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Figure 1: Our upper bounds (blue) vs. the conjectured true values (red) of 2 —n and § when d = 2.
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Figure 2: Our upper bounds (blue) vs. the conjectured true values (red) of 2 — 7 and 6 when d = 3.
Here we use the numerical values a*(3) = 2 — nsr(3) &~ 2.0457 and dsgr(3) ~ 5.2886 obtained by
applying the scaling and hyperscaling relations to the numerical estimates on the exponents v and
8/v obtained by Wang et al. in [71]. When a = 2.0457 = o*(3) our upper bound on 4 is about 8.43.
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Theorem 2.2 (Universal tightness of the maximum cluster size). Let G = (V, E, J) be a countable
weighted graph and let A C'V be finite and non-empty. Then the inequalities

Py (| K] 2 a215() < exp (~ g (2)
and P5(|Kmax(A)| < gMﬂ(A)) < 927¢ (2.6)

hold for every >0, a> 1, and 0 < & < 1. Moreover, the inequality

> P5(|Ku NA| > aMg(A)> < eP5(|Ku NA| > MB(A)) exp (—%a) (2.7)

holds for every >0, a>1, andu € V.
We will deduce this theorem as a corollary of the following more general inequality.

Theorem 2.3. Let G = (V,E, J) be a countable weighted graph and let A C V be finite and non-
empty. Then the inequalities

k—1
Py (|Kmax(A)] 2 3°3) < Py (| Kuax()] 2 0)* (2.8)
and Py(|K, N A > 352) < Py(|Kmax(A)] > A Po(K,NA| >N (29)

hold for every >0, A>1, k>0, andu € V.
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