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Abstract

Expressing a matrix as the sum of a low-rank matrix plus a sparse matrix is a flexible model capturing
global and local features in data. This model is the foundation of robust principle component analysis
[1, 2], and popularized by dynamic-foreground/static-background separation [3] amongst other appli-
cations. Compressed sensing, matrix completion, and their variants [4], 5] have established that data
satisfying low complexity models can be efficiently measured and recovered from a number of mea-
surements proportional to the model complexity rather than the ambient dimension. This manuscript
develops similar guarantees showing that m X n matrices that can be expressed as the sum of a
rank-r matrix and a s-sparse matrix can be recovered by computationally tractable methods from
O(r(m 4+ n — r) + s)log(mn/s) linear measurements. More specifically, we establish that the re-
stricted isometry constants for the aforementioned matrices remain bounded independent of problem
size provided p/mn, s/p, and r(m + n — r)/p reman fixed. Additionally, we show that semidefinite
programming and two hard threshold gradient descent algorithms, NIHT and NAHT, converge to
the measured matrix provided the measurement operator’s RIC’s are sufficiently small. Numerical
experiments illustrating these results are shown for synthetic problems, dynamic-foreground/static-
background separation, and multispectral imaging.
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1. Introduction

Data with a known underlying low-dimensional structure can often be estimated from a number

of measurements proportional to the degrees of freedom of the underlying model, rather than what
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its ambient dimension would suggests. Examples of such low-dimensional structures for which the
aforementioned is true include: compressed sensing [6] [T, [8], matrix completion [9, 10, [I1], sparse
measures [12], T3] [14], and atomic decompositions [I5] more generally. Our work extends these results
to the matrices which are formed as a sum of a low-rank matrix and a sparse matrix, a model
popularized by the work on robust principle component anaysis (RPCA) [Il [2]. Specifically, we
consider matrices X € R™*™ of the form X = L + S, where L is of rank at most 7, and S has at
most s non-zero entries, ||S|lo < s. The low-rank plus sparse model is a rich model with the low rank
component modeling global correlations, while the additive sparse component allows a fixed number
of entries to deviate from this global model in an arbitrary way. Among applications of this model are
image restoration [I6], hyperspectral image denoising [17, [I8], [19], face detection [20] 21], acceleration
of dynamic MRI data acquisition [22], analysis of medical imagery [23], separation of moving objects
in at otherwise static scene [3], and target detection [24].

Unlike RPCA where X is directly available, we consider the compressed sensing setting where X is
measured through a linear operator A(-), where A : R™*™ — RP b € RP and typically p < mn. Our
contributions extend existing results on restricted isometry constants (RIC) for Gaussian and other
measurement operators for sparse vectors [25] or low-rank matrices [I1] to the sets of low-rank plus
sparse matrices. For the set of matrices which are the sum of a low-rank plus a sparse matrix the
results differ subtly due to the space not being closed, in that there are matrices X for which there
does not exist a nearest projection to the set of low-rank plus sparse matrices [26]. To overcome this,
we introduce the set of low-rank plus sparse matrices with a constraint on the Frobenius norm of its

low-rank component, see Definition [I.1]

Definition 1.1 (Low-rank plus sparse set LS, ,,(r, s,7)). Denote the set of m x n real matrices that

are the sum of a rank r matriz and a s sparse matriz as
LSpn(r,s,7) = {L+ S € R™" : rank(L) <, ||S|lo < s, |[L||lr <7}, (1)
where the rank v matriz has its Frobenius norm upper bounded by .

The natural generalization of the RIC definition from sparse vectors and low-rank matrices to the

space LS, ,,(r, s, 7) is given in Definition

Definition 1.2 (RIC for LS,, ,(r,s,7)). Let A : R™*™ — RP be a linear map. For every pair of
integers (r,s) and every T > 0, define the (r,s,T)-restricted isometry constant to be the smallest

A, s.+(A) > 0 such that
(1= Aps - (A X7 < TAGOIS < (1+ Ars - (A) [ X7, (2)

for all matrices X € LS, ,,(r,s,7).
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Linear maps A which have a sufficient concentration of measure phenomenon can overcome the
dimensionality of LS,, ,(r,s,7) to achieve A, ;. which is bounded by a fixed value independent of
dimension size provided the number of measurements p is proportional to the degrees of freedom of a
rank-r plus sparsity-s matrix r(m +n —r) 4+ s. A suitable class of random linear maps is captured in

the following definition.

Definition 1.3 (Nearly isometrically distributed map). Let A be a random variable that takes values

in linear maps R™*™ — RP. We say that A is nearly isometrically distributed if, for VX € R™*"
E[IAX)IF] = IXI% (3)
and for all € € (0,1), we have
Pr (I ACOIE = 1XIH| = el XI) < 2exp (=5 (2/2 - /3) ), (4)

and there exists some constant v > 0 such that for all t > 0, we have

Pe (1412 14 2 ) < o (). %)

There are two crucial properties for a random map to be nearly isometric. Firstly, it needs to
be isometric in expectation as in , and exponentially concentrated around the expected value as
in . Secondly, the probability of large distortions of length must be exponentially small as in .
This ensures that even after taking a union bound over an exponentially large covering number for
LS., n(r,s,7), see Lemma the probability of distortion remains small [25] [T1].

In addition to developing RIC bounds as in Definition [I.2) we also show that the RIC of an operator
implies uniqueness of the decomposition and that exact recovery is possible with computationally
efficient algorithms such as convex relaxations or gradient descent methods. The following subsection

summarizes our main contributions. The rest of the paper is organized as

o In Section we prove that the RICs of LS,;, ,,(r, s, 7) for Gaussian and fast Johnson-Lindenstrauss
transform (FJLT) measurement operators remain bounded independent of problem size provided

the number of measurements p is proportional to O (r(m +mn —r) + s).

e In Section [3] we prove that when the RICs of A(-) are suitably bounded then the solution to a
linear system A(X() = b has a unique decomposition in LS,;, ,,(r, s, 7) that can be recovered using
computationally efficient convex optimization solvers and hard thresholding gradient descent
algorithms which are natural extensions of algorithms developed for compressed sensing [27]

and matrix completion [28§].



55

60

65

70

e In Section [l we empirically study the average case of recovery on synthetic data by solving
convex optimization and by the proposed gradient descent methods and observe a phase transi-
tion in the space of parameters for which the methods succeed. We also give an example of two
practical applications of the low-rank plus sparse matrix recovery in the form of a subsampled
dynamic-foreground /static-background video separation and robust recovery of multispectral

imagery.

1.1. Main contribution

The foundational analytical tool for our results is the RIC for LS, ,,(r, s, 7), which as for other RICs
[25 11, follows from balancing a covering number for the space LS., (7, s,7) and the measurement

operator being a near isometry as defined in Definition 1.3

Theorem 1 (RIC for LS,, ,, (r,s,7)). For a given m,n,p and A € (0,1) and a random linear trans-
form A : R™*™ — RP satisfying the concentration of measure inequalities in Deﬁm’tion there exist
constants co, c1 > 0 such that the RIC for LSy, »(r, s, T) is upper bounded with A, 5 -(A) < A provided

P> co (r(m+n—1)+s)log (1+7)70), (6)
with probability at least 1 — exp (—c1p), where co,c1 are constants that depend only on A.

Theorem (1] establishes that for random ensembles of linear transformations that satisfy the con-
centration of measure inequalities in Deﬁnition the RIC for LS,,, ,,(r, s, 7) is upper bounded in the
asymptotic regime as m,n and p approach infinity at appropriate rates. Specifically, the RIC remains
bounded independent of the problem dimensions m and n provided p to be taken proportional to the
order of degrees of freedom of the rank-r plus sparsity-s matrices times a logarithmic factor as in @

Examples of random ensembles of A which satisfy the conditions of Definition [I.3] include random
Gaussian ensemble which acquires the information about the matrix X through p linear measurements
of the form

by = AX) = (A X) for £=1,2,...,p, (7)

where the p distinct sensing matrices A) € R™*" are the sensing operators defining A and have
entries sampled from the Gaussian distribution as AE? ~ N(0,1/p). Other notable examples include
symmetric Bernoulli ensembles, and Fast Johnson-Lindenstrauss Transform (FJLT) [29] B0].

For a linear transform A which has RIC suitably upper bounded and a given vector of samples

b= A(Xy), the matrix X is the only matrix in the set LS,, (7, s, 7) that satisfies the linear constraint.
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Theorem 2 (Existence of a unique solution for A with RIC). Suppose that Agy 25.2,-(A) < 1 for some
integers r,s > 1 and a non-negative real number 7 > 0. Let b = A(Xy), then Xq is the only matriz in

the set LSy, » (7, s,T) satisfying A(X) = b.

Proof. Assume, on the contrary, that there exists a matrix X € LS,, ,(r,s,7) such that A(X) = b
and X # Xy. Then Z := Xy — X is a non-zero matrix and Z € LS,, ,,(2r,2s,27) and A(Z) = 0. But
then by the RIC we would have 0 = || A(Z) ||§ > (1—Agpr2s,2r) HZH; > 0, which is a contradiction. [

As in compressed sensing and matrix completion, it is in general NP-hard to recovery Xo = Lo +
So € LSy n(r,s,7) from A(X() for minimal 7, s when p < mn. This follows from the non-convexity
of the feasible set LS,, ,,(r, s, 7). However, we show that if the linear transformation A has sufficiently
small RIC over the set LS, ,,(r, s, 7), then the solution can be obtained with computationally tractable
methods such as by solving the semidefinite program

i L AS .t X)—bl, < Llr < 8
omin L HAS] st A —bly < e, [Lle<T )

where || - ||, is the Schatten 1-norm and || - |1 is the sum of the absolute value of the entrief’| and ey,

is the model misfit.

Theorem 3 (Guaranteed recovery by the convex relaxation). Let b = A(Xy) and suppose thatr,s > 1

and T > 0 are such that the restricted isometry constant Ayy 352+ (A) < Let X, = L, + S, be the

solution of with A = \/r/s, then | X, — Xo|lr < 67¢y.

1
5.

Alternatively, Xy can be obtained from its compressed measurements A(Xy) by iterative gradient
descent methods that are guaranteed to converge to a global minimizer of the non-convex optimization
problem

. X)—b 4. X € LS, n(r,s,7). .
X:Lfg?u&mm IACX) 25 S € n(r,s,T) 9)

We introduce two natural extensions of the simple yet effective Normalized Iterative Hard Thresholding
(NIHT) for compressed sensing [27] and matrix completion [28] algorithms, here called NIHT and
Normalized Alternative Hard Thresholding (NAHT) for low-rank plus sparse matrices, Algorithms
and [2| respectively. In both cases we establish that if the measurement operator has suitably small
RICs then NIHT and NAHT provably converge to the global minimum of the non-convex problem
formulated in @ and recover Xg € LS,, (7, s, 7) for which b = A(Xj).

Theorem 4 (Guaranteed recovery by NIHT). Suppose that r,s > 1 and 7 > 0 are such that the
restricted isometry constant Az := Agy 35 .2-(A) < % Then NIHT applied to b = A(Xy) as described

20ur use of || - ||1 as the sum of the modulus of the entries of a matrix differs from the vector induced 1-norm of a

matrix.
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Algorithm 1 Normalized Iterative Hard Thresholding (NIHT) for LS recovery

Input: b = A(Xy), A, r, s, and termination criteria
Set: (LY, S%) =P (A*(b); r,s,7,¢), X =LY+ 8% j=0
00 = supp(S°) and U° as the top r left singular vectors of L°
1: while not converged do
2: Compute the residual R/ = A" (b— A(X7))
Proj(y o) (R)

2

/4 (Proin e ()]

3: Compute the stepsize: a; = ’
4 Set Wi =X/ +a,; R

5. Compute (L1 S9H1) = RPCA, 5 (W7, e,) and set X7 F! = LiF1 4 Gitl
6: Let Q! = supp(S7+1) and U7t! be the top r left singular vectors of L7*1

2

7: j=j+1
8: end while

Output: X/

in Algorithm [1] will linearly converge as

As (1 —3A3)
(1-A3)°

1—5A;

X7 — X <8 ||Xj*)?|\F+ﬁ5pa (10)
3

where €, s the accuracy of the Robust PCA oblique projection that performs projection on the set of
the low-rank plus sparse matrices LSy, »(r,s,7) and X is a matriz in proximity of Xo

1— A3

X~ Xo|p <ep ——2-.
H OHF _&‘p 1_5A3

(1)

Theorem 5 (Guaranteed recovery by NAHT). Suppose that r,s > 1 and 7 > 0 are such that the

restricted isometry constant As := Agzy359:(A) < 5. Then NAHT applied to b = A(Xo) as described

1
5-

in Algorithm [ will linearly converge to Xo = Lo + Sy as

, . 6A . ,
120 = 27 [+ 1150 = 87 < 5 - (1E7 = Lol + 157 = Soll ) - (12)

1-3A

Note that the projection used in computing the stepsize is defined as Projy; s (Rj) = Py R+
1gs o (R? — Py; R?), where Py; = U’ (Uj)*7 1o is a matrix with ones at indices €7, and o denotes
the entry-wise Hadamard product. This corresponds to first projecting the left singular vectors of R’
on the subspace spanned by columns of U7 and then setting entries at indices £ to be equal to the
entries of R’ at indices /. One can repeat this process to achieve better more precise projection of
R in the low-rank plus sparse matrix set defined by (U7,Q7).

The hard thresholding projection in Algorithm [1]is performed by computing Robust PCA which
is solved to an accuracy proportional to €, as given by . The RPCA projection of a matrix

W € R™*™ on the set of LS,,, ,(r, s, 7) with precision e, returns a matrix X € LS,, ,,(r, s, 7) such that
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Algorithm 2 Normalized Alternating Hard Thresholding (NAHT) for LS recovery

Input: b = A(Xy), A, r, s, and termination criteria
Set: (LY, S%) =P (A*(b); r,s,7,¢), X =LY+ 8% j=0
00 = supp(S°) and U° as the top r left singular vectors of L°

1: while not converged do
2: Compute the residual R} = A* (A(X7) — b)

. 5 2 . q 2
Projwsa) (7). / |4 (Proiws (1))

3: Compute the stepsize ajL = ‘
4 Set Vi=1Li—ablR]

5 Set L/T! = HT(V/; r) and let U7*! be the left singular vectors of LI+1
6 Set Xtz = [i+l 4 GJ

7 Compute the residual R = A* (_A(XH%) — b)

2

12 . 2
8: Compute the stepsize af = HProj(Uji»l’Qj) (RJ)HF / HA (Proj(Uj+1’Qj) (RJ)> H

. 2
9: Set W7 = §7 — af R%
10:  Set S9! = HT(WY; s) and let Q7T = supp(S7+!)
11:  Set XJtl = [7+! 4 gi+l
12 =41
13: end while
Output: X7 = L7 + 57
X + RPCA, 5 (W, ep) s.t. X = Wipeall < €ps (13)

where Wipea = argminy ¢ g |Y — W/||F is the optimal projection of the matrix W on the set

LS. n(r, s, 7).

myn (7,8,7) ‘

1.2. Relation to prior work

It is well known that the low-rank plus sparse matrix decomposition solved by RPCA does not need
to have a unique solution without further constraints, such as the singular vectors of the low-rank
component being uncorrelated with the canonical basis as quantified by the incoherence condition

[9, I1] with parameter p

. [ur ; [ur
Ureill, < /= Ve, < /= 14
iéT?ﬂH eilly <4/ i&Tf@” eilly <4/ (14)

where L = UXV* is the singular value decomposition of the rank r component L of size m X n.
The incoherence condition for small values of p ensures that the left and the right singular vectors
are well spread out and not sparse. It is therefore sensible to expect that the problem of recovering

Xo € LS, n(r, s, 7) from subsampled measurements should obey the same conditions. The incoherence
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assumption is directly used in NIHT in the RPCA projection step in Algorithm [I} Line 5, the solution
of which is dependent on the incoherence of L. The incoherence assumption in the convergence analysis
of NAHT and the convex recovery is implicitly assumed in the form of RIC, where we restrict the
energy of 7 which constraints the correlation of L and S.

The results presented here extend the well developed literature on compressed sensing and matrix
completion/sensing [4] [5] to the setting of low-rank plus sparse matrices as defined in Def. These
foundational RIC bound results allow for further extension to other non-convex algorithms, such as
[31], further model based constraints as in [32] and other additive models.

The recovery result by convex relaxation in Theorem [3| controls the measurement error and/or
model mismatch e},. In the proof of NIHT convergence in Theorem [d] we consider exact measurements
but we control the error of the Robust PCA projection which is assumed to be solved only within
prescribed precision €,. The convergence result of NAHT in Theorem [5| alternates between projecting
of the low-rank and the sparse component. The non-convex algorithms are also stable to error €y,, but

we omit the stability analysis for clarity in the proofs.

2. Restricted Isometry Constants for LS, , (7, s, T)

This section presents a proof of Theorem |1, that linear maps A : R™*" — RP sampled from
a class of probability distributions obeying concentration of measure and large deviation inequali-
ties, have bounded RIC for sets of low-rank plus sparse matrices with bounded energy as defined in
Definition More precisely, that the RIC of A remains bounded independent of dimension once
p=>O((r(m+n—r)+s)log ((1+7)™2)). Examples of linear maps which satisfy these bounds in-
clude random Gaussian matrices and the Fast Johnson-Lindenstrauss transform (FJLT) [29] 30]. We
extend the method of proof used in the context of sparse vectors by [25] and its alteration for the
low-rank matrix recovery by [11].

The proof of Theorembegins with the derivation of an RIC for a single subspace X, ,,(V, W, T, 7)
of LS;,,n(7, 5, 7) when the column space of C(L) is restricted in the subspace V, the row space C(LT')

in the subspace W and the sparse component S is in the subspace T’
Sn (VW T, 1) = {X =L+SeR™": C(L)CV,C(LY)Y CW, supp(S) C T, |L||r < T}. (15)

Following this, we show that the isometry constant of A is robust to a perturbation of the column
and the row subspaces (V, W) of the low-rank component. Finally, we use a covering argument over
all possible column and row subspaces (V, W) of the low-rank component and count over all possible

sparsity subspaces T of the sparse component to derive an exponentially small probability bound for
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the event that A(-) satisfies RIC with constant A for sets
LSmn(r,s,7) ={Zmn(V.W,T,7) : V€ G(m,r), W € G(n,r), T € V(mn,s)}, (16)

where G(m,r) is the Grassmannian manifold — the set of all r-dimensional subspaces of R™, and
V(mn, s) is the set of all possible supports sets of an m x n matrix that has s elements. Thus proving
RIC for sets of low rank plus sparse matrices given the energy bound on the low-rank component L.

Our proof of Theorem (1| follows from proving the alternative form of defined without the

squared norms by
(1= B () IX e < IAGI2 < (14 B (A)) X, (17)

which we denote as A. The discrepancy between and is due to being more direct to
derive and ([2)) allowing for more concise derivation of Theorem and
The following result describes the behavior of .4 when constrained to a single fixed column and a

row space (V, W) and a single sparse matrix space T

Lemma 2.1 (RIC for a fixed LS subspace X, ,(V,W,T,7)). Let A : R™*" — RP be a nearly
isometric random linear map from Deﬁnition and Xy, (V,W,T,T) as defined in is fized for
some (V,W),T and T € (0,1). Then for any A € (0,1)

VX eS(V,\W,T,7): (1-A)X|r < JAX)| < 1+ A)]X]|F, (18)

with probability at least

2 dim V-dim W 2 dim T 32 33
1-2 (£T> (3(1 + 7')) exp —g =3 ) (19)

The proof follows the same argument as the one for sparse vectors [25, Lemma 5.1] and for low-rank
matrices in [II, Lemma 4.3]. Our variant of the proof for low-rank plus sparse matrices is presented
in on page

To establish the impact of a perturbation of the spaces (U, V') on the A in Lemma we define a
metric p(+,-) on G(D,d) as follows

Ui,Us € Q(D,d) : p(Ul, Ug) = HPU1 — PU2||. (20)

The Grassmannian manifold G (D, d) combined with distance p(-,-) as in defines a metric space
(G(D,d),p(,-)), where Py denotes an orthogonal projection associated with the subspace U. Let us

also denote a set of matrices whose column and row space is a subspace of V and W respectively

(VW) = {X;c(0) v, e(xT) c W}, (21)
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and Py, is an orthogonal projection that ensures that the column space and row space of Py yX
lies within V' and W. The distance between ¥y := %, , (V1, W1, T, 7) and 3y := 3, , (Va, W, T, 7)
that have a fixed T is given by

P ((‘/la Wl) y (‘/27 WQ)) = ||P(V1,W1) - P(Vz,Wz)”' (22)

Lemma 2.2 (Variation of A in RIC in respect to a perturbation of (V,W)). Let ¥y := X n(Vi, W1, T, 7)
and Yo := X, 0 (Va, Wa, T, 7) be two low-rank plus sparse subspaces with the same fized subspace T

Suppose that for A> 0, the linear operator A satisfies
VX eX: (1-A)X[r <[AX)| <1 +A)]|X]p. (23)

Then
VY ey (1-A)|Y|p < [AXY)| <@+ A)|Y]F, (24)

with A == A+ 7p (Vi, W1), (Va, Wa)) <1 + A+ A||) with p as defined in (20).

The proof is similar to the line of argument made in [I1, Lemma 4.4], see |Appendix B|on page

The notable exception is the term 7 appearing in the expression for A’ , which is a result of the set
LS., (7, s) not being closed without the constraint |L||r < 7 [26 Theorem 1.1].

To establish the proof of Theorem [I] we combine Lemma [2.I] and Lemma [2:2] with an e-covering
of LSy, n(r,s,7), where ¢ will be picked to control the maximal allowed perturbation between the
subspaces p ((V1,W1),(Va, W2)). The covering number R(g) of LS, . (r,s,T) at resolution ¢ is the
smallest number of subspaces (V;, W;, T;) such that, for any triple of V € G(m,r),W € G(n,r),T €
V(mn, s) there exists ¢ with p (V, W), (V;,W;)) < e and T = T;. The following Lemma gives an upper

bound on the cardinality of e-covering.

Lemma 2.3 (Covering number of LS,, (7, s,7)). The covering number R(e) of the set LS, (1, s,T)

o) < (W;n> (4;_>r(m+n—2r). (25)

The proof comes by counting the possible support sets with cardinality s and by the work of Szarek

on e-covering of the Grassmannian [33, Theorem 8], for completeness the proof is given in [Appendix

Bl page 38

Bounds on the RIC for the set of low-rank plus sparse matrices then follow a proof technique that

is bounded above by

uses the covering number argument in combination with the concentration of measure inequalities as
was done before for sparse vectors [25] and subsequently for low-rank matrices [11].

Proof of Theorem (1| (RIC for LS,, ,,(r, s, 7)), stated on page

10
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Proof. By linearity of A we can assume without loss of generality that | X||p = 1. Let (V;, W;,T;)
be an e-covering of LS,, (7, s, 7) with the covering number R(e) bounded by Lemma For every
triple (V;, Wi, T;) define a subset of matrices

i =X € D (VW T7)  p (VW) (VW) < e} (26)
By (V;, W;, T;) being an e-covering LS, (1, s,7) C |J, Bi;. Therefore, if for all B,
(VX €B):  (1-D)|X]|r < [ ACO] < (1+B)|X]|r (27)
holds, then necessarily A, » < A, proving that
Pr(A,r < B) = Pr (VX € LSy u(rs7) s (1= B)|X]Ir < JAX)| < 1+ B)[X]r)  (28)
> Pr ((v), (VX € B): (1= B)IX |l < | AX)| < (1+B)X]Ir), (29)

where the inequality comes from the fact that LS,, ,,(r, s, 7) is a subset of the e-covering and therefore
the statement holds with less or equal probability. It remains to derive a lower bound on the probability
in the equation which in turn proves the theorem.

In the case that || A|| > A _ 1, which we show in occurs with exponentially small probability,

2Te

rearranging the terms gives that ¢ < A/ (27 (1 + ||.A||)) which guarantees also that
re(l1+A/2+ || Al) < Aj2. (30)

If the RIC holds for a fixed (V;, W;, T;) with 3/2, then by Lemma [2.2|in combination with yields

(VX €B): (1—A)|X||r < [ A]l < 1+ B)|X] - (31)

Therefore, using the probability union bound on over all i’s and the probability of || A|| satisfying
the bound e < A/ (27 (1 + || A|])).

Pr (%), (¥X € Bi) : (1= A)|X]|r < [ AX)I| < (1+ B)|1X] r) (32)

>1-Y Pr (ay € Sonn(Vi, Wi, Thy 1), st [|AY) || < (1 — A/2) or | A(Y)|| > (1 + 5/2)) (33)

A
— > — .
Pr(||A|| 25— 1) (34)
The probability in (33)) is bounded from above as

> pr (ay € Sn (Vi, Wi, T, 1), st | AV < (1= Aj2) or || A(Y)| > (1 + 3/2)) (35)

29(e) <‘§T> : (438(1 + T)>Sexp (’2’ @; - ?92)) (36)
AT G (G E)

11

IN

3
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where in the first inequality we used Lemma [2.] and in the second inequality the bound on the
e-covering by Lemma [2.3

In order to complete the lower bound in it remains to upper bound which we obtain by
selecting the covering resolution e sufficiently small so that the Pr <|| All > % — 1) is exponentially
small with exponent proportional to the bound in . From condition of Definition we have

that the linear sensing map satisfies

(3y > 0) : Pr<|A|| z1+,/”;"+t> < exp (—pt?) | (38)
in particular

~ ~ 2
Pr(lAIIZA—1>SeXp —w(A— mn—2> : (39)

Selecting the covering resolution e

A
e ———m———, (40)
Ar(\/mn/p+1)
obtains the following exponentially small upper bound
p ||A||>£—1 < exp (—ymn) (41)
r Z 5 <exp (—ymn).

Returning to the inequality , combined with the bound on the first term in and the bound
on the second term in for € satisfying we have that

) ()T () o) (5 5))
:exp(_pa(ﬁ)+r(m+n—27‘)log (ﬁ—&-l) +r(m+n—2r)log (32&T>
+ 72 log (?r) + slog <§(1 + r)) + slog (?) ) (43)

where we used the inequality ("") < (¢22)° and we define a(A) := A?/64 — A3/384. The 274, 3rd
and 4" terms in can be bounded as

r(m+n—2r)

3

(e > 0): 27 4 3rd 4 gth < (02 /a(ﬁ)) r(m +n — ) log(mn/p), (44)
and the 5" and 6" term of as
(Jes > 0): 5+ 6t < (03 /a(ﬁ)) slog(mn/s), (45)

where co and c3 are dependent only on A. Therefore there exists a positive constant ¢ dependent
only on A such that if p > co (r(m +n — ) + s)log(mn/s), then RIC holds with the constant A with
probability at least e™“oP. O
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3. Provable recovery guarantees using computationally efficient algorithms

This section contains the proofs of our main algorithmic contributions that a low-rank plus sparse
matrix Xo € LS, »(7,s,7) can be efficiently recovered from subsampled measurements taken by a
linear mapping A(-) which satisfies given bounds on its RIC. Subsection presents the proof of
Theorem [3| which shows that the convex relaxation of @ robustly recovers Xy. Subsection
states the proofs of Theorem [4and Theorem 5] for the simple yet efficient hard thresholding algorithms
NIHT and NAHT, described in Alg. [[] and Alg. [2| respectively.

3.1. Recovery of Xo € LS, n(r,s,7) using the convex relaxation ,

Let X, = L, + S, be the solution of the convex optimization problem formulated in . Here it
is shown that if the RICs of the measurement operator A(-) are sufficient small, then X, = X, when
the linear constraint in the convex optimization problem is satisfied exactly, or alternatively that
| X, — Xo||z is proportional to || A(X™*) — b]|,.

Proof of Theorem (3| (Guaranteed recovery by the convex relaxation )7 stated on page

Proof. Let R = X, — Xo = (L. — Lo) + (S« — So) = RF + R® be the residual split into the low-rank
component RV = L, — L and the sparse component R® = S, — Sy. We treat R and R separately,
combining the method of proof used in the context of compressed sensing by [34] and its extension

for the low-rank matrix recovery by [11].

By LemmalAppendix B.2jon pagethere exist matrices RY, RE € R™*" such that RV = RY +RE

and
rank(RY) < 2r (46)

Lo(RHYT = 0psern and LI RE = 0,,5,,. (47)
Similarly, by the argument made in the proof of [34, Theorem 1], stated in the appendices as Lemma
Appendix B.3|on page 41} there exist matrices RS, RS € R™*" such that R® = R§ + RS and
1B, < s (48)
supp (So) Nsupp (RY) = 0. (49)
By (L«, Ss) being a minimum and X, being feasible of the convex optimization problem
Lol + AllSolly = 1Ll + A[Sklly
~ |20+ R+ RE[, + AlJso + B§ + B2

> HLO + RE

IR

oA IS0+ B2 = AR

= Lol +]|E|

)

|+ Aol + A [|RE]|, = AR5

1

13



where the second line comes from L, — Ly = RY + RE and S, — Sy = R + RS, the inequality
in the third line comes from the reverse triangle inequality, and the fourth line comes from the
construction of RY and RS combined with [IT, Lemma 2.3], restated as Corollary and
by supp(R?) Nsupp(R5) = 0. Subtracting ||Lol|, and [|Sol|; from both sides of and rearranging
terms yields

1R + MRS, < [R5, + ARG (54)

Iy -

We proceed by decomposing the remainder terms RZ and RS as sums of matrices with decreasing
energy as was done in [I1] for low-rank matrices and in [34] for sparse vectors. Let RY = Udiag(c)VT
be the singular value decomposition of RZ and split the indices of the singular values into sets of size
M, as

L ={(-1)M,.+1,...,iM,}. (55)

Constructing RF := Uy, diag(af,i)Vg decomposes RL into a sum RE = RF + RE + ... such that

rank (RF) < M,, Vi>1 (56)
RE(RE)" = 0Osm and  (RF)' RE = 0pen, Vi j (57)
1
o < 31 Z o,  Vkeln (58)
Jeli
where the inequality implies that HR{“HH?J < 1\/1[ RZLHi
Similarly, order the indices of RS as vy,v2,...,Vm, € [m] x [n] in decreasing order of magnitude

of the entries of RS and split the indices of the entries into sets of size M, as
T, :={vg : (i—1)Ms <{€<iM}, (59)

Constructing R? := (RY),, decomposes R into a sum RS = RY + R + ... such that
i c)T c c 1 2

IR, <M.,  Vix>1 (60)
0=T,NT;, Vi#j (61)
RS, < \/% > [RY| ), Vel (62)

where the inequality implies that HR§+1H§: <

i R? H? Combining the two decompositions of

14



RE and RY gives the following bound

17e + BE e < D IIRF I + D17 (63)

Jj=2 Jj=2

1 1
<\ ar 2 B+ 5 218, (64)
j=>1 ji>1
_ /L R 2L yps
SN NN )
1 M,
< ot (1. 3z il ()

2r S
< B R [ 1R8] (o7

where the inequality in the first line comes from the triangle inequality, the second inequality comes
as a consequence of and , the third line comes from combined with [I1I, Lemma 2.3],
restated as Corollary and from , the fourth inequality comes from with
A= \/W , and the last fifth line is a property of £; and Schatten-1 norms. Choosing M,. = r and

Mg = s in @ gives

1B + Rl p < V2[Ro |l o + 1 BS| (68)

and also that A = /7 /s as stated in the theorem.
By feasibility of X* and linearity of A we have

ep > [A(XT) = blly = A (X = Xo)ll, = [A(R)]|, - (69)

Let A := Ay 352, be an RIC with squared norms for LS,, ,, (47, 3s,27). Then

(1-A)|R§ + RY|1F < || A (R§ + RY) {|§ = [(A(R} + Rf), AR} + Rl — R+ R))| (70)
= [(A(R} + RY), AR} + RY — R)) + (A(R§ + RY), A(R))| (71)
< <A(R§ +RE), A -R§ — RY - ZRj > + [(A(R§ + RY), A(R))| (72)

j=>2

< ARy +RY o | 1BS +BE| 5+ D IRl | + A (RS + RO, AR, (73)
>2

10 where the inequality in the first line comes from RE + RY € LS,, ,,(4r, 35, 27) satisfying the RIC, the
gecond line is a consequence of feasibility in , and the third line comes from Lemma [Appendix
and by sums of individual pairs in the inner product being in LS, , (47, 3s, 27).

15



The first term in can be bounded as

ARy + Ryl (I}Rg + R+ lelp) (74)
j>2
< A|lRE + RE||, (IR + BE| o + V2 REI| + | RS ) (75)
< A||RE + BE| o (2][RS + RE | + V2||RE + RE||,) (76)
where the second line comes as a consequence of optimality in with M, = r and My, = s,

and the third line comes from HR&HF < ||R€ +R1LHF and ||R1LHF < HR& +R1L||F. The upper
bound of the second term in is a consequence of feasibility bound in and of the RIC for
Ry + RE € LS, (47, 3s,27)

A (RE + RY)|, I A(R) |2 < en(1 + A)||RE + RE|| . (77)

I,

Combining inequality and yields an upper bound of

1+ A
(1 80 [RE + RE[3 < AR + BE (2055 + R+ VE|RE + REp+ 20 55 09)

which after dividing both sides by (1 — A) || Ry + RE|| P gives

A 1+A
1-A 1-A"
Mutatis mutandis, the same argument applies to HRg + R} H P (for details, see Remark |Appendix B.1)

185 + Rl <

(215 + RS |l + V2| RE + BE],) + = (79)

1+ A
RS + Rl < =5 ((1+V2) [|RE + RE| + RS + RS|l,) +e0 ke (80)
Adding and together
A 1+A
1RE + BE |, + | RS + RS, < == ((1+2v2) ||RE + RE[| . + 3RS + RE[|,.) + 200 T
(81)
For A < % the prefactor ﬁ < i and is upper bounded as
1+2v2 3
IRG + By || + |BS + RY|| p < —— [|RG + By o + 7 1R + RY[|- + 3, (82)

The maximum of ||R§ + Rf||, + || R5 + Rf ||, over the constraints given by the inequality in is

attained when

3e
|RE + RY|| . + | BS + RY||,. = 3_2‘1/5. (83)
By orthogonality from construction in and we have that
3e
o5 = 15+ RE [+ 1B + B = 1B [+ (IR (84)
1 1
ZEZHRJHFZEHRCHF7 (85)

Jj=2

16



185

190

where the inequality in the second line comes from . Applying the triangle inequality on R =
R + RS + R, concludes the proof

1 2
V2 e (s6)

1Bl = |85+ BS + Rell o < 185 |+ 1B |l + 1 Bellp < 320 S35 <

O

3.2. Recovery of Xo € LS,, ,(r,s,7) by Alg. 1 and Alg. 2.

This section presents the proofs of Theorem [4 and [f] that NIHT and NAHT respectively recover
Xo € LS, o (1, s,7) from A(Xj) and knowledge of (7, s, ) provided the RICs of A(-) are sufficiently
bounded.

The proof of NIHT follows the same line of thought as the one for low-rank matrix completion
[28], with the only difference of the hard thresholding projection, in the form of RPCA, being an
imprecise projection with accuracy €, as stated in . The proof consists of deriving an inequality
where || X7*! — Xy||r is bounded by a factor multiplying || X7 — X||#, and then showing that this
multiplicative factor is strictly less then one if A satisfies RIC with Az := A, 5 -(A) < 1/5.

Proof of Theorem (4] (Guaranteed recovery by NIHT, Alg. .

Proof. Let b = A(Xj) be the vector of measurements of the matrix Xo € LS, (r,s,7) and W/ =
XJ — a]L A* (.A(Xj) — b) to be the update of X7 before the oblique Robust PCA projection step
X+l = RPCA, ;. (W7,e,). By X/T! being within an e, distance in the Frobenius norm of the
optimal RPCA projection X{*! := RPCA,. ;. (W7,0) defined in (13)

rpca

W9 — X2 = W9 — X+ X - X (37)
< (I = 3l + 120+ - X)) (55)

< (W7 = Xol| + )" (89)

where in the second line we used the triangle inequality, and the third line comes from erp*C}l being

the optimal projection thus being the closest matrix in LS, ,(r,s,7) to W7 in the Frobenius norm
and by X7 being within e, distance of X7 1. By expansion of the left hand side of

W7 = X7 = (W7 — X0+ Xo - X7+ (90)

= ||[W7 = Xol|5 + || X0 — XI5 + 2 (W7 — Xo, Xo — X771) (91)

= (W9~ Xoll .+ 2p)” < W7 = Kol +25 [W7 = X0l +e* (92)
where in the last line follows from the inequality in (89). Subtracting |[W7 — X,||%. from both
sides of gives

50 — Xol[2 £ 29 — X, X771 — Xo) + 26, W9 — Xof] 4,7 (93)

I
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The matrix W7 in the inner product on the right hand side of can be expressed using the
update rule W9 = XJ — a; A* (A (X7) —b)

2(W7 — Xo, X7 — Xo) = 2(X7 — Xo, X/ — Xp) — 20 (A" A (X7 — Xp), X7 = Xo)  (94)

=2(X7 = Xo, X' — X) = 20, (A (X7 — Xo), A (X7 = X)) (95)

< 2|1 = a; AQAqll, [|X7 = Xol | [ X7 = Xol| - (96)

where in the first lineﬂ we use b = A(Xp) and linearity of A, in the second line we split the inner

product into two inner products by linearity of A, and the inequality in the third line is a consequence

of Lemma [ppendix B
The matrix W7 can be expressed using the update rule W7 = XJ — a; A (A (Xj) — b) in the

second term of the right hand side of and upper bounded by Lemma [Appendix B.5

(W7 = Xo||p = [ X7 = Xo +a; A" (A (X7 = X)) (97)
< |7 = a5 AQAqll, (157 = Xof - (98)

By Lemma the eigenvalues of (I —q; AZJAQ) are bounded by
170[j(1+A3)§)\(I704J‘A*QAQ)Sl‘FO&j(l*Ag), (99)

where Ag = A3r735727-.
Consider the stepsize computed in Algorithm [I} Line 3 inspired by the previous work on NIHT in

the context of compressed sensing [27] and low-rank matrix sensing [28]
[Prosi: v (W),

i = . )
4 (Prois ) (R)],

where the projection Proj ;o) (Rj) ensures that the residual R/ is projected onto the set LS, (7, s, 7).

a (100)

Then we can bound «; using the RIC of A as
1 1

<a; < 101
1+4A;, ~ Y =1T-A (101)
where Ay := A, -. Combining with (101]) gives
1+ A 1—- Az
1— <ANI—-a;A5Ap) <1-— . 102

Since As > Ay, the magnitude of the lower bound in ((102) is greater than the upper bound. Therefore

14 A .
’7::2<1_Af‘1> > 9|11 - a; A Ag]),. (103)

3Here it would be possible to extend the result to be stable under measurement error ey, as done in Theorem [3| by

adding an error term in (94).
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where the constant 7 is strictly smaller than 1 if Ag < 1/5.
Finally, the error in can be upper bounded by combined with with 7 being the upper
bound on the operator norm in (103

X7 = Xolfp < 017 = Xollp [ = Koll g+ e |0 = oo+ (100

I

It remains to show the inequality (104]) implies the update rule contracts the error and the iterates
X7 converge to a matrix X that is within a small in the Frobenius norm from X depending on the

precision e}, of the RPCA. Rewrite (104) using the notation e/ := || X7 — X,/ ¢

(ej+1)2 <nel e 4 e, el 4ep? (105)
j 2
Gt <pel e, S 4 L2 (106)
= P ooj+1 edt+1”
In the following, assume 15_"7] < e/*! and upper bound the right hand side of (106]) as
j 2
1 . e’ I3
et <nel +nep pEsy + ejp-&-l (107)
. , € €

—pel _ J 15 — p
=nel +n(l—ne Aot +ep(l—1m) Ao (108)
<ne +nl—ne + (1 -n)ep (109)
< e, (110)

where the inequality (109) is a consequence of /! > £, /(1 — n) and the inequality (110) holds if

el > e, /(1 —n). Therefore, if e/ > ¢, /(1 — n) then the error sequence is contractive because 7 < 1

by Az < 1/5 and has a fixed point e* = ¢, /(1 — 1) =&, %. Moreover, by Az > A1, the equation
in (109) is upper bounded as
. Az (1-3A . 1—-5A
It <8 3 ( QB)eﬂ % e, (111)
(1—-As) 1—As
which gives an upper bound on the rate of convergence. O

Proof of Theorem [5| (Guaranteed recovery of NAHT, Alg. .

Proof. Let b = A(Xy) be the vector of measurementsﬂ of the matrix Xy € LS, »(r,5,7) and VI =
Li— onL A* (A(X7) —b) to be the update of L7 before the rank r projection Li™! = HT, (V7). As a
consequence of L/*! being the closest rank r matrix to V7 in the Frobenius norm we have that

IV = Lo[lf = [V9 = L7 = ||V = Lo+ Lo — L

= ||V7 = Lo|[% + || Lo — I + 2 (V7 — Lo, Lo — L7*1). (112)

4 Again, it is possible to extend the result to the case when there is a measurement error ey, as done in Theorem

by having b = A(Xo) + e, with |le|l2 < ep.
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Subtracting ||Vj — LOH; from both sides of (112) and rearranging terms gives

Lo — LIHY[2 < 2(V7 — Lo, L7H! — Lo) (113)
=2(L7 —af A" (A (X7 = X)) — Lo, '™ — Ly) (114)
=2(L) — Lo —at A" (A(L7 — Lo+ §7 = S,)), L' — Lo) (115)
=2(L7 — Lo, '™ = Lo) —2a} (A (L7 — L), A(L7*" — Ly))

— 205 (A(57 = So), AL — Lo)) (116)
< 2|7 = af AGAql |27 = Lol |27 = Lol -
+ 205 D |57 = Sol|p |27 = Lol (117)
where in the second line we expanded V7 using the update rule VJ = L7 — a]L A (A(X 7y — b) and
b = A(Xp), in the third line we expanded X7 = L’ 4+ S7, in the fourth line we split the inner

product into two inner products by linearity of A, and in the last line the inequality comes from

Lemma bounding the first two terms and bounding the third term with
Aj := Az, 35.2,. Dividing both sides of (117]) by HLU — Lj“‘lHF gives

20— 2], <21~ o Apdal| |12~ Lol + 20t Al ~ 5ol .. (118)

Let Wi = §7 —af A* (.A(Xj+%) — b) be the subsequent update of S7 before the s sparse projection
SItL = HT,(W7). By S7*! being the closest s sparse matrix to W/ in the Frobenius norm and by
[ISolly < s, it follows that

HWj B So”jr > HWJ - SjHHi“ = HW] — 8o+ So — Sj+1H2

— |[W7 = So||% 4 [|So — STHH|% + 2 (WP — Sp, So— S+ (119)

Subtracting ||WJ — SOHi from both sides in (119)) and rearranging terms gives

150 — S7F1|% < 2 (W3 — S, 7+ — S5 (120)
- 2<SJ‘ —ad A (A (XH% —X0)> — 8, SO fso> (121)
=2(8 — Sy —af A" (AL — Lo+ 87 — Sp)) , S7T' — o) (122)
=2(9 — S, ST —Sp) —2a5 (A (87— Sp), A(S7H = Sp))

—2af (A (L7 = Lo), A(S7H = Sp)) (123)
< 2|1 = o A5 Aq]|[|S7 = Sol |57+ = Sol|
20 8 |17 ~ Lof 57 = o] (124)
where in the second line we express W/ using the update rule W7 = §7 — a]L A (.A(Xj +%) — b) and

b = A(Xy), in the third line we expanded X9tz = Li+1 4 Si_in the fourth line we split the inner
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product into two inner products by linearity of A, and the inequality in the last line comes from

Lemma bounding the first two terms and bounding the third term with
Ajs := Agy 35,2+ Dividing both sides of (124) by ||Lo — LjHHF gives

I8 - 57|, <2011~ of A g |87 — Soll + 20 A L4 ~ Lol (125)

Adding together and
120 = LI+ (IS0 = 87 < 2|7 = o AgAQ|| (|17 = Lol - + 207 A3 |57 = So

+2[|7 - af A5 40| |7 = Sollp + 2af s |7 = Lo |, (126)
which after rearranging terms in becomes

(1=20a5 As) | Lo — L7 p + S0 — 87T |p < 2| — af AHAq| |L7 — Lol r
+2 (I — of AHAqll + o As) 157 — Syl r (127)

and because o, af, Ag > 0, subtracting 2 a5 As||Sy — S| on the left does not increase the left

hand side while adding 204]@ Ag ||Lj - LOH 7 on the right does not decrease the right hand side of

(127)), therefore
(1—2a5 &) (Lo = L7 |x + 150 = 57+ )

<2(|II —of AjAqll + of As) (17 — Lollr + 157 — Sollr) (128)

Dividing both sides of (128]) by (1 -2 a]S Ag) simplifies to

= 4y ] +at A

2o~ L7+ 0 — 5571, < (127~ Lol + 1159 = Soll,) - (120)

1-2 Oé“? A3
By Lemma [Appendix B.5| the eigenvalues of (I —a; A5 Ag) can be bounded as
1—04]'(1+A3)S>\(I—A*QAQ)§1+C¥j(1—A3), (130)

with Az := Agy 35,2, being the RIC of A. By a]L and af being the normalized stepsizes as introduced
in [27, 28]

2 12
HPrOj(UJ',QJ') (RJ)H HPI‘Oj(UjJrl’Qj) (RJ)H
ol = £ and of = £ (131)

A (i )] " AP0 )]

where the projection Proj i giy (R?) , Projyi+1 i) (RjJr%) ensures that the residual R/ and Rit2
is projected into the set LS, (7, s, 7). Then, it follows from the RIC for A that the stepsizes aJL, 0439
can be bounded as

—  <aS < (132)



where Ay := A, ; ». Putting (130) and (132) together
1+A
|08

1-4A,

1—- A3
14+ A

<A(1-a}/fapa0) <1- (133)

Since Az > A; we have that the magnitude of the lower bound in (133) is greater than the upper

bound. Therefore
1+ As
1-4A

Finally, the constant on the right hand side of (129) can be upper bounded

L/S 4%
1> HI— k! AQAQH2. (134)

|1 —af AL A + ok As

=2 135
g 1205 A (135)

1+A A
<2(1J—FA? 71) + 1—21 —9 A1+2A3 (136)
- 1-2:82 T 1= Ay — 247,

—al
6As
1

= 1-3A3 (137)

where the inequality in the second line comes from upper bounds in (134) and in (132]), and the third
line follows from Ag > A;. For Az := Agy 352, < 1/9 the inequality in (129) implies contraction of
the error

20— L+ 186~ 5741 < w (127 — Lol + 17— Soll ) (138)

because 7 < 1 which guarantees linear convergence of iterates L’ and S’ to Lo and Sy respectively. [

4. Numerical experiments

This section demonstrates the computational efficacy of recoverying a low-rank plus sparse matrix

Xo € LSy, n(r,s,7) from its undersampled values A(Xy). Section considers synthetic examples

25 where matrices in X € LS,, »(r, s,7) are created, and recovery from their undersampled values at-
tempted for the following algorithms: NIHT (Alg. 7 NAHT (Alg. , SpaRCS [31], and the convex
relaxation . Figure [1| presents empirically observed phase transitions, which indicate the values of
model complexity r, s, and measurements p for which recovery is possible. Figure [2 and [3] gives ex-
amples of convergence rates for NIHT, NAHT, and SpaRCS, including contrasting different methods

a0 to implement the projection NIHT, step 5 of Alg. Section presents applications to dynamic-
foreground /static-background and computational multispectal imaging. An additional phase transi-
tion simulation for the convex relaxation is given in Appendix Software to reproduce

the experiments in this section is publicly availableﬂ

Shttps://github.com/svary/lrps-recovery
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4.1. Empirical average case performance on synthetic data

Synthetic matrices Xo = Lo + So € LS, »(r,s,7) are generated using the experimental setup
proposed in the Robust PCA literature [35] 36, [37]. The low-rank component is formed as Ly = UV T,
where U € R™*" V € R™*" are two random matrices having their entries drawn i.i.d. from the
standard Gaussian distribution. The support set of the sparse component Sy is generated by sampling
a uniformly random subset of [m] x [n] indices of size s and each non-zero entry (Sp), ; is drawn from

the uniform distribution over [—E (|(Lo):,;|),E (|(Lo)s,;

)]. Each synthetic matrix is measured using
linear operators A : R™*™ — RP. The random Gaussian measurement operators are constructed by p
matrices A € R™*" whose entries are sampled from Gaussian distribution AE? ~ N(0,1/p) where

p is the number of measurements. The Fast Johnson-Lindenstrauss Transform is implemented as
AFJLT (X) = RHD vec (X) ) (139)

where R € RPX™" ig a restriction matrix constructed from a mn x mn identity matrix with p rows

Rmnxmn RTTLTLXTYLTL

randomly selected, H € is discrete cosine transform matrix, D € is a diagonal
matrix whose entries are sampled independently randomly from {—1,1}, and vec (X) € R™" is the
vectorized matrix X € R™*™.

Theorems and || indicate that recovery of X from A(X() depends on the problem dimen-
sions through the ratios of the number of measurements p with the ambient dimension mn, and the
minimum number of measurements, r(m+n—r)+s, through an undersampling and two oversampling
ratios

r(m+n—r) s

s=-"L" and Pr=———"">, pPs=—. (140)
mn D D

The matrix dimensions m and n are held fixed, while p, r and s are chosen according to varying
parameters 0, p, and ps. For each pair of p,,ps € {0,0.02,0.04,...,1} where p, + ps < 1, with the
sampling ratio restricted to values 6 € {0.02,0.04,...,1}, 20 simulated recovery tests are conducted
and we compute the critical subsampling ratio §* above which more than half of the experiments
succeeded. For the linear transform A drawn from the (dense) Gaussian distribution, the highest per
iteration cost in NIHT and NAHT comes from applying A to the residual matrix, which requires pmn
scalar multiplications which scales proportionally to (mn)Q. For this reason, our tests are restricted to
the matrix size of m = n = 100 in the case of NIHT and NAHT, and to a smaller size m = n = 30 for
testing the recovery by solving the convex relaxation with semidefinite programming [38] that has

@) ((mn)Q) variables which is more computationally demandingﬁ compared to the hard thresholding

6As an example, a low-rank plus sparse matrix with m = n = 100 with p, = ps = 0.1 undersampled and measured
with Gaussian matrix with § = 0.5 takes 2.5 seconds and 2.3 seconds to recover using NIHT and NAHT respectively,

while the recovery using the convex relaxation takes over 7 hours.
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Figure 1: Phase transition level curves denoting the value of 6* for which values of p, and ps below which are recovered
for at least half of the experiments for §, pr, and ps as given by (140). NIHT is observed to recover matrices of higher
ranks and sparsities from FJLT than from Gaussian measurements, while the phase transitions for NIHT and NAHT

are comparable. The RPCA projection in NIHT, step 5 in Alg. [1] is performed by AccAltProj [37].

gradient descent methods. Algorithms are terminated at iteration ¢ when either: the relative residual

error is smaller than 107°, that is when || A(X*) — bl|2/||bll2 < 107°||b|2, or the relative decrease in

JAXY —bfls \Y"™
(II AT o[, > 0.999, (141)

or the maximum of 300 iterations is reached. An algorithm is considered to have successfully recovered

the objective is small

Xo € LSy n(r, s,7) if it returns a matrix X* € LS,, ,,(r, s,7) that is within 1072 of Xj in the relative
Frobenius error, | X¢ — Xo||r < 1072(| Xo]| £

Figure [I] depicts the phase transitions of § above which NIHT and NAHT successfully recovers
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Figure 2: Relative error in the approximate X* as a function of time for synthetic problems with m = n = 100 and
p = (1/2)1002, § = 1/2, for Gaussian linear measurements .A. In (b), SpaRCS converged in 171 sec. (45 iterations),
and in (c), SpaRCS did not converge.

Xo in more than half of the experiments. For example, the level curve 0.4 in Fig. [I] denotes the
values of p, and ps below which recovery is possible for at least half of the experiments for p = 0.4mn
and p,, ps as given by . Note that the bottom left portion of Fig. |1| corresponds to smaller
values of model complexity (r, s) and are correspondingly easier to recover than larger values of (r, s).
Both algorithms are observed to recover matrices with prevalent rank structure, p, < 0.6, even from
very few measurements as opposed to matrices with prevalent sparse structure requiring in general
more measurements for a successful recovery. Phase transitions corresponding to the sparse-only
(pr = 0) and to the rank-only (ps = 0) cases are roughly in agreement with phase transitions that
have been observed for non-convex algorithms in compressed sensing [39] and matrix completion
literature [28, 40]. We observe that NAHT achieves almost identical performance to NIHT in terms
of possible recovery despite not requiring the computationally expensive Robust PCA projection in
every iteration. For both algorithms we see that the successful recovery is possible for matrices with
higher ranks and sparsities in the case of FJLT measurements compared to Gaussian measurements.

Equivalent experiments are conducted for the convex relaxation , but with smaller matrix size
30 x 30 and limited to 10 simulations for each set of parameters due to the added computational
demands. The convex optimization is formulated using CVX modeling framework [41] and solved in
Matlab by the semidefinite programming optimization package SDPT3 [38]. We observe that recovery
by solving the convex relaxation is successful for somewhat lower ranks and sparsities and requiring
larger sampling ratio § compared to the non-convex algorithms. The observed phase transitions of the
convex relaxation alongside phase transitions for m = n = 30 experiments with NIHT and NAHT are
depicted in Figure in[Appendix_A] Comparing the phase transitions of the non-convex algorithms
in Fig. [[Jand Fig.[A6]show that with the increased problem size, the phase transition are independent
of the dimension with only small differences due to finite dimensional effects of the smaller problem

size in the case of m = n = 30.
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Figure 3: Error between between the approximate recovered low-rank and sparse components L¢ and S¢ and the true
low-rank and sparse components Lg and Sp. Error is plotted as a function of recovery time for synthetic problems with

m =mn =100 and p = (1/2)100%, § = 1/2, for Gaussian linear measurements A.

Figure [2| presents convergence timings of Matlab implementations of the three non-convex algo-
rithms used for recovery of matrices with m = n = 100 from p = (1/2)10% (§ = 1/2) measurements
and three values of p, = ps = {0.05,0.1,0.2}. The convergence results are presented for two variants
of NIHT with different Robust PCA algorithms Accelerated Alternating Projection (AccAltProj) [37]
and Go Decomposition (GoDec) [42] in the projection step 5 of Alg.[ll Both NIHT and NAHT con-
verge at a much faster rate than the existing non-convex algorithm for low-rank plus sparse matrix
recovery SpaRCS [31]. All the algorithms take longer to recover a matrix for increased rank r and/or
sparsity s.

The computational efficacy of NIHT compared to NAHT depends on the cost of computing the
Robust PCA calculation in comparison to the cost of applying A. NAHT computes two step sizes
in each iteration which results into computing A twice per iteration in comparison to just one such
computation per iteration in the case of NIHT. On the other hand, NIHT involves solving Robust PCA
in every iteration for the projection step whereas NAHT performs computationally cheaper singular
value decomposition (SVD) and sparse hard thresholding projection.

Figure |3|illustrates the convergence of the individual low-rank and sparse components || L’ — Lo||
and ||S* — So||F as a function of time. The algorithms are observed to approximate the the low-rank
factor more accurately than the sparse component and that the computational time increases for
larger values of sparsity fraction ps. Moreover, for both NIHT and NAHT the relative error of both

components decreases together.

4.2. Applications

4.2.1. Dynamic-foreground/static-background video separation
Background/foreground separation is the task of distinguishing moving objects from the static-

background in a time series, e.g. a video recording. A widely used approach is to arrange frames of the
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Figure 4: NIHT recovery results of a 256 x 256 x 150 video sequence compared to the approximation of the complete
video sequence by Robust PCA (AccAltProj [37]). The video sequence is reshaped into a 26 600 X 150 matrix and either
recovered from FJLT measurements with § = 0.33 using rank » = 1 and sparsity s = 197505 or approximated from
the full video sequence by computing RPCA by AccAltProj with the same rank and sparsity parameters. Recovery by
NIHT from subsampled information achieves PSNR of 34.5 dB whereas the Robust PCA approximation from the full
video sequence achieves PSNR of 35.5 dB.

video sequence into an m x n matrix, where m is the number of pixels and n is the number of frames
of the recording and apply Robust PCA to decompose the matrix into the sum of a low-rank and a
sparse component which model the static background and dynamic foreground respectively [3]. Herein
we consider the same problem but with the additional challenge of recovering the video sequence from
subsampled information [3I] analogous to compressed sensing.

We apply NIHT, Alg.|[1] to the well studied shopping mall surveillance [43] which is 256 x 256 x 150
video sequence. The video sequence is rearranged into a matrix of size 26 600 x 150 and measured using
subsampled FJLT with one third as many meausrements as the ambient dimension, § = 0.33.
The static-background is modeled with a rank-r matrix with » = 1 and the dynamic-foreground by an
s-sparse matrix with s = 197505 (p, = 0.02, p, = 0.15). Figure EI displays the reconstructed image
Xnine and its sparse component S,;,; alongside the results obtained from applying Robust PCA
(AccAltProj [37]) which makes use of the fully sampled video sequence rather than the one-third
measurements available to NIHT. NIHT accurately estimates the video sequence achieving PSNR, of
34.5 dB while also separating the low-rank background from the sparse foreground. The results are

of a similar visual quality to the case of Robust PCA that achieves PSNR of 35.5 dB which requires
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access to the full video sequence.

4.2.2. Computational multispectral imaging

A multispectral image captures a wide range of light spectra generating a vector of spectral re-
sponses at each image pixel thus acquiring information in the form of a third order tensor. Low-rank
model has a vital role in multispectral imaging in the form of a linear spectral mixing models that
assume the spectral responses of the imaged scene are well approximated as a linear combination of
spectral responses of only few core materials referred to as endmembers [44]. As such, the low-rank
structure can be exploited by computational imaging systems which acquire the image in a compressed
from and use computational methods to recover a high-resolutional image [45] 46} [47]. However, when
different materials are in close proximity the resulting spectrum can be highly nonlinear combination
of the endmembers resulting in anomalies of the model [48]. Herein we propose the low-rank plus
sparse matrix recovery as a way to model the spectral anomalies in the low-rank structure.

We employ NTHT on a 512 x 512 x 48 airborne hyperspectral image from the GRSS 2018 Data
Fusion contest [49] that is rearranged into a matrix of size 262 144 x 48 and subsampled using FJLT
with § = 0.33. Figure p| demonstrates recovery by NIHT using rank r = 3 and sparsity s = 150995
(pr = 0.25, ps = 0.05) in comparison with the the low-rank model with rank » = 3 and s = 0
(pr = 0.25, ps = 0). Both methods recover the image well but the low-rank plus sparse recovery
achieves slightly higher PSNR of 39.1 dB compared to the low-rank recovery that has PSNR of
38.9 dB and slightly better fine details. Figure [pd|and Figure [5e| depict the localization of the error in
terms of PSNR and shows that adding the sparse component improves PSNR of a few localized parts.
Although the overall gain in the PSNR is small compared to the low-rank model, the differences in
the localized regions of the image can be potentially impactful when further analyzed in practical

applications such as semantic segmentation [50].

5. Conclusion

The main theorems, Theorems and [5] are the natural extension of analogous results in
the compressed sensing and matrix completion literature to the space of low-rank plus sparse matrices,
Def. see [4[5] and references therein. They establish the foundational theory and provide examples
of algorithms for recovery of matrices that can be expressed as a sum of a low-rank and a sparse matrix
from under sampled measurements. While these results could be anticipated, with [31] being an early
non-convex algorithm for this setting, these advancements had not yet been proven. We prove that the
restricted isometry constants of random linear operators obeying concentration of measure inequalities,

such as Gaussian measurements or the Fast Johnson-Lindenstrauss Transform, can be upper bounded
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Figure 5: Recovery by NIHT from FJLT measurements with § = 0.33 using low-rank model (p, = 0.25, ps = 0)
compared to the low-rank plus sparse model (pr, = 0.25, ps = 0.05). Figure - show the color renderings of the
original multispectral image and the two recovered images. Figure and Figure show the spatial PSNR of the
recovery from the low-rank only model (overall PSNR of 38.9 dB) and the low-rank plus sparse model (overall PSNR
of 39.1 dB) respectively. Figure [5f] and Figure show two details of size 128 x 128 in the 694 nm band.

when the number of measurements are of the order depending on the degrees of freedom of the low-
rank plus sparse matrix. Making use of these RICs, we show that low-rank plus sparse matrices can
be provably recovered by computationally efficient methods, e.g. by solving semidefinite programming
or by two gradient descent algorithms, when the restricted isometry constants of the measurement
operator are sufficiently bounded. Numerical experiments on synthetic data empirically demonstrate
phase transitions in the parameter space for which the recovery is possible. Experiments for dynamic-
foreground /static-background video separation show that the segmentation of moving objects can be

obtains with similar error from only one third as many measurement as compared to the entire video
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sequence. The contributions here open up the possibility of other algorithms in compressed sensing
and low-rank matrix completion/sensing to be extended to the case of low-rank plus sparse matrix
recovery, e.g. more efficient algorithms such as those employing momentum [51} 62] or minimising
over increasingly larger subspaces [40]. These results also illustrate how RICs can be developed for
more complex additive data models and one can expect that similar results would be possible for new

data models.
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Appendix A. Phase transitions for synthetic problem of size m = n = 30

Figure depicts the phase transitions of § above which NIHT, NAHT and solving the convex
relaxation problem in successfully recovers X in more than half of the experiments. Comparing
Fig.[AX0] to Fig. [[] we see that the phase transitions roughly occur for the same parameters p,, p, with
only small differences due to the finite dimensional effects of the smaller problem size being more
pronounced when m = n = 30. We also observe that non-convex algorithms perform better than the
convex relaxation in that they are able to recover higher ranks and sparsities from fewer samples in

addition to also taking less time to converge.

Appendix B. Supporting lemmata

Proof of Lemma (RIC for a fixed LS subspace), stated on page [9]
The proof uses similar to arguments as [25, Lemma 5.1] and [I1] Lemma 4.3] with the exception that

here we consider two subsets, one for the low rank and another for the sparse component.

Proof. By the linearity of A(-) assume without loss of generality that || X||z = 1. By the triangle
inequality and || X || = 1, the upper bound of the Frobenius norm of the low-rank component ||L||r <
T gives also an upper bound on the Frobenius norm of the sparse component ||S||r < 1+ 7. There

exist two finite (A/8)-coverings of the two matrix sets

{LeR™" . ¢(L)CV, C(LT) CW, ||L]r <7} (B.1)

{SeR™™ . SCT,|S|r<1+7}, (B.2)

that we denote A*, A¥ and by [53, Chap. 16] their covering numbers are upper bounded as
dim V-dim W dim T
24 24
|AT] < <AT> |A%] < <A(1 +T)> : (B.3)
A A

Let A := {QF + Q% : Q¥ € A¥, Q¥ € A%} be the set of sums of all possible pairs of the two coverings.
The set A is a (A/4)-covering of the set Zmn (V,W,T,7) since for all X € X, , (V,W,T,7) there
exists a pair ) € A such that

IX =Qllp=[IL+5—(Q"+ Q%) (B.4)

A A
8 8

<llz-Q"p+1s-Q%p < : (B.5)

where in the first line we used the fact that X can be expressed as L + S, and in the second line we
applied the triangular inequality combined with the Q¥, Q° being (3 /8)-coverings of the matrix sets

for the low-rank component and the sparse component respectively.
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Figure A.6: Phase transition level curves denoting the value of 6* for which values of p, and ps below which are recovered
for at least 5 out of 10 experiments for 8, p,, and ps as given by (140]). The convex optimization problem is solved by
SDPT3 [38]. NIHT and NAHT are observed to recover matrices of higher ranks and sparsities compared to solving the

convex relaxation.

Applying the probability union bound on concentration of measure of A as in with e = A /2

gives that
A A
tQen: (1= )1els <A@l < (1+5 ) el (B.6)
holds with the probability at least
2 dim V.dim W 24 dim T 32 33
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By 2, (V, W, T, 7) being a closed set the maximum

M = max I AY)||2, (B.8)
YEeX , n(V,W,T,7), |[Y|Fr=1
is attained. Then there exists @@ € A such that
A A
A, < A, + AKX = @)l =1+ 5 + M, (B.9)

where the first inequality comes from applying the reverse triangle inequality to X and @ — X and
in the second inequality we used to upper bound || A(X)||2 and the upper bound of [|X — Q||
comes from @ € A combined with A being a (3 /4)-covering. Note that the inequality holds for
all X € ¥, ,(V, W, T, 7) whose Frobenius norm || X || so also for a matrix X for which the maximum
in is attained. The inequality in applied to X yields

M§1+%+M% — M<1+A (B.10)

The lower bound follows from the reverse triangle inequality

w~| >

>1-A (B.11)

FAROI = TA@] = [TAX = Q)| = <1 - 2) ~(1+4)

where the second inequality comes from || A(X —Q)|| < M|| X —Q|lr < (1+ 3)% by (B.8) combined
with @ being an element of a (3/4)—covering.

Combining with the bound on M in (B.10]) gives the upper bound and (B.11]) gives the lower
bound on || A(X)|| completing the proof. O

Lemma Appendix B.1 (e-covering of the Grassmannian [33] Theorem 8]). Let (G(D,d), p(-,-)) be
a metric space on a Grassmannian manifold G(D,d) with the metric p as defined in . Then there
exists e-covering G(D, d) with A = {Ui}?;l C G(D,d) such that

~

YU € G(D,d): minp(U,U) <e, (B.12)
UeA

and N < (%)d(Did) with Cy independent of €, bounded by Cy < 2.

The above bound on the covering number of the Grassmannian is used in the following lemma to
bound the covering number of the set LS,, »(r, s, 7).

Proof of Lemma (Covering number of LS,, ,,(r, s, 7)), stated on page

Proof. By Lemma [Appendix B.1fthere exist two finite (¢/2)-coverings Ay := {Vi}liilll C G(m,r) and

Ag = {Wl}l/:l‘ C G(n,r), with their covering numbers upper bounded as

r(m—r) r(n—r)
4 4
A1) < (;) [As| < (;) : (B.13)
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as given in [I1} (4.18)] that uses [33, Theorem 8]. By A1, Ay being (g/2)-coverings

YV eG(m,r): Ve, p(V,Vi)<eg/2, (B.14)

YW € g(n, T’) : dW; e A27 p(VV, Wl) < 6/2. (B15)

Let As = V(mn, s) where V(mn, s) is the set of all possible support sets of an m x n matrix that has

s elements. Thus the cardinality of Az is (m")

Construct A = (A7 x Ay x A3) where x denotes the Cartesian product. Choose any V €
G(m,r),W € G(n,r) and T € V(mn, s) for which we now show there exists (\7, W, f) € A such that
p ((V, w), (‘A/, /W)) <eand T =T, thus showing that the set A is an e-covering of LS., n(r, s, 7).

Satisfying T = T comes from Az = V(mn, s) containing all support sets with at most s entries.

The projection operator onto the pair (V, W) can be written as Pyy,w) = Py ® Py, so for the two

pairs of subspaces (V, W) and (V, /W) we have the following

p (Vo) (VW) = I1Pwaw) = o | (B.16)
— ||Py ® Pw — Py ® Pyl (B.17)
= || (Pv — Pp) ® Pw + Py (Pw — Pg) || (B.18)
< |IPy = Pyl Pwll + Py | Pw — Py (B.19)
—) (V, 17) +p (W, W) . (B.20)

By A; and As being (¢/2)-coverings, we have that for any V, W exist VeA and W e As, such that
p ((V, W), (‘7, ﬁ/\)) <p (V, ‘7) +p (VV, /V[7) < e. Using the bounds on the cardinality of A, Ay in
(B.13) combined with [As| = (") yields that the cardinality of A is bounded above by

R(e) = |Ar|[As] [As] < (’Z”) (‘“T (B.21)

r(m+n—2r)
5 ) '

O

Proof of Lemma (Variation of A in RIC in respect to a perturbation of (V,W)), stated on
page [10}

Proof. Recall the notation used in Lemma that there are sets X1 := %, , (V1,W1,T,7) and
Yo = X0 (Vo, Wy, T, 7) which are subsets of LS,, ,(r,s,7) with a shared support T of the sparse
component.

Let Y € X, so we can write Y = L + S such that supp(S) = T,C(L) C Va,C(LT) C Wy and
IL||F < 7. By linearity of A assume without loss of generality that ||Y|| = 1. Denote Uy = (V1, W7)

and Uy = (Vo, W2) and let Py, be an orthogonal projection onto the space of matrices whose column
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and row space is defined by V;, W; such that left and right singular vectors of Py, Y lie in V; respectively
W;. Then

A = AL + S)I| = [ A (Po, L+ S = (P, L = Po, L)) (B.22)
< AP, L+ S)|| + | A([Py, — Pu,) L) (B.23)
< (L+8) [Py, L+ S| + [ Allp Uy, Ue) |IL] (B.24)
= (14 A) Py, L+ S + [Py, = Pu,) LI| + || Allp (U1, Ua) ||| (B.25)
< (1L+8) (1Y le + pU1, U2)[IL]) + | Allp (U1, Us) ||| (B.26)
<Y Ie (14 B +mpn, U2) (14 A+ A])), (B.27)

where in the first line we use the fact that Py,L = L, the second line follows by
the triangle inequality and linearity of A, and in the third inequality we bound the effect of A on
(Py,L + S) using the RICs of A combined with the definition of p in (20). We proceed in and
by projecting L to space Us and again bounding the effect of A on (Py,L + S). Finally, in
we use ||L||p < 7. We obtain a similar lower bound using the reverse triangular inequality

| AY)|| = A (Pu, L+ S — (P, L — Py, L)) (B.28)
> | A(Pu, L+ 8)| — A ([Pv, — Pu,] D) (B.29)
> (1= &) Py, L+ S| - | Allo(Us, U)IILI| (B.30)
= (1= &) IP0, L+ S = [Po, — Po,] LIl - | Allp(Us, Ua) | L (B.31)
> (1=R) (1Yl = p(U1, Ua) 1L ]L#) = | Allp(U, U2) | L (B.32)
> |[Yilr (1= A = 7p(U2,U2)(1 = B+ [ A])). (B.33)

Combining (B.27)) and (B.33)) yields
Wesy: (- A)|Yle < AWV < 1+ AV, (B.34)
with A = A + 7p(Uy, Us) (1+3+||A||). O

. In the proof of Theorem [3| we make use of the following Lemma [Appendix B.2]and Corollary [Ap-]
from [I1] which we restate here for completeness.

Lemma Appendix B.2 ([II, Lemma 3.4]). Let A and B be matrices of the same dimensions. Then

sis  there exist matrices By and By such that

(1) B = By + By,
(2) rank By < 2rank A,
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(3) ABT =0 and ATB, =0,
(4) (By, B2) =0.

Corollary Appendix B.1 ([II, Lemma 2.3]). Let A and B be matrices of the same dimensions. If
ABT =0 and ATB =0, then ||A+ B« = || All« + || B«

Lemma Appendix B.3 (Decomposing R® = RS + R3). Let supp Sy = 2y and construct a matriz
RS that has the entries of R at indices

(R%)i; if (i,5) € Qo,
(R3)ij = (B.35)
0 if (i,7) ¢ Qo,
and a matriz RS = R® — RS that has the entries of RS at the indices of the complement of Qo. Then

(1) RS llo < [[Sollo = s (by ] = s),
(2) IS0+ RZllx = [[Sollv + [I1RZ 1 (by supp(R§) Nsupp(RZ) = 0),
(3) (R5,RZ) =0 (by supp(Rg) Nsupp(R7) =10).

Proof. Tt can be easily verified that R and RS constructed as in (B.3F) satisfy the conditions (1)-(3).
O

Lemma Appendix B.4 (Upper bound on (A(-), A(-))). For an operator A(-) whose RICs are upper
bounded by A := Agy 25 2, we have that

[(AX), AY )| < AIXI[pY ][, VXY € LSpmn(r,s,7). (B.36)

Proof. By linearity of A we can assume without loss of generality that || X|r = ||Y||r = 1. Applying
the parallelogram law on || A(X)|, and || A(Y)]], gives

2 (JAGI + JAW)IZ) = ACX) + A + [ACX) - A2 (B.37)
Subtract 2 || A(X) — A(Y)||> from both sides of gives
A(A(X), A(Y)) = AX) + A5 = [LAX) = AY)]l5 (B.38)

Using RICs of A(+) and that X +Y and X — Y are in the set LSy, 25,2 we bound on the right hand
side ([B.38))

A, A = § [IACK + V)l + LA = V)3 (8.39)
< IO+ DX +Y e~ (1= A)X ~ Ve (B.40)
< 04— -a)<a, (B.41)
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where in the third line we used that || X +Y||r < 2 and || X — Y||r < 2. Note that the bound can be
lowered for specific matrices X,Y such that the matrices of their sums X +Y and X — Y are in LS

sets with smaller ranks, sparsities or Frobenius norm of their low-rank component. O

Remark Appendix B.1 (Bounding the residual of the sparse component). Herein we derive in-

equality in as was done in to for the low-rank component of the error.

Proof. Let A := Ay, 352, be an RIC with squared norms for LS,,, ,,(4r, 3s,27). Then let RE, RE and
R§, RY be defined as above equation and respectively

(1= ARG + BY |7 < || ARG + RY)II3 = [(A(RS + RY), ARG + RY — R+ R))| (B.42)

= [(A(R§ + RY), A(R§ + Rf — R)) + (A(R§ + RY), A(R))| (B.43)

IN

<A(R§+Rf),A ~R§—R{ - R; >+|<A(R§+Rf)7A(R)>{ (B.44)

Ji=2

< AR+ BY|lr [ IRE + REIr+ ) IRle | +[|A (RS + RY)||, I AR) [l2, (B.45)

j=2

where the inequality in the first line comes from RS + Ry € LS(0,2s,0) C LS(4r,3s,27) satisfying

the RIC, the second line is the consequence of feasibility in , the third line comes from Lemma

s |[Appendix B.4]and by sums of individual pairs in the inner product being in LS(4r, 3s, 27).

The first term in (B.45) can be bounded as

AlRS + RY|lp | 1R + R llr + ) lIR;llr (B.46)
Jj=2

< AR + Bl (IRE + BEllr + V2R |r + 155 ) (B4T)

< AIRS + RS |l (1 +V2)IRE + RElle + |1RS + BS|r) (B.48)

where the second line comes as a consequence of optimality in with M, = r and My = s, and
the third line comes from ||RY||r < [|[RE + RE|p and |RY||F < ||REY + RE||F. Having bounded the
first term in we now move to upper bounding the second term in which comes as a
consequence of feasibility bound in and of the RIC for RY + RY € LS,, (47, 3s,27)

A (RS + BE) [, | A(R) [l2 < en(1+ A)|[RS + R |- (B-49)
We now bound ([B.45|) by combining the upper bounds of its constituents in (B.48) and (B.49)

1+A
(1= ARG + RY |7 < ARG + Ry F ((1 +V2)IRG + BYllr + [|1RS + RY |l + e — ) , (B.50)

which after dividing both sides by (1 — A)||R§ + R{ | r yields the inequality in (80). O
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Lemma Appendix B.5. Let X7, X7t X, be any matrices in the set LSpn(r,s,7), a; >0, and
A(-) be an operator whose RICs are sufficiently upper bounded, then the following two inequalities hold
(X7 — Xo, X' — Xo) — a; (A(X? — Xo), A(X7H = X))
< | = AGAgll2 [ X7 — Xoll# | X7+ — Xol|r, (B.51)
and
[ X7 — Xo — a; A" (A (X7 = X0)) lr < 1T — o AGAg 21 X7 — XollF, (B.52)
where the spectrum of the matriz (I - a; AgAQ) € R™™*™mn" s bounded as
1—aj (14 Agrzszr) <AL — ASAQ) <1+ (1= Az 3s2r), (B.53)
which gives an upper bound on the norm ||I —a; AgAQ”Q < |1 —a; (14 Agr3s,27)| as the lower bound
in (B.53)) is larger then the upper bound.

Proof. We vectorize the matrices on the left hand side of using a mapping vec(+) : R™*" — R™"
that stacks columns of a given matrix into a vector and a mapping mat(-) from the space of linear
operators A : R™*™ — RP to the space of matrices of size p x mn
zo = vec (Xp), 2/ = vec (X7), 27" = vec (X/*') e R™™"
— vec(4)" —

A =mat (A) = : e RpXmn,

(B.54)

—  vec (AP)T —
Let Xo = U°2V0 4+ SO0 X7 = Uisivi 4+ §4, Xi+1 = pitlygitlyi+tl 4 Gitl he the singular
value decompositions where the matrices of the left singular vectors are U7 € R™ " and their
sparse components are supported at indices 7 = supp (Sj ) Consider the union of the index sets

Q.= {QO, 7, QjH} and construct the following orthogonal frame

U Ongr .. Opsy
Onzr U oo Oy
Q=[,oU E=| _ e R X3(rs), (B.55)
: . €, ... €Qgq
O

where U € R™*3" is formed by concatenating U°, U7, U1 and eq, is a vector corresponding to
a vectorized matrix with a single entry 1 at the index ;. Note that Pp = @ (QTQ)_l Q7 is an
orthogonal projection matrix on the low-rank plus sparse subspace defined by the matrix U and the
index set Q. Note that by Q being formed by the low-rank plus sparse bases of Xy, X7, X7*! we have

that the projection does not change the vectorized matrices

Pozo = x0, Pga! =27, Poalt! =t (B.56)
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To establish the bound in (B.51]) we write the left hand side in its vectorized form
(27 — :EO)T (27t — ) — oy (A(2? — xo))T (A2 = 20)) , (B.57)

and replacing A with Ag = APy in (B.57)) using the identities in (B.56)) simplifies the term as

(@7 — 20)T (27" = 20) — 0y (Ag(a? — 20))" (Ag(a* — 2p)) (B.58)
— (27 —20)" (@7 = 20) — oy AYAq (a7t — o)) (B.59)
— (27 —20)" (I — oy ApAQ) (@' — o)) (B.60)
< | = a; AGAqllz 27 — woll2 27 — woll2 (B.61)
= |1 —a; AGAQ|l2 [IX? — Xol| | X7+ — Xo| |, (B.62)
where |1 — a; A5 Ag is the £2 operator norm of an mn x mn matrix.
Similarly we now establish the bound in
| X7 — Xo — o A" (A (X7 = Xo)) || = ||27 — w0 + a; ATA (o — 27)|, (B.63)
=||(I = o; ATA) (27 — z0) ], (B.64)
< — o AHAq, || X7 = Xo 5 (B.65)

where we just vectorized the matrices and the linear operator A(-) and upper bounded the expression
using £ operator norm || — a; AjAg|l2. Matrix Ag acts on a subspace of LS, ,,(3r,3s,27) and is

self-adjoint, as such its eigenvalues can be bounded using the RICs as was done in [28] [40]
1-— e} (1 + A3r733727> S A (I - AZQAQ) S 14+ &%} (1 - A3r738,27> . (B66)
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