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In the spirit of these days...
(a first example)

r-neighbour bootstrap percolation on G:
» Host graph - G
» Initial set of “infected” vertices - A = A4, € V(G)

» Infection rule:
Aiy1 = A V{weV (@) I INW) N4 =1}

2-neighbour bootstrap percolation
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In the spirit of these days...
(a first example)

r-neighbour bootstrap percolation on G:
» Host graph - G
» Initial set of “infected” vertices - A = A, € V(G)

» Infection rule:
Aiy1 = A V{weV (@) I INW) N4 =1}

2 When do we have U 4; =V (G)?
2 If Ap ~ Bin(V(G),p), when do we have U 4; = V(G) whp?

2 How many steps until the infection stop spreading?
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Graph bootstrap percolation
(our setting)

H-bootstrap percolation on n vertices.

» Host graph - usually K,

» Target graph - H

» Starting graph - ¢ = G, € K,, (initial “infected” set of edges)

» Infection rule:
Giy1 = G; U{e € E(K,) | e creates a new copy of H in G;}

2 For which starting graphs G, we have Ggpng = Ki,?
2 If Gy = G(n,p), when do we have Ggn. = K;,, whp?
2 How many steps until the infection stop spreading?
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Some history - weak saturation

Definition - weak saturation (Bollobas 1968):

A graph G on n vertices is weakly H-saturated if G is H-free and 3 an
ordering of E(K,,) \ E(G) = {eq, e,, ..., e} such that the addition of ¢; to
G;_1 = GU{eq, .., e;_1} Will create a new copy of H, for every i € [t].

Example: G is weakly K;-saturated:
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Some history - weak saturation

Definition - weak saturation (Bollobas 1968):

A graph G on n vertices is weakly H-saturated if G is H-free and 3 an
ordering of E(K,,) \ E(G) = {eq, e,, ..., e} such that the addition of ¢; to
G;_1 = GU{eq, .., e;_1} Will create a new copy of H, for every i € [t].

Definition - the weak saturation nhumber:
wsat(n, H) = min{e(G) | G is weakly H — saturated}

Example: wsat(n,K;) =n—1

Gal Kronenberg | University of Oxford



Some history - weak saturation

Definition - weak saturation (Bollobas 1968):

A graph G on n vertices is weakly H-saturated if G is H-free and 3 an
ordering of E(K,,) \ E(G) = {eq, e,, ..., e} such that the addition of ¢; to
G;_1 = GU{eq, .., e;_1} Will create a new copy of H, for every i € [t].

Definition - the weak saturation nhumber:
wsat(n, H) = min{e(G) | G is weakly H — saturated}
Example: H = K,

G =Kn \ Kn—r+2
is weakly K,-saturated
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Some history - weak saturation

Definition - weak saturation (Bollobas 1968):

A graph G on n vertices is weakly H-saturated if G is H-free and 3 an
ordering of E(K,,) \ E(G) = {eq, e,, ..., e} such that the addition of ¢; to
G;_1 = GU{eq, .., e;_1} Will create a new copy of H, for every i € [t].

Definition - the weak saturation nhumber:
wsat(n, H) = min{e(G) | G is weakly H — saturated}

Theorem (Lovasz / Alon / Frankl / Kalai) :

wsat(n, K,) = (;) - <n - ; " 2)

(ConJeCtured by BOIIObaS) Gal Kronenberg | University of Oxford




Some history - weak saturation of K.

Definition - the weak saturation number:
wsat(n, H) = min{e(G) | G is weakly H — saturated}

Theorem (Lovasz / Alon / Frankl / Kalai) :

wsat(n, K,) = (Z) — <n N ; " 2) = 0(n)

(Conjectured by Bollobas)

Note: all the missing edges can be added “simultaneously”.

Question (Bollobas): Determine the maximum possible number of steps.

Gal Kronenberg | University of Oxford



Graph bootstrap percolation

H - fixed size graph
Definition: H-bootstrap percolation on n vertices.

G, € K,,- starting graph

Giy+1 = G; U{e € E(K,) | e creates a new copy of H in G;}

Stop: when G;,; = G;.

Example: H =K, , Gy = K, \ Kj_r42 m
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Graph bootstrap percolation

H - fixed size graph
Definition: H-bootstrap percolation on n vertices.

G, € K,,- starting graph

Giy+1 = G; U{e € E(K,) | e creates a new copy of H in G;}

Stop: when G;,; = G;.

Example: H = K; Gop G Gz=K;5
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Graph bootstrap percolation

H - fixed size graph
Definition: H-bootstrap percolation on n vertices.

G, € K,,- starting graph

Giy+1 = G; U{e € E(K,) | e creates a new copy of H in G;}
Stop: when G;,; = G;.

Length (running time): ¢(H, Gy) = min{i | G; = G;;1}

L(H,n) = max ?(H, Gy)
0=H™n
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Graph bootstrap percolation

H - fixed size graph
Definition: H-bootstrap percolation on n vertices.

G, € K,,- starting graph

Giy+1 = G; U{e € E(K,) | e creates a new copy of H in G;}

Stop: when G;,; = G;.

Example: H = K; Gop G Gz=K;5

2(H,G,) = 2
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Graph bootstrap percolation

Definition: H-bootstrap percolation on n vertices.

G, € K,- starting graph

Giy+1 = G; U{e € E(K,) | e creates a new copy of H in G;}
Length (running time): ¢(H,Gy) = min{i | G; = G;;1}
L(H,n) = max ¢(H, Gy)

Question (Bollobas): L(K,,n)?
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Running time of
K..-bootstrap percolation

Length (running time): ¢(H,Gy) = min{i | G; = G;;1}

L(H,n) = max ?(H, Gy)
0=H™n

Question (Bollobas): L(K,,n) ?

NN
xample: L(K3,n ’ 'Y X
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— i

Gal Kronenberg | University of Oxford



Running time of
K..-bootstrap percolation

Length (running time): ¢(H,Gy) = min{i | G; = G;;1}

L(H,n) = max ?(H, Gy)
0=H™n

Question (Bollobas): L(K,,n) ?

o\
xample: L(K3,n) = logn ' 'v 7
Example: L(K3,n) = log @g’z&@‘@g@

- " =

— i
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Running time of
K..-bootstrap percolation - history

Theorem (Bollobas-Przykucki-Riordan-Sahasrabudhe 2017, Matzke):
» L(K3,n) = |logy(n — 1))
> L(Kll-) n)
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Running time of
K..-bootstrap percolation - history

Theorem (Bollobas-Przykucki-Riordan-Sahasrabudhe 2017, Matzke):

» L(K3,n) = |loga(n — 1)]
The only 2 exact results
» L(Ky,n)=n-3

L(Krr n) = Q(n)
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Running time of
K..-bootstrap percolation - history

Theorem (Bollobas-Przykucki-Riordan-Sahasrabudhe 2017, Matzke):

» L(K3,n) = [log,(n — 1)]
» L(Ky,n)=n-3

13
» L(Ks,n) =>ns °W

L(Krr n) = 'Q(n)
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Running time of
K..-bootstrap percolation - history

Theorem (Bollobas-Przykucki-Riordan-Sahasrabudhe 2017, Matzke):
» L(K3,n) = |log,(n—1)]
» L(K,n)=n-—3

13

» L(Ks,n) =>ns °W

2-T22_0(1)
» (BPRS)forr>6, L(K,n)>n &

Conjecture (Bollobas-Przykucki-Riordan-Sahasrabudhe 2017):

L(Krr n) — O(nz)
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Running time of
K..-bootstrap percolation - our results

Theorem (Bollobas-Przykucki-Riordan-Sahasrabudhe 2017):

2—"7=—0(1)
forr>5, L(K,n)>n

Conjecture: L(K,,n) = o(n?).

Theorem (Balogh, K., Pokrovskiy, and Szabo, 2020):

> L(Ks,m) =n’ Viogn,
» L(K,,n)=0(n?), forr=>6.
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Running time of
K..-bootstrap percolation - our results

Theorem (Balogh, K., Pokrovskiy, and Szabo, 2020):

» L(Ks,n) > n’ Viogn,
» L(K,,n)=0(n?), forr=>6.

Denote: t;(n) = max 3-AP-free set in [n].

Lemma (Balogh, K., Pokrovskiy, and Szabo, 2020):
L(KS, n) >Cn - tg(n)

c

1_ .
Theorem (Behrend): 34 € [n], |A| =n Vl°e™ | and A is 3-AP-free.
Known (Roth): t;(n) = o(n).
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Running time of
K..-bootstrap percolation - our results

Theorem (Balogh, K., Pokrovskiy, and Szabo, 2020):

» L(Ks,n) > n’ Viogn,
» L(K,,n)=0(n?), forr=>6.

Denote: t;(n) = max 3-AP-free set in [n].

Lemma (Balogh, K., Pokrovskiy, and Szabo, 2020):
L(KS, n) >Cn - tg(n)

Question: L(Ks,n) = 0(n?)?
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Proof idea

f f2 fm-1 fm

> fiSA;NAiy,
> fi & Ajforeveryj#i,i+1,

» No other edge get infected in the first m steps.

For a graph G, let H := H(G) be the following hypergraph:
> V(H) =V(G)
» E(H) ={vv,..v. | K- € Glvv, ...v]}
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Proof idea

We are looking for:

A graph G with the corresponding r-uniform hypergraph H := H (G), such that:
1. E(H) ={eq,...,e,,} With G[e;] = K,., and

2 3f; Se; Nejyq, |f;] =2 foreveryi e [m—1], and

3 fi€eforeveryj+ii+1,and

4. Afm S em, |fm| = 2 and f,, & e; for every j # m, and

5 VK. € G we have V(K ) € E(H).

Then for G, = G \ {f1, .-, fm}, £(K;, Gy) = m.
» L(K,,n)=m.
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Proof idea
f f2 fi

X =y, g, W = Wy U U Wi, Wy = fwy,owy
Y = {yl, ...,yg}, L=Z1U--Uly, Z; = {Zil, "'Zi[r/z]—z } (Say, f=n+ 20)

The vertices: V(G) =V(H)=XuUYuUuWuZ \
The hyperedgeS: et = {xt (mod n)» Xt+1 (mod n)» Yt (mod £)» Yt+1 (mod 8)} U Wt (mod n) U Zt (mod ?)

n
(say,1$t£m—m)

Gle]] = K;, let f; = {xi+1 (mod n)» Yi+1 (mod f)}-

Take: G() =G \ {fl; ey fm}y Gal Kronenberg | University of Oxford



Proof idea

X = {1, 0, X, W =W, U-UW,, W, = {wil, Wi }
= {yl, ...,yg}, Z=7Z{U--UZy Z; = {Zil’ "'Zi[r/z]—z }. (Say, f=n+ 20)

The vertices: V(G) =V(H)=XuUYUWuUZ
The hyperedges: et = {xt (mod n)» Xt+1 (mod n)» Yt (mod €)» Yt+1 (mod 1?)} U Wi (mod n) U Z; (mod ¥)

n
(say,lStSE—m)

G[ei] =K, let fl = {xi+1 (mod n)» Yi+1 (mod f)}-

n

Take: Gy = G\ {f1, .-, fin}-
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Proof idea

X = {1, 0, X, W =W, U-UW,, W, = {wil, Wi }

Y ={ys, . Yeh Z=Z U UZy, Z; = {2, .74, ,, ) (saY, £ =n+20)
The vertices: V(G) =V(H)=XuUYUWuUZ

The hyperedges: e; = {x; (mod n), Xt+1 (mod n)» Yt (mod £ Ye+1 (mod £)} Y We moan) Y Zt mod £)

n
(say,lStSE—m)

G[ei] =K, let fl = {xi+1 (mod n)» Yi+1 (mod f)}-

n
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Proof idea- K,-percolation
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Proof idea- K,-percolation
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Proof idea- K,-percolation
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Proof idea- K,-percolation

X = {xl, ___,xn}, W = W1 U---U Wn, Wi = {Wil, "'Wi[r/zj—z },

Y = {yl, ...,y[}, / = Zl U---uU Zg, Zi — {Zil, "'Zi[r/z]—z . (Say, f=n+ 20)

The vertices: V(G) =V(H)=XUYUWUZ

The hyperedgeS: et = {xt (mod n)» Xt+1 (mod n)» Yt (mod €)» Yt+1 (mod f)} U W (mod n) UZ; (mod %)

n
(say,lStSE—m)

Gle;] = K, let fi = {xi+1 (mod n)» Yi+1 (mod 1{’)}-

E(H) = {eq, ..., ey} With G[e;] = K-,

df; Ce; Nejq, |fi| =2 foreveryie|[m—1],
fi € ej forevery j #i,i+1,

Afm € em, I fm|l = 2 and f;,, € e; for every j # m,
VK. € G we have V(K;-) € E(H). (forr = 6)

AN U NN
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Proof idea - K:-percolation

X = {x1; ___’xn}, W = W1 U---U Wn’ Wi = {Wil, "'Wi[r/zj—z },

Y = {yl, ...,y[}, /= Zl U---uU Zg, Zi — {Zil, "'Zi[r/z]—z . (Say, f=n+ 20)

The vertices: V(G) =V(H)=XUYUWUZ

The hyperedgeS: et = {xt (mod n)» Xt+1 (mod n)» Yt (mod €)» Yt+1 (mod f)} U W (mod n) UZ; (mod %)

n
(say,1§tsm—m)

Gle;] = K, let fi = {xi+1 (mod n)» Yi+1 (mod {’)}-

E(H) = {eq, ..., ey} With G[e;] = K-,
df; Ce; Nejq, |fi| =2 foreveryie|[m—1],
fi € e forevery j #i,i+1,

RN NN

Afm € em, I fm|l = 2 and f;,, € e; for every j # m,
x VK. € G we have V(K,) € E(H). (for r =5)
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Proof idea - K:-percolation
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Proof idea - K:-percolation
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Proof idea - K:-percolation
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Proof idea - K:-percolation

y =x+ 20a
z=x+40b
z=y+ 20c

= 2b=a+c

Solution: X = {x{, ...,x,}, Y = {y1, ..., vo}, W = {wy, ..., wy}.

€tb = {xt (mod n)» Xt+1 (mod n)» Wet+b(mod k)» Yt+2b (mod €)» Yt+2b+1 (mod ¢) }/
(b € 3AP-free)
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Concluding remarks

Length (running time): #(H,G,y) = min{i | G; = G;1}, L(H,n) = max ?(H, Gy)
0&Kn

Question (Bollobas): L(K,,n) ?
Conjecture (Bollobas-Przykucki-Riordan-Sahasrabudhe 2017): L(K,,n) = o(n?)

Theorem (Balogh, K., Pokrovskiy, and Szabo, 2020):

> L(Ks,n)>n" Viogn,
» L(K,,n)=0(n?), forr=>6.

Questions:
> L(Ks,n) = o(n?)?

> Determine the dependency on r in L(K,,n) = 0(n?), for r > 6.
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