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Abstract. We discussthe reconstructionof piecavise smooth data from its
(pseudo-)spectralinformation. Spectralprojectionsenjoy superiorresolutionpro-
vided the datais globally smooth,while the presenceof jump discontinuitiesis
responsibldor spuriousO(1) Gibbsoscillationsin the neighborhoof edgesand
anoverall deterioratiorof theunacceptablérst-orderconvergencein rate. Thepur
poseis to regain the superioraccurag in the piecavise smoothcase,and this is
achieved by mollification.

Herewe utilize amodifiedversionof thetwo-parametefamily of spectramolli-
fiersintroducedby Gottlieband Tadmor[GoTa85]. The ubiquitousone-parameter
finite-ordermollifiers arebasedon dilation. In contrastour mollifiers achieve their
high resolutionby anintricate processof high-ordereancellation To this end,we
firstimplementalocalizationstepusinganedgedetectiorprocedurgGeTa00a,b].
Theaccurataecovery of piecavise smoothdatais thencarriedout in the direction
of smoothnessway from the edgesandadaptivityis responsibldor the high res-
olution. The resultingadaptve mollifier greatly accelerateshe convergencerate,
recovering piecavise analyticdatawithin exponentialaccurag while removing the
spuriousoscillationsthatremainedn [GoTa85]. Thus,theseadaptve mollifiers of-
fer arobust,general-purposthlack box” procedurdor accuratgost-processingf
piecavise smoothdata.

Datereceved: March 29, 2001. Final versionreceved: August31, 2001. Communicatedy Arieh
Iserles.Onlinepublication:Novemberl6, 2001.
AMSclassification 41A25,42A10,42C25,65T40.



156 E. TadmorandJ. Tanner
1. Intr oduction

We studya new procedureor the high-resolutiorrecorery of piecavise smooth
datafrom its (pseudo-gpectrainformation.The purposes to overcomethe low-
orderaccurag andspuriousoscillationsassociatedavith the Gibbsphenomena,
andto regainthe superioraccurag encodedn the globalspectrakoeficients.

A standar@pproactior removing spuriousoscillationss basednmollification
ove a local region of smoothnessTo this end, one employs a one-parameter
family of dilated unit massmollifiers of the form ¢, = ¢(x/60)/6. In general,
suchcompactlysupportednollifiers arerestrictedto finite-orderaccurag, |@y x
Fx) — f(x)| < C,0", dependingnthenumberr, of vanishingmomentsy has.
Cornvergenceis guaranteedy letting thedilation parameted | 0.

In [GoTa85]weintroducedatwo-parametefamily of spectramollifiers of the

¥po0 = 70 (%) Dy

form
X
6 (5) ‘

Herep (-) isanarbitraryCg° (-, ) functionwhichlocalizesthe p-degreeDirich-
let kernel Dy (y) = (sin(p + 1/2)y)/(2r sin(y/2)). Thefirst parametgrthe di-
lation parameter), neednot be smallin this case,in fact,§ = 6(x) is madeas
largeaspossiblewhile maintainingthesmoothnessf p(x — 6-) f(-). Insteadit is
the secondparameterthe degree p, which allows the high-accurag recovery of
piecavise smoothdatafrom its (pseudo-spectrabprojection,Py f (x). The high-
accurag recovery is achieved hereby choosinglarge p's, enforcinganintricate
procesf cancellationasanalternatve to the usualfinite-orderaccuratgrocess
of localization.

In Section2 we begin by revisiting the corvergenceanalysisof [GoTa85].
Spectrahccuray isachieved by choosinganincreasingg ~ +/N, sothatyp, g has
essentiallwanishingmomentsall orders, [ y$yrp o (y) dy = 850 + Cs - N~5/2, Vs,
yielding the “infinite-order” accurag boundin the senseof |y * Py f(X) —
f(x)| <Cs- N2 vs.

Althoughthelastestimateyieldsthedesiredspectratorvergenceatesoughin
[GoTa8b], it suffersasanover-pessimistiaestrictionsinceits derivationignores
thepossibledependencef p onthedegreeof localsmoothness, andthesupport
of local smoothness;- 0 = 6(x). In Section3 we begin a detailedstudy of the
optimalchoiceof the (p, ) parametersf the spectramollifiers yp 4:

e Lettingd(x) denotethedistanceo thenearesedgewefirstsetd = 0(x) ~
d(x) sothatyr, ¢ x Py f(x) incorporateghe largestsmoothneighborhood
aroundx. To find thedistanceo thenearestliscontinuitywe utilize ageneral
edgedetectiorprocedurdGeTa99], [GeTa00a,b], wherethelocations(and
amplitudes)f all edgesarefoundin eneglobal sweepOncethe edgesare
locatedt is a straightforvard matterto evaluate at every x, theappropriate
spectraparametep (x) = d(x) /.

o Next, weturnto examiningthe degree p, whichis responsibldor the over-
all high accurag by enforcinganintricate cancellationA carefulanalysis
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carriedout in Section3.1 leadsto anoptimal choiceof anadaptivedegree
of orderp = p(x) ~ d(x)N. Indeed humericalexperimentgeportedn the
original [GoTa85], andadditionaltestscarriedoutin Section3.2belov and
which motivatethe presenstudy clearlyindicatea superiorcorvergenceup
to theimmediatevicinity of theinterioredgeswith anadaptivedegreeof the
optimalorderp = p(x) ~ d(x)N.

Given the spectralprojectionof a piecavise analyticfunction, Sy f(-), our two-
parametefamily of adaptve mollifiers,equippedvith theoptimalparametrization
outlinedabore yields,consultTheorem3.1,

1¥p.o * SN F(X) — F(x)| < Const d(x)N - e "VION,

Thelasterrorboundshows thatthe adaptie mollifier is exponentiallyaccurateat
all x's, exceptfor theimmediate? (1/N)-neighborhooaf thejumpsof f(-) where
d(x) ~ 1/N. We notein passinghe ratherremarkabledependencef this error
estimateon the Cg° regularity of p(-). Specifically the exponentialcorvergence
rateof a fractionalpower is relatedto the Gevrey regularity of thelocalizerp(-);
in this papemwe usethe G,-regularcut-off p.(x) = exp(ex?/(x? — 72)) whichled
to thefractionalpower 1/2.

Similarresultsholdin thediscretecaselndeedjn this case pnecanbypasdhe
discreteFourier coeficients: expressedn termsof the given equidistantdiscrete
values,{ f (y,)}, of piecaviseanalytic f, we have, consultTheorem3.2,

2N-1

S D Vpo(x = Y0 f () = ()| < Const @X)N)? - & VAN,
v=0

Thus,thediscretecorvolution ) " ¥ o (X — ¥,) f(¥,) formsanexponentiallyac-
curatenearbyinterpolant: which senes as an effective tool to reconstructthe
intermediatesaluesof piecavise smoothdata.Thesenearby'‘expolants”arerem-
inicient of quasi-interpolants.g.,[BL93], with the emphasigjiven hereto non-
linearadaptve recovery whichis basedn global regionsof smoothness.
Whathappensn theimmediateO(1/N)-neighborhoodf the jumps?in Sec-
tion 4 we completeour study of the adaptve mollifiers by introducinga novel
proceduref normalization Herewe enforcethefirst few momentsf thespectral
mollifier, ¥, = p Dp, tovanish sothatweregainpolynomialaccurag intheimme-
diateneighborhoodf thejump. Takingadwantageof thefreedomin choosingthe
localizer p(-), we shav how to modify p to regainthelocalaccurag by enforcing
finitely mary vanishingmomentsof ¢, = p Dy, while retainingthe sameoverall
exponentialoutsidethe immediatevicinity of the jumps.By appropriatenormal-
ization,thelocalizedDirichlet kernelweintroducemaintainsatleastsecond-order
cornvergenceupto thediscontinuity Increasinglyhigherordersof accurag canbe
worked out aswe maove further away from thesejumpsand, eventually turning

1 Calledexpolantfor short.
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into the exponentiallyaccurataegimeindicatedearlier In summarythe spectral
mollifier amountsto a variable-orderecovery procedureadaptedo the number
of cellsfrom thejump discontinuitieswhich is reminiscenof the variableorder

EssentiallyNon Oscillatory piecavise polynomialreconstructiorin [HEOC85].

The currrentprocedurds alsoreminicientof the h—p methodsof Batluskaand
his collabratorswith the emphasigjiven hereto anincreasinghumberof global

momentg p) withoutthe“h”-refinement.The numericalexperimentseportedn

Sections3.2 and4.3 confirmthe superiorhigh resolutionof the spectraimollifier

¥p,o equippedwith the proposedptimal parametrization.

2. Spectral Mollifiers
2.1. TheTwo-ParameterSpectal Mollifier v, ¢

The Fourierprojectionof a 2 -periodicfunction f(-):

P ~ 1 T )
S\ f0 =Y fe,  fi=o— [ Fooe™dx 2.1)

[kI<N 21

enjoys the well-known spectralcorvergencerate,thatis, the corvergencerateis
asrapid asthe global smoothnessf f(-) permitsin the sensethatfor any s we
have?

ISy f(x) — f(x)| < Const: || flics - NeT VS 2.2

Equivalently, this canbe expressedn termsof theusualDirichlet kernel

_sin(N + 3)x

= 2rsinx/2)’ 2.3

1 &
Dn(X) := o Z kX
KN

whereSy f = Dy * f, andthe spectralcorvergencestatementn (2.2) recastin
theform

Dy * fxX) = fOOI < Const [ flics - 3. V'S 24

Furthermoreif f(.) is analyticwith ananalyticitystrip of width 25, thenSy f (x)
is characterizethy anexponentialcorvergencerate,e.g.,[Ch], [Ta94],

1Svf(x) — fx)| < Const, - Ne™N". (2.5)

If, on the otherhand, f(-) experiencesa simple jump discontinuity say at X,
thenSy f (x) suffersfrom the well-known Gibbsphenomenayherethe uniform
convergenceof Sy f (x) islostin theneighborhooaf xo and,moreover, theglobal

2 Hereandbelow we denotetheusual|| fics = [| f© || L.
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cornvergencerate of Sy f(x) deterioratedo first order To acceleratehe slow

convergencerate,we focusour attentionon the classicalprocessf mollification.

Standardmollifiers are basedon a one-parametefamily of dilated unit mass
functionsof theform

@o(X) = %w (g) (2.6)

whichinducecorvergenceby lettingé tendto zero.In general|gyx f (x) — f ()| <
C,0" describeshecorvergenceaateof finiteorderr, wherep possessesvanishing
moments

f yoo(y) dy = 8o, $=0,12....,r — 1 .7

Inthepresentontet of recoveringspectal corvergencehowever, wefollow Got-
tlieb andTadmor[GoTa85], usingatwo-parametefamily of mollifiers, yr, ¢ (X),
whered is a dilation parametgry, o(X) = ¥p(x/6)/60, and p stipulateshow
closely v, ¢ (X) possessesearvanishingmomentsTo form v, (x), we let p (x)
beanarbitraryCg° functionsupportedn (—x, ) andwe considerthe localized
Dirichlet kernel

Yp(X) == p(X)Dp(x). (2.8)

Ourtwo-parametemollifier is thengiven by the dilatedfamily of suchlocalized
Dirichlet kernels

=t =b)o). e

Accordingto (2.9), ¥ ¢ consistsof two ingredients,o(x) and Dy(x), each
having anessentiall\separateole associatedith thetwo independernparameters
6 and p. The role of p(x/6), throughits 6-dependencepcalizesthe support
of ¥ 9(X) to (—0m, 6r). The Dirichlet kernel Dp(x) is chaged, by varying p,
by controlling the increasingnumberof nearvanishingmomentsof ¥, 4, and
hencethe overall superioraccurag of our mollifier. Indeed,by imposingthe
normalizationof

p(0) = 1, (2.10)

we find thatanincreasinghnumberof momentsof 1, 4 areof the vanishingorder
O(p~&=b):

o T
Oy‘wp,o(y) dy = | (y9)°p(y)Dp(y)dy= Dp* (YO)*p(¥)},,

-7

= 80+ Cs- p &P, Vs, (2.11)

where,accordingo (2.4),Cs = Const || (y9)%o(y)|lcs. Wewill getinto adetailed
convergenceanalysisin thediscussiorbelow.
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We concludethis sectionby highlighting the contrastbetweenthe standard,
polynomiallyaccuratenollifier (2.7) andthe spectraimollifiers (2.9). Theformer
dependon onedilation parameterd, which is in chage of inducinga fixed or-
derof accurag by letting & | 0. Thus,in this case corvergenceis enforcedby
localization whichis inherentlylimited to afixed polynomialorder The spectral
mollifier, however, hasthe advantageof emplgying two free parametersthe dila-
tion parametep which neednot be small,in fact,8 is madeaslarge aspossible
while maintainingo (x — 0y) f (y) freeof discontinuitiestheneedfor thisdesired
smoothneswill bemademoreevidentin thenext section .t is thesecondharam-
eter p, whichisin chageof enforcingthehighaccurag by letting p 1 cc. Here,
convergenceis enforcedby a delicateprocessof eancellationwhich will enable
usto derive, in Section3, exponentialconvergence.

2.2. Error Analysisfor a Spectal Mollifier

We now turnto consideringheerrorof ourmollificationprocedureE(N, p, 6; f
(x)), a an arbitraryfixedpoint, x € [0, 27):

E(N, p.0; f(x)) = E(N, p,0) := ¥po* Sn f(x) — f(X), (212

wherewe highlight the dependencen threefree parameterst our disposalithe
degreeof the projection, N, the supportof our mollifier, 6, andthe degreewith
which we approximateanarbitrarynumberof vanishingmoments p. Thedepen-
denceon the degreeof the piecavise smoothnessf f(-) will play a secondary
rolein the choiceof theseparameters.

We begin by decomposinghe errorinto threeterms

E(N,p,0) = (f*¥po— F)+ (S f — ) x Wpo — Sv¥po)
+ (SN — ) * Snvpo. (2.13)

Thelastterm,(Sy f — f) x Sy¥/p,0, vanishesdy orthogonalityand,hencewe are
left with the first and secondterms,which we refer to asthe regularizationand
truncationerrors,respectiely,

E(N,p,0) = (Fxv¥po—FH+SNF—F)*xWpo— SN¥po)
= R(N, p,0) + T(N, p,6). (2.14)

Sharperror boundsfor the regularizationand truncationerrorswere originally
derived in [GoTa85], anda shortre-dervationnow follows.
For theregularizationerrorwe considerthefunction

g (y) = fF(x =0y)p(y) — f(x), (2.15

wheref (x) isthefixed-pointvalueto berecoveredthroughmollification. Applying
(2.4)to g« (-), while notingthat g, (0) = 0, thentheregularizationerror doesnot
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exceed
IR(N, p,O)| == [f *¥po— fl= ' [f(x—0y)p(y) — F(X)]Dp(y) dy

= |Dp * Bx (Y)iy—ol = |($pgx()’) — & (¥)y=ol

< Const: [|gx(Y)llcs - (2.16)

psfl :

Applying theLeibnitzrule to gy (y):

A

k=0 k

> (s
[T Z( >9k|f<"><x—9y>| 1))

IA

lolcsll F® Nz (14 6)%, (2.17)
gives thedesiredupperbound

S
IR(N, p,0)| < Const ||P||CS||f(S)||Lfgc P (%) . (218
Hereandbelowv Constrepresentgpossiblydifferent)genericconstantsalso, || -
L indicatesthe L>*-normto be taken over thelocal supportof v/ o. Note that
||f(3>||L§C < 00, aslong asé is chosensothat f(-) is free of discontinuitiesin
X —0m,x+0m).
To upperboundhe truncationerror we usethe Younginequality followed by
(2.4):

IT(N, p.O)| < [I(SNF — F) * (Ypo — Suvpo)llL~
< ISNF = fllee - 1¥po — SN¥polic>
1
= MIISnf — Fllee - IWpollcs sz (2.19)

TheLeibnitzrule yields

B s S . 1+ p s+1
YR <k> oS0 IDP| < [Iplics <T> . (220
k=0

and,togethemwith (2.19),we arrive atthe upperbound

1+ pN <1+P

IT(N, p.0; f)] < Const [|Sxf — FllLr- plics -

; o ) . (220

A slightly tighter estimateis obtainedby replacingthe L* — L°° boundswith L2
boundsfor f’swith boundedvariation

[Svf — FllLe x ISv¥po — ¥pollL2
Const: || fllsy - N™2 x [[y5 Iz - N- Y2, (2.22)

IT(N, p,0)|

IA

IA
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and(2.20)thenyields

(2.23)

14 p\*H
IT(N, p,0)| = Const |plics- N (_p) .

No

Usingthis,togethemwith (2.18),we concludewith anerrorboundof E(N, p, 6; f
(x)):

[Ypo xS f(x) — F(x)| < Const | pllcs

1+p s+1 2 s
X[” (F7) +2(3) Whaw|. vs @29

where| f® L= = SURcx_gr x1om |F©| measureshe local regularity of f. It
shouldbe notedthat one canusedifferentordersof degreesof smoothnesssay
anr orderof smoothnes$or the truncationandans orderof smoothnes$or the
regularization yielding

|E(N, p, 9; f(x))| < Const

1+ r+1 2 s
'|:||,0||cr'N(N—9p> +||PIICS'P<E> IF@l |

VF,s. (2.25)

2.3. Fourier Interpolant Error Analysisfor a Pseudospecat Mollifier

TheFourierinterpolantof a 2 -periodicfunction, f(-), isgiven by

2N-1

JU . 1 .
Infy =) A fo=o5 > fone (2.26)
v=0

k<N

Weobsenethatthemomentsomputedn thespectraprojection(2.1)arereplaced
hereby thecorrespondingrapezoidatule evaluatedattheequidistannodesy, =
(/N)yv, v = 0,1,...,2N — 1. It shouldbe notedthat this approximationby
thetrapezoidatule corvertsthe Fourier-Galerkinprojectionto a pseudospectral
Fouriercollocation(interpolationyepresentatiorit is well-known thattheFourier
interpolantalsoenjoys spectrakcorvergencej.e.,

In F(xX) — f(x)] < Const: | flics - VS. (2.27)

Ns-1’

Furthermoreif f(-) is analyticwith ananalyticitystrip of width 2z, thenSy f (x)
is characterizethy anexponentialcorvergencerate[Ta94]:

|Sv f(x) — f(x)| < Const - Ne™N". (2.28)
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If, however, f(-) experiences simplejump discontinuity thenthe Fourierinter

polantsuffersfrom thereducedconvergenceratesimilarto the Fourierprojection.
Toacceleratéheslovedcornvergencaateweagainmake useof ourtwo-patameter
mollifier (2.9). Whenconvolving Iy f (x) by our two-parametemollifier we ap-
proximatethe corvolution by thetrapezoidasummation

2N-1

Vo % InF(X) ~ % ; FO)Vpo (X — Vo). (2.29

We note that the summationin (2.29) bypasseshe needto computethe pseu-
dospectratoeficients fi. Thus,in contrastto the spectraimollifiers carriedout
in theFourierspacdMMO78] , we areableto work directly in the physicalspace
throughusingthe samplingof f(-) attheequidistanpoints f(y,).
Theresultingerrorof our discretemollification atthefixed point x is given by

2N-1

E(N.P.0) == 1 ) FO¥pox = y) = F0). (230
v=0

As before,we decompos¢heerrorinto two components

2N-1

E(N,p,0) = (% > F V(X — yo) - f*wp,o> +(F e vpo—
v=0

=: A(N, p,0) + R(N, p, 9), (2.31)

where R(N, p, 9) is the familiar regularizationerror, and A(N, p, 0) is the so-
called aliasingerror committedby approximatingthe convolution integral by a
trapezoidaum.It canbe showvn that,for ary m > % the aliasingerrordoesnot
exceedthetruncationerror, e.g.,[ Ta94, (2.2.16)],

AN, p, )|t~ < MulT(N, p,0; f™)[p~ - NYZ™  m>1 (232

We chooseam = 1:insertingthisinto (2.21)with f replacedy f', andnotingthat
ISy f — f'llL: < Const | fllevv/N, werecover thesametruncationerrorbound
we hadin (2.21):

1
A(N, p,09)||L~ < Const. |T(N, p,0; —
[ ACN, p, 0)IL IT(N, p f)I\/N

1+p s+1
W)

Consequentlythe error after discretemollification of the Fourierinterpolantsat-
isfiesthe sameboundasthe mollified Fourierprojection

IA

Const: ||pllcs - N2 ( (2.33)

|E(N, p,0: f(x))| < Const: |Ipllcs

1+ p\** 2\*
A REE T
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We closeby notingthatthe spectralandpseudospectrarrorbounds(2.24) and
(2.34),areof theexactsameorder And, asbefore ,onecanusedifferentordersof
degreesof smoothnes$or theregularizationandaliasingerrors.

2.4. OntheChoiceofthe (9, p) Parametes. Spectal Accumacy

We now turnto assessingherole of the parametersy and p, basedon the spec-
tral and pseudospectradrror bounds(2.24) and (2.34). We first addresghe lo-
calizationparamete. Accordingto the first term on the right of (2.24) and,
respectiely, (2.34), the truncationand, respectiely, aliasing error boundsde-
creasefor increasingd’s. Thus we are motivatedto choosed aslarge as pos-
sible. However, the silent dependencen 6 of the regularizationerror termin
(2.24) and (2.34) appearghroughthe requirementof localized regularity; i.e.,
1F@ L = SURcx pmasom | FEW < o0

Hence,if d(x) denoteghe distancefrom x to the nearesjump discontinuity

of f:

d(x) := dist(x, singsuppf), (2.35)
wethenset
0= @ <1 (2.36)
T

This choiceof 6 providesuswith the largestadmissiblesupportof the mollifier
Yp.o, SO that yp 9 = f(x) incorporatesonly the (largest) smoothneighborhood
aroundx. This resultsin an adaptivemollifier which amountsto a symmetric
windowedfilter of maximalwidth, 2d(x), to be carriedoutin the physicalspace.
We highlight the factthatthis choiceof anx-dependenty (x) = d(x)/x, results
in aspectramollifier thatis nottranslatiorinvariant.Consequentlyutilizing such
anadaptve mollifier is quite naturalin the physicalspaceand,althoughpossible,
it is notwell suitedfor convolution in thefrequeng space.

How canwe find the nearestliscontinuity?We refer the readerto [GeTa99],
[GeTa00a,b], for ageneraprocedurdo detectheedgesn piecavisesmoothdata
fromits (pseudo-ppectracontentTheprocedurecarriedin thephysicalspaceis
basednanappropriatehoiceof concentratioriactorawhichleadto (generalized)
conjugatesumswhichtendto concentratén thevicinity of edgesndarevanishing
elsavhere Thelocationgandamplitudespf all thediscontinuougumpsarefound
in oneglobal sweepEquippedwith thesdocations,it is a straightforvard matter
to evaluate atevery x, theappropriatespectraparametem (x) = d(x) /.

Next we addressheall-importantchoiceof p which controlshow closelyyp
possessasearvanishingmomentf increasingrder(2.11).Beforedetermining
anoptimal choiceof p let usrevisit the original approachakenby Gottlieband
Tadmor[GoTa85]. To this end,we first fix anarbitrary degreeof smoothness,
andfocusour attentionon the optimal dependencef p solelyon N. With this
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in mind, the dominanttermsof the error bounds,(2.24)and(2.34),areof order
(p/N)®andp~$, respectiely. Equilibratingthesecompetingermsgivesp = /N,
whichresultsin the spectracorvergenceratesoughtin [GoTa85], namelyfor an
arbitrarys,

|E(N. p.9)|,_yx < Constg - N7/2, (2.37)

Although this estimateyields the desiredspectralcornvergencerate soughtin
[GoTa85], it suffers asan over-pessimisticrestrictionsincethe possibledepen-
denceof p ons andd werenotfully exploited.In fact,while theabove approach
to equilibrationwith p dependingolelyon N yields p = N%3, numericalexperi-
mentsreportedoackin theoriginal[GoTa85]have shavn thatwhentreatingp asa
fixedpowerof N, p = N#, superioresultsareobtainedor 0.7 < g < 0.9.Indeed,
thenumericalkexperimentgeportedn Section3.2,andwhich motivatethe present
study clearlyindicatethatthe contritutions of the truncationandregularization
termsareequilibratedwhen p ~ N. Moreover, thetruncationandaliasingerror
contritutionsto theerrorboundq2.24)and(2.34)predictcornvergenceonly for x's
which areboundedaway from thejump discontinuitieof f, wheref(x) > p/N.
Consequentlywith 6(x) := d(x)/7 and f(-) having a discontinuity sayat X,
cornvergencecannot beguaranteedh theregion

p P
(xo ST X0+ Nn) . (2.38)
Thus,anonadaptie choiceof p, choserasafixed fractionalpowerof N indepen-
dentof 0(x), sayp ~ +/N, canleadto alossof corvergencein alarge zoneof
sizeO(N~Y2) aroundthediscontinuity Thelossof corvergencewas confirmedn
thenumericalexperimentgeportedn Section3.2. Thisshouldbecontrastedvith
the adaptve mollifiers introducedin Section3, which will enableusto achieve
exponentialaccurag up to theimmediate, O (1/N), vicinity of thesediscontinu-
ities. We now turn to determiningan optimal choiceof p by incorporatingboth
the distanceto the nearestiscontinuity d(x), andby exploiting the factthatthe
errorboundg(2.24)and(2.34)allow usto useavariabledegreeof smoothnesss.

3. Adaptive Mollifiers. Exponential Accuracy

Epilogue (Gevrey Regularity). Thespectraecayestimateg2.2)and(2.27)tell
usthatfor C3° data,the (pseudokpectrakrrorsdecayfasterthanary fixed poly-
nomial order To quantify theactual errordecay we needto classifythe specific
orderof C§° regularity. TheGevrey classG,, o > 1, consist®f p’swith constants
n :=n, andM := M,, suchthatthefollowing estimateholds

(sh«
n

suplp®(x)| < M

Xed

s=12,.... 3.1

We have two prototypicalexamplesin mind.
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Examplel. A boundedanalyticfunctionp belonggo G; with M, = sup,.y; |0
(x)| and2n, equalsthewidth of the p’s analyticity strip.

Example2. ConsideraCg°(—r, 7) cut-off functiondependingon anarbitrary
constant > 0, whichtakestheform

e(eX/(x*~1?), IX| <7

pe(X) = I = @/ 3.2)

0, IX| = 7

In thisparticularcasehereexistsaconstani. = A, suchthatthehigherderivatives
areupperboundedoy?

s! 2 2
1@ x)| < Mme“xz/(x T g=1,2,.... (3.3)

The maximalvalueof theupperboundon theright-handsideof (3.3)is obtained
atx = Xmax Wherex2_ — 72 ~ —n2¢/s; consult! Thisimpliesthatour cut-of
function p, admitsG, regularity, namely thereexistsaconstant), := A.w2€ such
that

s\® (81?2
sup|p® (x)| < Const-s! (—) e®< Consg-n— s=12.... 39

S 9
xeh Ne ¢

We now turnto examiningtheactualdecayrateof Fourierprojections|Syo — pl,
for arbitraryG,-functions Accordingto (2.2),combinedwith thegrowth of || p||cs
dictatedby (3.1), the L**-errorin the spectralprojectionof a G, function, p, is
governedby

(sh
(nN)s’

Theexpressiorof thetypeencounteredntheright-handsideof (3.5),(s)*(nN) 3,
attainsits minimumat $min = (nN)¥:

sl s* \*® .
min CUN min( — | = e« (3.6)
s (MN)* s \ne*N

Thus, minimizing the upperboundin (3.5) at s = $yin = (yN)¥* yields the
exponentialaccurag of fractionalorder

[Svp(X) — p(x)] < Const- N s=12,.... (3.5)

1Svp(X) — p(x)| < Const Ne @™ p € Gy. 3.7

3 To thisend,notethat pe (X) = €4 (X)e_ (x) with L (x) := exp(cx/(x & 7) for x € (—x, 7). The
functionse. (x) upperboundedby |e$) (X)] < Myis!(Ae|x + m|)~Sex(x), with appropriater = A
[Jo, p. 73].

4 For largevaluesof s, thefunction|a(x)| S -exp(aa(x) + 8/a(x)) with fixeda andg is maximized
atx = Xmax Suchthata(xmax) ~ —B/8. Inourcasea(x) = x2 — 72 andg ~ cr2.
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Thecasex = 1 recoverstheexponentialdecayfor analyticp's, (2.5),whereador
a > 1 we have exponentialdecayof fractionalorder For example,our G, cut-off
functionp = p. in (3.2) satisfieq3.7), with (1, &) = (1., 2), yielding

|Sp0e(X) — pe(X)| < Const: p - e 2/7P. 3.8)

Equippedwith theseestimatesve now revisit theerrordecayof spectramollifiers
basedon the G,, cut-off functionsp. Both contritutionsto the errorin (2.14),
theregularizationR(N, p, 6) andthetruncationT (N, p, 6) (aswell asaliasing
A(N, p, 0) in (2.31)),arecontrolledby the decayrateof Fourier projections.

3.1. The(9, p) Parametes Revisited ExponentialAccuacy

We assumehat f(-) is piecavise analytic.For eachfixed x, our choiceof 6§ =
0(x) = d(x)/m guaranteethat f(x — 0y) is analyticin therange|y| < = and
henceits productwith the G, (—, ) function p(y) yieldsthe G, regularity of
gx(y) = fF(x — 0y)p(y) — f(x). Accordingto (2.16),the regularizationerror,
R(N, p, 0), is controlledby the Fourier projectionof g (-), andin view of its G,,
regularity, (3.7)yields

IR(N. p,6)| = |($,8x(Y) — () y—ol < Cons}, - p-e “"P"". (39

For example,if p = p¢, weget
IR, (N, p,0)| < Const - p-e 2P (3.10
Remark. It is herethatwe usethe normalization,o(0) — 1 = gx(y = 0) = 0,

and(3.9) shawsthatonecanslightly relaxthis normalizatiorwithin the specified
errorbound

1p(0) — 1] < Const e *P"", (3.11)
Next weturnto thetruncationerror, T (N, p, 6). Accordingto (2.19),its decay
is controlledby the Fourierprojectionof thelocalizedDirichlet kernelyrp o (X) =

(1/6)yp(x/6). Herewe shall needthe specificstructureof the localizer p(x) =
pe(X) in (3.2). TheLeibnitzrule and(3.3)yield

S (s
vy 1 = Z( ) 0¥ 0] - DS (x)|

<
k=0 k
. psfk 2 2 k (e (x2—1?))
< Const s! (nelx? — 72) ¥ | - e@?/0*-n
kZ(; (s—k)!
|
< Const- ;e(P)»c\Xzfﬂzchz/(foﬂZ))

O\c|x2 - n2|)s
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which, afterdilation, satisfies

l¥® (x)] < Const: s! (

s
- ) . g(Phola)|/6%+ex/a00)

Aela(x)|
a(x) := x> — 726%(x). (3.12)

Following a similar manipulationwe usedearlier the upperboundon theright-
handsideof the (3.12)is maximizedatx = Xmax With X2, — 720% ~ —en20?/s,
which leadsto the G-regularity boundfor vy, ¢ (where,asbefore, . := rerr2e):
(s)?

s
S > e’/ < Const. ———eP"e/s,
necoe (ne6)*

s=12,.... (3.13)

With (3.13)weuutilize (2.22)to obtainthefollowing preciseboundof thetruncation
error

supw;fg(x)l < Const: s!<

xeh

(sh?
(N N)*
To minimizethe upperbound(3.14),we first seekthe minimizerfor the orderof
smoothnesss = s,, andthenoptimizethe free spectralparameterp < N for
both the truncationandregularizationerrors.We begin by noting thata general
expressiorof thetypeencounteredn theright-handsideof (3.14):

CO (LZ)SE"”C/S — M, p)
(1ON)® nc0€2N o

is minimizedat the p-dependenindex sqmi, suchthat

IT(N, p,0)| < Const: ePre/s, (3.14)

-0 (3.15)

_ SGin > pne

ds(log M (s, p))s=s,,, = log (ncg N) 2

Thoughwe cannotfind its explicit solution,(3.15)yields a ratherprecisebound

on spin Which turnsout to be essentiallyindependentf p. Indeed,for the first

expressiorontheright-handsideof (3.15)to bepositive, we needsmin = +/BncO N

with someg > 1. Pluggingthis expressiongmin = +/1¢0 N, into (3.15),wefind

thatfor p < N we musthave log g = log(s2,,/ncfN) = nep/s3, < 1/p6. We
thereforesets ~ smin of theform

$=+BnbN, 1<pB <1764

sothatthefree 8 parametesatisfiesheabove constraim g logp < 1 < 1/6. The
correspondingptimal parametep is thengiven by

s? < $?
Pmin = — - | log ) =k -ON,
T e 1IN/ js—s,

O</<=:,Blogﬂ<l<§ %) (3.16)

5 Recallthatd = 6(x) ;== d(x)/7 < 1.
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We concludewith anoptimalchoiceof p of orderO (6 N), replacingthe previous
choice,(2.37),0f orderO(+v/N). Theresultingexponentiallysmalltruncatiorerror
bound,(3.14),now reads

’

(S!)2 e/ B 24/ BncHN
|T(N, p, 9)| S ConSt- (nceN)Sep |5:3min V@N E

1<p <1764 (3.17)

With thischoiceof p = pnin in (3.16)wefind, essentiallythesameexponentially
smallboundontheregularizationerrorin (3.10):

1)2 BlogB-ncON

|R(N, p,0)| < Const- 6N (E (3.19

Figures3.1(f) and3.2(f) confirmthatthe contritutionsof the truncationandreg-
ularizationpartsof the error are of the sameexponentiallysmall orderup to the
vicinity of the discontinuougumpswith this choiceof optimal p ~ Nd(x) /=, in
contrastto previous choicesof p = O(N?), y < 1, consultFigures3.1(b)—(d)
and3.2(b)—(d).

We summarizevhatwe have shavn in thefollowing theorem.

Theorem3.1. GiventheFourier projection Sy f (-) of apiecaviseanalytic f (-),
we considerthe two-pammeterfamily of spectal mollifiers

1 /x X
= - - . aed/(x2—1?))
Voo =2 (5)0p(3).  pei=e Ynm €0,
andweset
0 = 6(x):= @, d(x) = dist(x, singsuppf), (3.19)
b4
p = p(xX) ~«x-0(X)N, 0<k=pIlogB <1 (3.20)

ThenthereexistconstantsConst andr,, dependingolelyontheanalyticbehavior
of f (-) in theneighborhoodf x, sud thatwecanrecosertheintermediatesalues
of f (x) with thefollowing exponentialaccutacy

,B 24/ kncf (X)N
[¥po* Snf(x) — f(X)| < Const-ON (E) ;
1<p <1764 (3.21)

Remark. Theorem3.1 indicatesan optimal choice for the spectralmollifier,
¥p.0, basedon anadaptivedegreeof order p = «6(x)N, with anarbitraryfree
parametel0 < k = Blog B < 1.Wecouldfurtheroptimizetheerrorbound(3.21)
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over all possiblechoicesof 8, by equilibratingthe leadingtermin the truncation
andregularizationerrorboundssothat

<5)2\/ﬂ"7c0(x)N <1>2\/ﬂ|09ﬂ~nc0(x)N

’

e e
with the minimal valuefoundatlog 8, = (3 — v/5)/2, the corresponding:, :=
B« log B, = 0.5596and2./k./m = 0.8445leadingto anerrorbound

1) 0.845,/1cd(x)N

[¥po * Sv f(X) — f(x)| < Const -d(x)N (5 (3.22)
Althoughthe last estimatesenesonly asan upperboundfor the error; it is still
remarkablghatthe (closeto) optimal parametrizatiorof the adaptve mollifier is
foundto be essentiallyindependentf the propertiesof f(.).

Similar resultshold in the pseudospectralase.In this casewe aregiven the
Fourierinterpolant,l y f (x), andthecorrespondingliscretecorvolutionis carried
outin thephysicalspacevith overallerror, E(N, p, 0; f) = ¥p gxIn F(X)— f(X),
whichconsist®of aliasingandregularizatiorerrors(2.31).Accordingto (2.32) the
formeris upperboundedy thetruncationof f’, whichretainghesameanalyticity
propertiesas f doesWe conclude:

Theorem3.2. Giventheequidistangridvalues{ f (x,)}o<,<2n_1 0fa piecevise
analytic f (), weconsiderthetwo-paameterfamily of spectal mollifiers

. 1 X X . ( cz@ )
Voo =2 (5)Dp(3).  pe=elFL 0 e>0,
andweset
0 = 0(x) = @, d(x) = dist(x, singsuppf), (3.23)
T
p = pXx) ~«k-0(x)N, 0<xk=plogs <L (3.24)

ThenthereexistconstantsConst andn., dependingolelyontheanalyticbehavior
of f (-) intheneighborhoodf x, sud thatwecanrecorertheintermediatevalues
of f (x) with the following exponentialaccuracy

- 2N—1 B 2./ Bncd(x)N
N Z:IO Upo (X — ¥,) F(¥) — F(x)| < Const - (d(x)N)? (E) ,

1< B <1764 (3.25)
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3.2. NumericalExperiments

Thefirst setof numericalexperimentssompare®ur resultswith thoseof Gottlieb
andTadmor[GoTa85], involving the samechoiceof f(-) = fi(-):

ix) =

:sin(x/Z), x € [0, ), (3.26)

—sin(x/2), x e [n,2n1).

A secondsetof resultsis demonstratedvith a secondunction, f2(x), givenby

(2e* —1-¢€")/(e" — 1), x€[0,7/2),

Jax) = {—sin(Zx/S—n/3), X € [/2, 27).

(3.27)
This is a considerablechallengingtest problem: f, hasa jump discontinuityat
x = /2 and,dueto the periodicextensionof the Fourier seriestwo moredis-
continuitiesat the boundariex = 0, 2. Moreover, arelatively large gradientis
formedfor x ~ 7 /2—, andthesharppeakontheleft of x = 7 /2 ismetby ajump
discontinuityontheright.

For the computationselov we utilize the samelocalizerp = p. asin (3.2),
with ¢ = 10. In thefirst case, f; hasa simplediscontinuityat x = =, so the6
parametewas chosenaccordingto (2.36),0 = 0(x) = min(|x|, |x — |)/7. In
thesecondcaseof f>(x), weset

0(x) = [min(x, 7/2 — X)), + min(x — /2, 2t — X),])/x.

Sincetheerrordeterioratedn theimmediatevicinity of thediscontinuitiesvhere
0(x)N ~ 1,awindow of minimumwidth of 6, = min{6(x), 1/4N} wasimposed
aroundxg = {0, /2, , 27t }. More aboutthetreatmenin theimmediatevicinity
of thediscontinuityis foundin Section4.1.

The different policies for choosingthe parameterp are outlined below. In
particular for the nearoptimal choicerecommendeéh Theorems3.1and3.2we
useamollifier of anadaptvedegreep = «0(x)N withx = 1/./e = 0.6095~ ..

We begin with theresultsbasednthespectraprojectionsSy fi andSy f». For
comparisorpurposesthe exactcorvolution integral, 5 o * Sy f, wascomputed
with acompositeSimpsommethodusingz /8000points,andthe mollified results
arerecordedattheleft half-points,(7/150v,v = 0,1, ..., 149.Figure3.1shavs
the result of treatingthe spectralprojection, ¥, ¢ » Sy fi basedon N = 128
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Table3.1. Predictedocationwherespectrakcorvergences lostat|x — xp| ~ prz/N.

pN 32 64 128

NO8 1.6 1.8 2.0
NO5 2.6 2.7 2.9
NO2 2.9 3.0 3.1

modes for differentchoicesof p’'s. Figure3.2 shavs the sameresultsfor f>(x).
It is evident from thesefigures, Figures3.1(e)—(f) and 3.2(e)—(f), that the best
resultsareobtainedwith p = 0(x)N/./e, in agreementvith our analysisfor the
optimalchoiceof theexponentiallyaccuratanollifier in (3.22).We notethatother
choicedfor p ~ N? leadto largeintervalswhereexponentialaccurag islostdue
to the imbalancebetweenthe truncationandregularizationerrors,consultcases
(a)—(d)in Figures3.1-3.2 As we notedearlierin (2.38),anonadaptie choiceof p
independentf 6 (x) leadgo deterioratiorof theaccurag inanincreasingegionof
size~ prr /N aroundthediscontinuity andthepredictedocationsof thesevalues,
given in Table3.1, couldbeobseredin Figure3.1(a)—(d)or thefunction fi(x).
Figure3.3illustratesthespectrakorvergenceasN doublesrom 32to 64,thento
12&. The exponentialcorvergenceof the nearoptimal adaptve p = 6(x)N//e
canbe seenin Figure3.3(e)—(f),wherethelog-slopesare constantswith respect
tod(x) (for fixed N) andwith respecto N (for fixedx).

Next, the numericalexperimentsarerepeatedor the discretecase usingdis-
crete mollification of the Fourier interpolant.Given the grid valuesof fi(x,)
and f>(x,) at the equidistantgrid points x, = vr/N, we recover the point
valuesat the intermediategrid points f(x,+1/2). A minimal window width of
Omin = MIN(6(x), 27 /N) was imposedin the immediatevicinity of the disconti-
nuitiesto maintaina minimum numberof two samplingpointsto be usedin the
discretemollification.

Comparedvith the previous mollified resultsof the spectralprojectionsthere
aretwo noticeablechangesbothinvolving thenonoptimalkhoiceof p ~ N” with
y < 1

(i) thelocationwherespectral/gponentialcorvergenceis lost is noticeably
closerto the discontinuitiescomparedwith the mollified spectralprojec-
tions, but, atthe sametime,

(i) muchlargeroscillationsareobsenedin theregionswherespectratorver-
genceis lost.

ComparingFigures3.1 versus3.4,and3.2 versus3.5, gives a visual comparison
for bothchangeg$rom spectrato pseudospectral.hedeteriorationgor p = N8
andN%5 arevery noticeable.

6 Machinetruncationerroris at —16.
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Fig.3.1. Recweryof fi(x) fromitsfirst N = 128Fouriermodespntheleft, andthecorresponding
regularizationerrors(dashed)and truncationerrors(solid) on the right, using the spectralmollifier
¥p.o basednvariouschoicesof p: (a)-(b)p = N®5, (c)—(d) p = N°8, and(e)—(f) p = Nd(x)/x /&.
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Fig. 3.2. Recweryof fo(x) fromitsfirst N = 128Fouriermodespntheleft, andthecorresponding
regularizationerrors(dashed)nd truncationerrors(solid) on the right, using the spectralmollifier
¥p.o basenvariouschoicesof p: (a)-(b)p = N5, (c)—(d) p = N°8, and(e)—(f) p = Nd(x)/7 J/&.



Adaptive Mollifiers for Recovery of Piecavise SmoothData 175

107

10

10°

10"

107

0%

107

107

0" L

0 05 1 15 2 25 3

@)

10° T

107 |

107

10°

0"

1077

107

107

107 107

W' 05 1 15 2 25 ERE) 1 2 3 4 5 6
(©) (d)

10° T T T — 10 T T T

10 : 10

10 10

10 10°

10 10

10 . 10 .

0% 107

107 410k

s ; ; ; ; ; e i i 1 1 I I

0 05 1 15 2 25 3 o 1 2 3 4 5 6

(e) ()

Fig. 3.3. Log of theerrorwith N = 32,64, 128 modesfor f1(x) ontheleft, andfor f>(x) onthe
right, usingvariouschoicesof p: (a)—(b) p = N%5, (c)—(d) p = N8, and(e)—(f) p = Nd(x) /7 /&.

4. Adaptive Mollifiers. Normalization

Theessencef thetwo-parametespectramollifier discusseth SectiorB, ¥ ¢ (X),
is adaptvity: it is basedon a Dirichlet kernelof a variabledegree,p ~ 6(x)N,
which is adaptedoy taking into accountthe locationof x relative to its nearest
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(e) ()

Fig.3.4. Recweryof f1(x)fromitsN = 128equidistangridvaluesontheleft, andthecorresponding
regularizatiorerrors(dashedandtruncatiorerrors(solid) ontheright, usingthespectramollifier yp
basedn variouschoicesof p: (a)-(b) p = N>, (c)—(d) p = N®8, and(e)—(f) p = Nd(x)/7 /e.
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(e) (f)

Fig.3.5. Recweryof fo(x) fromits N = 128equidistangrid valuesontheleft, andthecorresponding
regularizatiorerrors(dashedandtruncatiorerrors(solid) ontheright, usingthespectramollifier vp o
basedon variouschoicesof p: (a)-(b)p = N>, (c)—(d) p = N°8, and(e)—(f) p = Nd(x) /7 \/&.
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singularity 6(x) = d(x)/x. Theresultingerror estimatetells us thatthereexist
constantsConst y, anda > 1, suchthatonecanrecover a piecevise analytic
F(x) from its spectralor pseudospectradrojections,Py f (-):

[¥po * Py f(X) — f(X)| < Const. g (7d0ON™

The error boundon the right shavs that the adaptve mollifier is exponentially
accuratefor all x's, exceptfor whatwe referto astheimmediatevicinity of the
jump discontinuitiesof f, namely thosex’s whered(x) ~ 1/N. This shouldbe
comparedvith previous,nonadaptie choicesfor choosinghedegreeof vy, 4: for
example,with p ~ /N we foundalossof exponentialaccurag in azoneof size
~ 1/+/N aroundthediscontinuitieof f. Putdifferently, thereare©O(+v/N) “cells”
whicharenotaccuratelyrecoveredin this caseln contrastpur adaptve mollifier
is exponentiallyaccuratetall but finitely manycellsnearthejumpdiscontinuities.
Accordingto the errorestimateg3.21),(3.22),and(3.25),corvergencemay fail
in thesecellsinsidetheimmediatevicinity of sing supp f and,indeed,spurious
oscillationscouldbenoticedin Figures3.1and3.2.In this sectionwe addresshe
questionof corvergenceup to thejump discontinuities.

Onepossibleapproachis to retaina uniform exponentialaccurag up to the
jump discontinuities.Suchan approachdevelopedby Gottlieb, Shu, Gelb, and
their coworkersis suneyedin [GoSh95],[GoSh98] It is basedon Gegenbauer
expansion®f degreer ~ N. Exponentiahccurag isretaineduniformlythrough-
out eachintenal of smoothnes®f the piecavise analytic f. The computation
of the high-orderGegenbauecoeficients,however, is numericallysensitve and
the parameterivolved needto be properlytunedin orderto avoid triggeringof
instabilities[Ge97], [Ge00]

Herewe proceedwith anotherapproachwvherewe retaina variable order of
accuray nearthe jump discontinuities,of order O((d(x))" ™). Comparingthis
polynomial error bound against the interior exponential error bounds,
say(3.22),

Const- d(x)N - g 0845V nd®N ~ (g (x))+1

we find thatthereareonly finitely manycellsin which the error, dictatedby the
smallerof thetwo, is dominatedby polynomialaccurayg

r?(logd(x))* r?

d(x) < Const- .
(x) < Cons neN N

(4.1
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In this approachthevariableorderof accurag suggestedy (4.1),r ~ d(X)N,
is increasingogethemwith theincreasingdistanceaway from thejumpsor, more
preciselytogethemwith the numberof cellsaway from the discontinuitieswhich
is consistentwith the adaptive natureof our exponentially accuratemollifier
away from the immediatevicinity of thesejumps. The currentapproachof a
variable order of accurag, which adaptedto the distancefrom the jump dis-
continuities,is reminiscentof the EssentiallyNon Oscillatory (ENO) piecavise
polynomial reconstructionemployed in the context of nonlinearconseration
laws [HEOCS85], [Sh97].

How do we enforcethat our adaptve mollifiers are polynomially accuratean
the immediatevicinity of jump discontinuities?As we arguedearlierin (2.11),
the adaptve mollifier v/, ¢ admits spectrally small momentsof order p=* ~
d(x)N)~5. More preciselyusing(3.7),wefind, for p € G,:

g

0 b4
; Y Upo(dy = [ (y9)*0(y)Dp(y) dy= Dp * (Y0)*p)(¥)},,

-7

— 850 + Const- 65 . g« p~d(x)N.

Consequentlyy, » possesseexponentiallysmall momentsat all x’s exceptin

theimmediatevicinity of thejumpswherep ~ d(x)N ~ 1,thesameO(1/N)

neighborhoodwherethepreviousexponentiakerrorbounddail. Thisisillustrated
in thenumericalexperimentsxhibitedin Section3.2which shav theblurringin

symmetricintervals with a width ~ 1/N aroundeachdiscontinuity To remove

thisblurring, we will imposeanovel normalizationsothatfinitely mary moments
of (theprojectionof) ¥, o preciselyvanish.As we shallseebelaw, thiswill regain
a polynomialcorvergencerateof the correspondindinite orderr. We have seen
thatthe generaladaptvity (4.1) requiresr ~ /d(x)N; in practice,enforcinga
fixednumberof vanishingmomentsy ~ 2, 3, will sufice.

4.1. Spectal Normalization AdaptiveMollifiersin the Micinity of Jumps

Ratherthanyp » possessing fixed numberof vanishingmomentsasin standard
mollification (2.7), we requirethatits spectralprojection,Sy/p ¢, POSsess unit
massand,sayr vanishingmoments,

e

ys(SNWp,f))(Y) dy= 8307 S = Oa 17 LI} F. (42)

—T

It thenfollows that adaptie mollification of the Fourier projection,yp o * Sy f,
recovers the point valuesof f with the desiredpolynomial order O(d(x))".
Indeed, noting that for eachx, the function f(x — y) remainssmoothin the
neighborhoody| < 76 = d(x) we find, utilizing the symmetryof the spectral
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projection, [ (S f)g = [ f(Sn@):

6

Up x Suf ) — FxX) = / [F (X — y) — FOONSnipa) () dy

—m

r 1
_ Z( 500 / Y (Sn¥p.0)(Y) dy
s=1

1
Er +) o Fe00 [y Sevpa () dy

T r+1
(SvY ") ¥pe(y) dy < Const: <d(X) + %) .

Thelaststepfollowsfrom anupperboundfor thespectraprojectionof monomials
outlinedatthe endof this subsection.

To enforcethe vanishingmomentscondition (4.2) on the adaptve mollifier,
Ypo(-) = (p(-)Dp(-/6))/0, wetake advantagef thefreedomwehavein choosing
thelocalizerp(-). We begin by normalizing

Vp.o ()
S ¥po(2)dz

sothat%,o hasaunitmassandhence(4.2) holdsfor r = 0, for [ Sy (vp.0)(Y) dy
= [Ype(y)dy = 1. We notethatthe resultingmollifier takesthe sameform as
before,namely

Vpo(y) =

o L1 y
Voo ) = 5(5:Dp) (2. 43)
wherethe only differences associateavith the modifiedlocalizer
Oe(Y) = y) = ! (4.4)
Pe y - qO Pe y ’ QO - fi'[ﬂ Ip'p’O(Z) dZ .

Obserethat,in fact,1/go = [ ¥p0(2) dz= [ ¥(2) dz= (Dp * pc)(0) andthat,
with our choiceof p = « - 6(x)N, we have,in view of (3.7),

1
~C 0 = = = 1 O .
Pe(0) = go Dy * 700 + O(e)

e ~d(x)N - e 2VP, p=r«- 0N,

whichisadmissiblevithin thesamexponentiallysmallerrorboundwvehadbefore,
consult(3.11).1n otherwords,we areableto modify the localizer pc(-) — pc(-)
to satisfythefirst-ordernormalization(4.2),with r = 0, while the corresponding
mollifier, (oxDp)e — (6eDp)s, retainsthe sameoverall exponentialaccurag.
Moreover, usingeven p’simpliesthat vy (-) is anevenfunctionandhenceits odd
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momentsvanish.Consequently(4.2) holdswith r = 1, andwe endup with the
following quadraticerrorboundin thevicinity of x (comparedvith (3.22)):

2
|17/4p’0(x) * &Vf(x) — f(x)| < Const- <d(x) + %) . e*0.845«/’70d(X)N.

In asimilarmannerwe canenforcehighervanishingmomentdy propernormal-
izationof thelocalizerp(-). Thereis clearlymorethanoneway to proceed—here
is onepossibility In orderto satisfy(4.2)with r = 2 weuseaprefactorof theform
Pe(X) ~ (1 + gox?) pe(x). Imposinga unit massanda vanishingsecondnoment
we maytake

~ 1
oo = 5GeDp) (X)), Gey) ~ L+ dyD)oey),

with thenormalizedocalizer g¢(y), givenby

5 = 1+ goy?
pely) = /‘fﬂ a+ ‘7]2(2/9)2)1//;:,0(2) dZIOC(Y),
_ (7 2 d
b = S (SN2 Ypo (2 dz s

S (SnZD)(2/0)2rp 0 (2) dZ

As before,the resulting mollifier Jp‘g is admissiblein the senseof satisfying
the normalization(3.11)within the exponentiallysmall errorterm. Indeed,since

[ Y?¥po(y) dy = (Dp x (Y2pe(¥)))(0) = O(e), wefind
1
J7 L+ ga(y/0)2)Yrp e (y) dy
1

= Trg R 1+ Const (d(x)N)3 - e 2VP p=«x-0XxN.
-

:5c (O) =

A straightforvard computationshavs thatthe unit mass%,o hasa secondvan-
ishingmoment

T - T 2
Y (Sulp)dy = [ (Suy?) (30 +a(2) ) Vpo(y) dy

-7

= | (SnyHYpo(y)dy

T 2
+a [ S (3) vpoy)dy=0. @6
Sincege () is even,sois thenormalizedmollifier 1}(-), andhencats third moment

vanishegielding afourth-ordercorvergenceratein theimmediatevicinity of the
jump discontinuities

4
(Tpo)# S D)) ~ $ 01 = Const (dx) + 1 ) - S/,
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We closethis sectionwith the promised

Lemma4.1[Tao]. Thefollowing pointwiseestimateholds
1 r
< -
ISN(YDI S <|)’| + N) .

To prove this, we usea dyadicdecompositior{similar to the Littlewood—Raley
constructionYo split
y =) 2 (y/2
k<0
wherey is abumpfunctionadaptedo theset{r /4 < |y| < 7 }.
For 2¢ < 1/N, theusualupperboundsf the Dirichlet kerneltell usthat

1SN (/2 (0] < 2N/ (L + Niy)).

Now suppose > 1/N. In this casewe canusethe rapid decayof the Fourier
transformof (- /2%), for frequenciess> N, to obtainthe estimate

11— SOW /2 oo S (2XN)20.

In particulay sincesuppy ~ 1,wehave|Sy (¥ (-/2))(x)| < 1when|y| ~ 2%, and
1Sv (¥ (/29 (y)| < (2XN)~1% otherwise The desiredboundfollows by adding
togetherall theseestimateover k.

4.2. Pseudospectit Normalization AdaptiveMollifiersin the Vicinity of Jumps

We now turn to the pseudospectratasewhich will only require evaluationsof
discretesumsand,consequentlycanbeimplementedvith little increasen com-
putationtime.

Let fxg(x) :== Y, F(x — ¥,)8(¥,)h denotethe (noncommutatie) discrete
convolutionbasedn 2N equidistangrid points,y, = vh, h = 7 /N. Noting that
for eachx, thefunction f (y) remainssmoothin theneighborhoodx — y| < 76 =
d(x), wefind

[¥po * INF(X) — F(X)]

D Upax — Y F ) — f(X)]h’

F

_1 S
2 %f@(x) D X = Y Ype(x — Yo)h

s=1
+ﬂf<””<-> DX = y) e (x — y)h
(r + 1)! - Y P Y
< Const: (d(x)) 1, Const~ Il

r+n
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providedyp ¢ hasits firstr discretemoments/anish

2N-1
Z (X = ¥)*¥po (X — Y)h = 8g, $=0,1,2,...,F @.7
v=0

Obsere that, unlike the continuouscaseassociatedvith spectralprojections,
the discreteconstraint(4.7) is not translationinvariantand henceit requiresx-

dependenhormalizationsThe additionalcomputationakffort is minimal, how-

ever, dueto thediscretesummationsvhich arelocalizedin theimmediatevicinity

of x. Indeed,asafirst step,we notethe validity of (4.7) for x’s which areaway
from the immediatevicinity of the jumpsof f. To this end,we apply the main
exponentialerror estimate(3.25) for f(-) = (x — -)® (for arbitraryfixed x), to

obtain

2N-1
D =Y Upe(X = Y)h = (X = Y)§_y + Oe) = 80 + O(e),
v=0

&~ (d(x)N)Z .e COnStd(X)'N‘ (48)

Thus,(4.7) holdsmoduloexponentiallysmall error for thosex’s which areaway
from thejumpsof f, whered(x) > 1/N. Theissuenow is to enforcediscrete
vanishingmomentson the adaptie mollifier 1, (x) = p(x) Dp(x) in thevicinity

of thesejumps and, to this end, we take advantageof the freedomwe have in

choosingthelocalizerp(-). We begin by normalizing

i Vp.o(y)
Ypo(y) = — ,
poty 2520 ! Ypo(X —y,)h

sothatx/~fp,o(x — ) hasa(discreteunit massj.e., (4.7) holdswith r = 0. We note
thattheresultingmollifier takesthe sameform asbefore,namely

~ 1 5
Tpo(¥) = 5 (5eDp) (g) : 4.9)

andthattheonly differenceis associatedvith the modifiedlocalizer

1
ﬁc(Y) =go - pe(Y), Qo = — .
° O T (X — yoh

By (4.8),thex-dependenhormalizationfactor gy = go(X) is, in fact,anapproxi-
mateidentity

(4.10)

2N—-1
Ygo= ) VpoXx—y)h=1+0(@), &~ @x)N)* e vCorsuON
v=0

which shows that the normalizedlocalizeris admissible,|5(0) — 1| = |go —
1| < O(e), within the sameexponentially small error boundwe had before,
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consult(3.11) with our choiceof p ~ d(x) - N. In otherwords, we are able
to modify the localizer p.(-) — p(-) to satisfy the first-order normalization,
(4.7), with r = 0 requirednearjump discontinuities while the corresponding
mollifier, (oxDp)g — (pcDp)y, retainsthe sameoverall exponentialaccuray
requiredoutsidetheimmediatevicinity of thesgumps.

Next, we turn to enforcingthat the first discretemomentvanishes,y  (x —
yu)wp ¢ (X — y,)h = 0 and,to this end,we seeka modifiedmollifier of theform

4(y/0)
.4 (x ) Vpo(X — yo)h

Vpo(y) = VoY), 4y :=1+aqy,

with g chosersothatthe secondconstraint(4.7) with r = 1, is satisfied
Z (X yv)wp O(X - yv)h

2
y, ¥ W° y“) Yo% — yoh

(4.11)

g1 =—

Consequently(4.7)holdswithr = 1, andwe endup with aquadraticerrorbound
correspondingo (3.22):

[¥po % InF(X) — F(x)| < Const: (d(x))? - eV ConsdxN,

Moreover, (4.8)impliesthatg; = O(e) andhencethenew normalizedocalizeris
admissible 5.(0) = 1+ O(e). In asimilar mannemwe cantreathighermoments
usingnormalizedocalizers,g.(y) ~ q(y)pc(y), of theform
~ 1 . y
Too¥) = 5eDp) (5).
1+quy+---+ gy

= pely):  (412)
.4 ( )wpo<x—yv>h

/58()0 =

Ther freecoeficientsof g(y) = 1+ g1y +--- + g y" arechosersoasto enforce
(4.7) so that the first r discretemomentsof v vanish.This leadsto a simple
r x r Vandermondeystem(outlinedat the end of this section)involving ther
grid values,{ f (y,)}, in thevicinity of x, |y, — x| < 6(x). With our choiceof
a symmetricsupportof sizef(x) = d(x)/x, therearepreciselyr = 207/h =
2Nd(x)/m suchgrid pointsin the immediatevicinity of x, which enableus to
recover the intermediategrid values, f(x), with an adaptiveorder (d(x))"*2,

7 We note,in passingthat g¢(-) beingeven impliesthatzzp_g(-) is anevenfunctionandhenceits
oddmoments/anish.It foIIowsthatthefirstdiscretemoment,zv(x — ¥u)¥p,o (X — y,)h, vanishesat
thegrid pointsx = y,,, andthereforeg; = 0 there.But otherwise unlike thesimilar situationwith the
spectralnormalization,g; # 0. The discretesummationin q;, however, involvesonly finitely mary
neighboringvaluesin the#-vicinity of x.
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r ~ Nd(x). Asbefore thisnormalizationrdoesnotaffecttheexponentialaccurag
away from the jump discontinuities,notingthat 6(0) = 1/go = 1 + O(e) in
agreementvith (3.11).We summarizeby stating

Theorem4.1. Giventheequidistangridvalues { f (x,)}o<v<2n—1 Ofa piecevise
analytic f (), we wantto recover the intermediatevalues f (x). To this end we
usethe two-parmmeterfamily of pseudospecal mollifiers

Tpo(y) == %ﬁc (%) D, (g) . p=0559.0N, c=>0,

where 6 = 0(x) := d(x)/x is the (scaled distancebetweenx and its neaest
jump discontinuity We set ge(y) = g(y)e®/0* 71, asthe normalizing
factor, with

1+quy+ - +ay

2.8 (552) vpotx - yom

q@y) =

sothat thefirstr discrete momentf Jp,g(y) vanish i.e., (4.7) holdswith r ~
Nd(x).

Thenthere exist constantsConst and ., dependingolelyontheanalyticbe-
haviorof f (-) in theneighborhooaf x, sud thatwecanrecosertheintermediate
valuesof f (x) with thefollowing exponentialaccuracy

2N-1

52 o=y ) = F)
v=0

0.845,/ncd(x)N
> . F~Ndx). (4.13)

< Const - (d(x))" ! <—e

The error bound(4.13) confirmsour statementn the introductionof Section4,
namely theadaptivityof the spectraimollifier, in the senseof recoveringthegrid
valuesin thevicinity of thejumpswith anincreasingorder Nd(x), isproportional
to their distancerom singsupp f. We have seenthatthe generaldaptvity (4.1)
requiresr ~ /d(x)N sothat,in practice ,enforcinga fixed numberof vanishing
momentsy ~ 2, 3, will sufiice asatransitionto the exponentiallyerrordecayin
theinterior region of smoothnessiVe highlightthefactthatthemodifiedmollifier
¥p,0, NOrmalizedby having finitely mary (~ 2, 3) vanishingnomentscanbecon-
structedwith little increaseén computatiortime and,aswe will seein Sectior4.3
below, it yieldsgreatlyimproved resultsnearthediscontinuities.
Weclosethissectiorwith abrief outlineof theconstructiorof ther -orderaccu-
ratenormalizationfactorg(-). To recover f(x), we seekanr-degreepolynomial,
gly) =14+ aquy+---+ gy, sothat(4.7) holds.We emphasizehat the g 's
dependnthespecificpointx in thefollowing mannerSettingz, := x — v,, then
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satisfying(4.7) for the higher momentsof Jp,o, requires

Y ZUpe@)h=0, s=12...r,

andwith {/7,,,0(-) ~ g(-/0)¥p,o(-) weendupwith
DAL (%) —1)vps@h == Zvps@),  s=12...r

Expressedn termsof thediscretemomentsof :

. Z, 1t+a _
@) =3 (5) V@) a=l2..z
thisamountdo ther x r Vandermonde-lig systemfor {q;, .. ., g }:
a(z,) a&@) - - - a@)||¢ > Zo¥po(Z)
=— - . (419
a.1(z) &22z) - - - ax(z)] | & >4 Vpo(z))

Finally, wescaleg(-) sothat(4.7) holdswith s = 0, whichledustothenormalized
localizerin (4.12).

4.3. NumericalExperiments

Figure3.1(d)shaws the blurring oscillationsnearthe edgesvhenusingthe non-
normalizedadaptve mollifier. To reducethis blurringwe will usethenormalized
%0 for x’sin the vicinity of the jumpswhered(x) < 67 /N. The convolution
is computedat the samelocationsasin Section3.2, and a minimum window
width of 8(x) = min(d(x)/r, 27/N) was imposed.The trapezoidalrule (with
spacingof 7 /8000)was usedfor the numericalintegrationof (Sny?) ¥ (y) and
(SNY?) Y*¥p.0(Y), requiredfor the computationof go andgy in Figure4.1. Fig-
ure 4.1(a)—(d)shavs the clearimprovementnearthe edgesoncewe utilize the
normalizedy, ¢, While retainingthe exponentialcorvergenceaway from these
edgessillustratedin Figure4.1(e)—(f).

We concludewith the pseudospectratase.The O(1) error remainsin Fig-
ure 3.4(d) for the non-normalizedmollifier. The normalizationof the discrete
mollifier in Section4.2 shavs that by using IZM given in (4.12),with a fourth-
degreenormalizatiorfactorg(-), resultsin aminimumcorvergencerateof d(x)*
in thevicinity of thejumps,andwith exponentiallyincreasingorderaswe move
away from the jumps.This modificationof v, o leadsto a considerablémprove-
mentin the resolutionnearthe discontinuity which canbe seenin Figure 4.2.
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(e) (f)

Fig. 4.1. Recoery of f1(x) ontheleft and f2(x) ontheright from their N = 128 modesspectral
projections,using the fourth-ordernormalizedmollifier (4.3), (4.5) of degree p = d(x)N/m /€.
Regularizationerrors(dashedpandtruncationerrors(solid) areshavn on (c)—(d),andLog errorsbased
onN = 32 64, and128modesareshavnin (e)—(f).
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(©) (d)

Fig. 4.2. Recoery of (a) f1(x) and(b) f>2(x) (b) from their N = 128 modesspectralprojections,
usingthe normalizedmollifier. Log error for recovery of (c) f1(x) and(d) fo(x) from their spectral
projectionsbasedon N = 32, 64, and128 modes.Herewe usethe normalizedmollifier, yp 4 of
degreep = d(x)N/n \/e.

Herenormalizationrwas implementedising Jp,o in thevicinity of thejumps,for
d(x) < 47 /N, andthe adapte mollifier ¥ » was usedfor x’s “away” from the
jumpsd(x) > 47 /N. A minimumwindow of width 6(x) = min(d(x) /z, 27 /N)
wasimposed.

5. Summary

In their original work Gottlieb andTadmor[GoTa85] shaved how to regain for-
mal spectratorvergencean recoveringpiecavisesmoothfunctionsusingthetwo-
parametefamily of mollifiersyp, . Ouranalysisshavsthatwith aproperchoiceof
parameterdn particular an adaptivechoicefor thedegreep ~ d(x)N, hidesthe
overallstrengthin themethod By incorporatinghedistanceo thediscontinuities,
0 = d(x)/m, alongwith theoptimalvalueof p, we endup with anexponentially
accuraterecovery procedureup to the immediatevicinity of the jump disconti-
nuities.Moreover, with a properlocal normalizationof the spectraimollifier, one
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canfurtherreducetheerrorin thevicinity of thesgumps.For the pseudospectral
case the normalizationaddslittle to the overall computationtime. Overall, this
yieldsa high resolutionyet very robustrecosery proceduravhich enableoneto
effectively manipulatepointwisevaluesof piecavise smoothdata.
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