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Given 3mfk G, Jok

B=Fus tn every waximun wohcling],

D=v(x)8
A""" SK&B! n has awm bee o D? h— Qx&wlales of
C'—'-B\A. ASXTMAA \/‘N"‘M"‘ﬁﬁ
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Gallai - Eclwmonadls olecomposi+ion 11 /32

Given 3@(« G, Lok D

B = { VS tn Qve.rn VAOL (M Mo&cmmo?, / A

D‘ V(G{) ‘B / °
A""" iu&g! W s o Qobe o ‘D? p— Qxemp fes of’
C""B\A. Mo \AAQJHA‘&?S

T ( Ealwonols - G‘*“OC‘) - For every WoLAWALWIA Modcd\ivoﬂ WG
% M[C) 's a perfect md:chiu& wm G[CY.
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Gallai - Eclwmonadls olecomposi+ion 11 /32

Given 3@(« G, Lok D

B = { VS tn Qve.rn VAOL (M Mo&cmmo?, / A

D‘ V(G{) ‘B / °
A""" iu&g! W s o Qobe o D? p— Qxemp fes of’
C""B\A. Mo \AANHA‘&?S

T ( Ealwonols - G‘*“OC‘) - For every WoLAWALWIA Mu’cd\ivoﬂ WG
% M(S) s & perfect Mad:chin& e G[CY .
¥ M(D] covers all bud Haclly ove v¥ of each Comnpt in GLO)-
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Gallai - Eclwmonadls olecomposi+ion 11 /32

Given 3@(« G, Lok D

B = { VS tn Qve.rn VAOL (M Mo&cmmo?, / A

D‘ V(G{) ‘B / °
A""" iu&g! W s o Qobe o D? p— Qxemp fes of’
C""B\A. Mo \AANHA‘&?S

T ( Ealwaowols - G““"‘“) - For evary waxivakw Mu’cd\ivoﬂ nG:
% M[C) 's a perfect W\ad:chin& wm G[CY.
¥ M(D] covers all but wto.dln owe. Wy of each cowsf* w GLO] -
¥ M wakches A +o olistined Compts o-? D.
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A useful leamma. 1 /22

Edwonals - Gallo : D=§MX:\_::°:(:\:\ emi ( , A= {‘uz D: :%‘:ifg , C:(Au]))‘,
¥ woXimuwn ww‘:chiua M: % M[C) is o perfetk wokchiua..
% M{D) Covers all bud owe v from each counpt tn D
% M wokcaes A Yo olistiuct Compts of D.
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A wseful lamma. AL /a2

Edwmonols - Gallox D=§Ji\x\t‘:\:« emi ( , A= {‘uz D: :o&;‘:i:‘g , C:(Au]))cf
¥ woXimuwn ww‘:cl«iua M: % M[C) is o perfetk wokchiua..
% M{D) Covers all bud owe v from each counpt tn D
% M wokcaes A Yo olistiuct Compts of D.

Lowwa . Suppose G ts moximal on v vs with wo w«*c.ktha of SR W]
Then @ s o Complete blow-ur of o stor,
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A wseful leamma 12 /22

Edmonols -—Go-uo;;: D:mei:;ﬁ(:& emi z, A= {ug D: :%\: i:‘g , C.‘:(AUDY
¥ woXimuwn ww‘:cl«iua M: % M[C) is o perfetk wokchiua..
% M{D) Covers all bud owe v from each counpt tn D
% M wokcaes A Yo olistiuct Compts of D.

Lowwa . Suppose G ts moximal on v vs with wo w«*c.ktha of SR W]
Then @ s o Complete blow-ur of o stor,

Proof sketch: Led AC,D be as above.
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A wseful leamma 12 /22

Edwonals - Golla: D= 45 nor i ey B A=fugd: w300, Cotaf
¥ woXimuwn ww‘:cl«iua M: % M[C) is o perfetk wokchiua..
¥ M{O) Covers al\ but owve v fromn eacdn C‘ow\p‘\- iwD.
% M wokcaes A Yo olistiuct Compts of D.

Lowwa . Suppose G ts moximal on v vs with wo w«*c.ktha of SR W]
Then @ s o Complete blow-ur of o stor,

Proof sketchh: Led AC/D be asAabove.
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Prov'ma the theorem 13 /a2

Thwr (L) Rupeesn = CMt) Y20, lare n => v (R)<l+atn)N.
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?rov'ma the theorem 13 /a2

Thwr (L) Rupeesn = CMt) Y20, lare n => v (R)<l+atn)N.

4{’%"&“% '07: Vbo.lw\ﬂem:

V olwmost - complete Gon :‘) {‘SCP.\)S (H’b(l))d“.
®n vs 1 G 24 CM(n)
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Prov'ma the theorem 13 /a2

Thwr (L) Rupeesn = CMt) Y20, lare n => v (R)<l+atn)N.

f%-.fucw '07: Vﬁvo.lw\bem:

V olwmost - complete Gon :‘) {‘s(P.\)S (l'}o(l))d“.
®n vs 1 G 24 CM(n)

To prove the theorem, ev\oouok o shocu:
KN CM(w) => VEvo gdvo: f Gl=N+E&n and

eueva vx ' G is W<€ M u-

tHhenw G —g—) CM(n),
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Se‘ha‘) '{'-l/o'b&l

Suppose: Ky —s CM(¥).
Tix €2, Jot S<2&.
\G‘: N-\-&A ) Q\Ie.fa VX.jM Gits i S crv\ V\ou-éobes.
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Se-ha\) '{'-l/o'b&l

Suppose: Ky —s CM(¥).
Tix €2, Jot S<2&.
\G‘: N-\-&A ) Q\Ie.fa VX.jM Gits i S crv\ V\ou-éobes.

:f\:(_\ﬂ_l\‘! G Z5 CcM ).
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Setup 14 [

Suppose: Ky —s CM(¥).
Tix €2, Jot S<2&.
\G‘: N-\-&A ) Q\Ie.fa VX.iM Gits i S crv\ V\ou-éobes.

é\:(_\ﬁ_l\‘! G Z5 CcM ).

Assuwe +ha Cov\Jcrara , fix on s-cblour{ua cwithout mouo CU(.
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SQ+M‘> 14 /22

Suppose: Ky —s CM(¥).
Tix €2, Jot S<2&.
\G\: N-\-&A ) Q\Ie.fa VX.iM Gits i S crv\ V\ou-éobes.

é\}_\ﬂﬁ : G 5 CMw.
Assuwe +ha Com’crara , fix on s-cblour{ua cwithout mouo CU(.

Let G 2 G be o woxiwal s—wmubicoloured Jroph on VI(G)
with vo wmovo CM(n). (ﬁo colges o ViR )

<cuarsl Colouve
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Rroperties of Gy 15 [

G, 26 wosiwol  S-wmubticoloured on VIG) with wo wmovo CM(w).
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Rroperties of Gy 15 [

G, 26 wosiwol  S-wmubticoloured on VIG) with wo wmovo CM(w).

%* Eve\ra vk n G4 tS 'n € dn V\ov\-edaes. (6s G =Gy
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Rroperties of Gy 15 [

G, 26 wosiwol  S-wmubticoloured on VIG) with wo wmovo CM(w).
% E’vera vk n Gg 1S n S dn won-edges. (oc G =Gy

) n
¥ In eadh colour c Fhere s ot most gue Qwmpt on < 3 us.

can  ooldd C—CC)(OU/ZQO/{ Q%?@
betweon Fio swall (owpts
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Rroperties of Gy 15 [

G, 26 wosiwol  S-wmubticoloured on VIG) with wo wmovo CM(w).
% E’vera vk n Gg 1S n S dn won-edges. (oc G =Gy

) n
¥ In eadh colour c Fhere s ot most gue Qwmpt on < 3 us.

] c 2N can odd ¢ -colowreo] ©
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Rroperties of Gy 15 [

G, 26 waxiwl s-mubicoloured on VIG) with wo wevo CM(w).
% E’vera vk n Gg 1S n S dn won-edges. (oc G =Gy
¥ In eacdh colour c Fhere s a’c wmost gue Qwmpt on < -2 vs.

_ can oddd ¢ -colowreo] @
SO #é CO'ORVQd (OW‘Fk) +l botieon +cro swa|| COW§f>

¥ Eoath wowno CO\MP“’ Uis o CowPle{e How-up of a shor.

@% ( ba le wrmon ’ngVV\ S[\ldQ lZ)
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Rroperties of Gy 15 [

G, 26 wosiwol  S-wmubticoloured on VIG) with wo wmovo CM(w).
% E’vera vk n Gg 1S n S dn won-edges. (oc G =Gy

¥ In eacdh colour c Fhere s a’c most gue Gwmpt on < -,'{ vs.
So #é colouvedl (owpk) '—'-H corn odldl £ -colowrenl Q%)

betweon o swall (owpts

¥ Eoath wowno CO\MP“’ Uis o CowPle{e How-up of a shor.

Wai-le: <hhesgl” H(u)f ( ba le i on ”@OW\ S(}de lZ)

o ‘([ r]
Ty
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End of P\'Ooc (wodule claiw) )@/,;L;L

51 . the Cowplewment

ot M be o wox mocl-c.b\{ma_ m S
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End of P\'Ooc (wodule claiw) )@/,,1&

'é: e T Cowp/em@M

ot M be o wox m{-c.b\ima_ m S

Clawm,. (Ml ¢ Sm.
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End of P\'Ooc (wodule claiw) )@/,,1&

+ha Co Wple ment

dot M be o wox m{-c.b\ima_ m Gy ok et

Clawm,. (Ml ¢ Sm.

Cowsider G, = G, V(M).
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End of P\'Ooc (wodule claiw) )@/,,1&

+ha Co Wple ment

dot M be o wox m{-c.b\ima_ m Gy ot et

Clawm,. (Ml ¢ Sm.

Cowsider G, = G, V(M).

N<Cwn < EV\

* ‘Gll?m‘-ma N. OOD clodun)
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End of P\'OOQ (wodule claiw) )@/,,1&

'é: e T Cowp/em@M

ot M be o wox m{-c.b\ima_ m S

Clawm,. (Ml ¢ Sm.

Cowsider G, = G, V(M).

N<Cwn < EV\

* ‘Gll 2 m‘- m 2 N. OOD clodun)
x G, is cowple-(e s -wmulicolouren]. ({93 choice. of M)
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End of pfoo(f (wodule claiw) )@/,,1&

'é: e T Cowp/em@M

ot M be o wox m{-c.bﬁma_ m S

Clawm,. (Ml ¢ Sm.

Cowsider G, = G, V(M).

N<Cwn < EV\

* ‘Gll 2 m‘- m 2 N. ({OD clodun)
* G‘z (s Cowsple'(e S‘-WuH'EColouM. (bj choice of /{/l)
X G, has no mono CM(w). (05 GZQ_GL)
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End of P\'OOQ (wodule claiw) )@/,,1&

+ha Co Wple ment

dot M be o wox m{-c.b\ima_ m Gy ot et

Clawm,. (Ml ¢ Sm.

Cowsider G, = G, V(M).

N<Cwn < EV\

% |Gy 2 16d < 21M| = N. ( by claiw)

% G, is complede s-wulhicolowra]. (b chice of M)

X G, has no mowno CM(w). (05 G, CG )
Cowtvaalickion 4o Ky s CM(w) ¥
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’Ytjpes 17 /&&.

Given vx w , mssigv\ o +Dpe. T(W 4o wt:
TO) = (Ug i Us, oty )
where :
U; is Ha colour-¢ Commpt Cou\.‘[-o«?uivg u

= §HE we HOW) R
T weT(U). q
T(U)
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’\'c_,pes 17 [22

Given VX w mssigv\ o 4‘3[’@. T +o vt
T(u) = (u‘l (— usn oy )— O(g)
where
U; is Ha colour-¢ Commpt Cou\.‘[-otiuiv:] U

= § RO we HU) R

weT(Us), @%
qu4&0

The wumber of -&-:]fes s < (%\-l—\)s. L

Lppey bounal
Ot (— coloured] COV\A’P‘fS
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Rroef of claim 1(3 18 /22

M motching In Gy . Suppwe: [M]> S .
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Rosf of claim 1(3 19 /22
M Ma-‘cdniu.a_ I a i S“PF“Q‘ |M|>/ %'V\ i X (tyreT) .
Jtypes T, onel Mo EM: Mo

Y (-(-jpe_tr)

* Edges W Mo have ands of -(-Jpcs T T,

x M $ as "Ft"l‘ S[\S
[ 0' >L‘ JV\. Sl oa\viP_oD)—\ oJ<<g .

S . I
Wohow letater An iwprovewark ow Rincael's conwvedred wwkdnuj wmethod 3 November 2030



Rroef of claim 1(3 18 /22

M Mﬁ*cjﬂika_ .:!M g; . SuPPge.. IMI)/ %‘V\ i X (;'6 rPQI’C) N
[ § 0
3‘\'},925 T T ond MgEM: Y‘ o

¥ Edges i My hove anols of +Jp¢s T T,

[ o8 = +upes [s
X ,MOI >L' JV\. Sl Cgfj\ oJ<<g .

Plan: finl M2M2..2M:
% (M| 2 [Me]- it
¥ no i~ coloured eJ@qs betwween Xi=XaV(M) & Yi=YaV(M).
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Rroef of claim 1(3 18 /22

M Ma-‘cdniu.a_ I a i 5,,1)[»;& |M|>/ %'V\ i X (tyreT)
1 M
Jtypes T, T onel Mo EM: tm: °

Y (-(-:]pe_(r')
* Edae.c M Mo have endle of +JP¢$ T T
x Mo >45dn. o Bl
Plan: finl M2M2..2M:
® [Mi] 2 Moot
%¥ Wno i~ coloured 0305 betwween Xi=XaV(M) & Yi=YaV(M).

=) 1Kl 1%l > 8w, Gyl W] 8 emephy.
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Rroef of claim 1(3 18 /22

M Mﬁ*cjﬂika_ .:lM g; . SuPPge.. IMI)/ %‘V\ i X (;'6 rPQI’C) N
[ § 0
3‘\'},925 T T ond MgEM: Y‘ o

* Edae.: M M, have apnds of +JP¢$ T T
x Mo >45dn. o Bl
Plan: finl M2M2..2M:
® [Mi] 2 Moot
% no i~ celoured 0305 between Xi=XaV(M) & Yi=YaV(My).
=) 'XSL IYS‘ >dw , Gi[xSch-] is QW‘F\'&‘
Contvadiction ~o: ewery vx in Gy Is tn $dn nou-edgesV
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oot of claim 2[3 19 /22

T.:' (ul(—,us, a',-—o“s’) ) ¢ = (W‘l,—-, W‘, P“*.ﬁt)o

Given My, ok M Myl 5 1
% wo ¢~ Colour eobes w G{)Q‘ya

Shohew leteter An iw»fcanww* ow Ruczek's Cowveched Mdﬂcj IMQ‘HMd 3 November 2030



oot of claim 2[3 19 /22

T.:' (ul(—,us, u',——o“s’) ) ¢ = (W‘l,—-, W‘, Ptcc—‘.ﬁg)o

Given M., , wowt M€ Mi :xMil2 '“,f,"'
* wo (- Colour edges in G;DQ,K]
@ I UcEW, Xi-t & Yoou v olistinck i—~colour Cow-pis
=) 4ake M= M.
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oot of claim 2[3 19 /22

T.:' (ul(—,us, u',——o“s’) ) ¢ = (W‘l,—-, W‘, Ptcc—‘.ﬁg)o

Given M., , wowt M€ Mi :xMil2 '“,f,"'
* wo (- Colour edges in G;DQ,K]
@ I UcEW, Xi-t & Yoou v olistinck i—~colour Cow-pis
=) +4ake M= M.

otherwise, W say ocr=H , Fhan
@ I‘c U£=W€, '“\e“ uc::P"STo Xe-( 1S joEMOX J\*mléto“\/\ ot U 2 Yoy

X = wno von-edges  befwean Yo & ¥,
@% 2 Qrtrooliction fo M £6.
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Prosf of claim 3(3 20 /,,1;1

O X(-( c-1 tw Saw f. (b,ﬂuf awr" u u('.BWc, x-\, K_‘_'T'(L()

K‘,_.,K,( t—colonr cl;ques o T(U). %H(w
k.

%@: —

I Shohew leteter An anw* ow Rucek's Cowveched hMJ‘dMAj IMQ‘HAod 3 November 2030



Prosf of claim 3(3 20 /32

@ Xix, Vet 1w sawat i-wolouv cowpt U= Ue=We, Xioy, Ve, &T(U).

Ky, kg (—colour cliques o T(U). R (W)

< kg ..
Let (A(B) be a vanclom parkition of [‘1@: @ T(u)

N \ S @\ @
Mi= 7 sy e Mo ¢ we ein GK N m @
ae. YZ-\ N\ UKL
beB
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Prosf of claim 3(3 20 /32

@ Xix, Vet 1w sawat i-wolouv cowpt U= Ue=We, Xioy, Ve, &T(U).

Ky, kg (—colour cliques o T(U). %H(w
Kk

tet (B) be & vandom partition of [/ 50=0 g

S \ S| @\ 4
Mi= 7 sy e Mo ¢ we ein GK N m @
ae. YZ-\ N\ UKL

beB

. Al s . Mic) _ oppropriate

VeeMi-i: PleeM)=4 = E[IM]= = =) 7 Vi
0g € hoag ewals

un ohstnet Kos
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Suwmary. 1/2 21, /32

'_(L“Q(L) Kt&-\-im_s"’ CMn) VE-zo, \"ﬂﬁ n = Y's(P“.)$@(.+o(l‘)')V\.

% As wawdkioved: we prove a wove genem! result.
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Suwmary. 1/2 21, /32

'_(L“Q(L) Ktv.-\-c.m_s"’ CMtn) VExo, large n => vs(R) L +e()N,

% As wawdkioved: we prove a wove genem! result .

% Our spprosch cow be used for stolbilt vesedts .

@9 for an s-colouvin of Ry, either there (8
o mong Ba Oov  +ha <o or,\ri\AéL \S “Specja[”f
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Suwmary. 1/2 21, /32

m(l’) Ktv.-\-c.m_s"’ CMtn) VExo, large n => vs(R) L +e()N,

% As wawdkioved: we prove a wove genem! result .

% Our spprosch cow be used for stolbilt vesedts .

@9 for an s-colouvin of Ry, either there (8
o mong Ba Oov  +ha <o or,\ri\AéL \S “Specja[”f

* A similon sickewment Wolds for @Mgﬁ

o9 hivalent to o

collection of Vi @(isjo?w\‘
@&Ses avol  oddl CJC(QS_
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Suwmary. 2/2 22/22

'_(L“Q(L) Kt&-\-im_s"’ CMn) VE-zo, \“"SQ n = Y‘s(P“')$@(.+o(|)')V\.
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Suwmary. 2/2 22/22

'_(L“Q(L) Kt&-\-emj” CMn) VE-zo, ‘“"SQ n = Y‘JPAS@L-\--(O')V\.

A!)pl{ cotiong
s Bucié - L.~ Suolakov '19: bn version of above

3 ivoluction: K,;,“ =5 P, For Na 3“ .
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Suwmary. 2/2 22/22

'_(L“Q(L) Kt&-\-emj” CMn) VE-zo, ‘“"SQ n = Y‘JPAS@L-\--(O')V\.

Applications .
) ¥4 . N M
% Bucié - L Suo{akov ‘19 ba Versiown 0'p above l({"n"ﬁ@" 2 }

3 iveluction: Ky, y =2 Py, Sor Na 2, E)}“
* B(‘J above & ivnduction caw SlmPl\-ca Proo‘[‘ of \$ (PR am.
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Suwmary. 2/2 22/22

'_(L“Q(L) Kt&-\-im_s"’ CMn) VE-zo, \“"SQ n = Y‘s(P“')$@(.+o(|)')V\.

A!:pl{ cotiong
s Bucié - L.~ Suolakov '19: bn version of above D }3“

3 ivnoluction: K,;,“ —_ 1)"1-1 for Na 22 3“ . ““Q}“
¥ B(‘J sbove & incdluetion Caw sumpltFa Pmo‘F of G (P~ am

Opevx problems .
% Determine g (Rl).  best bounds: -Dn £GERY % (-1
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'_(L“Q(L) Kw.-\-c.m_s"’ CMtn) VExo, large n => vs(R) L +e()N,

A!:pl{ cotiong
s Buci€ - L.~ Suolokov ‘19 bn version of obove D }3“

2 induction: Ky y == Py, For Na 3 2, “‘;‘Q}“
5 B(‘J above & wncuetion Caw snmpltga Proo‘f‘ of G (P)samn
Open problems .
% Delermine s (Pa).  best bounds: E-Dn £k % 8-t n

% Does a similar statement hold for wmeno c&c.le Parl-i%-ions?
wheve we wcn/d +o Cover Vs b(kj \/X»d(g\jow& mon o C&cf@_s
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Ahw (L) K wrern 25 CMmy VE2o, large n = vs(R) <eL+et)N.,

A!:pﬁ cotiong
i Bucié - L.~ Suolakov ‘19 bn version of above " }3“
3 ivnoluction: K,;,“ —_ 'PM,‘ for Na 22 3“ . 4 Ops
* B(‘J above & wncuetion Caw snmpltﬁa Proo'F of \$ (P )R am

Opevx problems .
% Determine g (Rl).  best bounds: -Dn £GERY % (-1

% Does a similar statement hold for wmeno c&c.lo. Parl-c-l-cov\s?
w‘/\QVQ we wcn/d +o Cover vs b(kj VX - d\g\Jom& mon o C&c

Tho ou £ sfenin
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