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Recovering communities in networks

Political blogs in the US, 
prior to the 2004 elections 

(Adamic, Glance, 2005)

Zachary’s karate club (1970-72; 1977)

Facebook:    2.9+ billion monthly active users
2+ billion daily active users

Drosophila protein-protein 
interaction network 

(Guruharsha et al., 2011)



Stochastic block model (SBM)

Many works in physics, statistics, probability, CS, info 
theory… including:

• Decelle, Krzakala, Moore, Zdeborová (2011)
• Mossel, Neeman, Sly (2012, 2013a,b, 2014)
• Massoulié (2014) 
• Abbé, Bandeira, Hall (2014) 
• Abbé, Sandon (2015a,b,c)
• Bordenave, Lelarge, Massoulié (2015)
• Abbé (2017)
• ...

Holland, Laskey, Leinhardt (1983)
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• 𝑛 nodes
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• Given 𝝈 = {𝜎!}, edges drawn independently:

• If 𝜎! = 𝜎", then 𝑖 ∼ 𝑗 with prob. 𝑝
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personal professional

Q: can we synthesize information 
from multiple correlated networks 

to better recover communities?
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<latexit sha1_base64="eY7tpBZ5nokAAxbjS/5rTowgV/w="></latexit>

(G1, G2) ⇠ CSBM(n, p, q, s)• Subsampling probability 𝑠 ∈ [0,1]
• 𝜋∗ uniformly random permutation of [𝑛]

• Marginally 𝐺", 𝐺# ∼ 𝑆𝐵𝑀(𝑛, 𝑝𝑠, 𝑞𝑠)
• Corresponding edges are correlated

(Onaran, Garg, Erkip, 2016)

HLL83: (𝐺", 𝐺#$) is a “pair-dependent SBM”



Correlated stochastic block model

2

1

6

3

4

5

7

12 11

10

8
9

2

1

6

3

4

5

7

12 11

10

8
9

2 (2)

1 (8)

6 (6)

3 (12)

4 (7)

5 (11)

7 (10)

12 (9)
11 (1)

10 (5)

8 (3)
9 (4)G ⇠ SBM(n, p, q)

G1 G0
2 (G2)

⇡⇤ = (8, 2, 12, 7, 11, 6, 10, 3, 4, 5, 1, 9)

subsamplesubsample

<latexit sha1_base64="eY7tpBZ5nokAAxbjS/5rTowgV/w=">AAACD3icdVBNS0JBFJ1nX2ZfVss2Q1IoiLwn2cdOdGGbwChNUHnMG0cdnJn3mpkXyMN/0Ka/0qZFEW3btuvfNH4EFnXgwuGce7n3Hi9gVGnb/rRiC4tLyyvx1cTa+sbmVnJ7p678UGJSwz7zZcNDijAqSE1TzUgjkARxj5Ebb1Ae+zd3RCrqi2s9DEibo56gXYqRNpKbPExXXCcLK24+A1uKctjiSPclj8pXpYtRWmSD7G1WZd xkys7ZE8A5UrCds2MHOjMlBWaousmPVsfHISdCY4aUajp2oNsRkppiRkaJVqhIgPAA9UjTUIE4Ue1o8s8IHhilA7u+NCU0nKjzExHiSg25ZzrH16rf3lj8y2uGunvajqgIQk0Eni7qhgxqH47DgR0qCdZsaAjCkppbIe4jibA2ESZMCN+fwv9JPZ9zCjn78ihVLM3iiIM9sA/SwAEnoAjOQRXUAAb34BE8gxfrwXqyXq23aWvMms3sgh+w3r8A1HWaCw==</latexit>

(G1, G2) ⇠ CSBM(n, p, q, s)

Main Q: 
• given (𝐺3, 𝐺4), when can we (exactly) recover the communities?
• can we do so in regimes where it is impossible to do so using only 𝐺3?
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Intuition:
• Testing multivariate Poisson distributions
• Want error probability 𝑛#$%&($)
• Error exponent given by Chernoff-Hellinger divergence

Abbé, Sandon (2015): threshold for general SBMs
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(G1, G2) ⇠ CSBM(n, p, q, s)
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How can we use both 𝐺" and 𝐺#? Suppose that 𝝅∗ is known. 
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In particular, if 𝝅∗ is known and
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then exact community recovery is possible from 𝐺3 and 𝐺4, 
even though it is impossible from 𝐺3 alone
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Main Q: 
• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?
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• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?

• Of significant independent interest



Graph matching
2

1

6

3

4

5

7

12 11

10

8
9

2

1

6

3

4

5

7

12 11

10

8
9

2 (2)

1 (8)

6 (6)

3 (12)

4 (7)

5 (11)

7 (10)

12 (9)
11 (1)

10 (5)

8 (3)
9 (4)G ⇠ SBM(n, p, q)

G1 G0
2 (G2)

⇡⇤ = (8, 2, 12, 7, 11, 6, 10, 3, 4, 5, 1, 9)

subsamplesubsample

<latexit sha1_base64="eY7tpBZ5nokAAxbjS/5rTowgV/w=">AAACD3icdVBNS0JBFJ1nX2ZfVss2Q1IoiLwn2cdOdGGbwChNUHnMG0cdnJn3mpkXyMN/0Ka/0qZFEW3btuvfNH4EFnXgwuGce7n3Hi9gVGnb/rRiC4tLyyvx1cTa+sbmVnJ7p678UGJSwz7zZcNDijAqSE1TzUgjkARxj5Ebb1Ae+zd3RCrqi2s9DEibo56gXYqRNpKbPExXXCcLK24+A1uKctjiSPclj8pXpYtRWmSD7G1WZd xkys7ZE8A5UrCds2MHOjMlBWaousmPVsfHISdCY4aUajp2oNsRkppiRkaJVqhIgPAA9UjTUIE4Ue1o8s8IHhilA7u+NCU0nKjzExHiSg25ZzrH16rf3lj8y2uGunvajqgIQk0Eni7qhgxqH47DgR0qCdZsaAjCkppbIe4jibA2ESZMCN+fwv9JPZ9zCjn78ihVLM3iiIM9sA/SwAEnoAjOQRXUAAb34BE8gxfrwXqyXq23aWvMms3sgh+w3r8A1HWaCw==</latexit>

(G1, G2) ⇠ CSBM(n, p, q, s)

Main Q: 
• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?

• Of significant independent interest
• Correlated Erdős-Rényi random graphs: 

Pedarsani, Grossglauser (2011) 
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Main Q: 
• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?

• Of significant independent interest
• Correlated Erdős-Rényi random graphs: 

Pedarsani, Grossglauser (2011) 

• Many works in statistics/probability/CS/info theory… including:
• Cullina, Kiyavash (2016, 2017)
• Barak, Chou, Lei, Schramm, Sheng (2019)
• Ding, Ma, Wu, Xu (2018) 
• Mossel, Xu (2019) 
• Fan, Mao, Wu, Xu (2019a,b)
• Ganassali, Massoulié (2020)
• Wu, Xu, Yu (2020, 2021)

• Cullina, Kiyavash, Mittal, Poor (2020)
• Mao, Rudelson, Tikhomirov (2021a,b)
• Ganassali, Lelarge, Massoulié (2021)
• Mao, Wu, Xu, Yu (2021,2022)
• Ding, Du (2022a,b)
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(G1, G2) ⇠ CSBM(n, p, q, s)

Main Q1 (community recovery): 
• given (𝐺3, 𝐺4), when can we (exactly) recover the communities?
• can we do so in regimes where it is impossible to do so using only 𝐺3?

Main Q2 (graph matching): 
• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?
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(G1, G2) ⇠ CSBM(n, p, q, s)

Main Q1 (community recovery): 
• given (𝐺3, 𝐺4), when can we (exactly) recover the communities?
• can we do so in regimes where it is impossible to do so using only 𝐺3?

Main Q2 (graph matching): 
• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?
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2

1

6

3

4

5

7

12 11

10

8
9

2

1

6

3

4

5

7

12 11

10

8
9

2 (2)

1 (8)

6 (6)

3 (12)

4 (7)

5 (11)

7 (10)

12 (9)
11 (1)

10 (5)

8 (3)
9 (4)G ⇠ SBM(n, p, q)

G1 G0
2 (G2)

⇡⇤ = (8, 2, 12, 7, 11, 6, 10, 3, 4, 5, 1, 9)

subsamplesubsample

in 𝐺" and 𝐺#

<latexit sha1_base64="codaKiThgOFVP8+iO6Po9PAH4YM="></latexit>

b⇡(G1, G2) 2 argmax⇡2Sn

X

(i,j)2E

Ai,jB⇡(i),⇡(j)



Exact graph matching
Theorem (R., Sridhar, 2021)

Let ?𝜋 𝐺", 𝐺# be a vertex mapping that maximizes 
the number of agreeing edges between 𝐺" and 𝐺#. 

<latexit sha1_base64="XEuu/Z0ybJgLMT9KoaQEk4DBOek=">AAACD3icdZDLSgMxFIYz9VbrbdSlm2BRKkKZKdbLRopuXFawF+jUkkkzbWjmQnJGKEPfwI2v4saFIm7duvNtTNsRqugPgZ/vnMPJ+d1IcAWW9Wlk5uYXFpeyy7mV1bX1DXNzq67CWFJWo6EIZdMligkesBpwEKwZSUZ8V7CGO7gc1xt3TCoeBjcwjFjbJ72Ae5wS0Khj7qvbpDTCjmAeFLDjSUITcuiOJlDyXh8O8Dm2O2beKloT4RlTtuyzYxvbKcmjVNWO+eF0Qxr7LAAqiFIt24qgnRAJnAo2yjmxYhGhA9JjLW0D4jPVTib3jPCeJl3shVK/APCEzk4kxFdq6Lu60yfQV79rY/hXrRWDd9pOeBDFwAI6XeTFAkOIx+HgLpeMghhqQ6jk+q+Y9onOBHSEOR3C96X4f1MvFe1y0bo+ylcu0jiyaAftogKy0QmqoCtURTVE0T16RM/oxXgwnoxX423amjHSmW30Q8b7F6u+myU=</latexit>

s2
✓
a+ b

2

◆
> 1 then

<latexit sha1_base64="xLYBj+VVuNJupeSTWkBvGZxdHno="></latexit>

lim
n!1

P (b⇡(G1, G2) = ⇡⇤) = 1If

• ?𝜋 is the MAP estimate for the correlated Erdős-Rényi model
• Cullina, Kiyavash (2016, 2017): exact graph matching for the 

correlated Erdős-Rényi model; see also Wu, Xu, Yu (2021)
• Condition: the intersection graph is connected (whp)
• Onaran, Garg, Erkip (2016): same conclusion under stronger 

parameter assumptions and assuming all community labels 
are known

2

1

6

3

4

5

7

12 11

10

8
9

2

1

6

3

4

5

7

12 11

10

8
9

2 (2)

1 (8)

6 (6)

3 (12)

4 (7)

5 (11)

7 (10)

12 (9)
11 (1)

10 (5)

8 (3)
9 (4)G ⇠ SBM(n, p, q)

G1 G0
2 (G2)

⇡⇤ = (8, 2, 12, 7, 11, 6, 10, 3, 4, 5, 1, 9)

subsamplesubsample

in 𝐺" and 𝐺#

<latexit sha1_base64="codaKiThgOFVP8+iO6Po9PAH4YM="></latexit>

b⇡(G1, G2) 2 argmax⇡2Sn

X

(i,j)2E

Ai,jB⇡(i),⇡(j)



Exact graph matching – converse
Theorem (Cullina, Singhal, Kiyavash, Mittal, 2016)
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• Condition: the intersection graph is disconnected (whp)

2

1

6

3

4

5

7

12 11

10

8
9

2

1

6

3

4

5

7

12 11

10

8
9

2 (2)

1 (8)

6 (6)

3 (12)

4 (7)

5 (11)

7 (10)

12 (9)
11 (1)

10 (5)

8 (3)
9 (4)G ⇠ SBM(n, p, q)

G1 G0
2 (G2)

⇡⇤ = (8, 2, 12, 7, 11, 6, 10, 3, 4, 5, 1, 9)

subsamplesubsample

in 𝐺" and 𝐺#



Exact graph matching – converse
Theorem (Cullina, Singhal, Kiyavash, Mittal, 2016)

<latexit sha1_base64="LRRyjG1+mPJ9EW1U0vCY/C+YMSY=">AAACD3icdZDLSgMxFIYz9VbrbdSlm2BRKkKZKdYLuCi6cVnBXqBTSybNtKGZC8kZoQx9Aze+ihsXirh16863MW1HqKI/BH6+cw4n53cjwRVY1qeRmZtfWFzKLudWVtfWN8zNrboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7uByXG/cMal4GNzAMGJtn/QC7nFKQKOOua9uk9IIO4J5UMCOJwlNyKE7mkDJe304wOfY7ph5q2hNhGdM2bLPjm1spySPUlU75ofTDWnsswCoIEq1bCuCdkIkcCrYKOfEikWEDkiPtbQNiM9UO5ncM8J7mnSxF0r9AsATOjuREF+poe/qTp9AX/2ujeFftVYM3mk74UEUAwvodJEXCwwhHoeDu1wyCmKoDaGS679i2ic6E9AR5nQI35fi/029VLTLRev6KF+5SOPIoh20iwrIRieogq5QFdUQRffoET2jF+PBeDJejbdpa8ZIZ7bRDxnvX6iymyM=</latexit>

s2
✓
a+ b

2

◆
< 1 thenIf for every estimator @𝜋

<latexit sha1_base64="W+7ER7YvvP6BWfw5GzJWWGb0JkU="></latexit>

lim
n!1

P (e⇡(G1, G2) = ⇡⇤) = 0

• Condition: the intersection graph is disconnected (whp)
• In particular: the intersection graph has many isolated vertices
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Exact graph matching – converse
Theorem (Cullina, Singhal, Kiyavash, Mittal, 2016)
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• Condition: the intersection graph is disconnected (whp)
• In particular: the intersection graph has many isolated vertices
• These vertices have non-overlapping neighborhoods in 𝐺" and 𝐺#$
• Such vertices are hard to match due to the lack of shared information 

(even for optimal estimators that have access to the community labels)
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Exact community recovery
Theorem (R., Sridhar, 2021)
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Phase diagrams

𝑠 = 0.25 𝑠 = 0.75𝑠 = 0.5

Exact community recovery 
possible from 𝐺$

Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, exact 
recovery of 𝜋∗ impossible



Phase diagrams

𝑏 = 2 𝑏 = 20𝑏 = 10

Exact community recovery 
possible from 𝐺$

Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, exact 
recovery of 𝜋∗ impossible



Phase diagrams

𝑎/𝑏 = 2 𝑎/𝑏 = 6𝑎/𝑏 = 4

Exact community recovery 
possible from 𝐺$

Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, exact 
recovery of 𝜋∗ impossible



Proof (graph matching)
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Permutations
Let 𝑆&!,&" denote the set of lifted permutations such that
• 𝑘" vertices are mismatched in 𝑉(
• 𝑘# vertices are mismatched in 𝑉)
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*
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|𝑉(| and 𝑘# ≤
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#
|𝑉)|:

Assume that the communities are 
approximately balanced (this happens whp).

In general:

Let 𝑆&!,&" denote the set of lifted permutations such that
• 𝑘" vertices are mismatched in 𝑉(
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Generating function

Joint generating function

The PGF of only 𝑋 𝜏 only works when 𝑠) 𝑎 + 𝑏 /2 > 2

Lemma

For any 𝜀 ∈ 0,1 and 1 ≤ 𝜔, 𝜁 ≤ 3, and for all 𝑛 large enough:

Analysis:
• Decompose according to cycles of 𝜏∗)" ∘ 𝜏; 

independence across cycles
• For correlated Erdős-Rényi: explicit formulas
• For correlated SBM: recursive bounds



The interplay between 
community recovery and graph matching



Closing the gap for exact community recovery

𝑠 = 0.25

What happens in this region?

• Exact community recovery is impossible from 𝐺3
• Exact graph matching is impossible
• Q: is exact community recovery from 𝐺3, 𝐺4 possible?

Exact community recovery 
possible from 𝐺$
Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))
Exact community recovery 
impossible from 𝐺$, exact 
recovery of 𝜋∗ impossible



Interplay btw community recovery and graph matching
Theorem (Gaudio, R., Sridhar, 2022)

In the regime where , 
the threshold for exact community recovery is given by:
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Phase diagrams

𝑠 = 0.15 𝑠 = 0.25𝑠 = 0.20

Exact community recovery 
possible from 𝐺$

Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))

(though possible if 𝜋∗ were known)
Exact graph matching:

possible
impossible
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all nodes correctly matched

1. Almost exact labeling of 𝐺3
[Mossel, Neeman, Sly, 2014] 

2. Partial almost exact       
graph matching �̂�
[Cullina, Kiyavash, Mittal, Poor, 2020]

Remarks on the 𝑘-core estimator:
• Works well for correlated inhomogeneous 

random graphs [R., Sridhar, 2023]
• Closely related to densest subgraph

estimator [Ding, Du, 2022a,b]
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Impossibility argument sketch

• 𝑆∗: singletons in the intersection graph 𝐺3 ∧K∗ 𝐺4
• Key: 𝑆∗ ≍ 𝑛3LM"(NOP)/4
• MAP estimator fails even if given:
• All community labels in 𝐺4
• 𝑆∗
• 𝜋∗ on 𝑛 ∖ 𝑆∗

• Proof uses careful second moment analysis



Open problems / future directions



Efficient algorithms

• Current algorithms for (exact) graph matching are not efficient
• Do there exist efficient algorithms for graph matching?
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𝑠 = 0.25

Exciting and promising recent developments for efficient 
graph matching for correlated Erdős—Rényi random graphs:
• Mao, Rudelson, Tikhomirov (2021)
• Mao, Wu, Xu, Yu (2022)
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Beyond exact community recovery
• Almost exact recovery? 
• Partial recovery? 
• Community detection?

Challenge: 
interplay between community recovery and graph matching

Improved error rate?
Improved fraction recovered?
Lower threshold?

(Gaudio, R., Sridhar; in progress)

• Optimal error rate for 
almost exact recovery

• Beating KS w/ two 
correlated SBMs

Open problem

Predict the threshold for community 
detection from two correlated SBMs



General correlated SBMs

𝑘 communities, general parameters:
• graph matching?
• (exact) community recovery?
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Summary
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• Correlated SBMs: determined the fundamental limits of 

exact graph matching and exact community recovery

• Exact community recovery possible in regimes where it is not possible from 𝐺3 alone

• Correlated random graphs: many challenges and applications
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Thank you!


