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Abstract

For integer n > 0, let f(n) be the number of rows of the largest all-0 or all-1 square submatrix of
M, minimized over all n x n 0/1-matrices M. Thus f(n) = O(logn). But let us fix a matrix H, and
define fr(n) to be the same, minimized over over all n x n 0/1-matrices M such that neither M nor
its complement (that is, change all 0’s to 1’s and vice versa) contains H as a submatrix. It is known
that fr(n) > en®, where ¢,e > 0 are constants depending on H.

When can we take ¢ = 17 If so, then one of H and its complement must be an acyclic matrix
(that is, the corresponding bipartite graph is a forest). Korandi, Pach, and Tomon [6] conjectured
the converse, that fy(n) is linear in n for every acyclic matrix H; and they proved it for certain
matrices H with only two rows.

Their conjecture remains open, but we show fr(n) = nt=°M for every acyclic matrix H; and
indeed there is a 0/1-submatrix that is either Q(n) x n'=°M or n'=°(M) x Q(n).



1 Introduction

A 0/1-matrix can be regarded as a bipartite graph, with a distinguished bipartition (V1, V3) say, in
which there are linear orders imposed on Vj and on V5. Submatrix containment corresponds, in graph
theory terms, to induced subgraph containment, respecting the two bipartitions and preserving the
linear orders. In two earlier papers [3, 8] (one with with Maria Chudnovsky), we proved some results
about excluding induced subgraphs, in a general graph and in a bipartite graph respectively. Now
we impose orders on the vertex sets, and only consider induced subgraph containment that respects
the orders; and we ask how far our earlier theorems remain true under this much weaker hypothesis.

In this paper, all graphs are finite and with no loops or parallel edges. Two disjoint sets are
complete to each other if every vertex of the first is adjacent to every vertex of the second, and
anticomplete if there are no edges between them. A pair (Z;, Z2) of subsets of V(G) is pure if Z; is
either complete or anticomplete to Zs. Let us state the earlier theorems that we want to extend to
ordered graphs. First, we proved the following, with Chudnovsky [3]:

1.1 For every forest T, there exists € > 0 such that if G is a graph with n > 2 wvertices, and no
induced subgraph is isomorphic to T or its complement, then there is a pure pair (Z1, Z2) of subsets

of V(G) with |Z4],|Z2| > en.

This theorem characterizes forests: if 1" is a graph that is not a forest or the complement of one,
then there is no € > 0 as in 1.1.

Second, we proved a similar theorem about bipartite graphs, but for this we need some more
definitions. A bigraph is a graph together with a bipartition (V1(G), V2(G)) of G. A bigraph G
contains a bigraph H if there is an isomorphism from H to an induced subgraph of G that maps
Vi(H) into V;(G) for i = 1,2. The bicomplement of a bigraph H is the bigraph obtained by reversing
the adjacency of vy, vy for all v; € Vi(G) (i = 1,2). We proved the following in [8]:

1.2 For every forest bigraph T, there exists € > 0 such that if G is a bigraph that does not contain
T or its bicomplement, then there is a pure pair (Zy,Zs) with Z; C Vi(G) and |Z;| > €|Vi(G)| for
i=1,2.

Again, this characterizes forests, in that if H is a bigraph that is not a forest or the bicomplement of
a forest, there is no € > 0 as in 1.2. Axenovich, Tompkins and Weber [2] and Alecu, Atminas, Lozin
and Zamaraev [1] give further discussion on excluding bigraphs.

What if we impose an order on the vertex set, and ask for the induced subgraph containment
to respect the order? Let us say an ordered graph is a graph with a linear order on its vertex set.
Every induced subgraph inherits an order on its vertex set in the natural way: let us say an ordered
graph G contains an ordered graph H if H is isomorphic to an induced subgraph H’ of G, where
the isomorphism carries the order on V(H) to the inherited order on V(H’). One could hope for an
analogue of 1.1 for ordered graphs, but it is false. Fox [5] showed:

1.3 Let H be the three-vertex path with vertices hi, ho, hs in order, and make H an ordered graph
using the same order. For all sufficiently large n, there is an ordered graph G with n vertices, that
does not contain H, and such that there do not exist two disjoint subsets of V(G), both of size at
least n/log(n), and complete or anticomplete.



To deduce that 1.1 does not extend to ordered graphs, let T' be an ordered tree such that both T
and its complement contain H, and use the construction from 1.3. Pach and Tomon [7] give further
discussion of this question. But something like 1.1 is true: we proved in [9] that:

1.4 For every ordered forest T and all ¢ > 0, there exists € > 0 such that if G is an ordered graph
with |G| > 2 that does not contain T or its complement, there is a pure pair (Z1,Z2) in G with
211,122 > e|G|' .

For ordered bipartite graphs, perhaps the situation is better: certainly we are not so well-supplied
with counterexamples, and there are some positive results, proved recently by Korandi, Pach, and
Tomon [6]. Let us say an ordered bigraph is a bigraph with linear orders on Vi(G) and on Va2(G).
This is just a 0/1 matrix in disguise, but graph theory language is convenient for us. (Note that
we are not giving a linear order of V(G): that is much too strong and trivially does not work.)
An ordered bigraph G contains an ordered bigraph H if there is an induced subgraph H’ of G and
an isomorphism from H to H' mapping V;(H) to V;(H') and mapping the order on V;(H) to the
inherited order on V;(H’), for i = 1,2. (In matrix language, this is just submatrix containment.)
Korandi, Pach, and Tomon [6] showed:

1.5 Let H be an ordered bigraph with |Vi(H)| < 2, such that either
o |Vo(H)| <2 and both H and its bicomplement are forests, or
o cvery vertex in Vo(H) has degree exactly one.

Then there exists € > 0 with the following property. Let G be an ordered bigraph that does not contain
H, with [V1(G)|,|Va(G)| > n; then there is a pure pair (Zy,Z2) with Z; C V;(G) and |Z;| > en for
i=1,2.

In both cases of 1.5, the bigraph H is a forest and so is its bicomplement. Korandi, Pach, and Tomon
asked which other ordered bigraphs H satisfy the conclusion of 1.5. They observed that every such
bigraph must be a forest and the bicomplement of a forest, and conjectured that this was sufficient
as well as necessary, that is:

1.6 Conjecture: Let H be an ordered bigraph such that both H and its bicomplement are forests.
Then there exists € > 0 with the following property. Let G be an ordered bigraph that does not contain
H, with |V1(G)|, |Va(G)| > n; then there is a pure pair (Z1, Z3) with Z; C Vi(G) and |Z;| > en for
i=1,2.

We have not been able to decide this conjecture, and indeed have not even been able to prove
it for the forest H consisting of a five-vertex path and an isolated vertex with |Vi(H)| = |Va(H)|
(under any ordering of Vi(H) and Va(H)). But we will prove in 1.12 that, for a much more general
class of ordered bigraphs, it is possible to find pairs of almost linear size.

Korandi, Pach, and Tomon also proposed an even stronger conjecture (to see that it implies 1.6,
let H be as in 1.6, let H' be an ordered forest that contains both H and its bicomplement, and apply
1.7 for H'):

1.7 Conjecture: For every ordered forest bigraph H, there exists € > 0 with the following property.
Let G be an ordered bigraph that does not contain H or its bicomplement, with |Vi(G)|, |V2(G)| > n:
then there is a pure pair (Z1, Zs) with Z; C Vi;(G) and |Z;| > en fori=1,2.



This seems a natural extension of 1.6, in analogy with 1.1 and 1.2; but, for what it is worth, our
guess is that 1.7 is false. Perhaps n/ polylog(n) might be true?
There is another result of Kordndi, Pach, and Tomon, in the same paper [6]:

1.8 Let H be an ordered forest bigraph such that |Vi(H)| = 2 and |Vo(H)| = k. For every 7 > 0,
there exists & > 0 with the following property. Let G be an ordered bigraph that does not contain H,
with |[V1(G)| = |Va(G)| = n, and such that its bicomplement has at least Tn? edges. Then there are
subsets Z; C Vi(G) for i = 1,2 with |Z;| > sn2~(1+o(1))(loglog(n))* 4y g |Za| > n, such that Zy,Z
are anticomplete.

So, |Z1| is not quite linear, but there is more of significance. There is nothing here about
forbidding G to contain the bicomplement of a forest, since the bicomplement of H need not be a
forest; and the “Z; complete to Z5” outcome is gone. In compensation they have the assumption
that the bicomplement of G is not too sparse.

Our objective in this paper is essentially to generalize 1.8 to all ordered forest bigraphs H. We
will give two results. Both prove the existence of anticomplete sets Z1, Zo of cardinalities at least
n'=°(M) but neither implies the other. One result (the second) gives a linear lower bound for one of
the sets and a sublinear bound for the other; and the other result (the first) gives a sublinear (but
better) bound for both sets.

Every forest is an induced subgraph of a tree, so we will assume H is a tree, for convenience. The
radius of a tree T' is the minimum r such that for some vertex v, every vertex of T' can be joined to
v by a path with at most r edges. In the first half of the paper, we will show:

1.9 Let T be an ordered tree bigraph, of radius r, and with t > 2 vertices. Let n > 1, and let G
be an ordered bigraph with |V1(G)|, |Va(G)| > n, that does not contain T, and such that every vertex
has degree at most n/(2t%). Then there are two anticomplete subsets Z; C Vi(G) for i = 1,2, with

1
| Z1], | Z2| > nt=3 K" where t57 = n. (Consequently |Z1|,|Za| > ne=0((logn)" "))
In the second half of the paper we will show:

1.10 Let T be an ordered tree bigraph. For all ¢ > 0 there exists € > 0 with the following property.
Let G be an ordered bigraph not containing T, such that every vertex in Vi(G) has degree less than
e|Va(@)|, and every vertex in Vao(G) has degree less than €|V1(G)|. Then there are subsets Z; C V;(G)
for i = 1,2, either with |Z1| > €|Vi(G)| and |Z2| > €|Va(G)}7¢, or with |Z1] > e|Vi(G)|'™¢ and
|Za| > €|Va(G)|, such that Z1, Za are anticomplete.

The first result, 1.9, implies:

1.11 Let T be an ordered tree bigraph, of radius v, and with t > 2 wvertices. For all 7 > 0 there
exists & > 0 with the following property. Let n > 0, and let G be an ordered bigraph not containing
T, with |[Vi(G)|, |[Va(G)| > n, and with at most (1 — 7)|Vi(G)| - |Va(G)| edges. Then there are two
anticomplete subsets Z; C Vi(G) fori = 1,2, with | Z1,|Za| > ént=>5""", where t5" = n.

It also implies:

1.12 Let T be an ordered tree bigraph, of radius v, and with t > 2 vertices. Let n > 0, and let G be
an ordered bigraph not containing T or its bicomplement, with |Vi(G)|, |V2(G)| > n. Then there is a
pure pair (Z1, Za) with Z; C V;(GQ) and |Z;| > nt—2t=5K""" fori=1,2, where t&" =n.



Similarly, the second result, 1.10, implies:

1.13 Let T be an ordered tree bigraph. For all ¢, > 0 there exists § > 0 with the following
property. Let G be an ordered bigraph not containing T, with |V1(G)|, |V2(G)| > n, and with at most
(1 =7)Vi(G)| - [Va(G)| edges. Then there are subsets Z; C Vi(G) fori = 1,2, either with |Z1| > én
and |Zs| > 6n'=¢, or with |Z1| > dn'=¢ and | Zs| > dn, such that Zy, Zy are anticomplete.

It also implies:

1.14 Let T be an ordered tree bigraph. For all ¢ > 0 there exists § > 0 with the following property.
Let G be an ordered bigraph not containing T  or its bicomplement, with |Vi(G)|,|Va(G)| > n. Then
there is a pure pair (Z1, Z2) with Z; C Vi(G) fori = 1,2, either with |Z1| > én and |Zs| > én'=¢, or
with | Z1| > dnl=¢ and | Zs| > n.

The last six theorems all imply that if |[Vi(G)|, |[Va(G)| = n then |Zy|,|Z;| = n'=°W). It is easy
to show, with a random graph argument, that this characterizes forests and their bicomplements.
Indeed, if T" is an (unordered) bigraph such that neither 7" nor its bicomplement are forests, then the
conclusions of 1.12 and 1.14 (with “ordered” deleted) are far from true; and therefore for ordered
bigraphs they are at least as far from true. More exactly, here is a standard example:

1.15 Let T be a bigraph, such that both T and its bicomplement have a cycle of length at most g,
and let ¢ > 1 —1/g. Then there is a bigraph G, with |V1(G)|,|V2(G)| = n, which contains neither T
nor its bicomplement, and such that min(|Z1|,|Zz|) < n® for every pure pair (Z1, Z2) with Z; C Vi(G)
fori=1,2.

Proof. Take n large, and let Vi, V5 be disjoint sets of cardinality 2n; and for each v; € V7 and
vy € Vo, make v, v adjacent independently, with probability %nl/ 9=1. Then with high probability,
there are fewer than n/2 cycles of length at most g, and no pure pair Z;, Zo with Z; C V; and
|Z;| > n¢ for i = 1,2. By deleting half of V;, V5 appropriately, we obtain a bigraph G with girth
more than g, which therefore does not contain 7" or its bicomplement. This proves 1.15. |

2 Reduction to the sparse case

In this section we do two things. First, we deduce 1.12 assuming 1.9, and will prove the latter in the
next section (the proof of 1.14 is similar); and second, we deduce 1.11 and 1.13 from 1.9 and 1.10.

We need the following lemma, a version of a theorem of Erdés, Hajnal and Pach [4] adapted for
ordered bipartite graphs. (It is similar to a result of [8] but with different parameters).

2.1 Let H be an ordered bigraph, let |V;(H)| = h; fori=1,2, let0 < e < 1/8, let p=[1/(4¢)], and

let my,ma > 0 be integers. Let G be an ordered bigraph not containing H, with |Vi(G)| > hip"?my
and |Va(G)| > 2h1hamg. Then there are subsets Y; C Vi(G) with |Yi| = m; for i = 1,2, such that
either

e cvery vertex in Y1 has at most €|Ya| neighbours in Ya, and every vertex in Ya has at most £|Y1|
neighbours in Y1, or



o cvery vertex in Y1 has at most €|Ya| non-neighbours in Ya, and every vertex in Y has at most
e|Y1| non-neighbours in Y7.

Proof. Divide Vi(G) into hy disjoint intervals, each of cardinality at least m;p/?, numbered B, (u €
Vi(H)) in order. Divide V2(G) into disjoint intervals B, (u € Vo(H)) of cardinality at least mah;.
Choose W C V5 (H) maximal such that for each v € W there exists x,, € B,, and for each v € V4 (H)
there exist @, C B,, with the following properties:

o |Qu| > myp2= W1 for each u € Vi(H);

e for each u € Vi(H) and each v € W, if u,v are H-adjacent then z, is complete to @, and if
u, v are not H-adjacent then x, is anticomplete to @),,.

This is possible since we may take W = ) and @, = B, for each u € Vi(H). Since G does not
contain H, it follows that W # Vo(H). Choose v € Vo(H) \ W. Say u € Vi(H) is a problem for
x € B, if either u,v are H-adjacent and x has fewer than |Q,|/p neighbours in @, or u,v are not
H-adjacent and x has fewer than |@Q,|/p non-neighbours in @,,. From the maximality of W, for each
x € B, there exists u € Vi(H) that is a problem for z. Since there are only h; possible problems,
there exist uw € Vi(H), and C C B, with |C| > |B,|/h1, such that for every z € C, u is a problem
for . By moving to the bicomplement if necessary, we may assume that u, v are H-adjacent; and so
every vertex in C' has fewer than |Q,|/p neighbours in Q. Since |Q.| > mip"~ "I > mip > 2m,y
and |C| > |By|/h1 > 2mag, it follows by averaging that there are subsets X; C @, and X5 C C, of
cardinality exactly 2m1, 2mg respectively, such that there are at most | X1|-|X2|/p = 4mima/p edges
joining them. Let Y7 be the set of the mq vertices in X; that have fewest neighbours in Xs; then
they each have at most 4my/p neighbours in X5. Define Y5 similarly; then |Y;| = m; for i = 1,2, and
every vertex in Y] has at most 4msg/p < emg neighbours in Y3 and vice versa. This proves 2.1. |

Proof of 1.12, assuming 1.9. Let T be an ordered tree bigraph, of radius r, and with ¢ vertices.
Let e = 1/(2t?), and let ¢ = t~?!. Let K > 0, and let G be an ordered bigraph not containing 7' or
its bicomplement, with |V (G)],|Va(G)| > n, where n = t%". We may assume that cnt =55 > 1,
for otherwise the result is true, taking |Z;| = | Z2| = 1. Hence cn > t%6""" > 1. Let m be the largest
integer such that m < 2cn. Thus m > cn, since cn > 1.

Let |V;(T)| = h; for i = 1,2, and p = [1/(4e)]. Now n/m > 1/(2¢) > max(h1p"?,2h;hs), since
c=1t"2 and hy,ho <t — 1. By 2.1, and moving to the bicomplement if necessary, we may assume
that there exist ¥; C Vi(G) with |Y;| = m for i« = 1,2, such that every vertex in Y; has at most
¢|Ys| neighbours in Y3, and every vertex in Y3 has at most ¢|Y;| neighbours in Y;. Choose J with
m = t’/". By 1.9 applied to the ordered bigraph induced on Y; U Y, there exist Z; C Y; with
|Z1|,|Z2| > mt=57""", such that Z1, Z, are anticomplete. Since m > cn and J < K, it follows that
| Z1|,|Z| > ct®" 55" This proves 1.12. |

The proof that 1.10 implies 1.14 is similar and we omit it.

The result 1.8 of Korandi, Pach, and Tomon [6] has as a hypothesis that the bicomplement of G
has at least 7n? edges. This is apparently much weaker than the hypothesis that every vertex of G
has degree at most en, but in fact the “not very dense” hypothesis is as good as the “very sparse”
hypothesis, because of 2.3 below. To prove this, we need the next result, shown in [8].



2.2 For all c,e, 7 > 0 with € < 7, there exists § > 0 with the following property. Let G be a bigraph
with at most (1 — 7)|V1(G)| - |Va(G)| edges and with V1(G), Va(G) # 0. Then there exist Z; C V;(G)
with |Z;| > 6|Vi(G)| for i = 1,2, such that there are fewer than (1 —¢)|Y1| - |Ya| edges between Y1,Ys
for all subsets Y; C Z; with |Y;| > c|Z;| fori=1,2.

We deduce:

2.3 For every ordered bigraph H, and for alle, 7 > 0, there exists § > 0 with the following property.
Let G be an ordered bigraph not containing H, with at most (1 — 7)|V1(G)| - |[Va(G)| edges. Then
there exist Y; C Vi(G) with |Y;] > §|Vi(G)| for i = 1,2, such that every vertex in Y1 has at most €|Y3]
neighbours in Ya, and every vertex in Ya has at most €|Y1| neighbours in Y;.

Proof. We may assume that ¢ < 1/8 and ¢ < 7, by reducing ¢, and |Vi(H)|, |Va(H)| # 0, by adding
vertices to H. Let h; = |V (H;)| for i = 1,2, let d = [1/(4¢)], and let 1/c = max(h1d"?,2h;hs).
Choose &’ such that 2.2 holds with § replaced by ¢, and let § = ¢d’. Now let G be an ordered bigraph
not containing H, with at most (1—7)|V1(G)|-|Va(G)| edges. We may assume that V1 (G), Va(G) # 0.
By 2.2, there exist Z; C V;(G) with |Z;| > §|Vi(G)| for i = 1,2, such that there are fewer than
(1 —e)|Y1| - |Ya| edges between Y7,Ys for all subsets Y; C Z; with |Y;| > ¢|Z;| for i = 1,2. By 2.1,
applied to the ordered sub-bigraph induced on Z; U Zs, there exist Y; C Z; with |Y;| > ¢|V;(G)| for
i = 1,2, such that either

e every vertex in Y7 has at most ¢|Y3| neighbours in Y3, and every vertex in Y3 has at most ¢|Y;]
neighbours in Y7, or

e cvery vertex in Y] has at most €|Y3| non-neighbours in Ys, and every vertex in Y has at most
e|Y1| non-neighbours in Y;.

Since there are fewer than (1 —¢)|Y1|- |Y2| edges between Y7, Y3, the second is impossible, and so the
first holds. Then for i = 1,2, |Y;| > ¢|Z;| > ¢§'|Vi(G)| = 6|V;(G)|. This proves 2.3. |

Proof of 1.11, assuming 1.9. Let T be an ordered tree bigraph, of radius r, and with ¢t > 2
vertices, and let 7 > 0. Let ¢ = 1/(2t?), and choose § > 0 as in 2.2, with H replaced by T

Let K > 0, and let G be an ordered bigraph not containing 7', with |Vi(G)|, |Va(G)| > tX7,
such that the bicomplement of G has at least 7|V1(G)| - |Va(G)| edges. From the choice of 4, there
exist V; C Vi(G) with |Y;| > 6|Vi(G)| for i = 1,2, such that every vertex in Y] has at most ¢|Y3|
neighbours in Y5, and every vertex in Y5 has at most £|Y7| neighbours in Yi. Let k satisfy t*" =
5tK". By 1.9 applied to the sub-bigraph G[Y; U Y3, there are subsets Z; C Y; for i = 1,2, with
|Z1],|Z2| > tkr_Skril, such that Z;, Zy are anticomplete. Since K > k, and t* = §t&X", it follows
that | Z1],|Zs| > 6t5"=5K""" This proves 1.11. |

The proof that 1.10 implies 1.13 is similar and we omit it.

3 Proof of the first main theorem

In this section we prove 1.9, which we restate:



3.1 Let T be an ordered tree bigraph, of radius v, and with t > 2 vertices. Let n > 0, and let G be
an ordered bigraph with |V1(G)|, |Va(G)| > n, such that every vertex has degree at most n/(2t%), and
there do not exist two anticomplete subsets Z; C Vi(G) fori = 1,2, with | Zy|,|Za| > nt 5", where
n =t&". Then G contains T.

Proof. Since G is not complete bipartite, and therefore we can choose Z1, Zo anticomplete with
cardinality one, it follows that nt—>% " > 1. Hence K > 5.

Suppose first that 7 = 1. Thus 7" has a vertex v (of degree d say), adjacent to all other vertices of
T. Let v € V4 (T), without loss of generality. Suppose that all vertices in V1 (G) have degree at most
d — 1. Choose a set Z; of |n/d] vertices in V1 (G); then the set of vertices with neighbours in X has
cardinality at most (d —1)|X| < (d —1)n/d, and so there is a set Z3 of at least n/d vertices in Vo(G)
anticomplete to Zy. Thus, |n/d] < nt=X""". But n/d > n/t, since t = d + 1; and |n/t| > n/(2t),
since n > t (because n > t5'); so |n/d] > n/(2t), and therefore n/(2t) < nt=5" "' a contradiction.
Thus there exists a vertex in V;(G) with degree at least d, and so G contains T, as required.

Thus we may assume that © > 2, and so t > 4. Let e = 1/(2t?), and choose a real number x > 0
with 2 < K"!, maximum such that there exist A1 C V4(G) and Ay C Va(G) with the properties
that

o |Ay|,|A2] > nt™"; and
e every vertex in A; has at most ent™5? neighbours in A and vice versa.

This is possible since we may take x = 0 and A4; = V;(G) for i =1, 2.

(Remark: If we permit z > K"~!, for instance when nt~% < 1, there are sets Aj, Ay satisfying
the bullets; but there are no two such sets when x is about K"~ !, because otherwise we could find
the desired anticomplete pair. This motivates the upper bound » < K™~ 1))

Let Ay, Ay be as above, and let d = ent™%®. The remainder of the proof involves only the sub-
graph induced on A; U Ay. Since |A;| > nt™* > nt*5KT71, A1 is not anticomplete to Ao, so d > 1.
For 1 <s<r,let ks =4(K* 1 + K72+ ... +1). We show first that:

(1) x < K™™' — k,_1, and hence nt=* > t?4,

Since ) ) )
A >t >nt 8K > on KT > KT 41,

there exists a set X C A; of cardinality [nt_5K “11. The union of the neighbours in As of vertices

in X has cardinality at most (2nt 55" ")(entK®). Since |As|/2 > nt5" ", there are fewer than
|A3|/2 vertices in Ay anticomplete to X. Consequently (2nt 55" ")(ent=5%) > |Ay|/2, and so
(4nt=>K"" ") (ent=K7) > nt~=. This implies that

(K== 4K SR KT —5KT!

< 4en

Hence
(K -1z < K" —5K"' < (K - 1)(K"™' —k._1)

and so r < K"~! — k,_1. This proves the first statement of (1). For the second, since z < K"~! — 4
(because ky_1 > 4), and n > t%5" " it follows that

nt=® > t5KT*1—x > t4KT*1+4 > (AK+4 > 24



This proves (1).
Since nt~* > t24, it follows that
A >nt™ > (t— Dt gt > (- 1)t -t

fori=1,2. Since |V1(T')| < t—1, it follows that we may choose |V;(T")| disjoint blocks B, (u € V1(T)),
all intervals of Ay, and of cardinality [nt~*~!], numbered in order (more exactly, such that for all
distinct u,u’ € V(T) and all v € B,, and v' € By, if u occurs before v’ in the ordering of V;(T')
given by the ordered bigraph T, then v occurs before v/ in the ordering of Vi(G) given by the
ordered bigraph G). Partition As into blocks B, (v € V5(T')) similarly. (See figure 1.) We will show
that for each v € V(T') there exists ¢(v) € B, such that the map sending v to ¢(v) for each v is an
isomorphism from the ordered bigraph T to an induced ordered sub-bigraph of G. To show that some
choice of the vertices ¢(v); (v € V(T')) works, it is enough to show that the map is an isomorphism
of the corresponding unordered bigraphs, because of the way we numbered the sets B, (v € V(T)).

2 3 8 By

Figure 1: An ordered tree bigraph, and the corresponding intervals of V (G).

Since T has radius at most r, there is a vertex vg € V(T') such that every vertex of T' can be
joined to vy by a path of length at most r. If wv € E(T), and u belongs to the path of T between
vo and v, we say that u is the parent of v, and v is a child of u. For 0 < s < r let T, be the subtree
of T induced on the vertices with distance at most s from vy. So V(Tp) = {vo}, and T, = T. Let Ly
be the set of vertices of T" with distance exactly s from vg.

To select the vertices ¢(v) € B, (v € V(T')) that give the isomorphism we require, we will choose
them in rounds, choosing all the vertices ¢(v) (v € L) simultaneously, for s = 0,1,2,...,r in turn.
But we must choose the vertices ¢(v) (v € L) carefully. Before we go on with the proof, let us sketch
what we need. Suppose that we have selected ¢(u) for each u € V(Ts_1); how should we choose ¢(v)
for v € Ly? Let u € Ls_; be the parent of v. Certainly, the vertex we choose to be ¢(v) must be
adjacent to ¢(u), and nonadjacent to all the vertices ¢(u') for v’ € V(Ts—1) \ {u}. Let us call such
a vertex a ¢(v)-candidate. Prima facie, there might not be any ¢(v)-candidates: so in the previous
round, we must be careful to choose ¢(u) in such a way that there will be ¢(v)-candidates when we
need them. And similarly, we need to choose ¢(v) in such a way that there will be ¢(w)-candidates
when we need them, for each w € Lgy; that is T-adjacent to v. This can be arranged, by making
sure that for each s and each v € Lg, there are at least ps ¢(v)-candidates, where py is some function
of s that drops rapidly as s increases.

Let us see this in more detail. Let v, u, s be as before, and let P, be the set of all ¢(u)-candidates.
(For this sketch, we assume that u has only one child v in T'; the general case is not much different.)
Let C C B, be the set of vertices in B, that have a neighbour in {¢(v') : v’ € V(Ts_2)}. Then
C contains only a small fraction of B,, and our task is to find a vertex in P, that has at least p;



neighbours in B, \ C. Suppose that there is no such vertex; then one might hope we could obtain a
contradiction to the choice of x, replacing the pair A;, Ao with the pair P,, Q, where @ is obtained
from B, by deleting C' and the few vertices in B, \ C' that have many neighbours in P,. But this does
not work, because the set P, turns out to be too small. Here is a trick to overcome this difficulty.
If this situation occurs, and we find a set P, C B, and a set Q C B, such that every vertex in P,
has fewer than ps neighbours in @, and |P,|,|B, \ Q| are appropriately small, put the vertices in
P, aside, and start over again the process of choosing the vertices ¢(v) (v € V(T)), not using any
vertices that have been put aside. Now we might find more vertices that need to be put aside, and
repeat; but for each u € V(T'), the set of all vertices in B,, that are ever put aside will remain a small
fraction of By, because otherwise we will obtain a contradiction to the choice of x. So eventually we
will not run into this difficulty, and the construction of the ¢(v)’s will go through. The process of
setting vertices aside is formalized in the choice of the sets Y, and X, below. Now we return to the
proof.

For1 <s<r—1,let ps = dt— ks and let pr=1. For 2 <s<r, let fs = dtQ/ps,l = tKks142,
So fy > t*+2 > 22 Inductively for s = r,r — 1,...,2, and each v € L,, we define X, C B,,
Y, C B,, and X, C B, as follows, where u is the parent of v:

e X, is the union of the sets X,,, over all children w of v;

e choose X, C B, and Y, C B, \ X,, with X, maximal such that |Y,| < min(3|By|/4, fs| Xuv|)
and every vertex in Xy, has fewer than ps neighbours in B, \ (X, UY,).

This completes the inductive definition. (See figure 2.) For each v € L1, let X, be the union of the
sets Xy over all children w of v.

By

Figure 2: The intervals of figure 1 arranged as a tree, and the corresponding sets X,,, and Y.

(2) Let 2 < s <r, let v € L and let u be its parent. Then
o [ Xu| < nt™27ks < |B,|/t?, and |Y,| < |By|/t; and

e there do not exist X C B, \Xyy andY C By\ Xy, such that X # () and |Y| < max(|By|/2, fs|X|)
and every verter in X has fewer than ps neighbours in B, \ (X, UY).

We prove the first bullet by induction on r — s, and so we may assume that it holds with s,u,v
replaced by s+ 1,v,w for each child w of v. In particular, | X,,| < |B,|/t? for each such w, and so



| X,| < |By|/t?2. Suppose that |X,,| > nt~ %, and choose X C X, with |X| = [nt~*"]. Since
nt=*=ks < |B,|/t?3 (because |B,| > nt™'7% and ks > 4(K + 1) > 24) and 1 < |B,|/t?3 (because
|By| > nt=17% > 23 by (1)), it follows that

1X| <t~k 41 < 2|B,| /12 < |By|/t2

But | X,| < |By|/t??, and |Y,| < 3|B,|/4, and so |B, \ (X, UY,)| > 2|X|. Since each vertex in X has
fewer than ps neighbours in B, \ (X, UY,), there are at most | X| vertices in B, \ (X,UY}) that have at
least ps neighbours in X, and so there is a subset Y C B, \ (X, UY,) with |Y| = | X| such that every
vertex in Y has fewer than ps; neighbours in X. If s = r, then ps = 1, and so X,Y are anticomplete,
and therefore | X| < nt™5" " but < K™™' — k,_; = 5K™! — k. by (1), and so |X| < nt~="r,
a contradiction. If s < r, then since every vertex in X has fewer than py = dt—*%s neighbours in
Y and vice versa, and z + k; < K"~ by (1), the maximality of = implies that |X| < nt™* % a
contradiction. This proves that |X,,| < nt=%%s.
Also,

Yol/IBol < fol Xuol /|Bo| < ¢7E142(nt=270e) /(=71 ) = gfihemimhet® = 470,

This completes the inductive argument for the first bullet.

For the second bullet, suppose that there exist X C B, \ Xy, and Y C B, \ X,, such that
X # 0 and |Y| < |By|/2, and |Y| < f4|X| and every vertex in X has fewer than ps neighbours in
B, \ (X, UY). Then every vertex in X,, U X has fewer than ps neighbours in B, \ (X, UY, UY);
and Y, UY C B, \ X,; and |Y, UY| < 3|By|/4 (since |By| < |By|/t < |By|/4 and |Y| < |By|/2); and
Y, UY| < fs| Xup U X (since |Y,| < fs|Xuo| and |Y] < f5| X] and X N Xy, = 0). Since X # (), this
contradicts the maximality of X, and so proves the second bullet, and hence proves (2).

A remark: the reason for the sets X, and Y, was just to arrange the property of the second
bullet of (2). We will not need the sets Y, after this point.

Let P,, = By,. For s =1,...,r — 1 we will choose a vertex ¢(u) € P, for each u € Ls_1, and a
subset P, C B, \ X, for each v € L, satisfying the following conditions:

e for all distinct u,v € V(Ts—1), ¢(u), ¢(v) are G-adjacent if and only if u, v are T-adjacent;

e for all u € V(Ts—1) and v € Ly, and all y € P,, ¢(u),y are G-adjacent if and only if u,v are
T-adjacent;

e for each v € L, |P,| > ps.

First let us assume s = 1 < r. Suppose that there is no y € B,,, with at least p; neighbours in B, \ X,
for each child v of vg. Consequently there is a child v of vy such that for at least | By,|/t > nt=*2
vertices y € By,, ¥ has fewer than p; neighbours in B, \ X,. Choose a set X of exactly [nt~*~2] such
vertices y. Since nt=*=2 < |B,|/t, and 1 < |B,|/t?3 by (1), it follows that | X| < nt=*"24+1 < 3|B,|/8.
Since | X,| < |By|/t?? < |By|/4 by (2), it follows that | B, \ X,| > 2|X|, and so at least | X| vertices in
B, \ X, have fewer than p; neighbours in X. Since p; = dt— Kk = qt—4K  the maximality of  and
(1) imply that | X| < nt~*~*, a contradiction. Thus there exists y € By, with at least p; neighbours
in B, \ X, for each child v of vy. Define ¢(vg) = vy, and for each v € L; define P, to be the set of
neighbours of y in B, \ X,. This completes the definition when s = 1.
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Now we assume that 2 < s < r, and we have chosen ¢(u) € P, for each v € V(Ts_2), and a
subset P, C B, \ X, for each v € L,_1, satisfying the bullets. We must define ¢(u) € P, for each
u € Ls_1, and P, C B, \ X, for each v € Ly, satisfying the bullets. From the symmetry we may
assume that Ly C V(7).

Let C be the set of vertices in A; that are equal or adjacent to ¢(v) for some v € V(Ts_3). If
7 is a map with domain Ls_1, such that 7(u) € P, for each u € Ls_1, we call 7 a transversal. A
transversal 7 is valid if for each edge uv of T' with w € Ls_1 and v € Lg, there are at least pg vertices
in B, \ (CUX,) that are adjacent to 7(u) and that have no neighbour in {7(v') : v’ € Ls_1 \ {u}}.
In order to complete the inductive definition, it remains to show:

(3) There is a valid transversal.

Suppose not. Then for every transversal 7, there exist u € Ls;_1 and a child v € Lg of v such
that there are fewer than ps vertices in B, \ (C'U X,) that are adjacent to 7(u) and that have no
neighbour in {7(v') : v/ € Ls_1 \ {u}}. Call (u,v) a problem for . Since there are only at most ¢ pos-
sible problems, there exists (u,v) € E that is a problem for at least a fraction 1/t of all transversals.
Hence there exist a choice of 7(u') € P, for each v’ € L1 \ {u}, and a subset X C P, with

‘X‘ > ‘Pu’/t Zps—l/t = dt/f57

such that for all choices of 7(u) € X, (u,v) is a problem for the transversal 7. Let Y be the set of
all vertices in B, with a neighbour in

{r() v € Lo \{u}} U{o(u) : v’ € V(T,2)}.
It follows that C' C Y, and |Y| < dt. Consequently
Y|/|By| < ent' K% /(nt177) = g2~ (K07 < 42 = 1/2,
Moreover, |Y| < dt < fs|X]|, contrary to the second bullet of (2). This proves (3).

From (3), we may choose ¢(u) € P, for each u € Lg_1, such that (¢(u) : u € Ls_1) is a valid
transversal. For each v € L, we define P, as follows. Let uyg € Ls_1 be its parent, and let P,
be the set of vertices in B, \ (C'U X,) that are adjacent to ¢(up) and that have no neighbour in
{¢(u): v € Ls_1\ {uo}}. Since (¢p(u) : u € Ls_1) is a valid transversal, it follows that |P,| > ps.
This completes the inductive definition of ¢(v) (v € V(T;—1)) and P, (v € V(T')). Choose ¢(v) € P,
for each v € L,. Then the map ¢ is an isomorphism from 7" to an induced ordered sub-bigraph of
G. This proves 3.1. |

4 Parades

Now we begin the proof of 1.10, the second main result mentioned in the introduction. This proof
was derived from, and still has some ingredients in common with, the proof of the main theorem of
[9], but it has needed some serious modification, in order to persuade one of the two sets Z1, Z3 to
be linear.
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Let G be a bigraph (not necessarily ordered), and let I be a set of nonzero integers. We define
It={iel:i>0}and I~ =1I\IT". Let the sets B; (i € I) be nonempty, pairwise disjoint subsets
of V(G), such that B; C Vi(G) ifi <0 and B; C Vo(G) if i > 0. We call P = (B, :i € I) a parade in
G. Tts length is the pair (][I~ |,|[IT]), and its width is the pair (w1, ws) where wy = min(|B;| : i € )
and we = min(|B;| : i € I'"), taking wy = |Vi(G)] if the corresponding set I~ or I is empty. We
call the sets B; the blocks of the parade. What matters is that the blocks are not too small. (We
used the same word in [8] for a similar but slightly different object.)

If I’ C I, then (B; :i € I') is a parade, called a sub-parade of P. If B, C B; is nonempty for each
i €1, then (B :i € I) is a parade, called a contraction of P.

In order to prove 1.10, we will prove 5.2, which is a powerful result about general parades. All
the work of this section and the next is in order to prove 5.2. Then in the final section, we will
deduce 1.10, by iterated applications of 5.2.

Let X,Y be disjoint nonempty subsets of V(G). The maz-degree from X to Y is defined to be
the maximum over all v € X of the number of neighbours of v in Y. Let (B; : i € I) be a parade
in a bigraph G, and for all 4, j € I of opposite sign, let d; ; be the max-degree from B; to Bj. (For
all other pairs 4, j we define d; ; = 0.) We call d; ; (4,j € I) the maz-degree function of the parade.
The product of the numbers d;, for all pairs h, j where h € I~ and j € I is called the max-degree
product of B. We just need this “product” definition for the next theorem. The idea is, we start with
some parade. If we can replace two of its blocks by two slightly smaller blocks, in such a way that
the max-degree product decreases significantly, do so, and continue this until we cannot do it any
more. If the max-degree product is now zero, we can find the desired anticomplete pair of sets; and
even if it is still nonzero, at least we have obtained what we call a “shrink-resistant” contraction of
the original parade, which turns out to be a useful object, and we can replace the original parade by
this new one.

Let ¢, u > 0 be real numbers. We say that B is (¢, uu)-shrink-resistant if for all h € [~ and j € I,
and for all X C By, and Y C Bj with |X| > p|Bp| and Y| > p|Bj|, the max-degree from Y to X is
more than d;,|V1(G)|~¢. We begin with:

4.1 Let B= (B; :i € I) be a parade in a bigraph G, and let ¢, > 0 be real numbers with p < 1.
Let B = p!t1P/¢ Then either

e there existh € I~ and j € I, and X C By, and Y C Bj with %,% > B, such that X,Y
J

are anticomplete; or
e there is a (¢, pu)-shrink-resistant contraction (B, :i € I) of B, such that |B}| > |B;| for each
iel.
Proof. Let S = ||I|?/¢]. Choose an integer s with 0 < s < S + 1 and with s maximum such that
there is a contraction B’ = (B} : i € I) of B with
e |B!| > p*|B;| for each i € I™; and
& |>—¢s

e max-degree product at most |V1(G)

(This is possible since we may take s = 0 and B’ = B.) Let dj ; (h,j € I) be the max-degree function
of B'.
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(1) We may assume that d;p, > 1 for allh € I~ and j € I'", and so s < S.

If djp < 1, then d;, = 0, since it is an integer. Thus By, B} are anticomplete. Since s < S+ 1 and
hence p® > 5+ > B, it follows that |B}|/| B/, |B%|/|Bj| > B, and the first outcome of the theorem
holds. Thus we may assume that d;; > 1, for all h € I~ and j € I'". Hence the max-degree product
of B’ is at least one, and since it is at most \Vl(G)UI'Q*‘z’S, it follows that |I]? — ¢s > 0. Hence s < S.
This proves (1).

(2) (Bl:i€lI) is (¢, p)-shrink-resistant.

Let h € I” and j € I, and let C, C B) and C; C B, with |Cy| > p|B}| and |Cj| > u|Bj|.
For all i € I with i # h,j let C; = B}, and let d be the max-degree from C; to Cj. From the
maximality of s, and since s < S, it follows that the max-degree product of (C; : i € I) is more
than |V1(G)|1P=¢(+D) | Since the first is at most d/dj p, times the max-degree product of (B} :i € I),
which is at most |V4(G)[1°=%5 it follows that d/d;p > |Vi(G)|~®. This proves (2).

Since | B!| > u®|B;| > B|B;| for each i € I, the second outcome of the theorem holds. This proves
4.1. |

Shrink-resistance tells us that for each h € I~ and j € I, most vertices in B; have about the
same number of neighbours in Byj,. The next result will arrange that in addition, this “same number
of neighbours” does not depend on the choice of h,j, and also gives us bounds on the analogous
quantities with h, j exchanged.

Let (B; : i € I) be a parade in a bigraph G, and let ¢, u > 0 be real numbers. We say that a real
number 7 > 0 is a (¢, u)-band for (B; :i € 1) if forallh € I~ and j € I™:

e the max-degree from B; to By, is at most 7|Bj|; and

o for all X C By, and Y C Bj; with |X| > u|B| and |Y| > p|Bj|, the max-degree from Y to X
is more than 7|V1(G)|~?|By|.

4.2 Let k > 1 be an integer, and let ¢, > 0 be real numbers. Then there exists an integer K > k
with the following property. Let G be a bigraph, and let (B; : i € I) be a (¢, p)-shrink-resistant parade
in G, of length at least (K, K). Then there exists J C I with |J~| = |J"| =k such that (B; :i € J)
has a (2¢, u)-band.

Proof. Let K > k be an integer such that for every complete bipartite graph with bipartition (H, .J)

where |H|,|J| > K, and every partition of its edge set into |[1/¢ + 1] classes, there exist H C H

and J' C J with |H'|,|J'| = k such that all edges between H’,J' belong to the same class. (The
existence of such a number K follows from Ramsey’s theorem by an easy exercise.)

Now let (B; : i € I) be a (¢, u)-shrink-resistant parade in G, with max-degree function d; ; (4, j €

I).

For all h € I~ and j € I'", there is an integer s such that

d.
Vi(G)|~CHD8 < 20 <y (@)~



We call s the type of the pair (h, 5). Since |[V4(G)|~+)? < d;,/|By| < 1, it follows that —(s+1)¢ < 0,
and so s > 0; and since 1/|V1(G)| < d;n/|Bn| < [Vi(G)|7%? (because d;; > 0 from the definition
of (¢, uu)-shrink-resistant), it follows that 1 < [V3(G)|'7%?, and so s < 1/¢. Hence s is one of the
integers 0,1,...,[1/¢|. From the choice of K, there exists J C I with |J~| = |JT| = k, such that
every pair (h,j) with h € J~ and j € J* has the same type, s say. Let 7 = |V1(G)|~*?; then for all
heJ andjeJh,
TIVA(G)|7® < djn/|Bi| < 7.

We claim that 7 is a (2¢, u)-band for (B; : i € J). To show this, it remains to show that for all
h € J and j € JT, and for all X C By, and Y C B; with [X| > u|By| and |Y| > p|B;jl, the
max-degree from Y to X is more than 7|V;(G)|~2?|By|. But B is (¢, u)-shrink-resistant, and so the
max-degree from Y to X is more than d;,|Vi(G)|=%; and since d;, > 7|Vi(G)|7?|By|, the claim
follows. This proves 4.2. |

By combining 4.1 and 4.2, we deduce:

4.3 Let k > 1 be an integer, and let ¢, > 0 be real numbers with < 1. Then there exists an
integer K > k with the following property. Let B = (B; :i € I) be a parade of length at least (K, K)
in a bigraph G. Let 8 = ,u,1+2K2/¢. Then either

X| ¥

e there existh € I~ and j € I, and X C By, and Y C Bj with |‘B—h‘,ﬁ > B, such that X,Y
J

are anticomplete; or
e there exist J C I with |J~|=|J*| =k, and a subset B C B; with |B}| > B|B;| for eachi € J,
such that (B. :i € J) has a (¢, p)-band.

Proof. Let K satisfy 4.2 with ¢ replaced by ¢/2. Let G be a bigraph, and let B= (B; :i € I) be a
parade in G, of length at least (K, K). By 4.1, either

e thereexist h € I~ and j € IT, and X C B; and Y C B; with | X|/|Byl,|Y|/|Bj| > B, such that
X,Y are anticomplete; or

e there is a (¢/2, u)-shrink-resistant contraction B’ = (B, : i € I) of B, such that |B]| > j3|B;]
for each 7 € 1.

In the first case the first outcome of the theorem holds. In the second case, by 4.2 applied to B’, the
second outcome of the theorem holds. This proves 4.3. |

5 Covering with leaves

Again, this section concerns graphs rather than ordered graphs. If G is a graph and A, B C V(G) are
disjoint, we say A covers B if every vertex of B has a neighbour in A. A parade with a (¢, u)-band is
easier to work with than a general parade, and in particular the next result holds for such a parade.

5.1 Let k > 1 be an integer, and let 7,¢, u > 0 be real numbers with u < 1/(8k) and 7 < 1/(8k*).

Let G be a bigraph and let A = (A; : i € I) be a parade in G, with |IT|,|I~| < k, such that T is a
(¢, u)-band for A. Then for each h € I~ there exist Cy, C By, C Ay, and for each h € I~ and j € I™
there exists Dy, ; C Aj, with the following properties:
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o |By| > |Ax]/2 and |Cy| > (641@4)_’“]1/1(G)]‘k¢|Ah|/16, for each h € I~ ; and

o Dy, ; is anticomplete to B; for alli € I~ \ {h}, and is anticomplete to By \ Cy, and covers Cp,
for eachh eI~ and j€I™.

EG] (=] ]
4098y [+ 6969-C [ OCO-O)

Figure 3: Dy, ; is anticomplete to B; for all i € I~ \ {h}, and is anticomplete to By, \ Cj, and covers
Cy, foreach h € I~ and j € I'".

Proof. For each h € I~ and j € I'", every vertex in A; has at most 7|Ay| neighbours in A, and so

there are at most 7|Ap| - |A;| edges between Ay, A;. Hence at most |Ay|/(2k) vertices in Ay, have at

least 2k7|A;| neighbours in A;. For each h € I™, let P, be the set of vertices v € A, such that for

each j € I't, v has fewer than 2k7|A;| neighbours in A;. It follows that |Py| > |Ap|/2 for all h € I™.
Choose H C I~ maximal such that for each h € H there exists Q) C P, with

|Qnl = (64K*) VA (G)|* 44 /8,
and for all h € H and j € I there exists Dy ; C A;, satisfying:
o [Dnyl < 1/(8K'7);
e Dy ; covers Qp; and
e every vertex in Dy, ; has at most 4k*7|Q;| neighbours in Q; for all i € H \ {h}.

(This is possible since setting H = () satisfies the bullets.) We will show that H = I~

Let j € I'". For each h € H, each vertex in @), has at most 2k7|A;| neighbours in A4;, and so
there are at most 2k7|Q| - |4;| edges between @), and Aj; and hence at most |A;|/(2k) vertices in
A; have at least 4k*7|Qy| neighbours in Q. Let S; be the set of vertices v € A; such that for each
h € H, v has fewer than 4k?7|Qy| neighbours in Q. It follows that |S;| > |A;|/2.

(1) Suppose that g € I~ \ H. Then there exists T, C P, with |T4| > |Ag4|/4 such that, for all
he H and j € HY, T, is anticomplete to Dy, j. Moreover, for each j € I there exists Y; C T, with
Ty \ Y| < ulAy|, and X; C S; with |X;| < 2|VA(G)|?/7, such that X; covers Y.

For each h € H and j € I, the set Dp; has cardinality at most 1/(8k*r), and since each of

its vertices has at most 7| Ay| neighbours in Ay, it follows that at most |A,|/(8k*) vertices in A, have
a neighbour in Dy, ;. Consequently at most |4,|/(8k?) vertices in A, have a neighbour in some D, j;
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and since |P;| > |A4|/2, there is a subset T, C P, with |Ty| > |A4|/4 such that, for all h € H and
Jj € J*, T, is anticomplete to Dy, j. This proves the first assertion.
For the second, let j € I'", and choose X; C S; maximal (possibly empty) such that

o |X;| <2[Vi(G)[?/r; and
o |Y;| > 7|Vi(G)|7?|X;]| - |A,|, where Y; is the set of vertices in T}, that have a neighbour in Xj.

Suppose that [Ty \ Yj| > p|Ag|. Since |S;| > p|A;| and 7 is a (¢, u)-band for (A; : ¢ € I), it follows
that the max-degree from S; to Ty \ Y; is more than 7|V1(G)|7?|A4|. Choose v € S; with more than
7|V1(G)|~?|Ay| neighbours in T, \ Y;. Since v has a neighbour in T, \ Y}, it follows that v ¢ X,
and from the maximality of X;, adding v to X contradicts one of the two bullets in the definition
of X;. The second bullet is satisfied, and so the first is violated; and hence | X;| + 1 > 2|V4(G)|?/T.
Since 2|V4(G)|?/7 > 1, it follows that X; # 0, and so 2|X;| > |X;| + 1 > 2|V41(G)|?/7, and therefore
X1 > [Vi(G)I%/r. So
V)1 > TG V(G )l Ay = |4,

a contradiction. This proves that [Ty \ Y;| < p|A4|, and so proves (1).
(2)H=1".

Suppose that H # I~, and choose g € I~ \ H. For each j € It, let T}, X;,Y; be as in (1).
Let Y be the intersection of the sets Y; (j € IT). Since each Y satisfies |T, \ Y;| < p|A4,|, it fol-
lows that |Y| > |T,| — ku|Ag| > |Ay|/8 (since ku < 1/8 and |T,| > |A4|/4). Let j € I't. Since
|1/(8k*r)] > 1/(16k*r) (because 8k*r < 1), there is a partition of X; into at most [16k*7|X;|] sets
each of cardinality at most 1/(8k%r). But |X;| < 2|Vi(G)|?/r, and so

[16k71.X;]] < [326%VA(G)|”] < 64k V1 (G)[?

since 32k*/V4(G)|® > 1. Thus X; admits a partition R; into at most 64k*|V;(G)|? sets each of
cardinality at most 1/(8k%7). For each v € Y, there exists u € X; adjacent to Y; choose some such
u, choose R € R; containing u, and say R is the j-type of v. Each vertex of Y has a j-type, for each
j € I'"; and since there are only at most 64k*|V;(G)|? j-types for each j, and |IT| < k, it follows
that there exists @y C Y with

|Qgl = (64K") FVA(G)THIY| = (64k") 7F|VA(G) 71 441/8,

such that for all j € I, all members of Q4 have the same j-type, say Dy ; € R;, and each Dy ;
covers Q4. Since

e |Dy ;| <1/(8k*r) for each j € I';
e for every j € It and h € H, every vertex in D}, ; has no neighbours in Qg, since Q4 C Ty; and

e for every j € I and h € H, every vertex of Dy ; has at most 4k*7|Qp| neighbours in Qp,
because D, ; C S},

16



this contradicts the maximality of H, and so proves (2).

Now let i € I~. Since there are only at most k? sets Dy, j, and each has cardinality at most
1/(8k%7), and every vertex in a set Dy, ; for h # i has at most 4k?7|Q;| neighbours in Q;, it follows
that at most |Q;|/2 vertices in @; have a neighbour in some set Dy, ; with h # 4; and so there exists
C; C Q; with |C;| > |Q;]/2 such that C; is anticomplete to Dy ; for all h € I~ \ {i} and j € I,
Hence |C;] > (64k*)~*|V1(G)|~*?|A4|/16 for each i € I~. Moreover, since the union of all the sets
Dy, ; has cardinality at most 1/(87k?), and each vertex of this union has at most 7|4;| neighbours
in A;, it follows that at most |4;|/(8k?) vertices in A4; have a neighbour that belongs to some Dy, ;;
and consequently there exists B; C A; with C; C B;, and with |B;| > |4;|/2, such that B; \ C; is
anticomplete to all the sets Dy, ;. This proves 5.1. |

In 5.1 there is no removal of blocks, but the hypothesis that there is a (¢, u)-band is awkward.
We can eliminate it at the cost of having to remove some blocks, by means of 4.3. The next result is
a combination of 4.3 and 5.1, specifying values for ¢ and pu. Note that that the “anticomplete pair”
outcome of this theorem provides two anticomplete sets both of linear size. This is the theorem that
will provide the anticomplete pair of 1.10, but it will be applied to a parade where the blocks in one
part of the bipartition already have sublinear size, and consequently the anticomplete pair found in
1.10 will have one set of sublinear size.

5.2 Let k > 1 be an integer, and let ¢ > 0 be a real number. Then there exists an integer K > 0
with the following property. Let 8 = (8k)_1_2K2k/C, and let A= (A; :i € 1) be a parade of length at
least (K, K) in a bigraph G. Then either
o there existh € I~ and j € I, and X C Ay, and Y C A; with %,‘%' > B, such that X,Y
are anticomplete; or

o there exist h € I~ and j € I such that some v € A; has at least 8%|Ah| neighbours in Ap; or

e there exist J C I with |J~| = |JT| =k, and for each h € J~ there exist C, C B, C Ay with
|Br| > BlAnL|/2 and |Ch| > (64k*)*B|V1(G)|~¢|Ap|/16; and for each h € J~ and j € J* there
exists Dy j C Aj, such that Dy, ; is anticomplete to B; for all i € J~ \ {h}, and is anticomplete
to B \ Cy, and covers C,.

Proof. By 4.3, taking p = 1/(8k) and ¢ = c¢/k, we may assume that there exist J C I with
|J7| = |JT| = k, and a subset F; C A; with |F;| > B|A;| for each i € J, such that (F; : i € J)
has a (¢, 1)-band 7. We may assume that for all j € J* and v € Aj and h € I~, v has fewer than
(8/(8Kk*))| Ap| neighbours in Ay, and hence has fewer than |Fj,|/(8k*) neighbours in F},. Consequently
we may assume that 7 < 1/(8k?). By 5.1 applied to F = (F; : i € J), for each h € J~ there exists
By, C Fy, with |By| > |Fy|/2 > B|An|/2, and there exists Cj, C By, with

|Chl > (64K") ¥ [VA(G)| ™| F3| /16 > (64k") 7" BIVA(G)| ™| Anl/16;

and for each h € J~ and j € J© there exists Dy, ; C F} covering Cy, such that Dy, ; is anticomplete
to B; for all i € I~ \ {h}, and is anticomplete to By, \ C}, and covers Cj. This proves 5.2. |

This result 5.2 is not symmetric under exchanging the two parts of the bipartition, and so there
is a similar result, that we call the “switched version of 5.2”, with the two parts exchanged.
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6 The proof of 1.10

Let us sketch the ideas of the remainder of the proof of 1.10. We are given an ordered bigraph G,
an ordered tree bigraph T, and a real number ¢ with 0 < ¢ < 1. We choose a large number K
(independent of G), and partition Vi(G) into K intervals, all of size about |V1(G)|/K, and the same
for V5(G). This makes a parade. We need to prove that, if the max-degrees between blocks are at
most € times the size of the corresponding block, where ¢ is some very small constant, then either
the desired anticomplete pair exists, or a “rainbow” copy of T' exists in GG, that is, one where each
vertex belongs to a different block of the parade. (The advantage of using intervals is that, to check
that a rainbow copy of 1" as an unordered bigraph is also a copy of T as an ordered bigraph, we
only have to know which vertex of T is mapped into which block of the parade, and this is easy to
control.)

Let us apply 5.2 to this parade. We can assume that neither of the first two outcomes of
5.2 applies, because they lead immediately to the first two outcomes of 1.10. Thus, in the nota-
tion of 5.2, for each h € J~ we have subsets Cj, C By, C A with |By| > B|Ax|/2 and |Ch| >
(64k%)~*B|V1(G)|7¢| Ap|/16; and for each h € J~ and j € JT we have Dy ; C A;, such that Dy, ; is
anticomplete to B; for all i« € J~ \ {h}, and is anticomplete to By, \ Cp,, and covers C},.

How can we use this? It is good for the trivial case when T has radius one and its root is in
V1(T) with degree d. Choose any h € J~, and any v € Cj,, and choose any distinct ji,...,jq in J7.
Then for 1 < i < d there is a vertex in Dy, ;, adjacent to v, and these vertices together with v make a
copy of T'. (If the root of T' belongs to V2(T"), we apply the switched version of 5.2 instead.) It also
works for the much less trivial case when T is a “star forest”, a forest in which every component is
a tree of radius one with root in V4 (7). Let us see this more carefully. We can get a copy of each
component of the forest T" as before (using disjoint sets of blocks for distinct components of T"), but
there are two new issues: we need to make sure there are no edges of G between these copies of
components; and we need to map the vertices of T" to vertices of G in the right order. The first issue
is fine, because the only vertices of V2(G) we use belong to sets Dy, ;, and Dy, j is anticomplete to
B; (and hence to C;) for all i € J~ \ {h}. And the second issue is fine, because we can choose any
block we want to contain any vertex we want, and so we can arrange the orders as we want, since
the blocks are intervals.

If T is a tree of radius two, we need to apply 5.2 a second time. We have a parade formed by
the sets Cy, (h € J~) and A; (j € J*1); let us apply the switched version of 5.2 to this parade. It has
three possible outcomes. The first is good for us; although, note that the sets C} are no longer of
linear cardinality, so if we obtain this outcome, one of its two sets will be sublinear (the other will
still be linear). The second outcome is good for us, because it says (since we are using the switched
version of 5.2) that some vertex in some C; is adjacent to a large fraction of some Aj. Thus we
may assume the third outcome applies, and so (after removing many of the blocks, and changing the
meaning of J correspondingly) for each j € JT there exists C; C B; C A; with |B;| > 8|A,|/2 and
|C;j| > (64k*)~*B|V2(G)|~¢|A;j|/16; and for each h € J~ and j € J* there exists D;, C Cj, such
that D, , is anticomplete to B; for all i € J* \ {j}, and is anticomplete to B; \ Cj, and covers C;.
Now, to get our tree T' of radius two, and with root w € Vo(T') say,

e if w is the nth vertex in the order of V5(T'), let j be the nth member of J* and map w to some
vertex ¢(w) € Cj;

e if w has d neighbours vy, ...,vq in T, choose distinct hq,...,hqg € J7, and for 1 < i < d choose
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¢(v;) in Djp, adjacent to ¢(w); and

e now choose the remainder of T in the same way that we handled the star forest in the previous
paragraph, being careful to map the vertices in Vo(T) to vertices in Va(G) before or after ¢(w)
appropriately. (Note that we choose ¢(v;) in D;p, € Cj,, and so the method used for the star
forest still works.)

If T has radius three, we iterate 5.2 a third time, applying it to the parade formed by the sets
By (h € J7) and Cy (h € J*) . Note that we use the sets By, (h € J7), not the original sets
Ay (h € J7), because we want to avoid neighbours of the vertices in the sets Dj, j; but the sets By,
are still of linear size, so it still works. And so on; the number of times we iterate 5.2 is the radius
of T'. This finishes the sketch of the proof.

There are two steps to go: to formulate and prove what is obtained by iterating 5.2; and then to
use it to extract 7. The next result is the first of these two steps. Let A = (4; : i € I) be a parade,
and let » > 0 be an integer. Suppose there are subsets satisfying the following:

e For each h € I~ and for each odd ¢ € {0,...,7} let § # C} C B} C Ay, with

B} DB}DB;D---.

e For each j € I'T and for each even ¢ € {0,...,r}, let@#C}] QB;-J C A; with C]Q:B?:Aj
and with
B DB} 2Bj 2.

e For each h € I~ and j € I't, and for each odd ¢ € {1,...,7}, let ng C C;-J_l, such that ng
is anticomplete to Bf for all i € I~ \ {h}, and DZJ' is anticomplete to Bf \ C{l, and DZ]. covers
Cy.

e For each h € I~ and j € I't, and for each even q € {1,...,7}, let D?h C C’Z_l, such that D?h
is qanticomplete to B for all i € I\ {j}, and D7 is anticomplete to Bf \ C], and Dj, covers
C:.

j

We call such an array of subsets an r-fold cover in A.

6.1 Let 0 < ¢ < 1. For all integers v > 0 and k > 1, there exist an integer K > 0, and a real
number v > 0 with the following property. Let G be a bigraph and let A= (A; : i € I) be a parade in
G with length at least (K, K). Then either:

e there exist h € I” and j € I, and X C Ap and Y C A;, either with |X| > ~|Ap| and

Y| > ~|Va(G)|7¢|A4,|, or with |X| > v|Vi(G)|~€|Ap| and |Y| > ~|A;|, such that X,Y are
anticomplete; or

o there exist h,j € I with opposite sign, and v € Ay, such that v has at least y|A;| neighbours
in Aj; or

e there is a subparade of A of length (k,k) that admits an r-fold cover, such that (in the no-
tation of the definition) for each q € {0,...,7}, if q is odd then |B}| > ~|Ap| and |C}| >
YIVi(G)|¢|Ap| for each h € I™, and if q is even then |Bf| > v|A;| and |CF| > v[Va(G)|~¢| 4|
for each j € It
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Proof. We prove this by induction on r; the result is trivial when r = 0 (take K = k and v = 1),
and follows from 5.2 when r = 1, so we may assume that it holds (for all k) with r replaced by
r — 1. Choose k' such that setting K = k’ satisfies 5.2 (and therefore also satisfies the switched
version of 5.2). From the inductive hypothesis, there exist an integer K > 0 and 7" > 0 such that
the assertion of 6.1 holds with 7, k,~ replaced by r — 1, k', respectively. Let 8 = (8k)_1_2k/2k/c,
and v = (64k*)~%B4//16. We claim that the theorem is satisfied. To see this, let G be a bigraph
and let A = (A4; : i € I) be a parade in G with length at least (K, K). Let us apply the inductive
hypothesis to A with 7, k,~ replaced by r — 1, k', 7' respectively. Since v/ > ~, we may assume that
the third outcome holds: and so there exists L C I with |L~|,|L™| = ¥/, that admits an (r — 1)-fold
cover, as in the third outcome of the theorem with 7, k,~ replaced by r — 1, k', respectively. We
use notation for this cover as in the definition of an r-fold cover.

We assume that 7 is odd (the even case is similar, using the switched version of 5.2 in place of
5.2 itself). Let A} = Bl "2 fori € L™, and A, = C7! for i € L. Then (A} :i € L) is a parade of
length at least (k/, k"), and so from 5.2 and the choice of &/, either

e there exist h € L~ and j € LT, and X C A} and Y C A’ with ‘fé'l ||X,| > 3, such that X,Y

are anticomplete; or

e there exist h € L™ and j € LT such that some v € A; has at least 8%|A’h| neighbours in A} ;
or

o there exists J C L with |J~| = |JT| = k, and for each h € J~ there exist C} C B} C B}, ? with
|By| > BB} ?|/2 and \CT| > (64k*)~ kmvl( )|~¢|B;~2|/16; and for each h € J~ and j € J*
there exists Dy ; C CT covering Cj, such that Dj ; is anticomplete to B for all i € J~ \ {h},
and is anticomplete to B;j \ Cy, and covers C}.

In the first case, the first outcome of the theorem holds, since
X[ > BlAL| = BIB; % = 7| Al = 7144l

and
Y| > BA%| = BICT| > B7'[Va(G) | Aj] = ~|Va(G)| ¢ Ayl

In the second case, the second outcome of the theorem holds, since

g

= 5’ "|Apl > ] Apl.

In the third case, the third outcome of the theorem holds, since
Bl = BB}, 721/2 > 87| Anl/2 > | Anl,
and
|Chl = (64k") 7 B[VA(G) ¢ B} 7%|/16 = (64k%)*BIVA(G)| ™| Apl /16 = ~|VA(G)| | Ayl

for each h € J~. This proves 6.1. |
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When we apply 6.1, all we will need from its third bullet is that an r-fold cover exists. The
information about cardinalities is only used for inductive purposes in the proof of 6.1. Now we can
prove 1.10, which we restate:

6.2 Let T be an ordered tree bigraph. For all ¢ > 0 there exists € > 0 with the following property.
Let G be an ordered bigraph not containing T, such that every vertex in Vi(G) has degree less than
e|Va(G)|, and every vertex in Vo(G) has degree less than £|V1(G)|. Then there are subsets Z; C V;(Q)
for i = 1,2, either with |Z1| > €|Vi(G)| and |Z2| > €|Va(G)|}=¢, or with |Z1]| > ¢|V1(G)|'~¢ and
|Za| > €|Va(G)|, such that Zy, Za are anticomplete.

Proof. We may assume that |V (T)| > 2; let T have radius r, and choose w € V(T') with T-distance
at most  from every other vertex of . We define the parent of v € V(T') \ {w} to be the neighbour
of v in the path to w. By exchanging V;(T') and V5(T) if necessary, we may assume that every vertex
of T with T-distance r from w belongs to V2(T'), that is, w € V1 (T) if and only if r is odd. Choose
an integer k > 1 such that |Vi(T)],|V2(T)| < k. Choose K,v as in 6.1, and let ¢ = v/(2K). We
claim that e satisfies the theorem.

Let G be an ordered bigraph that does not contain 7', such that every vertex in V;(G) has degree
less than ¢|V2(G)|, and every vertex in Vo(G) has degree less than ¢|V1(G)|. If G has no edges then
71, Zs exist as required, so we may assume that G has an edge; and so €|V;(G)| > 1 for i = 1,2. Let
p = [|Vi(G)]/(2K)]; then p < |V1(G)|/K, since |V1(G)| > 1/e > K. Let the vertices of V1(G) be
U, ..., Up,, ordered according to the linear order of Vi(G) imposed by G. Let

Ai = {wE viypr1s - - - Uit 1)p)

for —K < i < —1. Similarly, let ¢ = [|V2(G)|/(2K)], and Vo(G) = {v1,...,vpn,} in order, and for
1 <1 <K let

Ai = {U(ifl)qul? ceoy Uiq}.
Let I ={-K,...,—1,1,...,K}. Then A= (A; :i € I)is a parade in G, of length (K, K) and width
(p,q), and all its blocks are intervals of the linear order, in the natural sense.

Let us apply 6.1 to (A; : i € I), and deduce that one of the three outcomes of 6.1 holds. Suppose
that the first outcome holds, that is, there exist h € I~ and j € I, and Z; C Aj, and Zy C A,
either with |Z1| > v|Ap| and |Za| > ~|Va(G)|7¢|4;|, or with |Z1| > v|Vi(G)|~¢|An| and |Za| > ~|A4;],
such that Z1, Zo are anticomplete. Since

YIAn| = vp > v[V1(G)|/(2K) = ¢|[Vi(G))|

and
VIAj| =2 vq = Va(G)]/(2K) = £[Va(G)],
in this case the theorem holds.
Now suppose that the second outcome holds, that is, there exist h, j € I with opposite sign, and
v € Ay, such that v has at least v|A;| neighbours in A;. From the symmetry we may assume that
h € I~. Since
VNA;] = vq =2 7Va(G)/(2K) = £|Va(G))
this is impossible.
Thus we may assume that the third outcome holds, and so there exists J C I with |J~| = |Jt| =k
such that the sub-parade (4; : i € J) of A admits an r-fold cover. We use notation for this cover as
in the definition of r-fold cover. Choose a map 6 from V(T') to J with the following properties:

21



e for each v € V(T'), O(v) € J~ if and only if v € Vi(T); and

e for i = 1,2, for all distinct u,v € V;(T'), if u is earlier than v in the ordering of V;(7T") imposed
by T', then 8(u) < 6(v).

This is possible since |V4(T)|, |Va(T)| < k. Choose ¢(w) € Chw): (Note that w € V4 (T) if and only
if r is odd, and w € Vi(T) if and only if f(w) < 0, so Chw) exists, from the definition of an r-fold
cover.) Inductively for ¢ =r—1,...,0, if v € V(T') and the T-distance from w to v is r — ¢, let u be

the parent of v, and choose

q+1 q
¢(v) € Dyy o0y € Cow)

adjacent to ¢(u). (This is possible since ¢(u) € C’g(zl) and Dg?ul)ﬂ(v) covers C’g(zl)) Thus ¢ is an
isomorphism from the unordered graph of T' to an unordered subtree ¢(7T") of G. We need to check
that ¢ respects the orders, and that this subtree is induced.

First, we observe that w € Vi(T) if and only if §(w) € J~, that is, if and only if ¢p(w) € V1(G);
and so, since T is connected, v € V1 (T) if and only if ¢(v) € V1 (G) for each vertex v of T. Now let
i € {1,2}, and let u,v € V;(T) be distinct, where u is earlier than v in the ordering of V;(T") imposed
by T'. Consequently #(u) < 6(v), and so ¢(u) is earlier than ¢(v) in the ordering of V;(G) imposed
by G. Thus ¢ is an isomorphism from the ordered bigraph 7" to an ordered sub-bigraph of G.

To check that ¢(T') is induced, let v,v" € V(T) be distinct, such that ¢(v),d(v') are adjacent
in G. We must show that v,v" are adjacent in T. Since G is bipartite, v,v’ do not have the same
T-distance from w, and so we may assume that the T-distances from w to v,v" are r — ¢,7 — ¢

respectively, where ¢ < ¢’. Let u be the parent of v in T. Thus ¢(v) € Dg:;l) o(v) and

/

! +1
o(v) € C’g(v,) C BY = C Bg

(v') CoN

If (v") # 6(u), the definition of an r-fold cover implies that Dgal) o(v) 15 anticomplete to Bg(t}), a

contradiction. Thus 0(v") = 6(u), and so v' = u, as required. This proves 6.2.

References

[1] B. Alecu, A. Atminas, V. Lozin, and V. Zamaraev, “Graph classes with linear Ramsey numbers”,
Discrete Mathematics 344 (2021), 112307, arXiv:1910.12109.

[2] M. Axenovich, C. Tompkins, and L. Weber, “Large homogeneous subgraphs in bipartite graphs
with forbidden induced subgraphs”, J. Graph Theory 97 (2021), 34-46, arXiv:1903.09725.

[3] M. Chudnovsky, A. Scott, P. Seymour and S. Spirkl, “Pure pairs. I. Trees and linear anticomplete
pairs”, Advances in Math. 375 (2020), 107396, arXiv:1809.00919.

[4] P. Erd6s, A. Hajnal and J. Pach, “A Ramsey-type theorem for bipartite graphs”, Geombinatorics
10 (2000), 64—-68.

[5] J. Fox, “A bipartite analogue of Dilworth’s theorem”, Order 23 (2006), 197-209.

22



[6] D. Korandi, J. Pach, and I. Tomon, “Large homogeneous submatrices”, SIAM J. Discrete Math.
34 (2020), 25322552, arXiv:1903.06608.

[7] J. Pach and I. Tomon, “Erdés-Hajnal-type results for monotone paths”, J. Combinatorial The-
ory, Ser. B, 151 (2021), 21-37, arXiv:2004.04594.

[8] A. Scott, P. Seymour and S. Spirkl, “Pure pairs. IV. Trees in bipartite graphs”, submitted for
publication, arXiv:2009.09426.

[9] A. Scott, P. Seymour and S. Spirkl, “Pure pairs. VI. Excluding an ordered tree”, SIAM J.
Discrete Math., 36 (2022), 170-187, arXiv:2009.10671.

23



