1ayC.

The first k of these sets are pairwise disjoint as S is strongly k-product-free. Similarly,

noting that z1zp - --zj;1a € S,y € Si,and i < j, the last set is disjoint from each of S,

k]1

215, . S. Now, by the definition of C, ayC CS. Usmg this and product-freeness

shows that the last set is disjoint from each of Z1 s, z1 '2,8, . z]; J z3 -+ - z;S. Hence,
all k + 1 sets are pairwise disjoint. This contradicts Lemma 2.10 and so the Tl- do partition

F.
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It remains to show that S C Ty_. Since S is strongly k-product-free, for any x € S, the
set S is disjoint from each of xS, xS2,...,xS*Tandsox ¢ TyU---U Ty_». Since the T;
partition 7, we must have x € Tj_1, as required. O

Given these two results, we already know that a € T; should be labelled by —i € Z/kZ.
Next, we want to show that the label of a product ab should be the sum of the labels of
a and b. We begin by proving that this is true whenever we append a word from S.

Proposition 3.5. The following hold for all j € Z/kZ.
(@) Ifax € Tjand x € S, thena € Tj 4.
(b) Tj1S C T,

Proof. We first prove (a). Suppose that 0 < j < k —2. We have SN axSIt! #+ @ and
x€5,505NaS/"? £ @andsoa € Tjy;.

Now suppose that j = k — 1. Consider the sets S, aS, axS, ax?S, ..., ax*~1S. By
Lemma 2.9, these cannot all be pairwise disjoint. Since S is strongly k-product-free and
x € S, the sets a$, ax$, ..., ax*~1S are pairwise disjoint. Also, as ax € Ty_1 (and so ax is
notin Ty U Ty U - - - U Ty_, by Proposition 3.4), S is disjoint from each of ax§, ax?s, ...,
ax*=1S. Thus S and 4$ are not disjoint and so a € Ty, as required.

We now prove (b). Leta € Tj;1 and x € S. Suppose that ax € T; (such an i exists by
Proposition 3.4). By (a), i +1 = j + 1 mod k and so i = j mod k, as required. O

It is now an easy consequence that the labels of all T; are very well-behaved with respect
to products.

Proposition 3.6. Foralli,j € Z/kZ, T;T; C Tiy;.

Proof. Leta € Tyand b € T;. As b € T there are xq,x3,...,xj;1 € S such that
bx1xz - - xj41 € S. By Proposition 3.5(b),

abxy - - xjp1 = a(bxy -+ xj41) € Ty

Applying Proposition 3.5(a) j + 1 times, once to remove each x,, givesab € T;_; (1) =
Tij, as required. O

Finally, this allows us to complete the proof of Theorem 1.4.

Proof of Theorem 1.4. For each letter « € A, there is, by Proposition 3.4, a unique i €
Z./kZ such that « € T;. Label « with i. By Proposition 3.6, for each i,

T; = {w € F: the sum of the labels of letters in w is i mod k}.
In particular, by Proposition 3.4,
S C Ty_1 = {w € F: the sum of the labels of letters in w is — 1 mod k}.

Note that Tj_; is strongly k-product-free: if w is the concatenation of ¢ > 2 words from
Ty._1, then the sum of the labels of letters in w is —¢ mod k.

To obtain the result given in the statement of Theorem 1.4 (i.e. with 1 mod k instead of
—1 mod k) simply multiply the label of each letter by —1. O
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3.2 Structure of k-product-free sets

Let k > 2 be an integer with k ¢ {3,5,7,13}, let p = p(k), and let S C F be k-product-
free satisfying d*(S) = 1/p. Note, by Theorem 2.6, that d=(S) = 1/p = di‘{j’p(S) and so
we may and will frequently apply Lemma 2.9 withn = p + 1.

To prove Theorem 1.6, we will show that, in fact, S is strongly p-product-free and so the
result follows from Theorem 1.4. To this end we make the following definition.

Definition 3.7. Foraset A C Z™', theset S4 C Fis
SA = ﬂ Si,
ieA
where we will omit set parentheses so, for example, S; = Sand S;3 = SN S3.

Since S is k-product-free, S; , = &. It is enough for us to show that S1, = 513 =--- =
S1, = & as then § is strongly p-product-free. Note that the case k = 2 is immediate and
so we assume that k > 3 from now on.

We need a quick technical lemma about the size of p.

Lemma 3.8. Let k > 3 be an integer with k ¢ {3,5,7,13} and let p = p(k). Then
k—12>2max{(p—t)t(t+1):te{1,2,...,0—1}}. 1)
Proof. By the arithmetic mean-geometric mean inequality, for any ¢t € [0, p],

(0= O)H(t+1) = 4o — )55 <4(P32)° = 4/27 - (0 +1/2)>

On the other hand, Lev [Lev03, Lem. 18] proved that, for all positive integers k > 2,
p(k) < 2log, k + 2.

Now, for all k > 2400,
k—1>4/27-(2log, k+5/2)°,

and so (1) holds. Now, if p > 10, then the definition of p givesk —1 >5x7 x 8 X9 =
2520 and so (1) holds. We are left to check the remaining cases.

If p = 2, then the right-hand side of (1) is 2. The smallest k > 3 with p = 2is 4.

If p = 3, then the right-hand side of (1) is 6. The only k < 6 with p = 3 are 3 and 5.
If p = 4, then the right-hand side of (1) is 12. The only k < 12 with p = 41is 7.

If p = 5, then the right-hand side of (1) is 24. The only k < 24 with p = 51is 13.

p is always the power of a prime so there are no k with p = 6.

If p = 7, then the right-hand side of (1) is 60. The smallest k with p = 7 is 61.

If p = 8, then the right-hand side of (1) is 90. The smallest k with p = 8 is 421.

If p = 9, then the right-hand side of (1) is 126. The smallest k with p = 9is 841. [

We first show that Sy , is empty.

Proposition 3.9. 51, = <.
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Proof. Suppose that 51, # @ and let t € Z™ be maximal with Sy ;5,1 s(o-1)4+1 # @
where the indices form an arithmetic progression with common difference p — 1. Such a
t must existask =1mod p —1and Sy = @. Letw € 51,0201, H(p—1)+1-

Taking t = p — 1 inside the maximum in (1), we have k — 1 > p(p — 1). We split into
two cases based on the size of k.

First suppose thatk —1 > 2p(p — 1). Leta € Z" be minimal such that (« — 1)p(p— 1) >
k — 1. Note that « > 4. Write p = 2a + b wherea = |p/2] and b € {0,1}. Consider the
following sets

s, wfls, we—1g  glatDl-1)g 2a(p=1) g p(2a+1)(p-1)g

pla-Dalo-Dg  gla-Dat)p-1)g  yap-lg  glacb)p-1)g,

4 7 4 Y 4

We remark that these sets are formed by starting with S and then alternating between
prepending w1 and w(® =1~ Two sets that differ only by a prepending of w?~! are
called a pair: the pairs are the first and second sets; the third and fourth sets; .... The
number of sets listed is 2a + b + 1 = p 4 1 and so these cannot all be pairwise disjoint
by Lemma 2.9.

We first show that sets in different pairs are disjoint. If two such sets meet, then
SNw'(P=1)S £ & for some integer ¢ satisfying & — 1 < £ < aa + b. We will show that, for
such an ¢, w1 e $¥~1 which contradicts S1k=D.5ince w € 51,051, 1(p—1)+1, We
have w!(P—-1) ¢ S0(0-1),(6+1)(p—1),..£(p—1)(t(o—1)+1) Where the indices form an arithmetic
progression with common difference p — 1. It suffices to show that k — 1 is in this
arithmetic progression. Since k — 1 is a multiple of p — 1, it is enough to show that
lp—1)<k—1<Ll(p—1)(t(p —1)+1) for all integers ¢ satisfyinga —1 < ¢ < an + .
Now,

Lo-—D(te-1+1) =2lle-1p=(a—1p(p—1) =k-1

and

lp—1) < (ax+Db)(p—1) = (aa +p —2a)(p — 1)
=a(a—2)(p—1)+p(p—1) <p/2- (@ =2)(p—1) +p(p—1)
=a/2-p(p—1) < (a—=2)p(p—1) <k—-1,

where we used the minimality of & and the fact that « > 4 in the final and penultimate
inequality respectively.

We second show that sets in the same pair are disjoint which gives the contradiction
required to conclude the case k —1 > 2p(p — 1). If two sets in the same pair are
not disjoint, then SNwf~1S # @. But w’~! € S0-12(p—1),..,(Hp—1)+1)(p—1) and so if
Sfﬁ w’~1S # @, then 51,020—1,...,(t(p—1)+1)(p—1)+1 7 @ which contradicts the maximality
of t.

Second suppose that 20(p —1) > k—1 > p(p — 1). Consider the the following p + 1
sets
S, wf~'s, wre~ls, .., wrleVs,

Since t is maximal, consecutive sets are disjoint as in the previous case. If non-
consecutive sets are not disjoint, then S Nw!(®~1)S # & for some integer ¢ satisfying
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2 < £ < p. As before, whle—1) ¢ S0(0—1),(041)(p—1),...£(0—1)(t(o—1)+1) and so it suffices to
show that £(p —1) <k—1<{l(p—1)(t(p — 1) + 1) for such /. This is the case as

Llo=1)(tp—1)+1) 2 Le—1)p=>20(p—1) 2 k-1

and
tp—-1) <plp—-1) <k—1
Thus all p + 1 sets are disjoint contradicting Lemma 2.9 and so Sy , is indeed empty. [l

We now show that Sy, ..., 51,1 are all empty.

Proposition 3.10. Forall1<d <p—1,51 441 = @.

Proof. We argue via downwards induction on d with the base case d = p — 1 given by
Proposition 3.9. Suppose, towards a contradiction, that the result is false and let 1 < d <
p — 2 be largest with Sy 4,1 # @ and lett € Z" be maximal with S 5112441 1411 # ©.
Suchatexistsask =1mod d. Letw € Sy 44124+1,. td+1-

By the definition of p, both d and d + 1 divide k — 1. Since d and d + 1 are coprime we
may write k — 1 = ad(d + 1) for some positive integer a. Let s € Z" be largest such
thatds < p—1. Write p = a(s+1) + b wherea = [p/(s+1)|and b € {0,1,...,s}.
Consider the following p + 1 sets

s, wis, ..., w"s, wats)dg  ylatsydtdg g (ats)dtsdg

Z(szrs)dS a+s)dS zx+s)d+bds'

w wZ(a+s)d+stI

a a
o e ag gl

2 ey

We remark that these sets are formed by starting with S, then prepending w* a total of
s times, prepending w*, then prepending w? a total of s times, prepending w*?, and
so on. We group up the sets: the 1% through d'" sets are in the first group; the (d + 1)
through (24)™ sets are in the second group; and so on.

We first show that sets in different groups are disjoint. If two such sets meet, then
SNw'S # @ for some integer ¢ satisfying « < ¢ < a(a +5s) +b. Now w' ¢
Std,(0+1)d,...0d(td+1) and so, since k — 1 is a multiple of d, it suffices to show that {d <
k —1 < ¢d(td + 1) for all such /. Firstly,

td(td+1) 2 ad(d+1) =k — 1.
Now,

td < (ala+s)+b)d= (a(a+s)+p—a(s+1))d
(a(a —1) +p)d

and we wish to show this is at most k — 1 = ad(d + 1) and so it is enough to show that
a(ex —1) 4+ p < a(d +1). By the maximality of s, d(s +1) > pandsod > p/(s+1) > a.
Hence, it suffices to show that d(a« — 1) + p < a(d + 1), or equivalently p < a + d. But,
by Lemma 3.8,

ad(d+1)=k—1>max{(p—)t(t+1): t€{L,2,...,0—1}}
> (p —d)d(d +1),
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and so we do indeed have p < a +d.

Next we show that sets in the same group are disjoint. If two consecutive sets in the
same group meet, then SN w’S # @. But w’ € Sa2d,... (td+1)d and so if SN wiS £ @,

then Sy 4412411, (td+1)d+1 7 2 which contradicts the maximality of ¢. If two non-
consecutive sets in the same group meet, then SN w's # @ for some integer ¢ with
2 <0 <s. Butw’ € Sy and so S104+1 7 9. However, d < 2d < 4d < ds < p—1and
so this contradicts the maximality of d.

Hence, all p + 1 sets are pairwise disjoint which contradicts Lemma 2.9, as required. [

Propositions 3.9 and 3.10 together show that S is strongly p-product-free. Theorem 1.6
then follows from Theorem 1.4.

4 Density of product-free sets in the free semigroup

In this section we will bound the density of a (strongly) k-product-free set S C F and so
prove Theorem 2.6. To motivate our approach, assume that S is strongly 3-product-free
and that we want to bound d'=(S). We might hope that d'=(S) = dl~(5?) = dl=(S°).
Because all of these sets are disjoint, this would imply that d™=(SUS? U S%) = 3 - d!=(S)
and so d'=(S) < 1/3, as required.

If SF covers all of F, such an argument works. Indeed, note that for all w € S we
have dig"F(Sz) > dig"F(wS) = dl=(S). If SF covers all of F, an averaging argument
would then show that d'~(5?) > d'=(S), and so d=(S U S?) > 2-d!~(S). To include
S% in the union, we can just repeat the argument. For w € S we have di‘;"f(Sz us®) >
d (w(SUS?)) = dl=(SUS?) > 2-d"(S), giving d'~(S2 U S%) > 2-d'~(S) and thus
dl=(SUS?US?) > 3-dl=(S), as required.

If SF fails to cover some part of F, we simply want to ignore the uncovered part.
Within SF, the relative density of S is at least d=(S) (we define relative density properly
after Lemma 4.3), so it would suffice to show that the relative densities of S U S? and
SUS?U S3 are at least 2 - d*=(S) and 3 - d'=(S) respectively. While the relative density
of S U S? can be computed as before, this fails for S U S? U S3. We only know that S U S?
has a high density within SF, for example di"}(S US?) > 2.-d'=(S) for some v € S. This

does not suffice to get a lower bound on dig"F(Sz U S3) in the calculation above.

Instead, note that di‘j‘;}f(sz usd) > di‘j‘;F(w(S US?)) = dé"}(S US?) > 2-dl~(S) which
tells us that the relative density of S U S3 in SuF is at least 2 - d'~(S). If we could

show that SvF covers essentially all of SF, this would imply that the relative density of
S?2US%in SF is at least 2 - '~ (S) which in turn would suffice to show that d'=(S) < 1/3.

The technical arguments in Section 4.1 are mostly devoted to showing that this is true up
to some small error. In Section 4.2 we will then use this machinery to prove Theorem 2.6.
While proving an upper bound on the density of a strongly k-product-free set works as
outlined above, the proof for k-product-free sets is more involved and requires some
ideas similar to those from Section 3.2.
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4.1 Steeplechases

In this section we essentially show that SvF covers almost all of SF up to some small
error. The main idea is to approximate S by finite prefix-free subsets (C;) of S such that,
forall t, C;1q C CtF and Cr.F covers almost all of S (here almost all means up to some
set of density ¢). In particular, for all large t and all ' > t, CyF covers almost all of C;.F.

Now, C;vF covers an |A|_‘”|-fraction of C;.F. Since C;,1F covers almost all of C;.F,
it covers almost all of C;F \ C;oF. So CqvF will cover almost an |.A|~I?-fraction
of CtF \ CivF. Repeating this argument with C;1»F, we get that C;1,vF will cover
almost an | A|~I?I-fraction of C;.F \ (C;o.F U CrqvF). Tterating this further shows that
Ugst CooF covers almost all of C; F (now up to some set of density 2¢). This implies
that SuF covers almost all of SF, which is what we needed.

The existence of the prefix-free subsets (C¢) which approximate S is established in
Lemma 4.2. Lemma 4.3 then shows that {J,-; CyoF covers almost all of C;.F. Finally,
Lemma 4.6, our key technical lemma, uses these to give a result that will allow us to
carry out the density arguments sketched above.

We start by defining the properties of the sets (C;) from the preceding discussion.

Definition 4.1 (steeplechase). An infinite sequence (C;) of subsets of F is a steeplechase
if, for each positive integer ¢,

¢ (; is prefix-free and finite,
¢ every word in Cyy; has a proper prefix in C; (in particular, C; 1 F C CiF).

Steeplechase (C;) is spread if maxC; < min Cy4q for all ¢ and is e-tight if, for all m, n,
[1(Cim) — u(Ca)| < e

Every steeplechase contains a spread steeplechase. Indeed, note that min C; > ¢, since
every word in C; has a proper prefix in C;_1. Let /1 = maxC;. Then minCy, 11 > {1 =
max Cy. Let £/, = max Cy, 1. Then min Cy, 1 > max Cy . Iteratively doing this gives
a spread steeplechase Cy, Cp, 41, Cp,41,- - -

Since C; is prefix-free, u(C¢) € [0,1]. Also, for each t, C; 11 F C C:F and so, by Obser-
vation 2.2, the sequence (¢(C;)) is non-increasing. In particular, this sequence tends
to a limit. Hence the sequence is Cauchy: for any ¢ > 0, there is a K such that, for
all m,n > K, |u(Cp) — u(Cy)| < e. Thus, ignoring the first few C; gives an e-tight
steeplechase.

In particular, given any steeplechase (C;) we may, by passing to a subsequence, assume
that (C¢) is both spread and e-tight.

The following lemma shows that, for any set B C F, there is a steeplechase that
approximates B very well.

Lemma 4.2. Let ¢ > 0 and B C F. There is an e-tight spread steeplechase (Cy) such that

e CtUCGU---CB,
e forall t and all large n (in terms of t), u((B\ Ct.F)(n)) < ¢,
o forallt, u(C) > d'=(B) —e.
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Proof. For x € B, let the headcount of x be
h(x) = |{b € B: bis a prefix of x}|.

For each positive integer ¢, let D; = {x € B: h(x) = t}. Note that each Dy is prefix-free
and so u(Dy) < 1 for all t. Iteratively do the following procedure for each positive
integer f.

1. Let ¢ be such that u(D¢({¢; +1,4; +2,...})) < &/2%
2. Let Ct = Dt({l,Z,. . .,Et}).
3. Remove (D; \ C;)F from B (including from all later D;).

Let B be the set remaining at the end of this procedure. Note that in each application
of step 3, for every word w, either h(w) does not change or w is removed from B. In
particular, every word in C; has a proper prefix in C;_;. Also, by construction, C; is a
finite subset of B. Thus (C;) is a steeplechase and C; UC, U - -+ C B.

Fix t and let n > max{/y, ..., {;}. Step 3 removes all words with headcount r and length
greater than /, from B. Thus, any word of length n in B’ has headcount greater than
t and so is in C;F. Thus, B'(n) C C;F(n). Next note that B’ is obtained from B by
deleting all the (D, \ C,)F and so,

n((B\CeF)(n)) < u((B\ B')(n)) < Y pu(((Dr\ C)F)(n)) < Y u(Dr \Cr) <&

Finally, this implies that (B(n)) < pu(CiF(n)) + ¢ < u(Ct) + €. Averaging this over
n € Ij and taking j — oo gives d*~(B) < u(C;) +&.

Hence (C;) is a steeplechase satisfying all three conditions. As noted above, we may,
by passing to a subsequence, assume that (C;) is spread and e-tight. Passing to a
subsequence does not affect the three conditions. O

We call a steeplechase (C;) given by Lemma 4.2 an e-capturing steeplechase for B. As
promised, we now show for any word w that |y~ C,wF covers almost all of C;.F.

Lemma 4.3. Let (Cy) be an e-tight spread steeplechase. For every w € F there is an N such
that the following holds. If C = CyUCyU - -- U Cy and n > max Cy + |w/|, then

p(CF\ CwF)(n)) < 2e.

Proof. Let N sufficiently large in terms of |w| and | A| and let n > max Cy + |w|. Now
H((CLF\ CnF) (1)) = j((CLF)(n)) — 1((ChF) (1)) = j(Ca) — j(Cr) < &,

since CyF C C1.F and (C;) is e-tight. Hence, it suffices to prove that

H((Cn T\ CoF) () <.
Let X be the following finite prefix-free set

X = {s € Cy: shas no prefix in Cw}.
Note that (CyF \ CwF)(n) C (XF)(n) and so
H((CNF\ CwF) () < p((XF)(n)) = u(X).
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Recall the random infinite word W = aja; - - - and corresponding random walk defined
in Section 2. Since X is prefix-free, u(X) = P(W hits X) and it suffices to show this
probability is at most €. Let K be the largest integer with 1 + K|w| < N — |w|. If W hits
X, then W hits Cy and so, since (C;) is a steeplechase, W hits each of C1, C; Flw|r e
C11Kw|- Also, W must avoid each of Ciw, Cy W, ..., Cp g w in order to hit X.

We reveal the letters of W one-by-one. We wait until W hits/avoids C; (this will certainly
be known by the time the length of W is max C;). If W avoids Cy, then W avoids X. If
W hits Cj, then we reveal the next |w| letters of W and check if they spell w (this has
probability |.A| ~1®l). If they do, then W avoids X. If they do not, then we wait until W
hits/avoids C;,,|: note that this has not already happened since (Ct) is spread and
so min Cy || = maxCy + [w|. If W avoids Cy |, then W avoids X. If W hits Cy |,
then we reveal the next |w| letters of W and check if they spell w (this has probability
| A|~1*l). We continue this procedure with the final check being whether the next |w|
letters of W after it hits C;_ g, spell w. Note that each check has probability \A|_‘w|
and is independent of the previous checks (new letters are involved in each check). If
W hits X, then W must fail each of these spelling checks and so the probability that W
hits X is at most

(1__|f4r{u4)K+1.

By taking N (and so K) sufficiently large in terms of |w| and |.A| we may ensure this is
at most ¢, as required. [

Before proving our key technical result for our density proofs (Lemma 4.6) we will
need to define the relative density of B on CF. If C C F is finite and interval I satisfies
min I > max C, then the relative density of B in CF on interval I is

oL (5) o MBU)NCF)
F T WFmACE)

Suppose C is also prefix-free. Then, by Observation 2.2, u(F(I) NCF) = |I|u(C). Also
(¢F: ¢ € C) partition CF. In particular,

der(B) = [II7'u(C) 7 ) u(B(n) N CF)

nel
:Z]I]’l )1 Y u(B(n) NcF)
ceC nel
I‘ 1
=u(C 1Zd1Bﬂc]-")

ceC
=u(C)~'-d'(BNCF).
Recall that, for every set B that we consider in this paper and every word c, the sequence
di’F(B) converges (to dgf’}(B)). Thus the third line of the displayed equation implies that

the sequence d! - (B) converges to a limit dlc°°]_-(B) Again, these limits are additive.

Observation 4.4. Let C C F be ﬁnite and prefix-free. Then

4 (B) Z;‘ d'(B) = u(C) ' d'~(BN CF).
ceC
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Observation 4.5. The first equality of Observation 4.4 implies that dé"}(B) < di‘{;’p(B ).
Now for the key technical lemma for our density results.

Lemma 4.6. Let ¢ > O and let A,B C F. If (C¢) is an e-capturing steeplechase for A with
1(Cq) = 2e+ €l/3, then

dE 7 (AB) > diz,(B) —3¢/% > dz 1 (B) — 3¢'/.

sup

Proof. Letw € F be such that
d~-(B) > dks,(B) — /3.

sup
Apply Lemma 4.3 to (C;) and w to give an N such that letting C = C; U --- U Cy, if
n > maxCy + |w|, then
u((C1F\ CwF)(n)) < 2e.
We may greedily choose C C C (starting with shorter words first) such that Cw is
prefix-free and CwF = Cw.F. Note that

> p((C1F \ CwF)(n)) = p((C1F) (1)) — u((CwF)(n))
= (C1) — p(Cw) > 2e +¢'° — u(Cw)

and so u(Cw) > ¢'/3.

Let I be an interval with min I > max Cy + |w| and let X C F. Note that every word in
CwF = CwF has a prefix in C; U - - - U Cy. But since (C;) is a steeplechase, every such
word has a prefix in C;. Thus CwF C C;.F and so
dlclf( ) =17 u(C) P Y w(X(n) NC1F)
nel
> |17 u(Cy)~ 12;4 n) N CwF)
nel
)N CwF
nel Cw + 2¢

Using the fact that x/ (y +2¢) > x/y — 2ex/y* > x/y — 2¢'/3 fore > 0, x € [0,1], and
y > ¢'/3, we have
e, 7 (X) = dL (X) —2¢'/°.
Setting X = AB, I = I;, and taking j to infinity gives
dg 7(AB) > dZ (AB) —2¢'/°. )

Now,




where the first equality used Observation 4.4, the first inequality used the fact that
¢ € C C C C A, the second equality used Lemma 2.4, and the second inequality is due
to the choice of w. Combining this with (2) gives the first inequality claimed, while
Observation 4.5 gives the second. O

4.2 Density of (strongly) k-product-free sets

In this section we prove Theorem 2.6, making use of the machinery developed in
the previous section. Part (a) has a simple iterating proof which uses that a strongly
k-product-free S is disjoint from each of S2,8% ..., sk

Proof of Theorem 2.6(a). Let S C F be strongly k-product-free and let w be any word of
F. It suffices to show that dij"f(S) < 1/k. Now di‘j’f(S) = di;;(s NwF) and so we may
restrict S to S N w.F (it remains strongly k-product-free). Thus we may and will assume
that S C wF. If di;"f(S) = 0, then we are done. Otherwise, by the definition of d! - and

the fact that S C wF, d*=(S) = u(w) - di‘f}-(S) > 0.

Let ¢ > 0 be sufficiently small compared to d'~(S) and let (C;) be an e-capturing
steeplechase for S, as given by Lemma 4.2. Then p(C;) > d'~(S) — & > 2¢e +¢!/3 and so
we may use Lemma 4.6 applied to S and some B C F. We will show by induction that,
forl1 <i<k,

4 (SUS2U---US) > i-d . (S) —3(i — 1) />,

For i = 1 this holds with equality. Suppose it holds for some 1 < i < k. Lemma 4.6
implies that
dEF(SPUSPU- - US> dE(SUSPU---US) -3¢/

i-dZp(S)—3i-¢/3.

VoV

Since i < k and S is strongly k-product-free, S is disjoint from S> US3U - - - U S'*1 and
SO
dE(SUSPU-- US> (i+1) - dE £ (S) = 3i-¢'/3,

which completes the induction. Taking i = k we obtain
12dZ-(SUSPU---USY) > k-dZ4(S) —3(k—1) &>

Note that C; C S C wF is prefix-free so y(Cq) < u(w). Since (C;) is e-capturing for S,
Observation 4.4 and the second bullet point of Lemma 4.2 imply that

dleo

Cl}‘(S) = .u(cl)il : d1°°(5 NCF) = ‘u(w)*l . dloo(S NCiF)

> p(w) ™t (d(S) —e) = dip(S) — e p(w) Y,

where the final inequality used the fact that d'~(S) = u(w) - di‘j"f(S ) as noted at the
beginning of this proof. Putting everything together

1>k-d>(S) — ke p(w) ™t —3(k—1) -2
Since ¢ is arbitrarily small, we obtain dff]_-(S) < 1/k, as required. O

22



The argument for part (b) (k-product-free sets) is more involved. It is not necessary
to keep track of the error term depending on ¢ (as we eventually take ¢ to zero). We
introduce some notation to simplify the argument. Write x < y to mean thatx < y+ f(e)
where the error term f(e) goes to zero as € goes to zero (in all cases f(e) will be a
polynomial in &'/3).

To improve clarity and motivate the proof we first sketch a proof of that if S is 3-product-
free, then d'~(S) < 1/3.

Proof that d*=(S) < 1/3 for 3-product-free S. Let S C JF be 3-product-free and let ¢ > 0
be sufficiently small. Let (C;) be an e-capturing steeplechase for S, = SN S? (recall
Definition 3.7), as given by Lemma 4.2. Since S is 3-product-free, S; , is strongly 3-
product-free.

We claim that d~ (SN C;F) <1/3- u(Cy). If u(Cy) < 2e + €'/3, then this is immediate.
Otherwise (Cy) > 2¢e +¢!/3 and so, by Lemma 4.6, dlc";’f(SLzS) > dlc";’f(S). Since S is
3-product-free, S and S; S are disjoint and so

dlcf]:(s US125) 2 2- dlcoif(s)-
Then, applying Lemma 4.6 again,
A& 5 (S125UST,S8) = A& £(S12(SUS125)) 2 dE £(SUS12S) 2 2-dE £-(S).
Since S is 3-product-free, S is disjoint from S;,S U S%’ZS and so
12dE-(SUS12SUST,S) 23-dE £(S).

Observation 4.4 then gives d'~(S N C;F) <1/3- u(Cy), as claimed.

We have bounded the density of S on the part of 7 where S; ; is dense. We now bound
the density of S on the rest. Let S’ = S\ (S1, U C1F) and (D;) be an e-capturing
steeplechase for §’, as given by Lemma 4.2. By passing to a subsequence we may and
will assume that min D; > maxC;. Since S is 3-product-free and S' N S? = @, S’ is
strongly 3-product-free.

We claim that d’=(S' N D1 F) < 1/3-u(Dy). If u(Dy) < 2¢ +¢'/3, then this is immediate.
Otherwise, by Lemma 4.6, d{;‘;f(S’S) > dlﬁ‘if(S) > d{;’;I(S’). Now S’ and §’'S are
disjoint since S’ N S? = @. Thus

dfy 7(S'US'S) 2 2-d5 £(S").
Then, applying Lemma 4.6 again,
diy 7((S")?U(8)%8) = dp5 #(S'(S'US'S)) 2 2-df5 #(S).
Since S is 3-product-free and S’ N S? = @, §' is disjoint from (S')2 U (S")2S and so
1> dp5 (S U(S")?U(8)%S) 2 3-d £(S).
Observation 4.4 then gives d'=(S' N D1 F) < 1/3 - u(D;), as claimed.
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By the definition of S’ and since min D; > max Cy, it follows that C; F and D1 F are
disjoint (see proof of Proposition 4.7 for more details). In particular, C; and D; are
disjoint and their union is prefix-free. Hence 3 (C;) + u(D;) < 1. Thus,

d=(SNC1F) +d=(S'NDF) <1/3- (u(Cy) + u(Dy)) < 1/3.

Since (C;) and (D) are e-capturing, it follows (see the proof of Claim 4.7.2 below) that
very little of S lies outside (SN Cy.F) U (S’ N D1.F). In particular, d'=(S) < 1/3. Since ¢
can be arbitrarily small, we have d=(S) < 1/3. O

For general k the argument is a more involved version of the above. We first consider
some S 4,, take some e-capturing steeplechase, (C¢), for S 4, and show that the density
of S relative to C1.F is at most 1/p. We then repeat this step for some S4,, Sa,,.... In
future steps we may use the fact that we have dealt with previous S 4,. Proposition 4.7
says that if we have chosen a suitable sequence A, Ay, ..., then we obtain the required

bound on dﬁ‘{l"p(S), and Proposition 4.8 shows that for each k there is a suitable sequence
of A;. These combine to complete the proof of Theorem 2.6(b).

Note in the statement below that d A, is the sumset

dAy:={a1+---+ag:ay,...,a5 € Ay}

Proposition 4.7. Let k > 2 be an integer and Ay, ..., Am C N be a sequence of sets with
Am = {1}. Suppose that for all £ € [m] there exist positive integers dy,...,d,_1 (which may
depend on £) such that, forall 1 <i < j < p —1, either

e ke{1}U(1+ (d;+d;1 —f—"'—f-dj)Ag) or

e Ap C{1} U1+ (di +diyq +--- +dj)Ay) forsome 1 < ' < L.

If S C F is k-product-free, then di‘{;’p(S) < 1/p(k).

Proof. Let p = p(k) and let w be any word of F. It suffices to show that di‘j’f(S) < 1/p.

Now di‘j’f(S) = dij"f(S NwF) and so we may restrict S to S N wF (it remains k-product-
free). Thus we may and will assume that S C w.F.

Let ¢ > 0 be sufficiently small. We define the following sets and steeplechases. Take

S =35, RM =5, NSW, and let (Ct(l)) be an e-capturing steeplechase for R(!), as
given by Lemma 4.2. For ¢ = 2,3, ...,m, do the following:

¢ Set 5 := S\ (Sa, U---US4,  UCPU--.ucl™)F)and RO = 54, NSO,

¢ Take (Ct(e)) to be an e-capturing steeplechase for R(“). By passing to a subsequence
(£) (£=1)

of the steeplechase we may and will assume that minC;” > maxC;™ .
Claim 4.7.1. For each { € [m], ‘u(Cge)) >0 dl= (SN Cy)]:).

Proof. For clarity, we will write R for R(‘) in this proof. Firstly, if y(C%g)) < 2e+¢€l/3,
then
l 14 l l
p-a( NGV F) <prd~(CVF) = pu(c") £ ("),
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Hence, we may assume and will assume that y(Cg)) > 2¢ +¢!/3. We will prove by
downwards induction on 1 < 7 < p that

dlco?@;(s URUSURIHHISY .- URTTHh18) > (0 —i 4 1) - dlco?@;(s(e))-
1 1

For i = p this holds since S/ C S. Suppose that it holds for some 1 < i < p.
§ ) > 2¢ + ¢!/3, repeatedly applying Lemma 4.6 shows that d1°° (Rdl B ) 2

1

Since u(C

dIC"‘(’e)f(B) for any set B. In particular,
1

d, (RF1gyR¥U1+digy. ..y RI+Hpag)
cF

>d  (SUR%USURI NG ... U RIT 1)
~ O F

1

>(p—i+1)-d>, (8.
(o ) ng)]_.( )

Consider the sets $() and R%-1§ U R%-174ig U ... U R%i-1+ 415 First note that
Rt Hdj - S(d;_+-+d;)a,- Hence, if the sets S() and R%-17+4g meet, then 5() N

51+(d,;1+-~+dj) A, 7 9. By the proposition statement, this implies that either S O NS #
@orSHNs, s 7 @ (for some ¢" < (). The k-product-freeness of S rules out the

former and the definition of S() the latter. Therefore, S () and R4i-1§ U R4i-1+dig ... U
Réi-1t+dp-1G are disjoint and so,

257, (S URTISURI IS U U R H18) 2 (p—i+2) - di, (51).

1

Finally, noting that S() C S completes the induction. The i = 1 case gives

I d di+d dy+-Ad,— I 14
1>d%, (SURTSURNHESY. .. URTEHe15) > - diy, (S1Y).
1 1

The claim then follows from Observation 4.4. O

We next show that very little of S has not been captured by the previous claim.
Claim 4.7.2. For all { € [m] and all large n, u(S(n) \ U, (S N C%e)]-")) < me.

Proof. For each /, (Ct(e)) is an e-capturing steeplechase for R(*) and so, for all large ,

nROm)\ CVF) <e.

Hence, 1t is enough to show that S\ U,(S¥) N C( ).7:) Up(RO\ C(e) F). Fix w €
S\ Ug(SH clf )F) Let ¢/ be maximal with w € S(*) (such an ¢ exists as S(1) = §).

Since w € S\U (SN CF), wehavew ¢ C\") F. We claim that w € S, If ¢/ = m,
then this is immediate since S4, = S; = S. If ¢" < m, then, by the max1mahty of ',

we musthavew € Sa, UC§ ) F and so w € Sa,- Thus,w € (Sa, N s) )\C1
R() \C VF, as required. O
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We now note that C;l)]—" P Cim)]-" are pairwise disjoint. If not, then some w; € Cgi)

is a prefix of some w; € C%j ) (for i # j). Now, by construction, min Cy) > max Cfg_l)

for all / and so i < j. On the other hand, w; € Cy) c RU) < $U) and so w; ¢ CY)]:,
(1) clm)

a contradiction. In particular, C; 7, ..., C; " are pairwise disjoint and their union is

prefix-free. Since they are all subsets of S C w.F, we have ), y(CP) < u(w).

We can now show that di‘j’f(S) < 1/p. Summing Claim 4.7.1 over ¢ and then applying
Claim 4.7.2 gives

w(w) 2 p- d' (U<s<f> n ci“f)) > p-d(S).
V4

By the definition of d! - and the fact that S C wF, we have dzl(j"]_-(S) = u(w)~tdl=(S) <
1/p. Since ¢ is arbitrarily small, we obtain di‘j"f(S ) < 1/p, as required. O

We now show that there is always a sequence of sets satisfying Proposition 4.7. The
sequence chosen here is motivated by the proofs of Propositions 3.9 and 3.10.
Proposition 4.8. For every integer k > 2 there is a sequence A, ..., Ay satisfying the
hypothesis of Proposition 4.7.

Proof. We deal with the cases k = 2,3, 5,7, 13 first.

e k =2:take A; = {1} (withd; = 1),
k = 3: take A1 = {1,2} (withd; = dy = 1)and A, = {1} (withd; =dp = 1),
k = 5: take A1 = {1,3} (withdy = dy = 2) and Ay = {1} (withd; =d, =2),

* k=7 take
A = {1,3} (With di=dr, =d3 = 2),
Ay = {1,2} (With di =dr =d3 = 1),
Az = {1,4} (With di=dry =d3 = 1), and
Ay = {1} (With di=dy =d3 = 1),
* k = 13: take
A1={1,4} withdy =dy, =ds =dy = 3),

( )
AzZ{l,Z} (Withd1:d2:d3:d4:3),
Az = {1,3,5,7} (With di=dr=d3 =d4 = 1),
Ay = {1,3} (With di=dy=d3=d4 = 1),
As = {1,5} (With di=dr=d3 =dy = 1), and
Ag = {1} (Withdl :d2:d3:d4:1).

We now turn to k ¢ {2,3,5,7,13}. For positive integers d and ¢, let By, := {1,d +1,2d +
1,...,td 4+ 1}. We construct A1, A, ... by taking all the sets B;; for1 <d < p —1and
1 <t < (k—1)/d in the order of decreasing d and then decreasing ¢, and add the set
{1} to the end.

26



Consider a set A; = B, ;. We need to show that A, satisfies Proposition 4.7. Lets € Z™
be maximal such that ds < p — 1, and & € Z" be minimal such that ad(d + 1) > k — 1.
For1 <i< p—1,define

g — ad ifi=0mods—+1anda # 2,
~|d  otherwise.

Forany 1 <i < j < p—1, wehavethatd; +d; 1 +---+d; = pd for some integer
satisfying 1 < ,3 <p—1+(a—1)(p—1)/(s+1). Moreover, by definition of the d;,
either B > a or B < s. Note that

T+ (di+dipa+---+d)Ar={1+Bd, 1+ (B+1)d,..., 1+ Bd(td +1)}.
If g=1,then By, C {1} U (1+ (d; +diy1 + - +dj)Ay). Now, either k € By, 1 or
Bj+1 = Ay for some ¢’ < ¢ and so A, satisfies Proposition 4.7.

If1 < B <s thenBgyy C {1} U1+ (di+diyq1 + - +dj)Ay). Sinced < pd < ds <
p — 1, it holds that Bgz1 = Ay for some ¢" < ¢ and so A, satisfies Proposition 4.7.

If B > a, we claim thatk € 1+ (d; +d;;1 + - - - +dj) Ay. Since k — 1 is a multiple of d, it
suffices to show that Bd < k —1 < Bd(td + 1). Firstly,
Bd(td+1) > ad(d+1) > k—1.

For the second inequality, if d < p — 2, it holds that ad(d + 1) = k — 1 as observed in
the proof of Proposition 3.10. Furthermore we have

Bi< (p+ (a—1)p/(s+1)d < (p+ («—1)d)d.

where the second inequality follows from d(s +1) > p. This is less than k — 1 =
ad(d+1)ifd(a —1) +p < a(d+ 1), which is true for k ¢ {2,3,5,7,13} as shown in the
proof of Proposition 3.10. On the other hand, if d = p — 1, we have

Bd < (d+(x—1)d/(s+1))d < ((a+1)/2)d> < ((a +1)/2)d(d +1).

If « > 3, thisis at most (o« — 1)d(d + 1) < k — 1 as required. If « < 2, we can observe
that B < p — 1 to obtain d < p(p — 1) < k — 1 where the last inequality was shown
in the proof of Proposition 3.9. In all cases, we have fd < k — 1 as required. Hence,
ke€l+(di+di1+---+dj)Ay and so Ay satisfies Proposition 4.7.

Finally, for Ay = {1}, we can simply pick d; = --- = d,_1 = 1. We then get that
Bj—i+1,1 C {1} U (1 + (dl + di+1 + -+ d])Ag) Smce 1< ] —i4+1< p—1,it holds that
Bj_it1,1 = Ay for some ¢' < ¢ and so A, satisfies Proposition 4.7. H

Propositions 4.7 and 4.8 combine to give Theorem 2.6(b) and so we have indeed proved
Theorem 2.6 in this section, as promised.

5 Product-free sets in the free group

We now adapt our methods to the free group and prove Theorem 1.8. Throughout, G
denotes the free group on a finite alphabet A and S C § is a k-product-free set whose
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density we want to bound. We always assume that all words are in reduced form.
Moreover, AB denotes the product of two sets A, B C G without cancellation, that is

AB:= {w € G : there is a substring decomposition w = ab witha € Aand b € B}.

For example, if A = {ba~',c} and B = {a,d}, then AB = {ba~'d,ca,cd} does not
contain b even though b = ba~! - 4, since b cannot be decomposed into two substrings
where the first is in A and the second is in B. In particular, CG consists of all words
with a prefix in C. We equip G with the measure y defined as u(w) = 1/|G(|w|)|. If
W = aqa; - - - is a random infinite word where each &, is an independent uniformly
random letter other than a;l, then

(2] A1 (2A| = 1)~ (#I=1) if w is not the empty word,

= P(W hit =
p(w) (W hits w) {1 if w is the empty word.

As before, for B C G, u(B) = Y_ep H(w) is the expected number of times that W hits B.
So, we can make the following observations corresponding to Observations 2.1 and 2.2.

Observation 5.1. If C C G is prefix-free, then u(C) < 1, u(CG(n)) < u(C) for all n, and
1(CG(n)) = u(C) if C is finite and n > maxC.

We now define the relative density of subsets of G as follows.

Definition 5.2 (relative density). Let B C G, and H be a subsemigroup of G with
H(n) # @ for all sufficiently large n. If I is an interval, then the relative density of B in H
on interval I is

dh8) = Oy = KO L (B ).

If H(I) = &, we will take the relative density to be 0 by convention, and d/(B) := d Ig (B).

The upper Banach density of B is then d*(B) = limsup, ., d'(B). At this point, we
can again diagonalise to obtain a sequence (I;) such that, for every H and B that we

consider in our proofs, (d%(B)) converges to some limit d%’[’ (B), and d'~(S) = d*(S).
These limits are again additive. Also note that d} (B) = d/(BN#)/d () and so
d:;’f(B) =dl~(BNH)/d%(H) if d"=(H) > 0. We define sup density as follows.

Definition 5.3 (sup density). For a set B, the sup density of B in ‘H is

di‘ij 4,(B) = sup dzI;ogmH(B)'
P weH

From now on, let X = G* C G be the subsemigroup of G consisting of all words
starting with « and ending in g where a, € AUA ! and « # B~!. A random
sequence argument shows the following.

Observation 5.4. Let C C H be finite and prefix-free. Then, for all n > max C + 2,

uegnm) > 51
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In particular, d*=(wG NH) > 0 for allw € H. As in Lemma 2.4, subtree densities of G
satisfy the property that we may strip away prefixes.

Lemma 5.5. If w,v € H, then dw g (WB) = di"émﬂ( )-

Proof. For u € H, note that u(wu) = a - u(u) where a = (2|A| —1)71%l. So, if X € H is
finite, then y(wX) = a - u(X). Let I be any interval with min I > |wv|. Then

0 om) = MR 0weG) (B~ w)noG)
el p(@oGnH)D) (g nH) — @)

where we used that woG NH = w(vG NH). For any X C H, the fact that u(X(n)) €
[0, 1] implies that

(X (D) = p(X(I = [w])| = |} u(X(n) = Y}, u(X(n))| < |w].

nel nel—|w|

Therefore,

U(B(I) NoG) — [l U(B(I) N0G) + [l
B((0G N W) + ] S Ao (B) < a0 = ol

Set [ = I; and take j to infinity. From d'~(vG NH) > 0it follows u((vG N H)(Ij)) — oo.
Hence, both bounds above tend to di"émﬂ( ) and so dijj)gmH(wB) = dZIj&mH(B) O

We can also obtain the following analogues to Observations 4.4 and 4.5.

Observation 5.6. Let C C H be finite and prefix-free. Then

il 2 d=(cGNH) s (B) = d~(BNCGNH)
Cgm-t dloo CQﬂH) cGNH - dloo(CQﬂH) :

Proof. Because d'=(cG N#H) > 0 for all ¢ € C, and therefore also d'~(CG NH) > 0, it
holds that

d=(BNcGNH) d=(BNCGNH)
Ioo Ioo
Gy (B) = dl~(cGNH) and  dcgry(B) = dl=(CGNH)
Since d!> is additive, this implies that
d=(BNCGNH) d=(BNcGNH) dl~(cGNH)
Ioo Ioo
dcgn(B) = dl~>(CGNH) Cg dl=(CGNH) C; dl=(CGNH) g (B):

]

Observation 5.7. The first equality of Observation 5.6 implies that dcgmH( ) < di‘ij pH( ).

Steeplechases in the free group can be defined exactly as for the free semigroup.

Definition 5.8 (steeplechase). An infinite sequence (C;) of subsets of H is a steeplechase
if, for each positive integer ¢,

¢ each C; is prefix-free and finite,
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¢ every word in C;;1 has a proper prefix in C; (in particular, C;11G C C:G).

Steeplechase (Cy) is spread if max C; < min C;yq for all ¢ and is e-tight if, for all m, n,
[1(Cm) — u(C)| <&

The following lemma is an analogue to Lemma 4.2.
Lemma 5.9. Let ¢ > 0 and B C H. There is an e-tight spread steeplechase (Cy) such that

e CiUGU---CB,
e forall t and all large n (in terms of t), u((B\ CtG)(n)) < ¢,
o forallt, u(Cy)/d™>(H) > di7(B) —e.

Proof. This is very similar to the proof of Lemma 4.2. Recall that the headcount, h(x),
of x € B is the number b € B that are prefixes of x. For each positive integer ¢, let
D; = {x € B: h(x) = t}. Iteratively do the following for each positive integer ¢.

1. Let ¢; be such that u(Dy({€; + 1,4, +2,...})) <e-d=(H)/2".
2. Let Ct = Dt({1,2,. . .,ft}).
3. Remove (D; \ C;)G from B (including from all later D).

Then (Cy) is a steeplechase and C; UCy U --- C B. Fix t and let n > max{/y,..., {}.
Then,

u((B\ CiG)(n ZM (D \ Cr)G Zy D\ GC) <e-d~(H) <e.

Finally, this implies that u(B(n)) < u(C;G(n)) +e-d'~(H) = u(C;) +e- d'=(H). Aver-
aging this over n € I; and taking j — co gives d*~(B) < p(C;) + ¢ - d"~(H) and therefore
d%[(B) = d~(B)/d"(H) < u(Ct)/d'=(H) + e. By passing to a subsequence, we may
assume that (C;) is spread and e-tight. O

We call a steeplechase (C;) given by Lemma 5.9 an e-capturing steeplechase for B. There is
also an analogue to Lemma 4.3.

Lemma 5.10. Let (C;) be an e-tight spread steeplechase. For every w € H there is an N such
that the following holds. If C = Cy U CyU - - - U Cy and n > max Cy + |w/|, then

n(((GGGNH)\ (CwGNH))(n)) < 2e.

Proof. Note that (C1GNH) \ (CwGNH) = (C1G \ CwG) NH C C1G \ Cwg, and so it
suffices to show that u((C1G \ CwG)(n)) < 2e.

We can show this exactly as in the proof of Lemma 4.3, we only need W to be the random
walk from the beginning of this section. As a consequence, if W hits C;, the probability
that the next |w| letters of W spell w is (2| A| — 1)~ ®l. Importantly, this uses the fact
that the last letter of a word in C; is B and the first letter of w is &, and & # B~ 1. O

Now we can prove the key technical lemma for our density results, corresponding to
Lemma 4.6.
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Lemma 5.11. Let ¢ > O and let A,B C H. If (Cy) is an e-capturing steeplechase for A with
1(Cy) = (2| Al —1)%(2e + €/3), then

I I 1/3 I 1/3
4o (AB) > dls o (B) —3¢V/3 > dis ;o (B) — 3612,

Proof. Observation 5.4 implies that u((C1GNH)(n)) = u(Cy)/ (2| A| —1)% > 2e 4 /3
for n > max Cy + 2. We proceed as in the proof of Lemma 4.6. Let w € H be such that

Ioo Io 1/3
dwgﬂH(B) > dsupH(B) —&

Apply Lemma 5.10 to (C;) and w to give an N such that letting C = C; U - - - U Cy, if
n > maxCy + |w|, then u(((C:GNH) \ (CwGNH))(n)) < 2¢e. We may greedily choose
C C C such that Cw is prefix-free and CwG = Cw§. Note that

2¢ > p(((C1G NH) \ (CwG N H))(n))
> u((C1G NH) (1)) — u((CwG NH)(n))
>2e+¢e/3 — u((CwG NH)(n))
and so u((CwG NH)(n)) > €/3 as well as u((C1G NH) (1)) < u((CwG NH)(n)) + 2.

Let I be an interval with minI > maxCy + |w|, so u((CwG NH)(I)) > |I|e!/? and
u((C1G NH)(I) < u((CwG NH)(I)) + |I|2¢. Let X € H. Note that CwG C C;G and
so

dl o x) = HXDNGE) XN Cwg) _ _ p(X()NCwG)
cn n(CGNH)(D) = w(GGNH)T)) ~ u((CwG N H)(I)) + |12

Using the fact that x/ (y + |I|2¢) > x/y — |I|2ex/y? > x/y —2e'/3 fore > 0,0 < x < |1,
and y > |I|¢'/3, we have

g ooy (X) = dl . (X) —2¢'3.

CwGNH
Setting X = AB, I = I;, and taking j to infinity gives

Ioo I
dégry(AB) > dE - (AB) —2¢'°. 5
Now,
dl=(cwG NH)
Lo _ "
déwgmH(AB) = CE’% 4= (CwG N H) a5 (AB)
d~(cwGNH) ..
- Z;dl‘”(ng NH) “degru(cB)
ceC
d>(cwGNH) .
B Z dlo (CwG NH wgmH(B)
ceC (Cw )

where the first equality used Observation 5.6, the first inequality used the fact that
¢ € C C C C A, the second equality used Lemma 5.5, and the second inequality is due
to the choice of w. Combining this with (3) gives the first inequality claimed, while
Observation 5.7 gives the second. O
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At this point, we have recovered all important technical results that we needed to
bound the density of (strongly) k-product-free sets in the free semigroup. We can now
simply use exactly the same arguments as in Section 4.2. We only need to replace w.F by

wG NH, p(w) by d'=(wG NH), G;F by C;G NH, 1(C;) by d'~(CiG N H), dstp by desy 34,
and all references by references to the corresponding results in this section to prove the

following analogue of Theorem 2.6.

Theorem 5.12. Let k > 2 be an integer, A be a finite set, G be the free group on alphabet A,
and H = G*P be the subsemigroup of G consisting of all words starting with « and ending with
B wherea,p € AUA " and a # B~ L. Let (I;) be a sequence of intervals, with I; — oo, on
which all relevant densities converge.

(@) If S C H is strongly k-product-free, then diﬁpH(S) < 1/k.

(b) If S C H is k-product-free, then diﬁpH(S) < 1/p(k).

The arguments from Ortega, Rué, and Serra [ORS24] show that a density bound on
(strongly) k-product-free sets in G*¥ immediately translates to a density bound in G.
Therefore, Theorems 1.3 and 1.8 are immediate corollaries of Theorem 5.12.

6 Open problems

A first natural problem left open is to determine the structure of the extremal k-product-
free sets for k € {3,5,7,13}. For k = 5,7,13, we conjecture that the extremal sets are
exactly as in Theorem 1.6. The extremal sets for k = 3 will be slightly more complicated.
Indeed, while 1 4 3Z> and 2 + 3Z( are both maximal 3-sum-free subsets of the non-
negative integers of density 1/3, so are both {1,2} 4+ 6Z~ and {5,6} + 6Z~¢ (Luczak
and Schoen [£.597] showed that there are no others). We conjecture the corresponding
result holds for the free semigroup.

Conjecture 6.1. Let A be a finite set and F be the free semigroup on alphabet A. If S C F is
3-product-free and d*(S) = 1/3, then one of the following hold. Either it is possible to label
each letter of A with a label in 7 /3Z such that S is a subset of

{w € F: the sum of the labels of letters in w is 1 mod 3},
or it is possible to label each letter of A with a label in Z/6Z such that S is a subset of

{w € F: the sum of the labels of letters in w is 1,2 mod 6}.

Luczak [Luc95] proved that every sum-free subset of the non-negative integers with
density greater than 2/5 is a subset of the odd integers (Luczak and Schoen [£597]
proved similar results for (strongly) k-sum-free sets). Such strengthenings for strongly
k-product-free subsets of the free semigroup are false as the constant 1/k in Theorem 1.4
cannot be replaced by anything smaller. For example, let T be the set of words of length
1 mod k, let x be any word, and let p > k be a prime. Define

T' :={w € T: neither x nor w is a prefix or suffix of the other}
U {xwx: xwx has length 0 mod k and 1 mod p}.
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Then T’ is strongly k-product-free, has density at least 1/k — 2 - | A|~/*l, and there is no
labelling of the letters of A by Z/kZ in which every word of T’ has sum 1 mod k (in fact,
a set of positive density would need to be removed before this happens). Nonetheless,
T’ is a small perturbation from the set T. Hence, it is natural to ask whether there is
some form of stability. Here is the conjecture for k = 2.

Conjecture 6.2. Let A be a finite set and F be the free semigroup on alphabet A. For each
0 > 0, there is some € > 0 such that if S C F is product-free and d*(S) > 1/2 — ¢, then there
exists an odd-occurrence set Or such that d*(S \ Or) < 6.

We do not have examples corresponding to T’ for k-product-free sets. It would be inter-
esting to determine whether such examples exist or if Theorem 1.6 can be strengthened
to densities below 1/p(k).

Theorems 1.4 and 1.6 give the structure of extremal (strongly) k-product-free sets in the
free semigroup. In the free group, Theorems 1.3 and 1.8 solve the density problem, but
the structure problem remains open. The simplest open case is the following.

Conjecture 6.3. Let A be a finite set and G be the free group on alphabet A. If S C G is
product-free and d*(S) = 1/2, then the following holds. 1t is possible to label each letter of
AU At with a label in 7./ 27 such that the label of x = is the negation of the label of « for all
a € Aand S is a subset of

T == {w € G: the sum of the labels of letters in w is 1 mod 2}.

For strongly k-product-free we expect the above conjecture to hold with 2 replaced by k.
For k-product-free we expect the behaviour to be the same as for the free semigroup.

We remark that our methods do give some structure. Similar arguments to Section 3.1
show there is a labelling of all words in the subsemigroup G*f (defined in Section 5)
such that the label of a concatenation is the sum of the individual labels and all words in
S N G* have label 1 mod k. What is missing is an understanding of how the labellings
interact when letters cancel during concatenation.

Acknowledgements. We thank the anonymous referees for their careful reviewing and
helpful suggestions. A question by one of the referees inspired us to prove Corollary 2.7.
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