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Abstract—We consider a probabilistic construction of sparse that anyX C U with |X| < k has|I'(X)| = (1 —¢)d|X|
random matrices where each column has a fixed number of neighbors?
nonzeros whose row indices are drawn uniformly at rand_om. Remark 1.2: 1) The graphs artosslessbecause < 1;
These matrices have a one-to-one correspondence with thejad .
cency matrices of fixed left degree expander graphs. We prese 2) They are ca_llledmbalanced expandemshenn < N; .
formulae for the expected cardinality of the set of neighbors for 3) Theexpansionof a losslesgk, d, ¢)-expander graph is
these graphs, and present tail bounds on the probability tha (I1—¢)d.
this cardinality will be less than the expected value. Deduble
from these bounds are similar bounds for theexpansion of the
graph which is of interest in many applications. These bound are G(U,V,E)
derived through a more detailed analysis of collisions in uions |
of sets using adyadic splitting technique. The exponential tail I !
bounds yield the best known bounds for the/; norm of large
rectangular matrices when restricted to act on vectors withfew
nonzeros; this quantity is referred to as the/; norm restricted
isometry constants RIC;) of the matrix. These bounds allow for
guantitative theorems on existence of expander graphs andemce
the sparse random matrices we consider and also quantitaty XU
compressed sensing sampling theorems when using sparse nor X <k o,

mean-zero measurement matrices. =&"’\\

Index Terms—Algorithms, compressed sensing, signal process- ~ - I
T =(1-2eX]

ing, sparse matrices, expander graphs.

I. INTRODUCTION

Sparse matrices are particularly useful in applied and col
putational mathematics because of their low storage comple
ity and fast implementation as compared to dense matric
see [1], [2], [3]. Of late, significant progress has been ntade
incorporate sparse matrices in compressed sensing, with |4 19 =N
[5], [6], [7] giving both theoretical performance guaraggeand Fig. 1. Jllustration of a losslesgk, d, ¢)-expander graphs witk = 4 and
also exhibiting numerical results that shows sparse nesric! = 2.
coming from expander graphs can be as good sensing matrices o _
as their dense counterparts. In fact, Blanchard and Tagjer [ Such graphs have been well studied in theoretical computer
recently demonstrated in a GPU implementation how weifiénce and pure mathematics and have many applications
these type of matrices do compared to dense Gaussian 4iding: Distributed Routing in Networks, Linear Time
Discrete Cosine Transform matrices even with very smaltffixd>€codable Error-Correcting Codes, Bitprobe Complexity of
number of nonzeros per column (as considered here). Storing Subsets, Fault—tole_ranc_:e and a Dlstrlbl_Jted Séorag

In this manuscript we consider random sparse matrices th4¢thod, and Hard Tautologies in Proof Complexity, see [10]
are adjacency matrices of lossless expander graphs. Eapaifj [9] for @ more detailed survey. Pinsker and Bassylago [11]
graphs are highly connected graphs with very sparse adj;tceHroved the existence (_)f Iogsless expz.;\nders anpl showefhyjat a
matrices, a precise definition of a lossless expander gmpHandom left-regular bipartite graph is, with high probapil

given in Definition 1.1 and their diagrammatic illustration " €xpander graph. Probabilistic constructions with oplim
Figure 1. parameters, N exist but are not suitable for the applications

Definiton 1.1: G = (U,V,E) is a lossless(k,d, ¢)- we consider here. Deterministic constructions only acahiev

expander if it is a bipartite graph with/| = NV left vertices, SuP-optimal parameters, see Guruswami et. al. [12].
V| = n right vertices and has a regular left degréesuch Our main contribution, is the presentation of quantitative
guarantees on the probabilistic construction of thesectdbje

School of Mathematics and Maxwell Institute, University Béinburgh, 1N the form of a bound on the tail probability of the size of
Edinburgh, UK b. bah@ns. ed. ac. uk).

Mathematics Institute and Exeter College, University off@d, Oxford, 1l ossless expandemsith parametersi, k,n, N are equivalent tdossless
UK (t anner @t hs. ox. ac. uk). JT acknowledges support from the conductorswith parameters that are base 2 logarithms of the paramefers
Leverhulme Trust. lossless expandersee [9], [5] and the references therein.
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the set of neighbors'(X) for a givenX C U, of a randomly connects vertex; to vertexy;. For a given set of left vertices
generated left-degree bipartite graph. Moreover, we p®viS C U its set of neighbors i§(S) = {y;|z; € S ande;; €
deducible bounds on the tail probability of te&pansionof FE}. In terms of the adjacency matrid, of G(U,V, E) the
the graph|T'(X)|/|X|. We derive quantitative guarantees foset of neighbors ofAs for |S| = s, denoted byA;, is the set
randomly generated non-mean zero sparse binary matriceftwows with at least one nonzero.
be adjacency matrices of expander graphs. In addition, weDefinition 1.5: Using Definition 1.4 the expansion of the
derive the first phase transitions showing regions in patamegraph is given by the ratif’(S)|/|S|, or equivalently]As|/s.
space that depicting when a left-regular bipartite grapth @i By the definition of a lossless expander, Definition 1.1, we
given set of parameters is guaranteed to be a lossless expanded|I’(S)| to be large for every smaly’ C U. In terms of
with high probability. The key innovation in this paper i®th the class of matrices defined by Definition 1.3, for evdry
use of a novel technique dfyadic splitting of setsWe derived we want to havg A;| as close ton as possible, where is
our bounds using this technique and apply them to defive the number of rows. Henceforth, we will only use the linear
restricted isometry constantRIC;). algebra notationd, which is equivalent tal'(S). Note that

Numerous compressed sensing algorithms have been [d&;| is a random variable depending on the draw of the set of
signed for sparse matrices [4], [5], [6], [7]. Another cdl- columns,S, for each fixedA. Therefore, we can ask what is
tion of our work is the derivation of sampling theorems, prehe probability thaf A;| is not greater tham, in particular
sented as phase transitions, comparing performance daasarwherea; is smaller than the expected value |ef;|. This is
for some of these algorithms as well as the more traditiénal the question that Theorem 1.6 to answers. We then use this
minimization compressed sensing formulation. We also shateorem withRIC; to deduce the corollaries that follow which
how favorably /; minimization performance guarantees foare about the probabilistic construction of expander gsatbte
such sparse matrices compared to whatestricted isome- matrices we consider, and sampling theorems of some selecte
try constants RIC,) analysis yields for the dense Gaussianompressed sensing algorithms.
matrices. For this comparison, we used sampling theoremsrheorem 1.6:For fixeds,n, N andd, let ann x N matrix,
and phase transitions from related work by Blanchard et. al. be drawn from either of the classes of matrices defined in
[13] that provided such theorems for dense Gaussian matri@efinition 1.3, then
based omRIC, analysis.

The outline of the rest of this introduction section goes as Prob(|4;| < as) < pmaa(s,d)
follows. In Section I-A we present our main results in Theore xexp[n-¥(as,...,a2,d)] (1)
1.6 and Corollary 1.7. In Section I-B we discu®8C; and its
implication for compressed sensing, leading to two sangpli

theorems in Corollaries 1.10 and 1.11. (5,d) = 2 and @
pmaz I 25 ,—271'53([37

theI’Epm,m(s,d) is given by

A. Main results

Our main results is about a class of sparse matrices comlng\p 1 [5/2] s as; — a;
from lossless expander graphs, a class which include n@amme (@s; ..y a2,d) = ~ Z % <(” a;) - H ( )
zero matrices. We start by defining the class of matrices we =1
con_5|d_er and a key _concept ofsat of nelghbo_r:msed in the va H <a2i - ai> —nH (ﬁ)) +3slog (5d)] 3)
derivation of the main results of the manuscript. a; n

Definition 1.3: Let A be ann x N matrix with d nonzeros
in each column. We refer td as a random

1) sparse expander (SE) if every nonzero has value
2) ]:srgar::sF_slig?fd expander (SSE) if every nonzero has value g = G (2 _ @) for i—1.9.4 [s/2]. (4)

n

and the support set of thé nonzeros per column are drawnf 4, is restricted to be less than, then thea; for i > 1 are
uniformly at random W|th eaCh C0|umn draWn independentlme unique solutions to the fo”owing po'ynomia' system

SE matrices are adjacency matrices of lossl@ss, ¢)-
expander graphs while SSE matrices have random sign pats; —2aia3;+2aagi—afas = 0for i =1,2,...,[s/4] (5)
terns in the nonzeros of an adjacency matrix of a lossl
(k,d, ¢)-expander graph. 1A is either an SE or SSE it will
have onlyd nonzeros per column and since wedixx n, A is
therefore “vanishingly sparse.” We denafg as a submatrix
of A composed of columns aoft indexed by the sef with
|S| = s. To aid translation between the terminology of graph Prob(||Asz|l1 < (1 — 2¢)d||z||1) < Pmaz(s,d)
tbhoetﬁrﬁo?;?ognear algebra we define thet of neighborsn xexpln-U(s,d,e)] (6)

Definition 1.4: Consider a bipartite graphG(U,V,E) where¥ (s,d,e) = ¥ (as,...,as,d) in (3) with a;, = (1 —
whereFE is the set of edges and; = (z;,y;,) is the edge that ¢)ds andp,,q..(s, d) is the polynomial in (2).

n n—a;

wherea; := d. If no restriction is imposed on; then thea;
for ¢ > 1 take on their expected valug given by

S*ith ao; > a; for eachs.
Corollary 1.7: For fixeds,n, N,d and0 < ¢ < 1/2, let an
n x N matrix, A be drawn from the class of matrices defined

in Definition 1.3, then



Theorem 1.6 and Corollary 1.7 allow us to calculate Based on Theorem 1.9 which guarantees RIP-1, (8), for
s,m, N, d, e where the probability of the probabilistic constructhe class of matrices in Definition 1.3, we give a bound, in
tions in Definition 1.3 not being a lossless, d, c)-expander Corollary 1.10, for the probability that a random draw of a
is exponentially small. For moderate valuescdhis allows us matrix with d 1s or £1s in each column fails to satisfy the
to make quantitative sampling theorems for some compresseder bound of RIP-1 and hence fails to come from the class
sensing reconstruction algorithms. of matrices given in Definition 1.3. In addition to Theorem
1.9, Corollary 1.10 follows from Theorem 1.6 and Corollary
1.7.

Corollary 1.10: Considering RIP-1, if4 is drawn from the

In compressed sensing, and by extension in sparse gRgss of matrices in Definition 1.3 and akysparse vector
proximation, we observe the effect of the application of @ith k, n, N and0 < ¢ < 1/2 fixed, then

matrix to a vector of interest and we endeavor to recovesy thi

vector of interest by exploiting the inherent simplicity tims Prob(||Az|); < (1 — 2¢)d|z||1) < P, .0 (N, k. d)

vector. Precisely, let € RV, be the vector of interest whose e

simplicity is that it has: < N nonzeros, which we refer to as X exp [N - Wne (k,n, Nid,€)] (9)
k—sparse; then we obserye= R", as the measurement VeCtOR/vherep’
resulting from the multiplication of by ann x N matrix, A. e
The minimum simplicity reconstruct af can be written as (N, k,d) = 1 (10)

/
pmaz )
k
min ||z, subjectto Az =y, @) 167k /d* (1 - )
TEX

k n
U,et (k,n, N;d,e) = H (N) + N\I/ (k,d,e), (11)

B. RIC; and its implications to Compressed Sensing

(N,k,d) and¥,,.; are given by

wherex is the set of allk—sparse vectors anft||, counts
the nonzero components ef this model may be reformulated ] )
to include noise in the measurements. References [14], [19th ¥ (¥, d, €) defined in Corollary 1.7.
[16], [17] give detailed introductions to compressed segsi Furthermore, the following corollary is a consequence of
and its applications; while [18], [19], [20], [21], [22], I5[6], Corollary 1.10 and it is a sampling theorem on the existence
[23], [4], [24] provide information on some of the popula|0f lossless expander graphs. The proof of Corollaries 1Int a
computationally efficient algorithms used to solve problgin 1.11 are presented in Sections IV-B2 and IV-B3 respectively
and its reformulations. Corollary 1.11: Consider) < € < 1/2 andd fixed. If A is
We are able to give guarantees on the qua“ty of tﬁg'awn from the class of matrices in Definition 1.3 and any
reconstructed vector froml andy from a variety of recon- drawn fromx™ with (k,n, N) — co while k/n — p € (0,1)
struction algorithms. One of these guarantees is a boundeon@ndn/N — 4 € (0,1) then forp < (1 — 7)p**?(; d, €) and
approximation error between our recovered vector,sagnd 7 > 0
the original vector by the bestterm representation error i.e. Prob(||Az|[; > (1 — 2¢)d||z|1) — 1 (12)
|z — |1 < Const.||x — xx||1 wherezy, is the optimalk-term
representation for:. This is possible ifA has smallRIC;, €Xxponentially inn, wherep®?(5;d, €) is the largest limiting
in other wordsA satisfies the/; restricted isometry property value ofk/n for which
(RIP-1), introduced by Berinde et. al. in [5] and defined as 2 n
thus. H (—) + =" (k,d,e) = 0. (13)
Definition 1.8 (RIP-1):Let x"V be the set of alk—sparse N N
vectors, then am x N matrix A has RIP-1, with the lower  The outline of the rest of the manuscript is as follows: In

RIC; being the smallest.(k,n, N; A), when the following section Il we show empirical data to validate our main result
condition holds. and also present lemmas (and their proofs) that are key to the
(1= L(k,n, N; A)) ||2l|1 < [|Az||1 < ||z}, Ve € xN. (8) s_roof of the .main.theorem, Theorem 1.6. In Section. I we

iscuss restricted isometry constants and compressethgens

For computational purposes it is preferable to hdwaparse, algorithms. In Section IV we prove the mains results, that
but little quantitative information or(k,n, N; A) has been is Theorem 1.6 and the corollaries in Sections I-A and I-B.
available for large sparse rectangular matrices. Berirtde &ection V is the appendix where we present the alternative to
al. in [5] showed that scaled adjacency matrices of losslebgeorem 1.6.
expander graphs (i.e. scaled SE matrices) satisfy RIPd, an
the same proof extends to the signed adjacency matrices (i
so called SSE matrices).

Theorem 1.9:If an n x N matrix A is either SE or SSE  We present the method used to derive the main results and
defined in Definition 1.3, thend/d satisfies RIP-1 with discuss the validity and implications of the method. Wetstar
L(k,n,N;A) = 2e. by presenting in the next subsection, Section II-A, nunaric

Proof: The proof of the signed case (SSE) follows that afesults that support the claims of the main results in Sestio
the unsigned case (SE) in [5] but with absolute values iredudl-A and I-B. This is followed in Section Il with lemmas,
in the appropriate stages. B propositions and corollaries and their proofs.

l?. DISCUSSION AND DERIVATION OF THE MAIN RESULTS



A. Discussion on main results

Theorem 1.6 gives a bound on the probability that the

cardinality of a union oft sets each withi elements is less
thanay. Figure 2 shows plots of values af, (size of set of

neighbors) for different taken over 500 realizations (in blue),

superimposed on these plots is the mean value,afin red)

and thea;, in green. Similarly, Figure 3 also shows values of
ax/k (the graph expansion) also taken over 500 realizations.
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Fig. 2. For fixedd = 8 andn = 219, over500 realizations we plot (in blue)
the cardinalities of the index sets of nonzeros in a given bemof set sizes,
k. The dotted red curve is mean of the simulations and the gggeares are
the ay.

d =8, n=1024 and k = 2,34, ...,512
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Fig. 3. For fixedd = 8 andn = 210, over 500 realizations we plot (in
blue) the graph expansion for a given input set iz he dotted red curve
is mean of the simulations and the green squares arélie.

_ ,n=1024 and k = 2,4,8, ...,512
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Fig. 4. For fixedd = 8 andn = 219, over 500 realizations the relative
error between the mean values @f (referred to asz,) and thea, from
Equation (4) of Theorem 1.6.

but with a; for smaller values ifi varying less than for larger
values ofi.
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Fig. 5. Values ofa;as a function ofe € [0,1) for a := (1 — €)ax

with d = 8, k = 2 x 10% andn = 220, For this choice ofd, k,n
there are twelve levels of dyadic splits resulting dp for i = 27 for
j=0,...,[logy k] = 12. The highest curve correspondsdpfor i = 212,
the next highest curve correspondsite- 211, and continuing in decreasing
magnitude with decreasing subscript values.

For fixed0 < e < 1/2 and for small but fixed, p*?(d; d, €)
in Corollary 1.11 is a function off for eachd ande, is
a phase ftransition function in thg, p) plane. Below the
curve of p*P(§;d,e) the probability in (12) goes to one
exponentially inn as the problem size grows. That is 4f

Theorem 1.6 also claims that the are the expected valuesis drawn at random withi 1s ord + 1s in each column

of the cardinalities of the union of sets. We given a brief

and having parameters;, n, V) that fall below the curve of

proof sketch of its proof in Section II-B in terms of thep®*?(4;d,¢) then we say it is from the class of matrices in
maximum likelihood and empirical illustrate the accurady dDefinition 1.3 with probability approaching one exponelfia
the result in Figure 4 where we show the relative error betwem n. In terms of|I'(X)| for X ¢ U and|X| < k, Corollary

ar and the mean values of the, a,, realized oveb00 runs,
to be less thari0—3.

Figure 5 shows representative values «ffrom (5) for
ar == (1 — €)ax as a function ofe for d = 8, k = 2 x 103,
andn = 22°. Each of thea; decrease smoothly towards

1.11 say that the probabilityl’(X)| > (1 — €)dk goes to
one exponentially inn if the parameters of our graph lies

in the region belowp*?(§;d, ). This implies that if we
draw a random bipartite graphs that has parameters in the
region below the curve 0p**?(4;d, €) then with probability



approaching one exponentially im that graph is a lossless2.1 below. This proposition and its proof can be traced back
(k, d, ¢)-expander. Figure 6 shows a plot of whét?(d;d,e) to Pinsker in [25] but more recent proofs can be found in [6],
[10].
d=8,¢=025 ‘ Proposition 2.1:For anyN/2 > k > 1, € > 0 there exists
a losslesgk, d, €)-expander with

d=0(log(N/k) /e) and n =0 (klog(N/k)/e).
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Fig. 6. Phase transition plots pf*?(4; d, ¢) for fixedd = 8 ande = 1/4
with n varied. 0.004

0.002

converge to for different values of with ¢ and d fixed; S S S U S S et

Figure 7 shows a plot of what““?(;d, ¢) converge to for 01 02 03 04 02 08 0T 08 09 1

different values ofl with ¢ andn fixed; while Figure 8 shows

plots of whatp®"?(4; d, €) converge to for different values of rjg g phase transition plots pf=>(5; d, €) for fixed d = 8 andn = 210

e with n andd fixed. It is interesting to note how increasidg with  varied.

increases the phase transition up to a point then it des¢lase ) )

phase transition. Essentially beyorid= 16 there is no gain 10 Put our results in perspective, we compare them to the
in increasingd. This vindicates the use of smallin most altérnative construction in [6] which led to Corollary 2.2,
of the numerical simulations involving the class of matsiceVhose proofis given in Section V-A of the Appendix. Figure 9
considered here. Note the vanishing sparsity as the problefinpares the phase transitions resulting from our cortsruc
size (k,n, N) grows while d is fixed to a small value of tO that prgsented in [6], byt we must point out however, that
8. In their GPU implementation [8] Blanchard and Tannéhe proof in [6] was not aimed for a tight bound.

observed that SSE witldk = 7 has a phase transition for

numerous sparse approximation algorithms that is comsiste _ mc1024,d-6 ¢ ~0.16667

with dense Gaussian matrices, but with dramatically faster
. . 2 L
implementation. 10
n =1024, € =0.25
T T lO—A L R

0.02f B L

0.018} = // }

0016}/ 10°

0.014 /

- 0.012
= 10° |
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0.008 i i i i i i i T T
01 02 03 04 05 06 07 08 09 1
0.006 - 7 n/N
0.004 v
——d=8
0.002| —i Fig. 9. A comparison 0fp°"? in Theorem 1.6 top,;” of Corollary 2.2
0 ‘ ‘ ‘ : 4=20 derived using the construction based on Corollary 2.2.
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Corollary 2.2: Consider a bipartite grap&'(U, V, E) with
Fig. 7. Phase transition plots pf®? (5 d, c) for fixed e = 1/6 andn = 210 |€ft vertices|U| = N, right vertice§ V| = n and left degree.
with d varied. Fix 0 < e<1/2andd, as(k,n,N) — oo while k/n — p €

(0,1) andn/N — ¢ € (0,1) then forp < (1 —~)p;: ¥ (65 d,€)
As afore-stated Corollary 1.11 follows from Theorem 1'6:‘;1nd'y >0

alternatively Corollary 1.11 can be arrived at based on @rob
bilistic constructions of expander graphs given by Projmsi Prob(G fails to be an expandgr 0 (24)



exponentially inn, wherep;"(4;d, €) is the largest limiting We use Lemma 2.3 to replace PioB; N By| = by + b2 — b)
value ofk/n for which in (18) by B, (b, b1, b2) leading to the required result. =
In the binary tree resulting from our dyadic splitting scleem
the number of columns in the two children of a parent
. k dk edk dk node is the ceiling and the floor of half of the number of
with ¥ (k,n, Nid,e) = H (N) ++H (6)+Wlog< ) columns of the parent node. At each level of the split the
number of columns of the children of that level differ by
one. The enumeration of these two quantities at each level
i . _of the splitting process is necessary in the computatiomef t
The follovymg set of lemmas, propositions an_d corollari robability of (1). We state and prove what we refer tyadic
form the bund!ng blopks of the proof of our main results t plitting lemma Lemma 2.5, which we later use to enumerate
be presented in Section IV. these two quantities - the sizes (number of columns) of the
For one fixed set of columns off, denotedAs, the cpjigren and the number of children with a given size at each
probability in (1) can be understood as the cardinality %vel of the split.

the unions of nonzeros in the columns. Our analysis of thiSLemma 2.5:Let S be an index set of cardinality. For any
probability follows from a nested unions of subsets using Bvel j of th.e.dyadic splitting,j = 0, ..., [log, 5] _ 1. the

dyadic splittingtechnique. Given a starting set of columngg g s decomposed into disjoint sets each having cardinality
we recursively split the number of columns from this set and _ [ s W or R; = Q; — 1. Let ¢; sets have cardinality),
- J J . J J

the resulting sets int_o two sets (_)f ca_rdinalit_y of the cgilinarjldrj SQJetS have cardinalityz,, then
and floor of the cardinality of their union until a level when
the cardinalities are at most two. Resulting from this type g =s—20" {iw +29, and r; =2 —g¢;. (19)
of splitting is a binary tree where the size of each child is 2
either the ceiling or the floor of the size of it's parent seieT Proof: At every node on the binary tree the children have
probability of interest becomes a product of the probaedit either of two sizes (number of columns) of the floor and cgilin
involving all the children from the dyadic splitting of;. of half the sizes of there parents and these sizes differ at mo
The computation of the probability in (1) involves the comby 1, that is at levelj of the spliting we have at most 2
putation of the probability of the cardinality of the intection different sizes. We define these siz€xs, and R;, in terms of
of two sets. This probability is given by Lemma 2.3 andwo arbitrary integersyn; andms, as follows.
Corollary 2.4 below. s mi s ms
Lemma 2.3:Let B, By, B C [n] where|B;| = by, |Ba| = Qj = byl + o5 and R; = Y + o7 (20)
bs, B = By U B> and|B| = b. Also let B; and B, be drawn
uniformly at random, independent of each other, and defi
P, (b, b1, bg) = Prob(|31 n BQ| =b1 + by — b), then

U (k,n,N;d,e) =0 (15)

B. Key Lemmas

Because of the nature of our splitting scheme we haye=
Efj —1 which implies thatn; andmsy must satisfy the relation

myp —m2

1 =1 21
Pn(b’bl’bz):< by )(n—bl) (n) e % (21)
bi+b2 =0/ \b— b1/ \ba Now let g; andr; be the number of children witf); and R;
Proof: Given B;,B, C [n] where |B;| = b and number of columns respectively. Therefore,
| B2| = by are drawn uniformly at random, independent of each g+ =2 22)
other, we calculate PraqhB; N Bs| = z) wherez = by +by—b. 7o ’
Without loss of generality consider drawing; first, then At each level;j of the splitting the following condition must
the probability that the draw aB, intersectingB; will have be satisfied
cardinalityz, i.e. Prol(| B; N Bz| = z), is the size of the event qj-Q;+rj-Rj=s. (23)
of drawing By intersectingB; by z divided by the size of _ )
the sample space of drawinB, from [n], which are given 10 find mi, ma, ¢; andr;, from (20) we substitute fo€);
by (%) - (1) and (;) respectively. Rewriting the division and R; in (23) to have

b2—Z

as a product with the divisor raised to a negative power and B ( S n ml) Y ( s n mg) B (24)
replacingz by by + by — b gives (16). N G\o7 To5) i \gi T ) T

Corollary 2.4: If two sets, By, B, C [n] are drawn uni- 27 7q;s+ 27 q;my + 277 rjs + 27 rmy = s, (25)

formly at random, independent of each other, &he B,UB; 279 (g; + 1) 5+ 279 (qym1 + ryma) = 5 (26)
J J J J -

Prob(|B| = b) = Py (b, b1, b2) x s+277 (g +ryma) = s, (27)

Prob(|B;| = by) - Prob(|Bs| = by) (17) gjma +rjma = 0. (28)

Proof: Prob(|B| = b) = Prob(|B; U By| = b) by defini- We expanded the brackets from (24) to (25) and simplified

tion. As a consequence of the inclusion-exclusion prircipl from (25) to (26). We simplify the first term of (26) using
(22) to get (27) and we simplified this to get (28).
Prob(| By U By| = b) = Prob(|B1 N Ba| = by + by — b) Equation (21) yields

X Prob(|Bl| = bl) . PrOb(lBQ| = bg) . (18) my = ms + 97 (29)



Substituting this in (28) yields Property (40) means that, (x,y,y) is monotonically de-
creasing inc andy. For the proof we show that fdr/2 < a <

g5 (ma+27) + rimz =0, (30) 1 the differencey, (o, ay, o) — b, (z,y,y) > 0. Using (37)
(gj +7j)ma+27q; =0, (31) we write out clearly what the difference,, (o, ay, ay) —
27 (g; + ma) = 0. (32) ¥n(z,y,y), is as follows.

From (30) to (31) we expanded the brackets and rearranged
the terms and used (22) to simplify to (32). Using (32) andayH (a:c - ay) +(n— ag)H (a:c - ay) M (ay)
ay
H

(29) respectively we have

n—ay n
mo = —q; and m; = 27 — q; =7j- (33) —yH (I — y> —(n—y)H (ﬂ) +n (2) (41)
Yy n—y n
Substituting this in (20) we have z—y az — ay az — oy
s—qj 5—qj _ayH<—(>+nH< ()_ayH< )
Qj=—%—2+1 and R; = —-. (34) y n—ay n—ay
> > H(Y) —y1 (22Y)) (222
Equating this value of); to its defined value in the statement ~ ~ " (7) -y y ) "\ Ty
of the lemma gives _
s s e +yH <x y)—i—nH (%) (42)
,3+1:[—,] = qj:s—zﬂ-[—.hzﬂ. (35) n-y n
27 27 27 o (BY b (e —ay (=
Therefore, from (33) we use (35) to have -y y ) Y\ ey ) Y y
j j S r—1Yy Y ay
=g = =2 2] 36 r-y YUY _pH (Y
T 4j rj BW s, (36) +yH (n_y) +nH (n) nH(n)
which concludes the proof. ] y(or—ay (=Y 43
The bound in (1) is derived using a large deviation analysis T "7 | 7, ay ) \n_y (43)

of the nested probabilities which follow from the dyadicispl

ting in Corollary 2.4. The large deviation analysis of (16) a&rom (41) to (42) we expanded brackets and simplified, while
each stage involves its large deviation expongnt:), which from (42) to (43) we rearranged the terms for easy comparison
follows from Stirling’s inequality bounds on the combina#b Againn > x > y ensures that the arguments of-Hare
product of (16). Lemma 2.6 establishes a few properties efictly less than half and ) increases monotonically with
¥, () while Lemma 2.7 shows how the various,(-)'s at a p. In (43) the difference of the first two terms in the first row
given dyadic splitting level can be combined into a reldsive is positive while the difference of the second two terms is

simple expression. negative. However, the whole sum of the first four terms is
Lemma 2.6:Define negative but very close to zero whenis close to one which

vz r—y is the regime that we will be considering. The difference of

Un(x,y,2):=y-H < ” ) +(mn—-y)-H <n — y) the last two terms in the second row is positive while the

difference of the terms on bottom row is negative but due to
z . .
—n-H (—) , (37) the concavity and steepness of the Shannon entropy function
" the first positive difference is larger hence the sum of last f
then forn >z >y we have that terms is positive. Since we can write= cy with ¢ > 1 being

fory >z Un(z,y,y) < Un(@,y,2) < Ynlz,z,2); (38) &N arbitrarily cqnstant, then thg positiv_e sum _in the second
¢ _ 39 four terms dominates the negative sum in the first four terms.
ore >z Ynlw,y,y) > ¥nlz,y,y); (39) This gives the required results and hence concludes thisf pro
for1/2<a <1 %un(2,y,y) <¥n(az,ay,ay).  (40) and the proof of Lemma 2.6. [

Proof: We start with Property (38) and first show that the Lémma 2.7:Given ¢, (-) as defined in (37) then the fol-
left inequality holds. If we substitutgfor z in (37) withy > > 10Wing bound holds.
we reduce the first and last terms of (37) while we increase thﬁog (]2
middle term of (37) which makeg,, (z,y,y) < ¥n(x,y, 2). E
For second inequality we replageby z in (37) withy > z Z {qj " (aQﬂ"a[%] ’a[%J) +
we increase the first and the last terms of (37) and reduce
the middle term which makes, (z,y, 2) < ¥u(z,2,2). This 1, .y, (aR"’a(W’aLR' | )} )
concludes the proof for (38). 2

Jj=0

7
2

Property (39) states that for fixed ¢, (x,y,y) is mono- [logy (s)1—1
tonically increasing in its first argument. To prove (39) we < Z 27 -, (anaaLﬁJaaLﬁJ) 5 (44)
use the conditiom > = > y to ensure that kp) increases 3=0 ’ :

monotonically withp, which implies that the first and last
terms of (37) increase with: for fixed y while the second Whereaw =d.
term remains constant. Proof: The quantity inside the left hand side summation



in (44), i.e. expected values of the;, a; given by

a%_ai(2_%) for i=1,2,4,...,[s/2], (52)
n

v (sa 05 01 )
+rj Uy <aRj7a[ij-|’aL?J) , (45)

which are a solution of the following polynomial system.

a%s/ﬂ — 2narg/9) +nas =0,

is equal to the following if we replacg andr; by their values agi - 2aia§i + 2afa2i - a?azu =0,

given in Lemma 2.5. for i=1,2,...,[s/4], (53)
i[5 ny wherea; = d. If a, is constrained to be less than, then
(S 2 [ml +2 ) ¥ (GQ“G[Q{T%Q]’D (46) there is a different global maximum, instead thesatisfy the

s following system

+ 2'7 - — . n sy i 4
( [23} S) v (aRJ a[%1 GLRzJ) a3; — 2a;a3; + 2ataz; — a;as =0,

<(s—2-’f%]+2j)-wn (GQ“G{?J’@L?J) @ for i=1,2,4,...,[s/4], (54)

s again witha; = d.
+ (2.7 {Q_J _ S) . (aRf’aL?J’a{P;jJ . Proof: Define

s . _ [s/2] s
< (5—27’75—‘ +27)1ﬁn (an’aL?J7aLIZjJ> (48) \Iln(as,...,ag,d) = Zl Z-wn(agi,ai,ai). (55)
+ (2-7 [5] — s) <y <aRj’aL%J’aL%J) . Using the definition ofy,,(-) in (37) we therefore have
< (s -2 [i—‘ + 2j) <y, (aQ. a| R |,0|R, > (49) o & § Go2i — @i
5 R EA \Iln(as,...,ag,d)zgg- ai-H{=—) +

i[5 _4). an S a — _
(T3] v (e o) o-a-w(G) rn ()] e

. n—a; n
=2 Yn (aQﬂ"aL%J ’a[%J) ' (50 The gradient of¥,, (as,...,a2,d), VU, (as,..., az,d) is

given by

From (46) to 47 we upper bounded

aQ.,arQ;1,0| Q; nlao.,ayq; 1,0 q; 2ar5/2] — as) (N — as
b)) ([

and v, Ry A28 5 | by n <aRj’aL%J’aLﬁJ

i (@4 — agi) (2a; — ag
using (38) of 2Lemm;\ 2.6. We then upper l230unded i-log [az (a4 — a2i) (2a a2)1>

21 (2a2; — a4;) (az; — (Ii)2
for i=1,2,4,...,[s/4], (57)

U | aQ,,a)e;,0] e, by ¥n(aq;,air; a1z |,

from (47) to2 (48), 2again using (38) of Len21ma 2.26. From _ o
(48) to (49), using (39) of Lemma 2.6, we boundedWhere vT is the transpose of the vectar Obtaining the

critical points by soIvingiffn (as,...,a2,d) = 0 leads to
tn | ar;,a L] , a L7 by iy anaaL% ’%%J * the polynomial system (53).
For the final step from (49) to (50) we factored out The Hessian,V2¥, (as,...,a2,d) at these optimala;

which are the solutions to the polynomial system (53) is
negative definite which implies that this unique criticairgo

USING qfiog, (s)]—1 + Mlog, (s)]—1 = 21°82()1=1 we bound is a global maximum point. Let the solution of the system
Aflog, (s)]—1 Dy 2108211 Then we add this to the summa-be thea; then they satisfy a recurrence formula (52) which
tion of (49) forj = 0, ..., [log,(s)]—2 establishing the bound is equivalent to their expected values as explained in the
of Lemma 2.7. m paragraph that follows.

Now we state and prove a lemma about the quantities We estimate the uniformly distributed parameter relating
During the proof we will make a statement about the to a;. The best estimator of this parameter is the maximum
using their expected valués which follows from a maximum likelihood estimator which we calculate from the maximum
likelihood analogy. log-likelihood estimator (MLE). The summation of theg,(-)

Lemma 2.8:The problem is the logarithm of the join density functions for the;.

The MLE is obtained by maximizing this summation and
[s/2] S it corresponds to the expected log-likelihood. Therefohe,
% Z % “Pn (azi, ai, ai) (51) parameters given implicitly by (52) are the expected log-
= likelihood which implies that the values of tlig in (52) are
has a global maximum and the maximum occurs at thlee expected values of thg.

U, (an,aVZjJ,aLR].D and then simplified.

2



If we restrict a; to take a fixed value, then( Y ) and(7_¥) and the left inequality of (64) is used to

VU, (as, ..., az,d) is given by lower bound("). If {y,z} < 2 < y+ 2 the bound is well
T defined and simplifies to (60).

5 log | 22 (ag; — as;) (2a; — az;) If © =y > z (60) is undefined; however, substitutiggor

21 (20,21' — a4i) (QQZ' — ai)Q zmn (65) glves(y-ﬁ—g—m) = (Z) and (Z:z) = (nay) = 1 We

for i=1,2,4,...,[s/4]. (58) uPper bound the produdt) (Z)f1 using the right inequality
B in (64) to bound(?z’) from above and the left inequality in
Obtaining the critical points by solving ¥, (as, ..., a2,d) = (64) to bound from belovx(’;). The resulting polynomial part
0 leads to the polynomial system (54). of the product simplifies to (61).
Given ag, the HessianV?V,, (as,...,as2,d) at these op- If =z = y + 2, then (yﬁztz) = () =1 and (Z:Z) =
timal a; which are the solutions to the polynomial systen@”;y)_ As above, we upper bound the product(gtz) and

(54.') ‘%" neg?til\)/eldefin_ite whic:_ impliesdt_?fat tr}is uniqueicz_ait I_gz‘)_l using (64) and simplify the polynomial part of this
point is a global maximum; this case differs from a maximunyto 4\t to get (62). If instead = = z, then( ¥ ) = (¥)

H H H H H A A +z—x 0
likelihood estimation because of the extra constraint ahéx and ("=*) = ("=%) both of which equal 1.7! Therefore the
Qs. | Y ] 1 ) )
The dyadic splitting technique we employ requires greatBpund only involves(”) ~ which we bound using (64) and
care of the polynomial term in the large deviation bound dhe resulting polynomial part simplifies to (63). u
P, (z,y,z) in (16); Lemma 2.10 establishes the polynomial Corollary 2.11:f n > 2y, then(y, y, y) is monotonically
term. increasing iny.
Definition 2.9: P, (z,y, z) defined in (16) satisfies the up- ~ Proof: If n > 2y, (63) implies thatr(y, y,y) is propor-
per bound tional to \/y, i.e. 7(y,y,y) = ¢\/y, with ¢ > 0 andc,/y is
monotonic iny. ]
P (2,9, 2) < m(z,y,2) exp(¥n(2,y, 2)) (59)
with bounds ofr (z,y, z) given in Lemma 2.10. [1l. RESTRICTED ISOMETRY CONSTANTS AND
Lemma 2.10:For 7 (z,y, z) and B, (z,y, z) given by (59) COMPRESSEDSENSING ALGORITHMS
and (16) respectively, ify,z} < x < y + z, 7 (x,y,2) IS Here we introduc®IC- and briefly discuss the implications
given by of RIC; andRIC, to compressed sensing algorithms in Sec-
4 1 tion l11-A. In Section 111-B we present the first ever quaativve
(§> [ yz(n —y)(n - z) ’ (60) comparison of the performance guarantees of some of the
4 2y +z—z)(z —y)(z—z)(n—2)| compressed sensing algorithms proposed for sparse nsatrice
otherwiser (z,, z) has the following cases. as stated in Definition 1.3.

(NIEg

3 -
(Z) {y(n —2) if z=y>z (61) A. Restricted isometry constants
5 nly = Z): i It is possible to include noise in the Compressed Sensing
<§) {(” —y)(n—2) it o=yt 2 (62) model, for instancey = Ax + e wheree is a noise vector

=

4 nn—y—2z) | capturing the model misfit or the non-sparsity of the signal
(§)2 |:27TZ(7”L — )] 1 o ©3) The ¢o-minimization problem (7) in the noise case setting is
4 n v== min [zo subjectto [[Az —y[2 < [le|2.  (66)
rEX

Proof: The Stirling’s inequality below would be used in

this proof and other proofs to follow. where|c||; is the magnitude of the noise.

Problems (7) and (66) are in general NP-hard and hence
N intractable. To benefit from the rich literature of algonith
<Np) available in both convex and non-convex optimization the
< 5 1 NH) ¢p-minimization problem is relaxed to afi,-minimization
= 1(2771’(1_1’)]\7) € » (64) one for0 < p < 1. It is well known that thef, norm
for 0 < p < 1 are sparsifying norms, see [19], [21]. In
addition, there are specifically designed classes of alyns

1 _1
o (2np(1 — p)N)H N0 <

whereH(p) = —plog(p) — (1 — p)log(1 — p) is the Shannon

entropy func.tl.o.n for base Ioganthms. . that take on the/y problem and they have been referred to
From Definition 2.9 the quantity (z,y, z) is the polyno- : ) . .

. . o o .as greedy algorithms. When using dense sensing matriges,
mial portion of the large deviation upper bound. Within this ; . . .
roof we express this by popular gr.eedy algorithms include qumallzed !teratwerd—lla
P Thresholding (NIHT), [26], Compressive Sampling Matching

y n—y\ [(n -1 Pursuits (CoSAMP), [22], and Subspace Pursuit (SP), [20].
z—y . (65) when 4 is sparse and non-mean zero, a different set of
combinatorialgreedy algorithms have been proposed which

We derive the upper bound (x,y, z) using the Stirling’s iteratively locates and eliminate large (in magnitude) eom

inequality. The right inequality of (64) is used to upper bdu ponents of the vector, [5]. They include Expander Matching

7 (z,y,2) = poly

Yy+z—x z
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Pursuit (EMP), [27], Sparse Matching Pursuit (SMP), [28], 1) ¢;-minimization: Note that¢;-minimization is not an
Sequential Sparse Matching Pursuit (SSMP), [29], Left Begralgorithm per se, but can be solved using Linear Program-
Dependent Signal Recovery (LDDSR), [24], and Expandeting (LP) algorithms. Berinde et. al. showed in [5] that
Recovery (ER), [23], [7]. minimization can be used to perform signal recovery with bi-
The convergence analysis of nearly all of these algorithmigry matrices coming from expander graphs. We reproduce the
rely heavily on restricted isometry constants (RIC). As wer's formal statement of this guarantee in the following thegrem
earlier RICs measures how near isometris when applied to the proof of which can be found in [5], [6].
k-sparse vectors in some norm. For thenorm, also known  Theorem 3.2 (Theorem 3, [5], Theorem 1, [6])et A be
as the Manhattan nornRIC; is stated in (8). The restrictedan adjacency matrix of a lossle§s d, ¢)-expander graph with
Euclidian norm isometry, introduced by Candes in [30], ig(€) = 2¢/(1 — 2¢) < 1/2. Given any two vectors;, & such
denoted byRIC, and is defined in Definition 3.1. that Az = Az, and||#|[; < [|z|[1, let zx be the largest (in

Definition 3.1 RIC,): Define YN to be the set of all magnitude) coefficients of, then
k—sparse vectors and draw arx N matrix A, then for allz € . 2
XY, A hasRIC,, with lower and uppeRIC», L(k,n, N; A) |z =2l < 1—2a(e) |z = zxl]1- (67)

andU (k,n, N; A) respectively, when the following holds. N o
The condition thatx(e) = 2¢/(1 — 2¢) < 1/2 implies the

sampling theorem stated as Corollary 3.3, that when satisfie
(1= L(k,n, N; A)) l|z]]2 < || Az]2 ensures a positive upper bound in (67). The resulting sagpli
<(1+U(k,n,N;A))|lzll2-  theorem is given by’ (;d, ¢) usinge = 1/6 from Corollary
3.3.

The computation oRIC; for adjacency matrices of lossless Corollary 3.3 ([5]): ¢1-minimization is guaranteed to re-
(k,d, e)-expander graphs is equivalent to calculatingThe cover anyk-sparse vector from its linear measurement by an
computation ofRIC, is intractable except for trivially small adjacency matrix of a lossles%, d, €)-expander graph with
problem sizegk, n, N) because it involves doing a combinatoe < 1/6.
rial search over al(f) column submatrices ofl.. As a results Proof: Setting the denominator of the fraction in the right
attempts have been made to deriRé€C, bounds. Some of hand side of (67) to be greater than zero gives the required
these attempts have been successful in deriRiflg, bounds results. [ ]
for the Gaussian ensemble and these bounds have evolved fro®) Sequential Sparse Matching Pursuit (SSMRfroduced
the first by Candées and Tao in [19], improved by Blanchar@y Indyk and Ruzic in [29], SSMP has evolved as an im-
Cartis and Tanner in [31] and further improved by Bah angrovement of Sparse Matching Pursuit (SMP) which was an
Tanner in [32]. improvement on Expander Matching Pursuit (EMP). EMP also

RIC, bounds have been used to derive sampling theoreinyoduced by Indyk and Ruzic in [27] uses a voting-like mech
for compressed sensing algorithmg;-minimization and the anism to identify and eliminate large (in magnitude) compo-
greedy algorithms for dense matrices, NIHT, CoSAMP, arftents of signal. EMP’s drawback is that teepiricalnumber
SP. Using the phase transition framework witiC; bounds of measurements it requires to achieve correct recovery is
Blanchard et. al. compared performance of these algorithsigoptimal. SMP, introduced by Berinde, Indyk and Ruzic in
in [13]. In a similar vain, as another key contribution ofgthi [28], improved on the drawback of EMP. However, it's oridina
paper we provide sampling theorems fgrminimization and version had convergence problems when the input parameters
combinatorial greedy algorithms, EMP, SMP, SSMP, LDDSK: and n) fall outside the theoretically guaranteed region.
and ER, proposed for SE and SSE matrices. This is fixed by the SMP package which forces convergence
when the user provides an additional convergence parameter
In order to correct the aforementioned problems of EMP and
SMP, Indyk and Ruzic developed SSMP. It is a version of
SMP where updates are done sequentially instead of parallel

Theoretical guarantees have been given forrecovery consequently convergence is automatically achieved.hde
and other greedy algorithms including EMP, SMP, SSMBJgorithms have the same theoretical recovery guarantees,
LDDSR and ER designed to do compressed sensing recovetyich we state in Theorem 3.4, but SSMP has better empirical
with adjacency matrices of lossless expander graphs andp®rformances compared to it's predecessors.
extension SSE matrices. Sparse matrices have been observédgorithm 1 below is a pseudo-code of the SSMP algorithm
to have recovery properties comparable to dense matritesed on the following problem setting. The measurement
for ¢;-minimization and some of the aforesaid algorithmsnatrix A is ann x N adjacency matrix of a lossleg$c +
see [5], [6], [23], [4], [24] and the references therein. 8asl)k, d, ¢/2)-expander scaled by and A has a lowerRICy,
on theoretical guarantees, we derived sampling theorems dn((c + 1)k, n, N) = ¢. The measurement vectgr= Az + ¢
present here phase transition curves which are plots ofephageree is a noise vector ang = ||e||;. We denote byH(y)
transition functionsp®9(§;d, ¢) of algorithms such that for the hard thresholding operator which sets to zero all but the
k/n — p < (1 —~)p®9(5;d,€), v > 0, a given algorithm is largest, in magnitude; entries ofy.
guaranteed to recovery dltsparse signals with overwhelming The recovery guarantees for SSMP (also for EMP and
probability approaching one exponentially sin SMP) are formalized by the following theorem from which

B. Algorithms and their performance guarantees
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Algorithm 1 Sequential Sparse Matching Pursuit (SSMP) [29] Algorithm 2 Expander Recovery (ER) [23], [7]

Input: A, y, n Input: A, y
Output: k-sparse approximatiow of the target signak Output: k-sparse approximatios of the original signake
Initialization: Initialization:

1. Setj =0 1. Setz =0

2. Setz; =0 Iteration: Repeat at moskk times
Iteration: Repeatl’ = O (log (||z||1/7n)) times 1. if y = A% then

1.Setj=75+1 2. return Z and exit

2. Repeat(c — 1)k times 3. else

a) Find a coordinate & an incrementz that 4. Find a variable node; such that at leastl — 2¢)d of the

minimizes||A (z; + ze;) — yll1 measurements it participated in, have identical gap
b) Setz; to x; + ze; SetZ; = 2, + g, and go to 2.
3. Setx; = Hy, (x5) 6. end if
Return & = 27

o

we deduce the recovery condition (sampling theorem) ingerdignal =, giveny = Az, ER recoversz successfully in at

of € in Corollary 3.5. Based on Corollary 3.5 deduced frorff'0St2% iterations.

Theorem 3.4 we derived phase transitipf? M * (; d, €), for Corollary 3.8: ER is guaranteed to recover amysparse

SSMP. vector from its linear measurement by an adjacency matrix of
Theorem 3.4 (Theorem 10, [27]L:et A be an adjacency a losslesgk, d, €)-expander graph witlh < 1/4.

matrix of a losslesgk, d, €)-expander graph witlh < 1/16.

Given a vectory = Az + e, the algorithm returns approxima-

tion vectorz satisfying _ metmds
1—4e 6 0.02} : . : |
-zl < ————|lxz — - 68
ll =2l < 7=l — zxll + = 16€)d||e||1’ (68) ool L

0.016
wherex;, is thek largest (in magnitude) coordinates of

Corollary 3.5 ([27]): SSMP, EMP, and SMP are all guar-
anteed to recover arfsparse vector from its linear measure-
ment by an adjacency matrix of a losslggsd, €)-expander
graph withe < 1/16.

3) Expander Recovery (ER)ntroduced by Jafarpour et.
al. in [23], [7], ER is an improvement on an earlier algorithm 0-004
introduced by Xu and Hassibi in [24] known as Left Degree 0.002¢
Dependent Signal Recovery (LDDSR). The improvement was O o7 o3 o072 o5 o8 o7 o8 os 1
mainly on the number of iterations used by the algorithms n/N
and the type of expanders used, frdi d, 1/4)-expanders
for LDDSR to (k,d,e)-expander for ang < 1/4 for ER. Fig. 10. Pha_se tra_nsition curv¢€‘_lg (6;d, ) computed over finjte values

. . . of § € (0, 1) with d fixed and the different values for each algorithm - 1/4,
Both algorithms use this concept ofgap defined below. 1/6 and 1/16 for ER¢; and SSMP respectively.

Definition 3.6 (gap, [24], [23], [7]): Let z be the original

signal andy = Az. Furthermore, let: be our estimate fox.

0.014

. 0.012 */’

k/

0.01}
0.008;

0.006

PSSME (5:d, e = 1/16) ||

P (0;d,e=1/6)

PPR(6:d, e = 1/4)
T T

For each value;; we define a gap; as: 4) Comparisons of phase transitions of algorithnksgure
10 compares the phase transition plotgfMF (5;d, €) for
N R SSMP (also for EMP and SMP), the phase transition of plot
gi =Yi — Z; Aujs. (69) pP(5;d, €) for ER (also of LDDSR) and the phase transition
=

plot of p‘1(8;d, €) for ¢;-minimization. Remarkably, for ER
Algorithm 2 below is a pseudo-code of the ER algorithrAnd LDDSR recovery is guaranteed for a larger portion of
for an originalk-sparse signat € RN and the measurementsthe (8, p) plane than is guaranteed by the theory far
y = Az with ann x N measurement matrixl that is an Minimization using sparse matrices; howevgfminimization
adjacency matrix of a lossle$2k, d, ¢)-expanderand < 1/4. has a larger recovery region than does SSMP, EMP, and SMP.
The measurements are assumed to be without noise, so we aim
for exact recovery. The authors of [23], [7] have a modified Figure 11 shows a comparison of the phase transition of
version of the algorithm for when is almostk-sparse. ¢,-minimization as presented by Blanchard et. al. in [13] for
Theorem 3.7 gives recovery guarantees for ER. Directiense Gaussian matrices based RIC, analysis and the
from this theorem we read-off the recovery condition in termphase transition we derived here for the sparse binary ceatri
of ¢ for Corollary 3.8, from which we derive phase transitiomoming from lossless expander basedRiC; analysis. This
functions,p?%(5;d, ¢), for ER. shows a remarkable difference between the two with sparse
Theorem 3.7 (Theorem 6, [7])tet A € R"*N be the matrices having better performance guarantees; this wepro
adjacency matrix of a lossle$3k, d, €)-expander graph, wherement is achieved througRIC; being more closely related to
e < 1/4 andn = O(klog(N/k)). Then, for anyk-sparse ¢;-minimization than isRIC..
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q1 = 2 while r; = 0. If on the other hand%} = L%J +1,
theng; = 1 andr; = 1. In either case we have the remaining
part of the expression of (72) i.e. the second two summations
and the product of the two Prob.

Now we proceed with the splitting - note (73) stopped only
at the first level. At the next level, the second, we will have
g2 sets with@, columns and-, sets withR, columns which
leads to the following expression.

0.014
0.012
0.01

0.008 1

?

k/n

0.006

0.004 -

0.002f~ - i 2l 2
1 1— 1
L Z 2 X P (lQﬂ’lr%w ’ZL%J>

0 01 02 03 04 o.‘sv 06 07 08 09 1 180 lgl lg’l
”/N 31—1-----110 j2:1 ..... q1 j'g:l ..... T1
Fig. 11. Phase transition plots 6f, pt} (8), for Gaussian matrices derived ~ P, <lj2 (2221 g2 )
usingRIC, and pg (8; d, €) for adjacency matrices of expander graphs with l ; ; & (%] L%J
n=1024, d =8, ande = 1/6. 1Q, Ve,
j4—1 ..... q2 j5:1 ..... T2
q2
gs  72i3—1 ;25 Ja | _ gi
IV. PROOF OF MAINS RESULTS Pn (lﬁlvl[éw vlLéJ> <[] PrOb(’Aél = 1(31)
ja=1
A. Proof of Theorem 1.6 P "
By the dyadic splitting A,| = ‘Al(%l U A?, | and therefore II PfOb(‘Aﬁ’l = 1'715’1) ] (74)
Js=q2+1
Prob(| 4| < a,) = Prob(| 4}, U 42, [ <a))  (70)
_ 1 2 | =
=X > Prob(‘A(%] UA(s | = lS) (71) " We continue this splitting of each instance of Rrotor
s Irgnlisy [logy, s] — 1 levels until reaching sets with single columns
— Z Z Z P, (ls, L2, ) % where, by construction, the probability that the singleuaah
T 217715l has d nonzeros is one. This process gives a complicated
r31 3] product of nested sums of,P) which we express as
1 71 2 __ 72
Prob(‘A[%w‘ - lrgm) Prob(‘AL%J - ZL%J) . (72)
From (70) to (71) we sum over all possible events while
from (71) to (72), in line with the splitting technique, we
S o ey
simplify T[he.probabmty to the product of thg p.robab|I|$|_f Z Z Z P, (ZJQIO’Z[JQ;“ ’ZL&J)
the cardinalities o A%%W‘ and ‘Af%J‘ and their intersection. i1 13 3 2 2
In a slight abuse of notation we Wrigljj:1 ~, todenote jlzl,f)..,qo j2:1,,1,.,q1 j3:1,.1..,r1
applying the sum: times. Now we use Lemma 2.5 to simplify _ _ _
(72) as follows. % l Z Z P, <161vl?§]lvlf{iJ)
194 195 2 2
2

S Y % (G i)
: : BANLINE SR s 12js—1 72j;
72 m Bl x P, <1§1’1(%171L§J)'lm[ >

l:il
Qo Q1 i
J1=1,...,q0 j2=1,...,q1 jz=1,...,r1 [/2Mog2 512
Rllogy s1-1

q1 )
i i J2llogy s]—2=1,--+,q; .
J2 — 2 [logg s]—1
X H PrOb(‘A ! lQl) J2Tlogs s1—4 j2J2[logy sT—4—1 ;2J2[10gy s1—4

ja=1 P, (1} 0 l

) Y2
q1+71 . )
j y o, s|— 2 o, s]— -1
< JI Prov(|ak|=u). @3 x Py (171052 170 g0 1 )
Js=q1+1 )
J O; s|—
Let's quickly verify that (73) is the same as (72). By Lemma x P (122“ 2017 d, d)] . ] . (75)

2.5,Q9 = s is the number of columns in the set at the zeroth

level of the split whilegy = 1 is the number of sets witl),

columns at the zeroth level of the split. Thus far= 1 the

first summation and the,R-) term are the same in the two Using the definition of P(-) in Lemma 2.3 we bound
equations. If[%] = L%J,then they are both equal @, and (75) by bounding each,R-) as in (59) with a product of



a polynomial,z(-), and an exponential with exponent,(-).

E E E J1 32j1—1 325
™ (lQo’l(QO] ’lLﬁJ x
- - - P) 2
1 192 193
Qo Q1 Ry
J1=1,...,q0 j2=1,...,q1 js=1,...,m1

wn(lh ,l2j1*17l2j1 )
e Qo807 G0 |

> X

Ja Js
le lR2
Jja=1,...,q2 j5=1,...,r2

Jj2 2721 ;2j2
) wn(lQl’l(&“7lL&J>
.e 2 2 X
Pn 193 ,l2j371,l2j3
).e T T

lj2 [logg s1—2
@Mlogg s1-1

J2 j2j2—1 ;25
" (lel’l(sz HCy

i3 72j3—1 ;2js
i (lﬁ’lr%"‘;] Y

J2Mogy s1-2= 15 ifgg, 11

J2Tlogg s1—4 72J2[logg s1—a—1 ;2J2[logy s1—4
7 (14 Nk Nk

J2[loggy s1—4 ,292[logg s1—4 1 292[logy s]—4
Y <l4 [logg s1 ) [loga s] | [loga s )
X e

J2llogy s1—3 72J2[logg s1—3—1
Xﬂ.(l;ﬂgz'\ 37122Ug2'\ 3 ,d)

j 2j -1
b <l;2rlog2 s]1-3 7l2‘]2“og2 s]1-3 ,d)
X e X

] N lj2U°g2 ‘ﬂfz,d,d
F(lgzrlogzﬂdad’d) .ew (2 >:| ‘| (76)
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variables are equal and are equal to the maximum of the
third variable. Then we bound each sum by the largest term
in the sum multiplied by the number of terms. This scheme
combined with Lemma 2.5 give the following upper bound on

M(l,...,l,d).

([%00(2)" o[ 2~

w d
[log, s]—2 (
j=1

dllogg s1—1

Q[log2 s|—1 ) 2 Q[log2 s|—1
G 2 A\z) & 2
Proof: From (63) we have

(Y, y,y) = (2)2\/%_” < (2)2 V27my.  (80)

Simply put, we bound__ 7 (z,y, z) by multiplying the max-
imum of 7(z,y, z) with the number of terms in the summa-
tion. Remember the order of magnitude of the arguments of

[E—
S8
N—

(79)

Using Lemma 2.6 we maximize the,(-) and hence the 7(,y,2) isxz >y > z. Therefore, the maximum of(z, y, z)

exponentials. If we maximize each by choosipgto bea.),

occurs when the arguments are all equal to the maximum value

then we can pull the exponentials out of the product. TH¥ z. In our splitting scheme the maximum possible value of

exponential will then have the exponewt, (as,...,as,d).
The factor involving ther(-) will be calledII (s, ..., [2,d)
and we have the following upper bound for (76).
IM(ls,...,lo,d) exp ¥, (as,...,as,d)], (77)
where the exponen¥,, (as, ..., as,d) is given by
Un (aGo aransayao ) + oo+ Yu (a2, d,d). (78)

ZHQJ. is [%J -d since there ard nonzeros in each column.
2

Also ZL&J <lg, < ZL&J + l{&1 so the number of terms
2 2

2

in the summation oveky, is [%] - d, and similarly forR;.
We know the values of th€); and theR; and their quantities

g; andr; respectively from Lemma 2.5.

We replacey by {%J -d or | ] . d accordingly into the
bound of 7(y,y,y) in (80) and multiply by the number of
terms in the summation, |é%] -d or [24] . d. This product

Now we attempt to bound the probability of interest ins then repeated, or r; times accordingly until the last level

(70). This task reduces to bounding (ls,...,l2,d) and of the split,j = [log, s] — 1, where we havey[ig, -1 and
U, (as,...,a2,d) in (77) and we start with the former, i.e.Q“ng 11 (which is equal to 2). We excludﬁﬂogz s]—1 since
bounding I (s, ..., l2,d). We bound each sum of(-) in j, = d. Putting the whole product together results to
I(ls,...,l2,d) of (77) by the maximum of summations(79) hence concluding the proof of Proposition 4.1. ®
multiplied by the number of terms in the sum. From (63) we As a final step we need the following corollary.

see thatr(-) is maximized when all the three arguments are
the same and using Corollary 2.11 we take largest possibl
arguments that are equal in the range of the summation. In
this way the following proposition provides the bound we end
up.

Proposition 4.1:Let's make each summation over the sets
with the same number of columns to have the same range
where the range we take are the maximum possible for each Proof:
such set. Let's also maximize(-) where all its three input From Lemma 2.5 we can upper bouy by @, . Conse-

eCoroIIary 4.2:

M(ls,...,le,d) < -exp [3slog(5d)].  (81)

2
25V 2ms3d3
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quently (79) is upper bounded by the following.

(R RlEl -
(40 2

1l

Q 5 2 Q dllogg s1—1
[log, s]—1 e [log, s]—1
([ Gy 25 o)

(82)

Now we use the property thag; + r; = 2/ for j =

1,...,[logy s] — 1 from Lemma 2.5 to bound (82) by the

following.

SN COREEDE

We have a strict upper bound when,,, ;-1 # 0, which
occurs whers is not a power o2, because then by, +r; = 27
we haveq(iog, s1-1 + Tfiog, s]—1 = 2/1°82¢171. In fact (83) is
an overestimate for a largewhich is not a power of.

Note Q; = [ | by Lemma 2.5. Thus{%w = [55r]| and
L%J < [5%]. So we bound (83) by the following.

[log, s]—1 s 5\ 2 5 2
[ ([51e() lzmle) e

Jj=0

(83)

Next we upper bound/log,s] — 1 in the limit of the
product bylog, s and upper bound5*+] by 5% + 3 =

J+1
o (147

S

g5 [ 21\ (2527
H — 1+ X
1|2 s 16

27
s 2j+1
- 3
\/2j+1 (1+ 3 )dl :

) by 2 to bound the above by

9J+1
s

og, s 2
‘ﬁ s (2ver) 5
27 \ 716 2

=0

We bound(l +

log, s 25\/% 343 27
() -

where we moveds/27 into the square root. Using the rule

, we also move thd into the square root and
combined the constants to have the following bound on (84).

power3/2 in the outside and this gives the following.

loga s oi

o083 5 gi 1 73/2
057\ = lﬁ sd’
16 Ay

(86)

. Sl BTN ke
_ 4 PO ” -+
_< 16 ) e §=0 (2j> )
2s—1 : logg s 3/2
SE2 e jog
_ (251\/6%) (s)? 1 (%) ] (88)

From (86) to (87) we evaluate the power of the first factor
which is a geometric series and we again use the rule of indice
for the sd factor. Then from (87) to (88) we use the indices’
rule for the last factor and evaluate the power of theactor
which is also a geometric series. We simplify the power of the
last factor by using the following.

(89)

k2P =(m-1)-2m" 42
k=1

This therefore simplifies (88) as follows.

2s—1 logo s+1 3/2
(log, s—1)-27°82 +2
252 1 (1 2
™ (Sd)QS 1 -
16 2

(90)

() e )

i <25f> [(1?;32‘25“’g25225r/2 02)

) <25f>28 (251\/6%) [(22225825]3/2 (93)
.

() (G 2T e

From (90) through (92) we simplified using basic properties
of indices and logarithms. While from (92) to (93) we incor-
porated22® into the first factor inside the square brackets and
we rewrote the first factor into a product of a powersimnd
another withous. From (93) to (94) the?* ands—2° canceled
out.

of indices the product of the constant term is replaced lsy it Now we expand the square brackets in (94) to have (95)
power to sum of the indices. We then rearranged to have thelow.
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B. Main Corollaries
<25 27T>23 ( 16 ) 1 d In this section we present the proofs of the corollaries in

16 25v21 ) SV (95)  sections I-A and I-B. These include the proof of Corollary

0s 1.7 in Section IV-B1, the proof of Corollary 1.10 in Section

B <25\/27r> (2d)° 2 IV-B2 and the proof of Corollary 1.11 given in Section IV-B3.
a 25

16 V2rs3d3 (96) 1) Corollary 1.7: Satisfying RIP-1 means that for any
2/3 s—sparse vector, ||Asz|1 > (1 — 2¢)d||z||» which indicates
25\/27r> d)) (97) that the cardinality of the set of neighbors satisfids| >

2
- 25v2mws3d? - OxXp (38 log (2 < 16 (1 —€)ds. Therefore

2 Prob(||Asa], < (1 - 26)d]l«]1)
< ——— - exp [3slog(5d)] (98) rob(f|Asz1 < €)all Tl
25V 2msid? = Prob(|A,| < (1 — €)ds). (102)
From (95) to (96) we simplified and from (96) to (97) we . o o
rewrote the powers as an exponential with a Iogarithmic/ expbhis implies thata, = (1 — €)ds and since this is restricting
9273 N i
2537 as 1o be less than it's expected value given by (4), the rest
nent. Then from (97) to (98) we upper boundefi=15 of the a; satisfy the polynomial system (5). If there exists a

by 5 Wh_iCh gives the require_d format of a product of %olution then the:; would be functions ofs, d ande which
polynomial and an exponential to conclude the proof tnﬁakesqf (a as,d) = U (s, d, )

corollary. ) -
With the bound in Corollary 4.2 we have complete% ni)tr?eogri?p;é%efgslIg%bi'1|‘Sta<te(sl t_h;'i)%xﬁl‘xgng
the bounding ofII(l,...,ls,d) in (77). Next we bound ’ Sl = !

U, (as,...,as,d) which is given by (78). Lemma 2.5 givespm“””(s’d) - expln- W(s,d ). Corollary 1.10 considers

the three arguments for each,(-) and the number of,, (-) any .S C [N] and since the matrices are adjgcency
. g : matrices of lossless expanders we need to consider any
with the same arguments. Using this lemma we expr

€3 [N] such that|S| < k. Therefore our target is

Yn (as, ..., a2,d) as Prob(||Az||x < (1 — 2¢)d||z||1) which is bounded by a simple
[log, (s)]—2 union bound over all(f) S sets and by treating each set
Z [qj P, (aQ“a[%T%%J) + S, of cardinality less thark, independent we sum over this
=0 2 2 probability to get the following bound.
5 Un <CLR.,(I R;7,0Q| Ry ):|+ k N
aaE ARk 3 ( ) -Prob(||Asz|; < (1 2e)d||z|l)  (103)
Qfioga(s)]—1 - Un (a2, dyd) . (99) =2 N7

k
Equation (99) is bounded above in Lemma 2.7 by the follow- < Z (N>  Prmas(s,d) - expn - U (s,d, €)] (104)
ing. port S ? )y

J
2

[logy(s)]—1 ) i(5>2 1 ( d)
27 . n -y R, |, R . 100 < n —F—————— " Pmaz\$,
> Pon(oqppey) ). 00 i) om

=0 s=2 1-%)
If we let theay; = ag; anda; = aL%J we have (100) equal X exp [NH (%) Fn-W(s,d, E)} (105)
to the following. 5
5 Pmaz (k, d)
) ) N 2 . 7 13 T _ K
> g ) = 3 5 [ () ;

i=1 =1

k n
xexp |[N|{H(—=]+—= P (kde]|. 106
+(n—ai)~H<a2i_ai>—n-H(%)} (101) p[ ( <N) N ))] (109
. ho .n From (103) to (104) we bound the probability in (103) using
Now we combine the bound 6t (i, ..., I, d) in (81) and the  cqrgllary 1.7. Then from (104) to (105) we bouiidl) using
exponential whose exponent is the bo”nwgf(as’“"f?’d) Stirling's formula (64) by a polynomial inV multiplying
in (101) to get (2), the polynomighas (s, d) = 25v2rs8a®’  DPmaz($,d) @and an exponential incorporated into the exponent

and (3), the exponent of the exponentia(as, ..., d) which  of the exponential term. From (105) to (106) we use that
is given by the sum o8slog (5d) and the right hand side of fo; N ~ 2% the entropy H<+) is largest whens = k
(101). and we bound the summation by taking the maximum value

Lemma 2.8 gives thes; that maximize (101) and the st s and multiplying by the number of terms plus one,
systems (53) and (54) they satisfy depending on the conmraigiving k, in the summation. This giveg', (N, k,d) =
onas. Solving completely the system (53) givésin (52) and . (5)2 _Pmaz(kd)_ \which simplifies to——L— and
(4) which are the expected values of the The system (5) Y k(1 k) 167k, /d3(1- k)
is equivalent to (54) hence also proven in Lemma 2.8. Thise factorV,,., (k,n,N;d,e) = H (%) + x - V(k,de)is
therefore concludes the proof Theorem 1.6. what is multiplied toN in the exponent as claimed.
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3) Corollary 1.11: Corollary 1.10 has given us an uppeiNriting the last multiplicand of (108) in exponential forma
bound on the probability Praj Az|j; < (1 — 2¢)d||z||1) in simplifying the expression gives
(9). In this bound the exponential dominates the polyno-
mial. Consequently, in the limit a¢k,n, N) — oo while
k/n — p € (0,1) andn/N — ¢ € (0,1) this bound Ps < Pmaz(N, s;d,€) - exp [N - ¥ (s,n, N;d,€)], (109)
has a sharp transition at the zero level curvelnf.;. For
Vet (k,n, N;d,e) strictly bounded above zero the overalivhereW (s,n, N;d,¢) is
bound grows exponentially inV without limit, while for
Voot (k,n, N;d,e) strictly bounded below zero the over- s ds eds ds
all bc(>und decay)s to zero exponentially quickly. We define H (N) +yHEF W10g< ) ’ (110)
0P (8;d, €) to satisfy U,,.; (k,n, N;d,¢) = 0 in (13), so
that for anyp strictly less tharp®*?(4;d, ¢) the exponent will and p.q. (N, s;d, €) is a polynomial inN and s for eachd
satisfy W,,.; (k,n, N:d,€) < 0 and hence the bound decay t@nde fixed given by
zero.

More precisely, fork/n — p < (1 — v)p®*P(d;d, €) with 5\% 1
small v > 0, in this regime ofp < (1 — 7)p“*P(d;d,¢) (Z)
we have Prolj||Az|; < (1 —2e)d|z|l1) — 0. Therefore,

Prob(||Az||s > (1 — 2e)d||z||1) — 1 as the problem size Finally G fails to be an expander if it fails to expand on at
grows such thatk,n,N) — oo, n/N — ¢ € (0,1) and least one seb of any sizes < k. This means therefore that
k/n— p.

1
2

27 [%} : (111)

k
Prob( fails to be an expander > " p.. (112)

V. APPENDIX =
A. Proof of Corollary 2.2

k

The first part of this proof uses ideas from the proof Ol?rom (109) we have_,_, p, bounded by
Proposition 2.1 which is the same as Theorem 16 in [33].
We consider a bipartite grapi(U, V, E) with |U| = N left mem(N,s;d,e) cexp[N - U (s,n, Nid, e)] (113)
vertices,|V'| = n right vertices and left degre¢ For a fixed ot
S c U where|S| = s < k, G fails to be an expander on <p (N kide)-exp[N U (k,n,N;de)], (114)
S if |T(S)| < (1 — e)ds. This means that in a sequence of
ds vertex indices at leastds of the these indices are in thewnerep! (N, k;d, ¢) = k-pmas (N, k; d, €) and we achieved

collision set that is identical to some preceding value i@ thhe bound from (113) to (114) by upper bounding the sum with
sequence. the product of the largest term in the sum (which is when
Therefore, the probability that a neighbor chosen unifgrmk — i sincek < N/2) and one plus the number of terms in

at random is to be in the collision set is at masyn and, the sum, givingk. Hence from (112) and (114) we have
treating each event independently, then the probabiligy ¢h

set ofeds neighbors chosen at random are in the collision set
is at most(ds/n)“". There arg %) ways of choosing a set of
eds points from a set ofls points and(f) ways of choosing
each setS from U. This means therefore that the probability _ )
that G fails to expand in at least one of the se&tsof fixed ~ AS the problem size{k,n, N), grows the exponential term
size s can be bounded above by a union bound will be driving the probability in (115), hence having

Prob(G fails to be an expandgk p!,,. (N, k; d, €)
x exp [N -V (k,n,N;d,e)]. (115)

Prob(G fails to expand orS) W (k,n,N;d,e) <0 (116)

eds
< <N) <ds) (f) . (107) yields ProlG fails to be an expandgr— 0 as the problem
s ) \eds n size (k,n, N) — co.

We definep, to be the right hand side of (107) and we use Let k/n — p € (0,1) andn/N — § € (0,1) as
the right hand side of the Stirling’s inequality (64) to uppe(k,n, N) — oo and we defineo,;” (d;d,¢) as the limiting

boundp, as thus value of k/n that satisfies¥ (k,n,N;d,¢) = 0 for each
fixed ¢ and d and all 5. Note that for fixede, d and ¢ it
5 eds eds ~3 eds is deducible from our analysis af,(-) in Section 1I-B that

Ps <7 [%E <1 - E) Eds] exp {dSH (E)] ¥ (k,n, N;d, ) is a strictly monotonically increasing function

exrp

of k/n. Therefore for anyp < p,;”, ¥ (k,n,N;d,e) <0

X — [2#—(1 - —)N} as (k,n,N) — oo, Prob(G fails to be an expandgr— 0

cds andG becomes an expander with probability approaching one
X exp [NH (i)} % <§> (108) exponentially inN' which is the same as exponential growth
n in n sincen — Np.
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