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Abstract

Mossel and Ross raised the question of when a random colouring of a graph can be
reconstructed from local information, namely the colourings (with multiplicity) of balls
of given radius. In this paper, we are concerned with random 2-colourings of the
vertices of the m-dimensional hypercube, or equivalently random Boolean functions.
In the worst case, balls of diameter 2(n) are required to reconstruct. However, the
situation for random colourings is dramatically different: we show that almost every
2-colouring can be reconstructed from the multiset of colourings of balls of radius 2.
Furthermore, we show that for ¢ > n?¢, almost every g-colouring can be reconstructed
from the multiset of colourings of 1-balls.

Keywords— shotgun reconstruction, random colourings, vertex-isoperimetric stability

1 Introduction

The problem of reconstructing a graph from a collection of its subgraphs goes back to the famous
reconstruction conjecture of Kelly and Ulam (see [13] 26] @]), which asserts that every graph G on
at least 3 vertices can be determined up to isomorphism from the multiset of its vertex-deleted
subgraphs, i.e. the graphs G — v for all v € V(G). The conjecture has been confirmed for various
classes of graphs, including trees, regular graphs and triangulations (see Nash-Williams [20], Bondy
[5] and Lauri and Scapellato [14]). There has also been a substantial amount of work on the problem
of reconstructing a graph, or some other combinatorial structure, from objects of smaller size (see
for example, Alon, Caro, Krasikov and Roditty [I], Pebody, Radcliffe and Scott [22], and Simon
125]).

Recently, Mossel and Ross [I8] investigated the problem of reconstructing a graph using local
information. Given a graph, when is it possible to reconstruct the graph up to isomorphism from
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the multiset of balls of radius r? For graphs in which the vertices or edges are coloured (not
necessarily properly), when is it possible to reconstruct the coloured graph from the multiset of
coloured r-balls? Motivated by the problems of reconstructing DNA sequences from “shotgunned”
stretches of the sequence, as well as neural networks from local subnetworks, they called this type
of problem shotgun reconstruction.

Mossel and Ross were particularly interested in reconstruction problems where the graph or
colouring is random. Reconstructing random objects usually requires much less information than
reconstructing in the worst case (see, for example, Bollobés [4] and Radcliffe and Scott [24]). Mossel
and Ross [18] proved results on reconstructing sparse random graphs in the G(n,p) model, while
Mossel and Sun [19] proved rather sharp bounds on the smallest radius r needed to reconstruct
random regular graphs. Mossel and Ross also considered the problem of reconstructing randomly
coloured trees, randomly coloured lattices in any fixed number of dimensions, and the random jigsaw
puzzle problem, in which the edges of the n x n square lattice are randomly coloured with ¢ colours,
and the problem is to determine for which ¢ it is possible to reconstruct the original jigsaw from
the collection of 1-balls. The random jigsaw puzzle problem has since been studied by Bordenave,
Feige and Mossel [6], Nenadov, Pfister, and Steger [21], Balister, Bollobds, and Narayanan [2], and
by Martinsson [16].

In this paper, we will be interested in shotgun assembly for vertex-colourings of the n-dimensional
hypercube @,,. We begin by discussing 2-colourings, or equivalently Boolean functions. In the worst
case, it is easy to see that balls of radius at least n/2 —O(1) are necessary (consider the two colour-
ings where all points are in colour 1, except for two points at Hamming distance either n or n — 1
which have colour 2). However for random colourings the situation is dramatically different. As we
shall see, it is not hard to show that for a random 2-colouring, balls of radius 3 are almost surely
enough for reconstruction, while balls of radius 1 are not. The first main result of this paper is
that balls of radius 2 are sufficient.

Theorem 1.1. Almost every 2-colouring of the hypercube Q,, is reconstructible from the multiset
of its coloured 2-balls.

In fact, we prove a stronger result (Theorem , which allows imbalanced colourings in which
one colour can have density as low as n~1/4+o(1),

We also consider colourings with more than two colours. In our other main result, we show
that that for sufficiently large ¢ a random g-colouring can be reconstructed from its 1-balls (see
Theorem for a slightly stronger statement of this result).

Theorem 1.2. Let € > 0. For ¢ > n**¢, almost every q-colouring of Q,, is reconstructible from the
multiset of its coloured 1-balls.

It is easy to show that (n) colours are required for a random colouring to be reconstructible
with high probability, and it would be interesting to narrow the gap (see Sections and |§| for
further discussion).

The rest of the paper is organized as follows. The remainder of this section contains definitions,
as well as more formal statements of our results. In Section [2| we prove some probabilistic tools we
will use in our proofs. In Section [3| we prove an isoperimetric result as well as some other structural
results regarding subgraphs of the hypercube. In Sections [] and [5] we prove our main theorems,
and we conclude the paper in Section [6] with some discussion and open questions.



1.1 Definitions and results

For all positive integers n, we define the n-dimensional hypercube Q,, = (V, E) where V = {0,1}"
and uv € E if the two vertices differ in exactly one co-ordinate. This graph can also be thought
of as a graph on the power set of [n], P(n) = {A C [n]}, where two sets A, B are adjacent if they
differ in exactly one element. Indeed, throughout the paper we interchangably consider a vector
u=(uy,...,uy) € {0,1}" and its associated subset of [n|, U = {i : u; = 1}. For a vertex u € V, we
denote the neighbourhood of u by I'(u) = {v € V : uv € E}. Further we inductively let T°(u) = {u}
and T*(u) = Users—1(u) T(0) \ U<k T (u) (so T*(v) is the set of vertices which have shortest path
length exactly k to v). We will call T'*(v) the k-th neighbourhood of v. For a subset of the vertices
A C V, we also write I'(A) = J,c4 I'(v). With the natural understanding of a distance function,
we define the r-ball B,(v) around a vertex v as the subgraph induced by the vertices at distance
at most r from v (so for example Bz(v) is induced by {v} UT(v) UT?(v)).

We will need some notions of distances between colourings. Suppose x and A are {0,1}-
colourings of the same graph G = (V, E), then we define

D(x,A) = [{w € V: x(w) # A(w)} .
For isomorphic graphs G and H, and for a colouring x of G and A of H, we define

dx, \) = min  D(x, Ao f),
where the minimum is taken over all graph isomorphisms.

We say that two colourings y and A on G are equivalent (x = A) if and only if d(x, A\) = 0, and
we define the equivalence class [x] of a colouring x accordingly ([x] = {\ : x = A}). For a colouring
con V and a subset U C V', we denote by ¢|¢y the restriction of ¢ to U. For a colouring x and r > 0,
let x(") (v) = x| B, (v) be the coloured r-ball around v. We say that x and A are r-locally equivalent
(x 2 \) if and only if there exists a bijection f : V(G) — V(G) such that x")(v) 2 X" (f(v)) for
allv e V.

We say that a colouring x is r-distinguishable if there is no colouring A such that x =, A but
X Z A, and we say x is r-indistinguishable if it is not r-distinguishable. Thus x is r-distinguishable
if the collection of local colourings of r-balls determines the global colouring. Given r-locally
equivalent colourings x and A of the vertices of the hypercube, there exists a bijection f such that
X (v) = X (f(v)) for all v € V(Q,,). It is clear then that A = y o f~!, and that A 2 y if and only
if f can be chosen to be a graph isomorphism. In what follows, we define x s by xf(v) = xo f ().
For a colouring x of the hypercube @, let Isom(™)(x) be the set of bijections f : V(Qn) — V(Qy)
such that x(v) 2 (x;)(f(v)) for all v € V(Q,). So x is r-indistinguishable if and only if
there exists a bijection f € Isom(™ (x) which is not a graph automorphism. In other words, if x
is r-indistinguishable then there exists a bijection f € Isom(”)(x) and two non-adjacent vertices
u,v € V(Qy) such that f(u)f(v) € E(Qn)-

We will concern ourselves with the problem of whether random colourings of the hypercube are
distinguishable.

Definition 1.3. Let u be a probability mass function on N. A random p-colouring of the hypercube
V(Qn) is an independent collection of random variables (x(v))yev(@,) each with distribution p. For
a natural number ¢, we will write ¢-colouring instead of Unif([g])-colouring.



We show that for r = 2 and p not too small, with high probability, a random (p, 1 — p)-colouring
of the hypercube is 2-distinguishable.

Theorem 1.4. Let ¢ > 0 and let p = p(n) € (0,1/2] be a function on the natural numbers such
that for sufficiently large n, p > n~ Y4t Let x be a random (p, 1 — p)-colouring of the hypercube
Q. Then with high probability, x is 2-distinguishable.

It is natural to ask whether Theorem extends to colourings with more colours. We note the
following corollary of Theorem [I.4] for which we provide a brief proof.

Corollary 1.5. Let € > 0 and let pu, be a sequence of probability mass functions on the natural
numbers such sup,, pn(m) < 1 — n~Y4e for all sufficiently large n (i.e. there is no single colour
with probability mass too close to 1). Let x be a random i,-colouring of the hypercube Q,. Then
with high probability, x is 2-distinguishable.

Proof. For each n € N, partition N into two parts A, and B,, so that n= /4t < pn(An) < pn(Byp)
for sufficiently large n. Then consider the colouring x’ where x’ = 0 when y € A,, and ¥’ = 1 when
X € Bp. By Theorem [1.4] with high probability, we may reconstruct x’. From there Lemma [2.3
tells us that the local x’-colourings of 2-balls are unique. Finally we can match y’-colourings of
2-balls to x-colourings of 2-balls to recover x with high probability. O

A direct corollary of Theorem [I.4]is that random colourings of the hypercube are reconstructible
with high probability from its r-balls for » > 3. In this range, however, it is not hard to prove a
stronger result.

Theorem 1.6. Let ¢ > 0 and let p = p(n) € (0,1/2] be a function on the natural numbers such
that £ — 0o as n — oo. Let x be a random (p,1 — p)-colouring of the hypercube Q,. Then with

logn

high probability, x is 3-distinguishable.

The proof of Theorem uses a standard approach (see for example [I8| [19]), relying upon the
uniqueness of 2-balls to align 3-balls centred on adjacent vertices.

When can we hope to reconstruct a colouring from 1-balls?. It is not hard to see that Theorem
does not extend to 1-balls. Indeed, if the hypercube is g-coloured where ¢ = o(n), then there
are asymptotically fewer collections of colourings of the 2™ 1-balls than there are g-colourings of

the hypercube: let g(n) = ﬁ where w(n) — oco as n — oo. Allowing for automorphisms, there

are at least qun! = 22" loga(9)(1+o(1)) poggible colourings of the hypercube; on the other hand there
are q("Jq“EII) ways of colouring a 1-ball (up to isomorphism). But

_ q n logo 3w(n)
(Hq 1 1) < <3n> — (Bu(n) T = 2w = 200,
q— q

and so q(n;@;l) = 0(2"™). Therefore the number of possible collections of colourings of the 1-balls
(assuming g > 2) is at most

n n+q—1 n
<2 + Q( 2;31 ) - 1) < <2 (1 =+ 0(1))) < 22"(1+o(1)) -0 (22” log(q)(1+o(1))>
on - 2n - '

Therefore at least 2(n) colours are required. For the problem of reconstructing a colouring from
the collection of 1-balls, we prove the following upper bound.
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Theorem 1.7. There exists some constant KK > 0 such that the following holds. Let ¢ > n?>TKlog 2n
and let x be a random q-colouring of the hypercube Q. Then with high probability, x is 1-
distinguishable.

The proof of Theorem has some probabilistic elements but also uses some structural prop-
erties of the hypercube. We will need the following stability result for Harper’s Theorem for sets
of size n.

Theorem 1.8. Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oco. Then there
exists a constant C' (which may depend on s(n)) such that the following holds: If A C V(Qy,) with
|A| = n and [T(A)| < (5) +ns(n), there exists some w € V(Qy) for which |T'(w) NA| > n—Cs(n).

Two of the authors have generalised this result to sets of size (Z) for a range of k using different
techniques [23, Theorem 1.2]. Since the proof for k& = 1 is much simpler, we present it here. We
remark that Keevash and Long [12] have independently proven a similar result.

We remark that this approach of combining probabilistic and structural elements is very natural
and has been applied before, for example in previous work (see [2, [6, [16] 21]) considering the jigsaw
puzzle. For jigsaws, a general approach has been to consider partial reconstructions of the edge-
colouring in large ‘windows’ of the form v + [k, +k]? for a vertex v € [~ N, N]2. A reconstruction
of the window around v can be expressed as a mapping f from [—k, k]2 to [~ N, N]? with f(0) = v,
where the edge-colours match up correctly. Through probabilistic arguments it is shown that the
perimeter of the image f([—k, k]?) must be close to minimal for a set of size (2k + 1)?. Through
structural arguments, it is shown that this is not possible if f picked a wrong neighbour of v, i.e.,
it cannot be the case that f(e) # v + e for any e € {(—1,0),(1,0),(0,—1),(0,1)}. From there,
the colouring can be reconstructed neighbour-by-neighbour. This approach uses the fact that the
degrees of the graph are small (at most 4) so that a single bad edge around a vertex leads to a poor
isoperimetry.

In our setting the degrees are large (logarithmic in the number of vertices) and so we try
a different approach: A colouring of the hypercube x is 2-indistinguishable if there is another
colouring A which is not a rotation of x but has the same collection of 2-ball colourings. Recall that
we may express A as A = xy where f is a bijection on the hypercube which is not an automorphism.
As previously noted we write Isom(? (x) for the collection of bijections f for which x and x ¢ have the
same collection of 2-ball colourings. We prove Theorem [T.4] by showing that with high probability
every bijection in Isom® (x) is an automorphism, and so no such A can exist.

To do this, we first consider what sort of properties a function f € Isom® (x) would almost
surely need to display. In Section [2f we look at the neighbourhood TI'(v) of a vertex v, and consider
how spread out its image f~!(I'(v)) is in the hypercube. We show that with high probability, for
every vertex v, the second neighbourhood I'?(f~1(I'(v))) is not very large. From here we prove in
Section [3| that f~!(I'(v)) must closely resemble a neighbourhood of a vertex g(v) for each vertex
v. It follows that with high probability, for each bijection f € Isom(z)(x), the inverse f~! roughly
maps neighbourhoods to neighbourhoods.

This rough mapping of neighbourhoods forces a certain amount of rigidity of f~!: around each
vertex, there must be a large structure which is invariant under f~!. If an f € Isom(? (x) exists
which is not an automorphism, then there must be two non adjacent vertices u and v with f~!(u)
and f~!(v) adjacent. But u and v each have a large structure around them invariant under f~!.
The colourings of these two large structures must then fit together. We show that the probability



of this occurring is small. We may conclude that Isom(2)(x) contains only automorphisms with
high probability.

The proof of Theorem [I.7] is similar. This time, we show that with high probability, for every
vertex v, the neighbourhood I'(f ~1(T'(v))) is not very large. Since q is so large, with high probability,
the colourings of 1-balls have very little overlap, and so it cannot be that f(I'(v)) has large clusters
around more than one vertex. We combine these to show that f(I'(v)) has a large cluster around
some vertex g(v) for each vertex v. The remainder of the proof mimics that of Theorem

1.2 Notation

We record here for reference some notation that will be used later in the proofs. The reader may
choose to skip some of these for now, as they will all be introduced in the sections to come.

e For i € [n], we define ¢; € {0,1}" as the vector whose i-th entry is 1 and whose other entries
are 0.

e For a set X and natural number 7, we denote by X () the collection of subsets of X of size
r. That is X = {A C X : |A| =r}.

e Given a colouring y, we write x(") (v) for the restriction of x to the r-ball around v.
e Bij is the set of bijections f: V(Q,) — V(Qn).

e Given a colouring x and a bijection f € Bij, we define xs by x¢(v) = x (f_l(v)).

e Given a colouring y, we define Isom™ (y) = {f € Bij : x")(v) = chr)(f(v)),Vv € V(Qn)} .
r+1
times R will be complex so for ease of reading we also use the notation Cluster"(R) =
Cluster’s.

e Clustery = {f € Bij: Vv € V(Qn),|IT"(fT ()| < (7)) + R} (see Definition . Some-

e Mono! is the set of bijections f € Cluster! for which, for all v € V(Q,,), there exists at most
one vertex w € V(Qy) such that |f(I'(v)) NT'(w)| > ¢ (see Definition [3.7).

e Localy is the set of s-approximately local bijections (see Definition [3.1]).

e Diag, = {f € Locals : fix = f} is the set of diagonal s-approximately local bijections (see

Definition |3.11)).

e Selfs = {f € Localy : f, = f} is the set of s-approximately local bijections for which the dual
of f is itself (see Definition [5.2]).

2 Probabilistic arguments

In this section we show that we need only consider bijections f such that f~! “behaves well”
on neighbourhoods: for every vertex v, the second neighbourhood of {f~*(w):w € I'(v)} is not
too large. Before we do this, we show that under the assumptions of Theorems [I.4] and [I.7] the



colourings of 2-balls and 1-balls respectively differ greatly from one another. To do this, we will
need the following bounds on the tail of the Binomial distribution (see [L7] for the proof of Lemma

51).
Lemma 2.1 (Chernoff’s Inequality). Let n € N,p € (0,1) and € > 0. Then

2
P [Bin(n,p) < np(1 —¢)] < exp {—5 ;p} .

Lemma 2.2. Fiz K > 0 and let p = p(n) € (0,1/2] be such that np — oo. Then for 0 < ¢ =
c(n) < K such that np + cy/nplognp is an integer we have

1 2
P [Bin(n,p) = np + cy/nplog np} =0 ((np)_(2+2(1—1°>)) (2.1)
uniformly over c. Furthermore

P [Bin(n,p) = np + cy/nplognp| = Q ((np) 3P [Bin(n,p) = np + ey/nplognp| ). (2:2)

Proof. Let K > 0 and suppose 0 < ¢ < K. Let r = ¢y/nplognp. We first prove (2.1). By Stirling’s

approximation we have

P [Bin(”’p) =np+ C\/M] = ( " >p”1’+7“(1 _pyri-p)r

np+r
n!pnp—l—r(l _ p)n(l—p)—r

" (np+7)(n(l —p) —1)!
=0 V(n/e)"p (1 — p)r-r)-r
VP (W)npﬁ* n(i=p) (M)ﬂ(l—p)_r

=0 ( np(ll D) <p+r/n>np+r ( — r/n) (1_p)_r>
—np—r —n(l1—p)+r
- (<11> ) ) ) '

By Taylor expansion of log(1 + x),

r\ P r2 rd
(HW) —exp{‘“m”(mpw)}'

Analogously,



Therefore since p < 1/2

P [Bin(n,p) =np+ cy/nplog np}

o (e (3 w0 ) (i)
A ( 1 exp {_Cz log np (; 4 np) +0 (K3(np)—1/2 log3/? np> })

2n(1 - p)
e ((np)‘(5+2<52m))> .

Now ([2.2) follows immediately by observing that for 0 < ¢ < (np)%,

P [Bin(n,p) =np+ cy/nplognp + t} >P [Bin(n,p) =np+ cy/nplognp + (np)ﬂ
=0 (IP’ [Bin(n,p) =np+ c\/mD .
O

The next two lemmas show that with high probability the pairwise distances between colourings
of the 2-balls around vertices are large.

Lemma 2.3. Let p = p(n) € (0,1/2] be such that ;2= — co. Let x be a random (p,1—p)-colouring

logn

of the hypercube Q,. Then with high probability, there do not exist distinct vertices u,v € V(Qy,)
such that d(x® (u), x? (v)) < w.

Proof. Let x be a random (p, 1 — p)-colouring of the hypercube @,. Let u,v € V(Q,,) be distinct
vertices and let b : By(u) — Bo(v) be an isomorphism. Ideally we would argue that the colourings
of By(u) and By(v) are completely independent. This is not the case as the 2-balls might intersect.
As such let T = (Ba(u) N Ba(v)) Ub~(Bz(u) N Ba(v)) be the set of overlap union the set which
gets mapped to the overlap by b, and let Y = (Ba(u) \ T) U b(B2(v) \ T') be the remainder so that
(x(w))wey is a collection of independent (p, 1 — p) random variables.

Then N = |[{w € Ba(u) \ T : x(w) # (x ob)(w)}| is a Binomial random variable. That is

n+n+2

NwBin(
2

T2 —p>) |

Since distinct 2-balls overlap in at most 2n vertices, we have |T'| < 4n. Therefore for sufficiently
large n we may apply Lemma [2.1] to get

2

P [N < np(;_p)] <P [Bin (”2 - 1 o1 _p)> < ”2p<12—p)}

<P {Bin (7;2,219(1 —P)> < Wp(gl_p) <1 - ‘11>]

< exp {_ n2p(418— p) } .




Taking a union bound over all possible choices of vertices u, v and isomorphisms b we obtain that
2,01
the probability that there are distinct vertices u, v with d(x® (u), x? (v)) < w is at most

22"l exp {—W} = o(1).

O

Lemma 2.4. For every € > 0 there exists a constant K > 0 such that the following holds: Let
q > n'te and let x be a random q-colouring of the hypercube Q,. Then with high probability, there
do not exist distinct vertices u,v € V(Qy) such that d(x™ (u), x(V (v)) < n — 2K

logn -

Proof. Let ¢ > 0 and let K > 4/s. Let ¢ > n'*® and let x be a random g-colouring of the
hypercube Q. Let u,v € V(Qy,) be distinct vertices. Let T'=T'(u) NT'(v), and let Y =T'(u) \ T
Then (x(w))wey is a collection of independent Unif ([¢]) random variables independent of S =
{x(w) :w eT'(v)}. Let us first observe S and then set N = {w € I'(u) : x(w) € S}. Note that
N corresponds to vertices in I'(u) whose colour could be matched to a vertex in I'(v). Therefore

d(xM (u),xM(v)) < n—|N| and so it suffices to bound the probability of | N| being at least { nk —‘

logn |

Conditional on S the probability that an arbitrary r-tuple of Y is a subset of N is (|S|/q)". Let
r= [ nk -‘ — 2. We can apply a union bound to get

logn
Y e (YIS
Pl|N| > < < <|l—-) .
wizreds ¥ pizenys () asvar < (B0
Zey (™)
Since |S], |Y| < n, for sufficiently large n we therefore have
eKn

P[IN|>r+2] < (en2/rq)r < (3K_1n_8 logn)T <p /3 <90,

Taking a union bound over all possible pairs of distinct vertices u, v we obtain that the probability

that there exist distinct vertices u,v with d(x™ (u), xV(v)) < n — 1ggKn is at most 22"~ 2" Since

K > %, we see the probability is o(1). O

With the proofs of these lemmas in mind, there is an easy argument proving Theorem

Sketch proof of Theorem[1.6. Following the proof of Lemmal[2.3] one can show that the colouring of
2-balls are unique when 1§’§n — 00. Let (Ap) ¢efon] be the collection of colourings of 3-balls. Without
loss of generality, suppose that A; is the colouring of the 3-ball around 0. Note then that for each
i € [n], the colouring of the 2-ball around e; is contained in A;. Since the colourings of 2-balls are
unique, we can then discern which ¢ € [2"] correspond to neighbours of 0. We are then iteratively

able to work out By(0) for k=1,...,n. O

We now come to considering the local behaviour of bijections of the hypercube. For this we will
need a notion for how spread out the image of a neighbourhood is. Note that if A is an isomorphism

then, for any vertex v, |[I"(h(I'(v)))| = [T"(T'(h(v)))| = (rﬁl).



Definition 2.5. For natural numbers r and R (where R may be a function of n) define Cluster’, to

be the set of bijections h : V(Qn) — V(Qn) such that [I"(h(T'(v)))| < (,1';) + R for all v € V(Qn),
ie.

Cluster’, = {h € Bij : Yo € V(Qn), [T (h(D(v)))] < <T i 1) n R} :

We now show that if x is a random 2-colouring and K > 0 is sufficiently large, then with
high probability, every f € Isom® (x) satisfies f~! € Cluster?(Kn?p~—!logn). This means that in
Theorem (1.4 we need only consider bijections f such that for every vertex v, the set f~1(I'(v)) has
a second neighbourhood that is close to minimal in size.

Lemma 2.6. Let p = p(n) € (0,1/2] be such that % — 00. Then there exists a constant K > 0
such that the following holds: Let x be a random (p,1 — p)-colouring of the hypercube Q. Then
with high probability, every f € Isom® (x) satisfies f~* € Cluster?(Kn2p~!logn).

The proof of Lemma [2.6]is a little involved so we provide a brief outline here. Let x be a random
(p, 1 — p)-colouring of the hypercube Q,, let f € Isom® (x) and fix a vertex v € V(Q,). Recall
that f € Isom® () means that & (f~1(w)) = X?) (w) for each neighbour w of v. Therefore it is
possible to “match up” (x(u))yer2(s-1(r(v))) With (xf())ueBs(w)- We bound the probability that
this is possible by considering whether it is possible for (x(u))yer2(f-1(r(v))) to match up with any
colouring of Bs(v). If T'?(f~}(I'(v))) is too large, then this happens with very small probability
because we have to match up too many colours. Applying a union bound, we are able to conclude
that T2(h~(T'(x))) must be sufficiently small for any h € Isom® (y) and z € V(Q,,).

Proof. Let x be a random (p,1 — p)-colouring of the hypercube Q,. Suppose there exists an
f € Isom® () such that f~! ¢ Cluster?(Kn?p~'logn) (for K > 0 to be determined later). Pick
v € V(Qy) such that [T2(f~1(T'(v)))| > (5) + Kn?p~'logn. Since f € Isom® (y),

XD+ e) = XD (v + )

for each i € [n], where we carry out addition mod 2. Thus, there is a permutation 7° of [n] such
that for all distinct j, k € [n]

Xp(v+ei+ej+en) = X(F7H v+ ei) + erig) + exigr))-

Let A= {f~'(v+e1),....,f " (v+en)},sothen (x(u))yerz(a) is determined by (xof ™! (u))yer(w)urs o)
and (7%);e,. Therefore there must exist a 2-colouring ¢ of I'(v) UT3(v), a subset A C V(Q,,) for
which [A| = n and I'?(A) > () + Kn’p~'logn, and a family of permutations (m*);cp,], which is
compatible with (x(u))yer2(a)- Fix a vertex v, a colouring ¢, a set A and a family of permutations
(ﬂ-l)ie[n]'

We may express each vertex w € I'(v) UT3(v) as w = v + ¢; + ej + ex where j # k. Further
fix this expression for w so that i is as small as possible and j < k (so for each w € I'(v) UT3(v)
we have fixed 14, j, k such that w = v + €; + e; + €). Then if the vertex v, the colouring e,
the set A and the family of permutations (m');c, are compatible with (x(u))yer2(v), we have
X(fH v +e) + exi(j) T exi(r)) = c(w). For ease of reading, define h by

(i, j, k) = (0 + €) + epi(j) + €niry-

10



By independence, the probability that (X(u))uepz( 4) is compatible with v, ¢, A and (7")igpn) 18
H plfc(’v+€i+€j+€k)(1 _ p)C(U+€7j+€j+ek)' (23)
h(i,j5,k)€ET2(A)

(Note that we are using the colours 0 and 1.)
We have an injection ¢ : T'(v) UT3(v) — I'2(A) such that y ot = c. Let B = t(I'(v) UT3(v)).
Splitting (2.3)) into B and T'?(A) \ B gives

H pl—c(v-i-ei-i-ej—‘rek)(l _ p)C(U+ei+€]’+ek) H pl_c(t*l(x))(l _ p)c(tfl(;r))
h(i’j’k)GFQ(A)\B xeB

<(1- )T (ANB| H plew)(1 — p)ew),
wel (v)UIs (v)

The right hand product is the probability that a random (p,1 — p)-colouring of I'(v) U I'3(v)
(denote this random colouring Q) is equal to c¢. Recall that [T2(A)| > (3) + Kn®p~tlogn and
|B| = (%) +n so that [I?(A)\ B P Kn?p~!logn —n. Therefore the probability that (x(u))uerz(a)
is compatible with v, c, A and (7');¢[, is at most

(1 =p)"IVIB[Q = o] < exp {—p(Kn’p logn —n)} P[Q = ¢
K
< exp {—2112 log n} PlQ =c]. (2.4)
The number of choices for v, A and the permutations (Wi)ie[n] is at most

gnon’ (n))" < exp{Cn®logn}. (2.5)

So the probability that (x(u))uer2(4) is compatible with a fixed ¢ and any such choice of v, A and
permutations (m');cp,] is at most

exp {C’n2 logn} exp {—12(712 logn} P[Q = ¢] = exp { (C’ — I;) n? logn} PlQ=¢.

Finally, we sum over the colourings to get that the probability (x(u))uer2(4) is compatible for

any such choice of v, ¢, A and permutations is at most exp {(C — %)n2 log n} This upper bound
is o(1) provided K > 2C. O

In fact for any C' > 1, if n is sufficiently large, then (2.5 holds, and so the result holds for any
K > 2. A similar result holds for g-colourings of 1-balls.
Lemma 2.7. Let o« > 0 and let € : N — [, 00). Then there ezists a constant K > 0 such that the

1
following holds: Let ¢ > Kn'T%=0 and let x be a random q-colouring of the hypercube @Q,. Then
with high probability, every f € Isom(l)(x) satisfies f~1 € Cluster;(n)nz.

1
In Theorem we consider ¢ = n*+90°8" 2 ") which corresponds to (n) = ;- @(log_%(n)).

The proof of Lemma is much like the the proof of Lemma but in order to minimise the
exponent in Theorem we carefully bound the choice of permutations.
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Proof of Lemma[2.7. Let € = e(n) be as above. Let K > 0 be a constant (which we will choose

later) and let ¢ > K nl*ae. Let x be a random g¢-colouring of the hypercube @,. Suppose there
exists an f € Isom™ (y) such that f~! ¢ Cluster!, ., and pick v € V(Q,) such that |T'(f~*(I'(v)))| >
(%) +en?. Note that for each i € [n], chl)(v +e;) = xW(f(v+e;)) and so there are permutations

7t of [n] for each i € [n], such that for distinct 7,5 € [n]
Xf(v +e; + ej) = X(f_l(v +e;)+ eﬂi(j)).

Let A = {f‘l(v +e1), ..., fH v+ en)}. Then (x(u))uer(a) is determined by (X (w))uep, () and
(7")ien. Therefore there must exist a g-colouring ¢ of By (v), a subset A C V(Q,,) for which |A| =n
and I'(A) > (}) +en?, and a family of permutations (");c,), which determines (x(u))yer(a). Fix
a vertex v, a colouring ¢, a set A, and a family of permutations (W’)ie[n]. Then the probability that

n2»

(x(u))uer(a) is compatible with v, ¢, A and (wi)ie[n] is ¢~ Tl

There are 2™ choices for v, and q(Z)JrO(") choices for the colouring ¢, and at most 27" choices

for the set A. Fix a vertex v, a colouring ¢ and fix A = {f~'(v+ei1),...,f(v+e,)} with
IT(A)| > (5) + 1+ e(n)n?. For ease of reading we define a; = f~!(v +¢;) for each i € [n]. Since
W (v +e;) = xV(a;), there has to exist a permutation 7 such that c(v + €; + ex) = X(a; + eir))
for all k£ € [n]. For each i € [n], consider an equivalence relation ~; on permutations where m ~; 7’
if and only if c(v + €; + ex(r)) = c(v + € + €(r)) for all k € [n]. For each i € [n], pick an arbitrary
permutation from each equivalence class to form a set of representatives P*. So then for all i € [n]
there must be a 7* € P’ such that c(v + e; + ex) = x(a; + eqi(y) for all k € [n].

Let r; = |T'(a;)\T'({a1,...,a;_1})|. Note that if we have picked permutations 7!, ..., 7!, then
we have at most 7;! choices from P! for permutation 7 (since the colours of n — r; neighbours of
a; have already been determined). We can therefore bound the total number of choices for the
permutations (from the P?) by

1

H Ti! < nZie[n] L a— n|F(A)‘

i€[n]

By a union bound, the probability that (x(u))uer(a) is compatible with any choice of v,¢, A and
(7")ie[n) is at most

2”q(g)+0(n)2n2n|F(A)|q7|F(A)| < q(;)+0(n)20(n2)(n/q)(g)-‘ranz
< n”Q(%JrE)qfanJrO(n)QO(nQ)‘
Recalling that ¢ > K n'*2 and that € > a we see that this probability is at most
nn2(%+€)n—5n2_%n2+0(n)K_€n2+0(n)20(n2) < 2O(n2)K—an2‘

If K is sufficiently large, then this upper bound is o(1) and we are done. ]

3 Structural results

Let A C V(Q,) with |A] = n. In this section, we start by proving a stability result regarding
the size of the neighbourhood of A. We will also prove a slightly weaker stability result when the
neighbourhood of A is allowed to be quite large. This allows us to later deduce some properties of
functions f € Isom(r)(x) where x is a random colouring.

12



Definition 3.1. For a natural number s (which may depend on n) we say that a bijection f
on V(Qy) is s-approximately local if for all v € V(Q,,) there exists a g(v) € V(Q,) such that
|f(C(v)) NT(g(v))| > n —s. We call the function g a dual of f.

If f has a unique dual g, then we write fi = g. Note that this will be the case when s < 5 —2 as
neighbourhoods overlap in at most 2 vertices. We also define Local, as the set of s-approximately
local functions.

Note that if f is s-approximately local, then the set {f(w):w € I'(v)} is clustered around a
vertex of @)y, although perhaps not around f(v). Note also that a bijection f being s-approximately
local where s is small does not force f to be an automorphism. For example, the map on Qs
that fixes vertices of even weight and maps vertices of odd weight to the antipodal point is 0-
approximately local, the dual being the map itself, but not an automorphism.

For the proof of Theorem [1.8 we will need the following well-known result of Harper [10], which
uses the power set P(n) interpretation of the hypercube @,,.

Theorem 3.2. Let <p be the ordering of V(Qy) such that A <y B if |A| < |B| orif |A| = |B|
and max((AUB)\ (AN B)) € B. For each { € N, let Sy be the first ¢ elements of V(Qy) according
to <g. If D C V(Qp) with |D| = ¢, then

|F(D) U D’ > |F(Sg) U Sg‘.

An application of this theorem shows that for A C V(Q,,) with |A| < n,

T(A)UA| = 1+n+ (g) _ ("—<|f24’—1>>

e Q-
—1+4]4]+ (Z) _ (n —2\AI>_

Then, since |T'(A)| > [T'(A) U A| — |A|, we see that

ID(A)| > (Z) — (n _2A|>. (3.1)

The following result is a simple corollary of Theorem

Corollary 3.3. Let r > 2 and let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oo.
Then there exists a constant C > 0 such that the following holds: If A C V(Q) is such that
IT(A)| < (7) +n"Ls(n), then |A] < (")) + Cn"2s(n).

Proof. Suppose that A C V(Q,) with |[A] > (,",) + Cn""2s(n) (where C' > 0 is a constant to be
specified later). Let S be the first |A| elements of V(Q,,) according to <z. By Theorem

IT(A)] > [['(4) U Al — [A]
> ID(S)U S| — 9.

The set S may be written as B,_1(0) U S’, where S’ is a subset of [n]("). Since S is disjoint from
B,—1(0), we have |S'| = |S| — |By-1(0)| = |A| — |By—-1(0)|. Therefore I'(S)U S = B,.(0) UT, where
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T =T(S") N [n)"*+Y is disjoint from B,.(0). By the local LYM inequality (see [15, Ex. 13.31(b)]),

IT| > 75715'[, and so [T'(S) US| > |B,(0)] + 757 15'|. Therefore for sufficiently large n,

n—r n n—2r—1
7181~ (B0 + 157 = () +

ID(A) = |B-(0)] + 5.

s TS

For sufficiently large n, |S’| = |A| — |B,_1(0)| > (C/2)n""2s(n) and 2=22=1 > 3, and so

r+1
0(A)| > (Z) + 2(ri 5.

So we see that if C' > 2(r + 2), then I'(4) > (1) + n"s(n). O
We are now ready to prove Theorem

Proof of Theorem[1.8 Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oo, and
suppose that A C V(Qy) is such that |A| = n and [['(A4)] < (3) + ns(n). Let e = 5.

Let Vi = {ve A:|T(v)\T(A\v)| > (1+¢)%}. Note that if D C V(Q,) with |D| < n, then
implies that |T'(D)| > |D|%;1. Applying this to I'(A\ Y7) gives

T(A) =1 +6)gIY1I +[T(A\ Y1)
n—1
2

n
> (1 +€)§|Y1| + (n — Y1)

n €
> —1Y7|n.
_<2>+2’ 1n

Since [T'(A)| < (5) + ns(n), we see that |Y1]| < (2/¢)s(n).

Let Ay = A\ Y7 and consider the graph G = (V, E) where V = A; and uv € F iff u and v differ
in exactly two co-ordinates. We will write I'¢(v) for the neighbourhood of a vertex V' in the graph
G, and reserve I' for the neighbourhood in Q,,. In Q,,, any two vertices have 2 common neighbours
if they are at distance two, and no common neighbours otherwise. Therefore, for all v € Ay,

T(v) NT(A\v)| < 2(|Ta(v)] + [Yi)- (3.2)

Taking n large enough so that (2/¢)s(n) < en, (3.2) gives

1 1+e¢
Tg(v)| > = <n — n— 2|Y1|>

2 2

n
21(2—(14—5)—45)

1-—>5¢

n.

4

Let Ys be the set of vertices v in V(G) for which there does not exist another vertex u € V(G)
such that |[I'g(u) NT'g(v)| > en. Suppose that |Ya| > 5. Note that if n is sufficiently large, then

1_
T (Ys)| > 5 45% _ <;>€n > [V(G)I.
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This is a contradiction and so we see that |Ya| < 4. Letting Ao = A; \ Y2 we have that, for large
enough n, |Aa| > n — (3/e)s(n) since |Y1| < (2/¢)s(n).

Consider distinct vertices u,v € Ag such that |[I'g(u) NT'g(v)| > en. Taking n large enough so
that en > 7, we see that \FQQn (u) ﬂFén (v)| > 7 and so u and v are at distance two in the hypercube.
Note that if x is also at distance 2 from both w and v, then u, v, and = have a common neighbour.
Letting I'g, (u) N T, (v) = {wi, w2} we see that {u,v} U (I'g(u) NTg(v)) C T, (wi1) UTg, (ws).
Recalling that |I'g(u) NTg(v)| > en, without loss of generality, we may then assume that the
hypercube-neighbourhood of wy contains u, v, and at least en/3 other vertices in Ajs.

Let B be the set of vertices in V' (Q,,) with at least en/3 neighbours in Ay. Since for each vertex
u in Ap there exists a distinct vertex v € Ay with [I'g(u) NT'g(v)| > en, the above tells us that
each vertex in A has a neighbour in B. Suppose that B = {wy,...,wy}, then for £ < k we have

ID({wr,- . we}) M A2[ 2 ) 7 |F(wi)| = ) [T(wi) NT(wy))|

i€l i#£j

> len)3 — (5) 2

={l(en/3—(L—1)).

So if ¢ = [6/¢], then we have |I'({wi,...,we}) N Ag| > n for sufficiently large n. This is a
contradiction since |[As| < n, and so k < 6/e.

Reorder the w; so that wy has the largest neighbourhood in A,. We show that w; satisfies the
theorem statement. Recursively for ¢ = 1,...,k, let C; = I'(w;) N A2 \ U,_; I'(w;). Then since the
C; partition Ag,

7<t

k
D(42)| = [D(Cy)| + |F(A2 \ C1)| = Y IT(C1) NT(G). (3-3)

=2

For i =2,... k, split C; into D; = C1 NI'(w;) and F; = C1 \ D;. Then |D;| < 2 for each ¢ and
SO

k

k
> (D) NT(Ci)| <) IT(Dy)| < 2kn. (3.4)

=2 1=2

Fix i € 2,...,k, and consider that |I'(C;) NI'(F})| < 2|{(u,v) € C; x F; : u,v differ in 2 co-
ordinates}|. If w; and w; are at distance at least 5 from each other, then there can be no u € C;
and v € F; at distance two from each other. The same is true if w; and w; are an odd distance
from one another (the hypercube is bipartite). Therefore we need only consider the cases when w;
and w; are distance 2 or 4 from each other.

First suppose that w; and w; are at distance 2 from each other and recenter the hypercube so
that w; = 0 and w; = e +e9. If e; € Ag, then e; € C1NT'(w;) and so e; € F; and e; ¢ C;. On the
other hand, if e; € As, then e is not in any C; and so can be in neither C; nor F;. The same is true
for ey and so eq, ea ¢ C; U F;. Suppose that C; = {e; : t € T;} where |T;| = |C;| (recall that w; = 0).
Then for each element e; € C;, the only possible vertex in F; at distance two from e; is e; + eg + 4.
Therefore, |{(u,v) € C; X F; : u,v differ in 2 co-ordinates}| < |C;| and so |I'(C;) NT'(F;)| < 2|C;l.

Now suppose w; and w; are at distance 4 from each other and recenter the hypercube so that
w; = 0 and wy; = e; + eg + e3 + eq. Then I'(Cy) NT(F;) C T(F;) N {ep +eo : {k,1} € [4]P}. Each
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vertex in C; can have at most 3 neighbours in {e;+e, : {k, 1} € [4]®} and so |['(C;)NT(F)| < 3|Cil.
(We also have [I'(C;) NT'(F;)| <6.) In both cases

IT(Cy) ND(F)[ < 3|Csl. (3.5)
Putting (3.4) and (3.5]) into (3.3), and using (3.1]) gives
k

T (A2) | > [T(Ch) |+ T (A2 \ C1) | = S (T (C) T (D) |+ T (C) AT () ])
=2

()= () ()5 o

2% — (n — |C1])? — (n — (|42 \ C1]))?

_ 5 + O (n)

2 A —|CiP - ]A ’
_ 20(|Cy +| 2\01|>2 CIP =14\ .
> 2n|As| — |C] |A2 \ C4 +0(n).

2
Recall that n — (3/¢) s (n) < |Aa| < n. Therefore

|C1f” + (n — |C1])*

T (Ay)| > n? — 5 + O (ns(n))
_ <’2‘> +1C1| (n — |C1]) + O (ns ()

Since |C}| > en/3, we obtain

n

() > () +en/30 = [Cal) +0 (ns ().
We started off with the assumption that |T'(A)| < "72 + ns(n) and so we see that n — |C| =

O(s(n)). Finally recall that C7 = T'(w1) N Ay C T'(wy) N A and so we are done. O

An application of Corollary gives the following corollaries which will later be used in con-
junction with Lemma [2.6

Corollary 3.4. Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oo, and let r > 1.
Then there exists a constant K = K(s(n),r) > 0 such that if A C V(Qn) with |[A] = n and

IT7(A)] < (1)) +n"s(n), then there exists some w € V(Qn) for which [T(w) N Al >n — Ks(n).

Proof. We will prove this result by induction on r. The base case r = 1 is just Theorem and so
we just need to prove the inductive step. Let s(n) be a function with s(n) — oo and s(n) = o(n)
as n — oo, and let > 1, and suppose |A| =n and [I"(A4)| < (Til) + n"s(n). Then we may apply
Corollary [3.3/to I'"!(A) to see that there is a constant C' with [[""!(A4)] < () + Cn"'s(n). The
result then follows by the inductive hypothesis. O

Corollary 3.5. Let r > 1, and let s(n) be a function with s(n) — oo and s(n) = o(n) as n —
0o. Then there exists a constant K > 0 such that any bijection f : V(Qp) — V(Qn) such that
IT"(f(C()| < (,31) +n"s(n) for all v € V(Qy) is Ks(n)-approzimately local.
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Proof. Let r > 1, and let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oc.
Suppose that [T (f(I'(v)))] < (1) +7n"s(n) for each vertex v € V(Qy). Applying Corollary (3.4 to
A = f(T(v)), there exists a constant K > 0 such that for all v € V(Q,,), there exists a g(v) € V(Q»)

such that [T'(g(v))N f(I'(v))| > n—Ks(n). Then g is the dual of f realising that f € Localg(,). O

While Corollary is needed for our proof of Theorem it is not enough for Theorem
where we will need to allow s(n) = ©(n). It would be helpful to have a result similar to Theorem
in this case. Here, we prove a result with the added condition that the set A does not cluster
too much around two different vertices.

Lemma 3.6. Let t(n),s(n) be functions on the natural numbers such that for alln € N, t(n) > 5
and 1-2s(n)n~'—141/t(n)/n > 0. Suppose that A C V(Qy) with |A| =n and [T(A)| < (5)+s(n)n,
and suppose there do not exist distinct wi,we € V(Qy) such that |ANT(w;)| > t(n) fori=1,2.
Then there exists some w € V(Qy,) for which

ID(w) N Al > n (1 —2s(n)n~! — 14\/t(n)/n> :

Proof. Let G = (A, E) where uv € E if and only if d(u,v) = 2. Then a clique of size at least
5 in G corresponds to a collection of vertices in A in the @,-neighbourhood of a single vertex.
Suppose that A; is a largest clique in G (or equivalently a largest instance of A NTg, (w) for
a vertex w € V(Qy)). By assumption all cliques other than A; have size at most ¢(n). Let
A = {v € A\ A; : degg(v) > 3\/nt(n)}. We start by bounding the size of A’.

Suppose there exist distinct u,v € A" with [T'g(u) NTg(v)] > 2t(n). Since t(n) > 5, we have
T (u) NTg(v)| > 10, which corresponds to there being at least 10 vertices at distance 2 from both
u and v in @,. This is only possible if u and v are at distance 2 in @,. Without loss of generality
assume that u = () and v = e; + e2. Then every vertex x € I'q(u) NT'¢(v) is of the form e; + ey,
where j is 1 or 2, and k € [n] \ {j}. So then z is a neighbour of either e; or es in @, and by
the pigeonhole principle one of e; and es (without loss of generality assume ej) has at least ¢(n)
Qn-neighbours in A. But then these Q),-neighbours of e; plus u and v form a clique in G of size at
least t(n) 4+ 2. This cannot be since there is no clique of size t(n) + 2 not entirely contained in Aj.

Therefore |I'(u) NTg(v)| < 2¢(n) for each u,v € A’. But now, for any Y C A’, we have

Pa(Y) =) dega(v) = Y IPa(v) NTg(w)|

veY vAWEY
> 3y/nt(n)|[Y] — t(n)|Y]?.
So we see that if |Y| = [ n/t(nﬂ, then we have [I'¢(Y)| > n. This gives a contradiction, so we

must have |A’| < y/n/t(n).

Note that if v € A\ (A1 U A’), then |T'(v) \ T(A\ {v})| > n —2degq(v) > n — 64/nt(n). We
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can now give a lower bound for [I'(A)| in terms of ¢(n) and |A;| by applying (3.1). Indeed,

LA > DA+ Y D) \T(A\ {o})]

vEA\ (A UA)

> (Z) - (" _;A1’> +(n— Ay — |A) (n_ 6 nt(n))

n) _ W + (n — 44| — n/t(n)) (n —6 nt(n))

(
<n> n2—2nf Ay + AP
(

5 +n% —n|A| —7n%t(n)%

2 _ A 2
”) + ”2’1' — Tn3t(n).

Recall that [T(A)] < (5) + s(n)n, and so

n2 o ‘A1|2
2

|A1? > n? (1 —2s(n)n"t — 14 (“?) ;> :

Recalling that A; is contained in the @,-neighbourhood of a vertex, we are done by taking square
roots. O

— 7n%t(n)% < s(n)n.

Rearranging this gives

Definition 3.7. Define Mono!, (where s and ¢ may depend on n) as the set of bijections f €
Cluster! for which, for all v € V(Q,), there exists at most one vertex w € V(Q,) such that
[f(T(v)) NT(w)| > .

We then have the following direct corollary of Lemma [3.6

Corollary 3.8. Let t(n), s(n) be functions on the natural numbers such that for alln € N, t(n) > 5

and 1 —2s(n)n=t — 14\/t(n)/n > 0. Then Monoi((:?)n C Localy(y), where

a(n)=1- (1 —2s(n)n"! — 14\/t(nw>é .

t(n)

has at most one dual.
s(n)n

Further, if a(n)n < n —t(n), then a function f € Mono

Proof. Let t,s, and o be as in the statement, and let f € Monoi((z))n. Then for each vertex
v € V(Qr), we have [['(f(I'(v)))] < (3) 4+ s(n)n and there exists at most one vertex w € V(Q,,) such
that | f(I'(v))NI'(w)| > t(n). By Lemmal3.6]there exists a vertex g(v) such that | f(I'(v))NL(g(v))| >
n — a(n)n for each v € V(Qp). Thus g is a dual for f and we have f € Localy(y)p-

Now suppose a(n)n < n — t(n) and there are two duals g; and gs. Fix v so that g1(v) # g2(v).
Then |f(I'(v)) NT(gi(v))] > n—a(n)n > t(n) for i = 1,2. This is a contradiction as f € Monoi((z))n

and so there can be at most one vertex w with |f(T'(v)) NT(w)| > t(n). O
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The following lemma shows that the inverse of an approximately local bijection is itself approx-
imately local.

Lemma 3.9. Let s be some natural number. If f € Local, has a bijective dual g, then f~' € Localy
and g~ is a dual of £~ .

Proof. Note that for all w € V(Q,), |f(I'(w)) NT'(g(w))| > n — s and so, since f is a bijection,
ID(w) N f~HT(g(w)))| > n —s. Now let v € V(Q,,) and suppose that v = g(u). Then f~1(T'(v)) =
f71(T(g(w))), and so

T @)NT (g7 @) [ =17 T (gw)NT(w) | =n—s.

Since v was an arbitrary vertex of the hypercube, we can conclude that f~! is s-approximately
local and has ¢g—! as one of its duals. O

We now use Theorem to show that s(n)-approximately local bijections have O(s(n))-
approximately local duals.

Lemma 3.10. Let s(n) < n/2 be a function with s(n) — oo and s(n) = o(n) as n — oco. Then
there exists some constant K > 0 such that for every s(n)-approzimately local bijection f, the dual
fx is Ks(n)-approzimately local.

Proof. We will show that f, ! is Ks(n)-approximately local and has a bijective dual, and then apply
Lemma Let s(n) < n/2 be a function with s(n) — oo and s(n) = o(n) as n — oco. Suppose
that f € Localy,) and let g = f, (so that for all v € V(Q,), |f(I'(v)) NT'(g(v))| = n — s(n)). Fix
some v € V(Qy). For each w € I'(v), writing w’ = g~!(w), we have |T'(w) N f(T'(w'))| > n — s(n)
and so [I'2(v) N f(T'(w'))| > n — s(n). Let Ry, = f(T'(w')) \ T'?(v), so |Ry| < s(n). Now

FT (@ = U 5@ w))

wel'(v)

CT?(v U Ry.

wel(v)

Since f is a bijection, applying f~! to both sides, we see that
_ n
r(e )< (5)+ns.

Since g~ (I'(v)) C V(Q,) is a subset of size n, we may appeal to Theorem [1.§to see that there exists
some w € V(Qy) such that |T'(w) Ng~Y(T'(v))] = n — O(s(n)). Then g~ is O(s(n))-approximately
local. Since s(n) = o(n), it follows that g~! must have a unique, bijective dual. By Lemma[3.9] we
conclude that ¢ is O(s(n))-approximately local. O

Definition 3.11. For an s(n)-approximately local bijection f, we say that f is diagonal if it is the
dual of its dual, i.e. if fou = f.

For a natural number s (which may depend on n), let Diag, be the set of diagonal bijections in
Locals. The next two results will show that an s(n)-approximately local diagonal bijection induces
large rigid structures within the hypercube.
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Corollary 3.12. Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oco. Then there
exists a constant K > 1 such that the following holds: Suppose f is an s(n)-approzimately local
diagonal bijection and let G = (V(Qy), E') where

E' = {uv € E(Qn) : f(u)f«(v), f(v)f«(u) € E(Qn)} -
Then G has minimum degree at least n — Ks(n).

Proof. Let f be an s(n)-approximately local diagonal bijection. By Lemma there exists some
K’ > 0 such that f, is K's(n)-approximately local. Now pick v € V(Q,,) and note that if a vertex
u € I'(v) is not a neighbour of v in G, then either f(u) ¢ I'(f«(v)) or fi(u) ¢ I'(f(v)). Therefore

degg(v) = n — ([f (L) \T(fe(v)] + /(L) \T(f())]) -
Noting that for sets A, B of size n we have |A\ B| = |B \ A|, this gives

degg (v) 2 n = ([T (fx )\ S (T () |+ [T (f () \ £ (T () ])- (3.6)

Since f € Local,(y) and f, € Localicy(uy, [T(2(0)) \ ST(@)] < s(n) and [[(£ux(0)) \ £(0(0))] <
K's(n). Recall that f is diagonal, so fox = f and I'(fux (v)) \ fu(T(v)) = T(f(v))\ fx(T'(v)). Putting
these inequalities into ([3.6), we see that degg(v) > n — Ks(n), where K = K’ + 1. O

In the following Lemma, for a vertex v and natural number i, we define the sets R'(v) as
subsets of the layer of the hypercube at distance ¢ from vertex v so that the structure of the set
RO(v)U...U R¥(v) is preserved by f and f;.

Lemma 3.13. Let s(n) be a function on the natural numbers, and suppose G = (V(Qn), E') is
a subgraph of the hypercube with minimum degree at least n — s(n). For a vertex v € V(Qy,), let
Ro(v) = {v}, and then recursively for i > 1 let

Ri(v) = {w € Th, (v) : Tg, (w) NT% (v) = T (w) N R,-_l(v)} . (3.7)

Then |Ri(v)| > () — en*~'s(n) for all k > 1.

Note that w € R;(v) if and only if w is at distance 7 from v in the hypercube, and G contains
all shortest vw paths found in the hypercube.

Proof. We will show by induction on k that |Rg(v)| > (})—Yzn*~1s(n) where Y7 = 1 and inductively
fori>1, Y = % +Y;, = Z;Zl % (so then Yy < e for all k). The base case k = 1 follows directly
from the minimum degree condition, giving Y7 = 1.

So suppose the result holds for k < m (so that |Ri(v)| > (}) — Yen*~1s(n) for all v € V(Qy)
and k <m). If x € Fg:l (v) \ Rm+1(v), then either there is an edge missing between I'Y) (v) and
z in G, or there is a vertex w € I'} (v) \ Ry, (v) with z € I'g,, (w). We therefore have the followmg
relation

M2 W\ Runi(0) € |J To,\Te@)U ) To,w).

uel'y (v) wel'y (V)\Rm (v)
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Recalling that G has minimum degree at least n — s(n), the inductive hypothesis then gives
0\ R @) < (1)) + Y™ sl
1 m .
< <,rn' + Ym) n S(n) = Ym+1n s(n)

Thus |Ryq1(v)] > (.

W) = Ysan™s(n) > (1) — en™s(n). o

n
m+1
Suppose that there is a colouring x and an s(n)-approximately local bijection f such that
f € Isom® (x). The next lemma shows that the y-colouring of a 2-ball around a vertex v € V(Q,)
differs by O(ns(n)) from the y-colouring of the 2-ball around f,!'(f(v)). Note that there is no
ambiguity in writing f!, as Lemma tells us that (g)~! = (¢7!)x. This result will later allow

us to consider only diagonal bijections.

Lemma 3.14. Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oo, and let
[ € Localyy. If x : V(Qn) — {0,1} is such that f € Isom® (x), then for allv € V(Qy),

d(x® (), xP (£ (f(2))) = O(ns(n)).

Proof. Let f be an s(n)-approximately local bijection and let 3 = f~!. Let g = 3,. By Lemmas
and there is a K > 0 such that g is Ks(n)-approximately local. Let h = g, = [ be the
dual of g.

Let v € V(Qy), w = f(v), and let S = {i: g(w+¢;) € T(h(w))}. Note that |[S| > n — Ks(n)
since g is K s(n)-approximately local. Then let 7* be a permutation on [n] such that g(w + e;) =
h(w) + eqx(;y for all i € S.

Foreachi e S, let T* = {j : f(w + e; + ¢j) € I'(g(w + €;))}. Note that |T*| > n — s(n) for each
i since 3 is s(n)-approximately local. Then let 7 be a permutation on [n] such that 8(w+e;+e;) =
g(w +e;) + eqigj) for all j € T

If i € S and j € T?, then

Analogously, if j € S and i € T7, then f(w + e; + ;) = h(w) + epj) + exi(s)- We then have
€+ (j) T Eri(i) = €nr(i) T Eri(j)- SINCE €xx(y) F Exe(j), We must have e« (;) = €rj(;) and exx(j) = eri(
Therefore B(w + e; + €;) = h(w) + €xx(j) + €xx(j)- Now, let

i)

W={w+e+e:i#£jen],Bw+e+e)=hw)+emu +em))-

If w+e; +e; € W, then it must be that either 7 and j are not both in S, or 7 is not in T7, or j is
not in 7. Hence we can bound I'?(w) \ W as follows.

M)\ W C{w+e+e;: {i,jt ZStUu{w+e +ej:i€S,jgT'}
:{w+ei—|—ej:{i,j}ZS}UU{w—i—ei—l—ej:j%Ti}. (3.8)

1€S
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Recall that |S| > n — Ks(n) and so since s(n) = o(n)

S
Hwtete: () 254 =(5) = (5) < Knsta -+t (3.9)
Similarly |T%| > n — s(n) for all i € S and so
U{w—I—ei—l—ej 17 €T} < ns(n). (3.10)
i€S
Combining , and we see that
IT2(w) \ W| < (1 + K)ns(n)(1+ o(1)). (3.11)

Now suppose also that f € Isom® (y). Then x®(v) = X;Q) (w) and so there exists an isomor-
phism y from Bz(v) to Ba(w) such that (X oY) [Byw)= X [By(v)- Let p be a permutation on [n]
such that y(v + e;j) = w + e,(;) for each j € [n]. Then for distinct i, j € [n]

X(v+ e +ej) = xp(w+ ey + epi))- (3.12)

Let W* = {v+e,-1(q) + €,-1) : W+ €a + € € W}, so that clearly [W?| = [W|. Recall that
for w4+ e; +e; € W we have

w +e; + €j = f(h(U)) + ew*(i) + 671-*(]')).
Combining this with (3.12)) gives, for v +e,-1;) +e,-1(;) € W*
X (v+ €100+ ep1(y) = Xp (W + e +¢j)

= X7 (f (h(w) + eriy + exn5)))
= X (P () + exri) + €nr(j)) -

Now ((v +e,-1() + €,-1(j)) = (W) + €xx(j) + €xx(;) defines an isomorphism between Bs(v) and
By (h(w)). Further, we have

x (v+ ep-1(3) + 6p71(j)) =xo((v+ €p=1(i) T epfl(j)) )

for each v +e,-1(;) +e,-1(;) € WP. Therefore D(x [B,(v), (X°C) [By(w)) < ((g) —|W?|)+n+1, and
so d(x® (v), x® (h(w))) < [T%(w) \ W| +n + 1. Tt follows from (3.11]) and the definition of h that

AP @), X SR 0)) < (1+ K)ns(n)(1+o(1) = O(ns(n).
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4 Proof of Theorem [1.4]

In this section we prove Theorem by combining the probabilistic and structural results proved
in Sections [2] and [3] respectively. Much of the work has already been done for this. Indeed, by
Lemma and Corollary we may assume that if f € Isom® (y), then f is s(n)-approximately
local, for some s(n) = o(n).

For a graph G = (V, E) we say that a subset of the vertices A C V is t—spread if ANB;_1(u) = u
for all u € A (so then all pairs of vertices in A cannot be joined by a path of length t — 1 or less).
We start with a simple proposition which allows us to cover a fraction of the 10th neighbourhood
of a vertex with 6-spread large sets.

Proposition 4.1. Let §,¢ > 0 be such that 2ed < %0!. Then for sufficiently large n, there exists
a collection of disjoint sets (A;)icg where J = {1,...,,[en5]}, such that each A; C [n]10) is a
6-spread subset of the hypercube Q, and |A;| = [én*].

A greedy algorithm easily proves this result, but a nicer proof is an application of a result of
Hajnal and Szemerédi.

Theorem 4.2 (Hajnal-Szemerédi [§]). Let G = (V, E) be a graph on n vertices with mazimum
degree A. Then for any k > A, there exists a proper k-colouring of G with colour classes all of size

%] or [%]-

Proof of Proposition[{.1 Define the graph G on the vertex set [n](w), where two vertices are con-
nected if they are at Hamming distance at most five from one another. The G-neighbourhood of
a vertex v is contained within the Hamming 5-ball around v, and so the maximum degree in G
is at most n°. Let k = [en%], and take n large enough so that & > n°. By Theorem there

exists a k-colouring with colour classes C1,...,Cy of size [(ﬁ)) k_lw or L({a) k_IJ. Each colour
class C; is a 6-spread subset of [2](1%) and has size at least L({g)k_lJ. For n sufficiently large
L(ﬁ))k_lj > 2;40! > én?. Therefore, for each i = 1,..., k, we can take a 6-spread subset 4; C C; of
size |A;| = [ént]. O

Recall that a colouring x of the hypercube is 2-indistinguishable if there is a bijection f for
which x; and x are 2-locally equivalent and there exist two non-adjacent vertices u,v such that
f(u) and f(v) are adjacent in the hypercube.

Proof of Theorem[1.4. Let ¢ > 0 and let p = p(n) satisfy n=/4+¢ < p(n) < 1/2 for sufficiently large
n. Let x be a random (p, 1 — p)-colouring of the hypercube @,,. Further fix s(n) = k’% (s0 s — 00
and s = o(n) as n — o0). We start by appealing to Lemma and some structural results from
Section |3| so that we may only consider f which are diagonal O(s)-approximately local bijections.

Claim 4.3. There exists a K’ > 0 such that
P[ s 2indi B (2) . 1
X is 2-indist.] = P [3f € Isom'“/(x) s.t. f € Diaggrs, x o f~ % x| + o(1).

Proof. By Lemma there is a K > 0 such that with high probability, for every f € Isom(? (x)
we have f~! € Cluster®(Kn?p~'logn) = Cluster?(Kn%s). We have

P |y is 2-indist.| =P € Isom'“/(x) s.t. f~ € Cluster*(Kn“s),xo f~ x|+ o(1).
d Elf (2) f 1 Cl 2 2 f 1
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By Corollary m there exists a K’ > 0 such that Cluster?(Kn?s) C Localgs, so that
P[x is 2-indist.] =P [Elf e Isom® (y) s.t. f~! € Localgrs, x o f71 2 X] + o(1).
Then by Lemma [3.9] we can express the structural property of the bijection in terms of f:
P[x is 2-indist.] = P [Elf € Isom® (x) s.t. f € Localgrg, x o f~1 2 X} +o(1).

Suppose that there exists such an f € Localg, \ Diagg, and pick a vertex v € V(Q,,) such that

ftof(v) #v. 1f f € Tsom®) (y), then by Lemma3.14} d(x® (v), x? (£} (f(v)))) = O(ns(n)). But
by Lemma the probability that there is a pair of distinct vertices z, y with d(x® (z), x®(y)) <

n’p(1—p) logn ~1/4
2

is o(1). Since s(n) = = andp >n for sufficiently large n, we get that the probability

we can choose f € Isom®)(y) with f € Localgs \ Diagg, and y o f~1 % x is o(1).
Thus

P[x is 2-indist.] =P [Elf € Isom(Q)(X) s.t. f € Diagyrg, xo f ! 2 X} +o(1).

O

Suppose that f € Isom® (x) with f € Diagy/,, and let g = f,. Recall that by Lemma
there exists a constant L > 0 such that g € Localy;. As in Corollary we let G = (V(Qn), E")
where

E' ={zy c E(Qn): f(x)g9(y), f(y)g(x) € E(Qn)} -

Then G has minimum degree at least n — Ms for some constant M. Furthermore, define Ry (w)
as Lemma (see (37)). So |Re(w)| > (}) — eMn*1s. We next show that there is a form of
rigidity to f and g.

Claim 4.4. For each u € V(Qy), let m, be a permutation on [n] such that g(u+e;) = f(u) +ex, ;)
for all j such that u + e; € Ri(u). Then for £ >0

f u—l—Zej :f(u)—i-ZeM(j), (4.1)

JjeS JjeS

for all S € [n]*) such that u + > jes € € Rax(u), and

g u—i—Zej :f(u)—i-ZeM(j),

jeT jeT
for au T c [n](2k+1) SuCh that u 4+ ZjET €j (S R2k+1(u).
We prove this claim by induction.

Proof. Consider that for k£ > 1 odd, for each w € Ry (u), the vertex g(w) is uniquely determined
by the sequence (f())zer, ,w)- Indeed, suppose that w = u + Z?Zl ei; is in Rg(u). Then
g, (w) N Fg;l(u) = I'e(w) N Ri—1(u). Then for all £ € [k], u+ > cppeci; € Rr-1(u) and
g(w) f(u =+ 3 eme €i;) € E(Qn). However, there is a unique vertex in the hypercube adjacent to
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S+ e €i;) for all £ € [k], and so g(w) is determined by (f(2))zer,_,u)- We may similarly
say that when k > 1 is even, (f(w))wer,(s) can be determined by (g(w))wer, ;) (note that when
k = 2, there may be a choice of two vertices adjacent to both g(u + ;) and g(u + €;), but one of
these is f(u)).

(For example, if u+e; +e2 + e3 € R3(u), then g(u+ e; + ex+e3) is adjacent to f(u+e1 +e2),
f(u+ei+es) and f(u+ea+e3). By the inductive hypothesis, f(u+e1+ez2) = f(u)+ex, (1) +ex,2);
fluter+es) = f(u) +eq, 1) +en,(3), and f(ut+ea+es) = f(u) +eq,(2) +en,(3)- Thereis only one
vertex adjacent to all three, and so g(u + e1 + e2 +e3) = f(u) + ex, (1) + €x,(2) + €x,(3)- The same
argument works for the next layer when f(u + e1 + ez + e3 + e4) is the unique vertex in T*(f(u))
adjacent to each g(u + e; + e; + e) for {4, k,1} € [4]®).) O

Fix two non-adjacent vertices u,v € V(Q,). Our goal is to show that f(u) and f(v) cannot
be adjacent. We do this by first showing that if f(u) and f(v) are adjacent, then there are rigid
structures around each which are adjacent. We then take substructures of these rigid structures
which are 6-spread (this will allow us to say that the colouring of the 2-balls around the vertices
of these substructures are independent from one another). Finally we consider that if two vertices
are adjacent, the colour of one has to fit in with the colouring of the 2-ball around the other.
We are then able to show that this cannot happen with high probability (helped greatly by the
independence attained by restricting ourselves to the specified substructures).

Fixing our substructures.
Let C = {S € [n]19 : u+ 3 ger,~1(5) € Ruo(w),v+ Y cg€r,-1(5) € Rio(v)}, then by
Corollary and Lemma |IC| > ({6) — 2ens. We now split into three cases depending on

the distance between u and v. In each case we define a subset C’ C C, which we will exploit later.
Case A: u = v + es + e;. In this instance, let
C'={SeC:(r; (S)ur,1(S)) N{s,t} =0}
Then |C'| > (Jj) —O(n%), and if a € {u+3" ;¢ €1y S €ECandbe {v+3 e, -1
S € C'} then a and b are at an even distance at least two from each other.
Case B: u=1v+es+ e + e.. In this instance, let
C'={SeC: (' (S)um, ' (9) N{s,t,r} =0},

s0|C'| > ({p) —O(n?s). Ifa € {ut+>jes €ty iS5 € C"}, then there may be a unique vertex
in{v+3 s 1) S € ('} at distance three from a. In this case, let b, be this vertex and
otherwise let b, be an arbitrary vertex at distance 3 from a. If a € {u+ ZjeS Cril(j) Sec}
and b € {v+3 jcg€,-1;: 5 € C"}\{b.}, then the distance between a and b in the hypercube
is at least 5 (as the distance between them is odd and greater than 3).

Case C: u and v are at distance at least four from each other. In this instance, let s, t,r,y be such
that the distance between u + es + e; + e, + e, and v is four less than the distance between
u and v. Then let

C'={SeC:(r; (S)ur, Y(9))N{s,t,ry} =0}

Then |C'| > ({;) —O(n%s), and if a € {u+djeser1y SE€ECandbe{v+3cqe
S € C'} then a and b are at a distance at least four from each other.

T ()
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We now come to fixing our substructures. Let §,& > 0 be such that 2¢d < and choose

sets (Ay)res (with |4,] = [én*] for each 7, and |J| = [enf]) as in Proposition Note that
|Uy<ren) Arl 2 dent® and so [(Ur<fen) 4r) N C'| = 6ent® — O(n%s). By the pigeonhole principle
there exists a j € J such that [A; N C’| > dnt — O(n®s). Let C"” = A; N C’. This approach of
appealing to Proposition may seem unnecessary, but is important as it reduces the number of
substructures we have to consider, in turn helping the union bound we take later. O

We now give explicit events detailing how the colourings of our substructure have to “fit in”
with one another. Roughly speaking, for adjacent vertices y and z, we consider that the first
neighbourhood of ¥ is contained in the first neighbourhood of the neighbourhood of z.

Expressing how substructures fit together.
For all vertices w € V(Qy,), let

Yw)= > x(z)—n(l-p)

zel'(w)

(so that each 9 (w) is a distributed like a normalised Binomial random variable with mean 0), and
then let

U(w) = {¢(z) : 2 € T(w)}.
Recall that X7 (f(w)) 2 x® (w) for all w € V(Q). If f(u)f(v) € E(Qy), then gives

X;Q) (f(u) + Zee) ~ X(Q) (u + Zeﬂu1(€)>

les les

and
chz) (f(v) + Z 6e> = @ (U + Z em,—l(e)>
les LesS
for all S € C”. This means that ¥ (u + Y, g 1) € V(U + Xpegeriq) forall § € C”. For

permutations 71, 2 and S C [n](19 | let BF"™ be the event

B3™ = {@D (u + Zem(g)) ev (U + Zem(@> } )
Les les

Note that if f(u)f(v) € E(Qy), then Bgil’ﬁl occurs for all S € C”. O

Considering x as a fixed colouring, given j € J and a pair of permutations 7, w2, we say that
a subset C” C Aj of size on* — O(n3s) is a (j, w1, ma)-tester if j,m1,m2, C” satisfy the properties
outlined in Case A, Case B, or Case C as appropriate. Let Tj(m,m2) be the set of (j, 71, m2)-testers.
If f(u)f(v) € E(Qyn) then there is a j € J, pair of permutations 7, 72, and C” € Tj(m, m2) such

-1
that Bgl M2 oecurs for all S € C”.
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We can then bound the probability that there exists an f € Diagy/, for which f(u)f(v) € E(Qn)
and f € Isom® (y) by

P [3 € Isom® (y) s.t. f € Diaggrs, f(u)f(v) € E(Qn)

sty uosee

m1,m2 j€J C" €T (m,m2) SEC”

<22 ) P

1,72 jEJ C"ETj(ﬂ'l,ﬂ'Q)

1,72
() B§™|.

Sec” i

Note that we have exp {O (nlogn)} choices for the permutations m; and mo. We then have |J| =

— ’fL3S
O (n%) choices for j € J. Finally, note that Tj(m, ) C A(IA;\ O(n3s))

J
(O‘(S;L;S)) = exp {O (n®slogn)} choices for C” € Tj (w1, m2) . Therefore, if we found a uniform upper

bound D for P [Ngeen Bg'™] , we would have

, so that there are at most

P [Elf € Isom® (x) s.t. f € Diaggg, f(u)f(v) € E(Qn)} < Dexp {O (ngslog n)} ) (4.2)

We now come to finding our uniform upper bound D.

Claim 4.5.
A 1 2
= exp {—Q (n4 (6+2(1P))> } ,

We again have to split this up into the three cases. Case B is the hardest and the work covering
this case also caters for Case A and Case C.

P

T,T2
M B%

SeC”

__ lognp
where A = Togn °

Proof. Note that for each w € V(Qy), ¥(w) is determined by (X(Z))zer(w), and ¥(w) is deter-
mined by (x())gzer2(w)ufw}- Since the sets in C” are all at distance at least 6 from each other,
((X(z))xGF(UJFZies en, (i)))SEC// is a family of disjoint sets of random variables. This means that
(Y(u+>_ e €n(j)))sec is a family of independent identically distributed random variables. Simi-
larly, (¥(v+ > jes € (j)))secr is a family of independent identically distributed random variables.

Case A: Suppose that C” satisfies the properties outlined in Case A. Since all vertices a €
{u + > iesem() i S € C’”} and b € {v + > iesem() i S € C”} are an even distance at least

2 from each other, I'(a) and I'?(b) U{b} do not intersect. Therefore (1) (u+ > jes em(y)))secr
and (W(v + > jcg€n(j)))sec are independent families of random variables and so, picking
an arbitrary So € C”,

el

i —P [ng)v”z} . (4.3)

ﬂ thﬂ'Q

SeC”
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Case C:

Case B:

Suppose that C” satisfies the properties outlined in Case C. Since all vertices a €
{u—i— djesem() S € C”} and b € {U + D jesem() i S € C’”} are at distance at least 4

from each other, I'(a) and T'?(b) U {b} do not intersect. We can then follow the line of
argument as in Case A, and (4.3)) again holds.

Suppose that C” satisfies the properties outlined in Case B. For each a € {U+Zjes €r(j)
5" € C"}, let 1.p'(a) = Zw_er(a)\r2(ba) X(w? —(n - 3)(1—p) (so that each. YP'(a)is a ('iistributed
like a normalised Binomial random variable with mean 0). Then as in the previous cases,
(P'(u+3 0 es em()))secr and (¥(v+ 37 s eny(j)))secr are independent families of random
variables. Define the events A"™ by

Aglﬂrzz W U+Z€ﬂ1(j) S U_'_Zem(j) + [-3,3]
jes jes

Since |T'(a) NT?%(bg)| = 3, we have Bg"™ C AS"™. Then picking an arbitrary Sy € C”, we
obtain

P ﬂ Bglﬂrz <P ﬂ AgLﬂ'Q
Sec” Sec”
1,72 ‘C”|
:IP’[ASO } . (4.4)

Note that, in fact, in cases A and C, for any a € {u + jesem() i S € C”} we could define

b, to be an arbitrary vertex at distance 3 from a. Then, (4.4) is in fact an upper bound in
all three cases, hence we now focus on bounding that expression.

Let £ = u + ZjeSO em@) and y = v + Zjeso €ry(j)- To get a lower bound for the
probability of the complement event (Ag(l)’m)c, we condition on the value of ¢/(z) and then
consider whether ¢ (2)—1'(z) € [-3, 3] for any z € I'(y). Note that we will just be considering
atypical values of ¢’(z). This means that our lower bound is very close to 0, but since we will
be considering a large intersection of independent events, it suffices to give a lower bound
that is not too close to 0. Let

ce <\/§;jj<1—p>,\/§<1—p>> ,

sothat%+2(f7im<1and

3 1.2 3+4e (1 57£(1-p)
<4+€><2+2<1—p>>> i (2* 2(1-p)

B 3+4e 3+4e+5—4¢
8 3+4e

=1,
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and then let M = ¢ (np log(np))%. Taking a union bound gives
C
P[(A3™)C| > P [¢’ (x) = M and (AF,™) ]

=P [/ (z) > M] (1 _P [Ag;ﬁw (z) > MD

>P [ () 2 M] | 1= D Py(z) — ' (2) € [-3,3)1¢/ () = M]

z€l'(y)
> (1-nP[y () - Me[-3,3]])P[ (z) > M],

where 2’ € T'(y) is arbitrary, and where the last inequality follows from the fact that i (x)

is a normalised binomial random variable with mean 0. Since the same applies to 7/, and
2

recalling that (3/4+¢)(34%) > 1 and p > n~1/4%¢ we therefore appeal to Lemma [2.2] to get

F[ag™)] = (1= (o 79)) ) () (H575) )
> (1 no (st ) Yoy ()
el ((np)‘(é+2<f2p)>> ,

Recall that A = lfoggﬁlp € [3/4+¢,1), so that np = n®. We may express the above inequality
as

2

P [Agé’m} =1-0Q (n_A<‘13+2(1cp)>> .
Putting this into (4.4) we see

1" 2 677‘470(”35)
e )
- 0
Sec”
C2
= exp {—Q <n4_A(é+2(l_p))) } .

We have found our uniform upper bound D and so gives
P [Elf c Isom(Q)(X) s.t. f € Diaggsiogn, f(u)f(v) € E(Qn)}
= exp {O (n3slog n) —-Q <n4_A(é+2(162P>)> } .
Recall that s = p~'logn = n' =2 logn and so
P [Elf e Isom® () s.t. f € Diagy logns f (W) f(v) € E(Qn)}

= exp {O (n4_A log? n) - Q <n4A(é+2<f2p)>> } .

P
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N
We chose ¢ so that % + <1 and so n* ®log*n = o <n4 A<6+2<1—p>)>. As we already

C
2(1-p)
observed, for yo f~1 2 y, there must be a pair of non-adjacent vertices v and v such that f(u)f(v) €
E(Q,). We have fewer than 22" choices for u and v, and so taking a union bound gives

P [Elf € Isom(2)(x) s.t. f € Diaggriogn, X © [l X}
1 2
= €Xp {O(n) +0 (77,4_A log2 n) -0 (n4A<6+2<1p>)) }
=o(1).

Finally, we can conclude that P [y is 2-indistinguishable] = o(1). O

5 Proof of Theorem 1.7

As with Theorem we prove Theorem [I.7] by combining some of the probabilistic and structural
results already proven. We start off with a lemma to discount bijections which map large parts of
neighbourhoods to neighbourhoods.

Lemma 5.1. For any K > 0, there exists a constant C = C(K) such that the following holds:

_1
Let q(n) > n?TCls 2 and let x be a random q-colouring of the hypercube Q,. Then with high

probability, there does not exist a bijection f € Local 1 and a pair of non-adjacent
n(1—Klog™ 2 n)

vertices u,v such that f € Isom™(x) and f(u)f(v) € E(Q,).
It will be useful in the proof to introduce the following piece of notation:

Definition 5.2. For a s(n)-approximately local bijection f, we say it is self-dual if it is its own
dual and this dual is unique, i.e. if f, = f.

For a natural number s = s(n), let Selfs be the set of self-dual bijections in Localg, i.e. let

Selfs = {f € Locals : f,, = f}.

Proof of Lemma[5.1 Let K > 0, let C > 0 be a constant to be defined later, and let g(n) >

1
n?tClog 21 For ease of notation, let M = n(1 — Klog_% n). Let x be a random g-colouring

of the hypercube @,. First suppose that there exists a bijection f € Localys \ Selfy; such that
f € Isom™M (x). Let f, be a dual of f (note that since M > n/2, there may not be a unique dual).

Pick w € V(Q,) such that f,(w) # f(w). Then |[['(w) N f~YT(fi(w)))| > Knlog*% n, since
f € Localys, and so d(xD(f~1(fu(w))), xP(w)) < n(l — Klog_%n). Since we assumed that
f(w) # fo(w), we see that there must exist some x # y € V(Q,) such that d(x!)(x), xM(y)) <
n(l— K log_% n). By Lemma the probability of this occurring is o(1) and so

P [Hf € Isom®(x) s.t. f € Localy \ SelfM] =o(1).

Pick two non-adjacent vertices v and v. Suppose that there exists a bijection f € Self,; such
that f € Isom™ (x) and f(u)f(v) € V(Qn), and let

U=A{wel(u): fw) e T(f(u)),d(w,v) # 2} .
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Recall that v and v are non-adjacent vertices, and so |[{w € I'(u) : d(w,v) = 2} | < 3. Also consider
that f € Selfy; and so [U| >n— M —3 = Knlog*% n—3.

For each w € U, f(w) is at distance 2 from f(v) in the hypercube and so there is a distinct
iw € [n] such that

F(f()NT(f(w)) = {f(w), f(v) +ei,}-

Recall that y( ) and so x7 (f(v) +e€;,) € x (D(w) \ {u}). Let Y = I'*(u) \ I'(v).
For each w € U F (w) \{f } C Y since w € I'(u) and d(v,w) # 2. Therefore x ¢ (f(v) + e;,) € x(Y)
for all w € U.

Since chl)(f(v)) >~ v (v), there exists a permutation 7 such that x(v + exi)) = Xs(f(v) +€i)
for all i € [n]. But then x(v + er(,)) = xs (f(v) +e;,) € x(Y) for all w € U. Then there exists a

set Ty C [n] of size %nlog_% n such that x(v + e;) € x(Y) for all ¢ € Tyy. Therefore
P [Elf e Tsom™W (y) s.t. f € Selfyr, f(u)f(v) € E(Qn)}
<5n10g7% n) .
<P 3Ty € [n]\2 st.VieTy x(v+e) € x(Y)| . (5.1)

Since Y and I'(v) are disjoint, (x(v+e;))ic[n) and (x(7))zey are independent families of independent

1
Unif([¢]) random variables and so for an arbitrary 7" € [n}(gnlog 2n)

PIVieT x(v+e)€x(Y) | x(¥)}=][[Px(v+e) € x(¥) | x(Y))
€T

<|x<;f>|>’5"1°“"
<(5)

n2 Snlog™2n
PVieT x(v+e)exY)< <q> :

nlog™ ?n

We can take an expectation over x(Y) to get

We can then apply a union bound to (5.1)) to get the following bound

—nlog 2 n
P [Elf e Tsom () s.t. f € Selfys, f(u)f(v) € E(Qn)] < < K log~ 1 n> <7;L])

_1
% 2n
en
< (K i )
Snlog 2 n

B 2en? logl/2 n\ > nlos
= Kq

=
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2+Clog~ 2 n

Define D = glog (2—;), a constant depending on K. Recall that ¢ > n , and so the

bound above is at most

2e _Clog1/? 1/2 %nlogién 1/2 CK K 1/2
(Kn_ og” /T ogl/ n) = exp {Dnlog_ 12p — Tn+ anog_ 2 nlog (logn)}.

Taking C' sufficiently large we get

P [3 £ e TsomW(x) s.t. f € Selfay, f(u)f(v) € E(Qn)} < Sn

22n

We have fewer than choices for non-adjacent vertices u and v and so by a union bound,

P [Eluv ¢ E(Q,), f € IsomM () s.t. f € Selfys, f(u)f(v) € E(Qn)} < 92T,

This upper bound is o(1) if C' is large enough and so

P [Eluv ¢ B(Qn), f € IsomM(x) s.t.f € Localyy, f(u)f(v) € E(Qn)} = o(1).

We are now in a position to prove Theorem

Proof of Theorem|[I.7. Let K, K, K > 0 be constants to be defined later, and then let £(n) =

1
% — Ko log*% n and g > K n?T2K2108 27 [et y be a random g-colouring of the hypercube Q,,. By
Lemma if K is sufficiently large then

P [Elf € Isom(l)(x) s.t. f71 & Cluster? )n2:| =o(1),

e(n
and so
P[x is l-indist.] = P [Eif € IsomM(y) s.t. fl e Cluster;(n)nz, yo flg X} +o(1).

;(n)ng \MonoiZ)IZgl "
Since f~! ¢ Monogz)lfhi%il " there must exist vertices v, wy, ws such that wy # wq and |f~H(T'(v)) N
(w;)] > Knlogn™! for i 1,2. Note that |f~}(T'(v)) N T'(w;)| > Knlogn~! implies that
for i = 1,2. Recall that chl)(v) = xW(f(v)) and so for i = 1,2

Now suppose that there exists a bijection f € Isom® (x) with f~! € Cluster

O (0), XV (wi)) < n - K

dWmUAWM%WWDSn—Kbyf

It cannot be the case that w; = we = f~!(v) and so we have found two vertices u # z such
that d(x™ (u), xM(z)) < n — Ki5g7- By Lemma H if K is sufficiently large, this occurs with
probability o(1) and so

P [y is 1-indist.] = P |3f € Isom™M (y) s.t. f~' e MonoKnlogiln,X o flo X} +o(1).

e(n)n?
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In a similar fashion, we could show that with high probability there cannot exist vertices vy, vo, w
such that vy # ve and |f~H(T(v;)) NT(w)| > Knlog ! n for i = 1,2. Now, recall that by Corollary
5.8

Knlog™!

Monoe (n)n?

" C Localy (),

where

|

yn)=n|1- (1—25(71)—14( K )

logn

1>§
1 1 1
=n (1 — (2[(2 — 14K§>2 logn_4) .
So then if we take Ko > SK%,
1 1
y(n) gn(l —Kllogfln) ,

and then since Localg C Localyr when R < T', we see that

Knlog™'n
C
Monog(n)n2 C Localn ( 1 1 n),

1-K4log 14

and any f~! € Monogz)lsg_l

Suppose that g is not bijective. Then there exist vertices vi,ve,w such that vy # ve and

|1 (T(v;)) NT(w)| > Knlog~!n for i = 1,2. By Lemma [2.4] this happens with probability o(1),
so g is bijective with high probability.

Since f~! € Local 1 _1 y with bijective dual g, we may apply Lemma to get
n(l—K4 log™ 4 n)

" has a unique dual g.

P [y is 1-indist.| =P [f e IsomM(y) st. f71 e MonoKnlOg_ln,X oflz x] +o(1)

e(n)n?

<P [Elf e Isom™ (x) s.t. f € Local ),X oflz X] +o0(1).

1 1
n<1,Kz,r log74n

Finally, since log_% n=o (log_i n), we may apply Lemma to conclude that

1-K4log 4n

P [Hf e Isom™W (x) s.t. f e Localn< 1 1 ),Xo e X] =o0(l),

and so P [y is 1-indistinguishable] = o (1). O

6 Some Further Questions

In Theorem we have the condition that p > n~/4t¢. How small can p be taken here? Is there
a threshold function 7 such that if p/7 — oo, then a random (p, 1 — p)-colouring is 2-distinguishable
with high probabiilty, but the same is not true if p = o(7)? More generally, given a function p, how
large must 7 be so that a random (p, 1 — p)-colouring is r-distinguishable with high probability?
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It would be interesting to have better bounds on the values of ¢ for which a random g¢-colouring
is 1-distinguishable with high probability. We have an upper bound of the form n?*°(!) and a
lower bound of form Q(n); we expect n't°() should be possible, and Lemma shows that
neighbourhoods are unique down to this range. (It seems likely that this should be a monotone
property, that is if a random g-colouring is 1-distinguishable with high probability then the same
be true for a random (g 4 1)-colouring, but we do not have a proof of this. Note that we cannot
proceed as in Corollary as Theorem only deals with uniformly random colourings.)

Another interesting question concerns a different type of random jigsaw puzzle.

Question 6.1. Let ¢ = ¢(n) be a positive integer, and let V(Q,) = S1 U---U S, be a partition of
the vertices of the cube into ¢ sets, chosen uniformly at random. Suppose we are given each set S;
up to an isometry. When can the partition be reconstructed with high probability?

An equivalent way to state this is the following: let ¢ be a random g-colouring of the vertices
of @, and suppose that f : V(Q,) — V(@) is a bijection such that, for every colour k, the
restriction of f to the vertices of colour k is an isometry. When is it almost surely the case that f
must be an isometry of the whole cube? Of course, the interesting question is how large ¢(n) can
be.

Let us conclude by noting that there are other interesting questions about reconstructing colour-
ings of the hypercube. For example, Keane and den Hollander [I1] asked when it is possible to
reconstruct a colouring ¢ of a graph G by observing (c¢(X,,))nen, where X, is a random walk on
the vertex set of G (see also Benjamini and Kesten [3]). For the cube, not all colourings are recon-
structible in this way, but for random colourings the problem is very much open (see Gross and
Grupel [7] for the problem and discussion, and van Hintum [27] for further constructions).
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