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Abstract. W
`

e discussthe reconstructionof piecewise smooth data from its
(pseudo-)spectralinformation.Spectralprojectionsenjoy superiorresolutionpro-
vided the data is globally smooth,while the presenceof jump discontinuitiesis
responsiblefor spuriousacb 1d Gibbs

e
oscillationsin theneighborhoodof edgesand

anoveralldeteriorationof theunacceptablefirst-orderconvergencein rate.Thepur-
poseis to regain the superioraccuracy in the piecewise smoothcase,and this is
achieved by mollification.

Here
f

weutilize amodifiedversionof thetwo-parameterfamily of spectralmolli-
fiers introducedby GottliebandTadmor[GoT

g
a85]. Theubiquitousone-parameter,

finite-ordermollifiers arebasedon dilation
h

.i In contrast,our mollifiers achieve their
high resolutionby an intricateprocessof high-ordercancellationj .i To this end,we
first implementa localizationstepusinganedgedetectionprocedure[GeT

g
a00a,b].i

Theaccuraterecovery of piecewisesmoothdatais thencarriedout in thedirection
of smoothnessaway from theedges,andadaptivityis responsiblefor thehigh res-
olution. The resultingadaptive mollifier greatly acceleratesthe convergencerate,
recoveringpiecewiseanalyticdatawithin exponentialaccuracy while removing the
spuriousoscillationsthatremainedin [GoTa85]. Thus,theseadaptivemollifiersof-
fer a robust,general-purpose“black box” procedurefor accuratepost-processingof
piecewisesmoothdata.
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1. Intr oduction

W
l

e studya new procedurefor thehigh-resolutionrecovery of piecewisesmooth
data
m

from its (pseudo-)spectralinformation.Thepurposeis to overcomethelow-
ordern accuracy andspuriousoscillationsassociatedwith the Gibbsphenomena,
ando to regainthesuperioraccuracy encodedin theglobalspectralcoefficients.

A
p

standardapproachfor removingspuriousoscillationsisbasedonmollification
oven r a local

q
region of smoothness.To this end, one employs a one-parameter

f
r
amily of dilatedunit massmollifiers of the form sut?vxwzy x{}|�~0����� . In general,

such� compactlysupportedmollifiers arerestrictedto finite-orderaccuracy, � �u���
f
���

x{}��� f
���

x{}����� Cr��� r� ,� dependingon thenumber, r� ,� of vanishingmoments� has.
�

Con
�

vergenceis guaranteedby letting thedilation
�

parameter  ¡,¢ 0.
£

In
¤

[GoTa85]we¥ introducedatwo-parameterfamily of spectralmollifiersof the
form ¦

p§©¨ ª¬« x{}­¯® 1°�± x{ ²
Dp§ x{ ³ ´

Hereµ·¶¹¸ º isanarbitraryC »0¼¾½¹¿ÁÀ·ÂÄÃÁÅ functionwhichlocalizesthepÆ -degreeDirich-
let
Ç

kernel D
È

p§}É yÊÌË :Í;Î sin�TÏ pÆ7Ð 1Ñ 2ÒÔÓ yÊÖÕ¹×YØ 2Ò¬Ù sin�TÚ yÊÌÛ 2ÒÔÜ�Ü . Thefirst parameter, thedi-
lation parameterÝ ,� neednot be small in this case,in fact, ÞVßPà}á x{}â is madeas
lar
Ç

geaspossiblewhile maintainingthesmoothnessof ãÁä x{æåèç}é ê f
��ë¹ì í

. Instead,it is
the
î

secondparameter, thedegreepÆ ,� which allows thehigh-accuracy recovery of
piece  wisesmoothdatafrom its (pseudo-)spectralprojection,P

ï
N
ð f
��ñ

x{}ò . Thehigh-
accuraco y recovery is achieved hereby choosinglarge pÆ ’s, enforcingan intricate
process  of cancellationó aso analternative to theusualfinite-orderaccurateprocess
ofn localization.

In Section2 we begin by revisiting the convergenceanalysisof [GoTa85].
Spectral
ô

accuracy isachievedby choosinganincreasingpÆ,õ&ö N
÷

,� so that ø p§©ù ú has
�

essentiallyû vü anishingmomentsall orders, yÊ sýÿþ
p§�� ��� yÊ�� dy

���
	
sý 0¼�� Csý�
 N÷�� sý�� 2����� s� ,�

yielding� the “infinite-order” accuracy boundin the senseof � � p§�� ��� P
ï

N
ð f
� �

x{"! #
f
�%$

x{"&('*) Csý,+ N÷�- sý�. 2 /10 s� .
Although
p

thelastestimateyieldsthedesiredspectralconvergenceratesoughtin
[GoTa85],� it suffersasanover-pessimisticrestrictionsinceits derivationignores
the
î

possibledependenceof pÆ onn thedegreeof localsmoothness,s� ,� andthesupport
ofn local smoothness,2436587�9 x{": . In Section3 we begin a detailedstudyof the
optimaln choiceof the ; pÆ,<>=@? parameters  of thespectralmollifiers A p§�B C :D Lettingd

�FE
x{"G denote
m

thedistanceto thenearestedge,wefirst set HJILK"M x{"N�O
d
�FP

x{"Q so� that R p§�S TVU P
ï

N
ð f
�%W

x{"X incorporates
Y

the largestsmoothneighborhood
aroundo x{ . Tofind thedistanceto thenearestdiscontinuityweutilizeageneral
edgeZ detectionprocedure[GeTa99],� [GeTa00a,b],� wherethelocations(and
amplitudes)o of all edgesarefoundin one[ global sweep. Oncetheedgesare
located,it is astraightforwardmatterto evaluate,atevery x{ ,� theappropriate
spectral� parameter\"] x{"^�_ d

�F`
x{"acbed .f Ne

g
xt, we turn to examiningthedegreepÆ ,� which is responsiblefor theover-

allo high accuracy by enforcingan intricatecancellation.A carefulanalysis
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carriedh out in Section3.1 leadsto anoptimalchoiceof anadaptivei de
m

gree
ofn orderpÆkj pÆ,l x{"m�n d

�Fo
x{"p N÷ . Indeed,numericalexperimentsreportedin the

originaln [GoTa85],� andadditionaltestscarriedout in Section3.2below and
which¥ motivatethepresentstudy, clearlyindicateasuperiorconvergenceup
to
î

theimmediatevicinity of theinterioredgeswith anadaptivei de
m

greeof the
optimaln order pÆrq pÆ,s x{ut�v d

�Fw
x{"x N÷ .

Gi
y

ven thespectralprojectionof a piecewiseanalyticfunction, S
z

N
ð f
�%{c| }

,� our two-
parameter  familyof adaptivemollifiers,equippedwith theoptimalparametrization
outlinedn aboveyields,consultTheorem3.1,

~ �
p§�� ��� S

z
N
ð f
� �

x{"�1� f
�%�

x{"�(��� Const
� �

d
�F�

x{"� N÷��
eûe���c� d

���
x��� Nð��

The
�

lasterrorboundshows thattheadaptivemollifier is exponentiallyaccurateat
allo x{ ’s, exceptfor theimmediate��� 1� N

÷� 
-neighborhoodof thejumpsof f

� ¡c¢ £
where¥

d
�F¤

x{"¥�¦ 1§ N
÷

. We notein passingtheratherremarkabledependenceof this error
estimateZ on theC0̈

¼ re© gularity of ª,«c¬ ­ . Specifically, theexponentialconvergence
rateof a fractionalpower is relatedto theGevrey regularity of thelocalizer ®,¯±° ² ;
in
Y

thispaperweusetheG
³

2
� -regularcut-off ´ cµ�¶ x{"·�¸ exZ p ¹ cxó 2

�»º�¼
x{ 2
�1½¿¾

2
��ÀcÀ

which¥ led
to
î

thefractionalpower1Á 2.
Similar
ô

resultsholdin thediscretecase.Indeed,in thiscase,onecanbypassthe
discrete
m

Fouriercoefficients:expressedin termsof thegiven equidistantdiscrete
vü alues,Â f

�%Ã
yÊÅÄ>ÆcÇ ,� of piecewiseanalytic f

�
,� wehave,consultTheorem3.2,

È
N
÷ 2N

ðÊÉ
1

ËcÌ 0
¼ Í p§�Î Ï�Ð x{ÒÑ yÊÅÓ>Ô f

� Õ
yÊ×Ö>Ø1Ù f

�%Ú
x{"Û Ü Const

� ÝßÞ
d
�Fà

x{"á N÷�â 2� ã eûeä�åcæ d
��ç

x��è Nðêé

Thus,
�

thediscreteconvolution ë�ì p§�í îßï x{6ð yÊ×ñ>ò f
�%ó

yÊÅô»õ forms
r

anexponentiallyac-
curateh nearbyinterpolant,1 which¥ serves as an effective tool to reconstructthe
intermediate
Y

valuesof piecewisesmoothdata.Thesenearby“expolants”arerem-
inicient of quasi-interpolants,e.g.,[BL93] ,� with theemphasisgiven hereto non-
linearadaptive recoverywhich is basedonglobalö regionsof smoothness.

What
l

happensin theimmediate÷�ø 1ù N
÷�ú

-neighborhoodof thejumps?in Sec-
tion
î

4 we completeour studyof the adaptive mollifiers by introducinga novel
procedure  of normalizationû . Hereweenforcethefirst few momentsof thespectral
mollifier, ü p§Jý
þ Dp§ ,� tovanish,sothatweregainpolynomialÆ accuraco y intheimme-
diate
m

neighborhoodof thejump.Takingadvantageof thefreedomin choosingthe
localizer, ÿ���� � ,� weshow how to modify � to

î
regainthelocalaccuracy by enforcing

finitely
�

many vanishingmomentsof � p§	��
 D
È

p§ ,� while retainingthesameoverall
eZ xponentialoutsidetheimmediatevicinity of thejumps.By appropriatenormal-
ization,
Y

thelocalizedDirichlet kernelweintroducemaintainsatleastsecond-order
conh vergenceup� to the

î
discontinuity. Increasinglyhigherordersof accuracy canbe

w¥ orked out aswe move further away from thesejumpsand,eventually, turning

1 Calledexpolantfor short.
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into theexponentiallyaccurateregimeindicatedearlier. In summary, thespectral
mollifier
 amountsto a variable-orderrecovery procedureadaptedto the numberû
of[ cells from thejump discontinuities,which is reminiscentof thevariableorder,
Essentially
]

Non Oscillatorypiecewisepolynomialreconstructionin [HEOC85].
The currrentprocedureis alsoreminicientof the h

�
–pÆ methodsof Babuška� and

his
�

collabrators,with theemphasisgiven hereto anincreasingnumberof globalö
moments
 (pÆ )

�
without the“h

�
”-refinement.Thenumericalexperimentsreportedin

Sections
ô

3.2and4.3confirmthesuperiorhigh resolutionof thespectralmollifier�
p§�� � equippedZ with theproposedoptimalparametrization.

2. SpectralMollifiers

2.1. TheTwo-ParameterSpectral Mollifier � p§�� �
TheFourierprojectionof a2� -periodicfunction f

����� �
:

S
z

N
ð f
���

x{�� :  !
k
"$# %

N
ð
&
f
�

k
" eû ikx ' (f� k

" : ) 1

2
Ò+*

,
-/. f
��0

x{�1 eû$2 ikx dx
�43 5

2 6 17
enjoZ ys thewell-known spectralconvergencerate,that is, theconvergencerateis
aso rapidastheglobalö smoothness� of f

��8�9 :
permits  in thesensethat for anyi s we¥

ha
�

ve2
�

;
S
z

N
ð f
��<

x{�=?> f
��@

x{�ACBED Const
� FHG

f
��I

Cs J 1

N
÷ sýLK 1 MON s�QP R 2 S 2T

Equi
]

valently, this canbeexpressedin termsof theusualDirichlet kernel

D
È

N
ðVU x{�W :X 1

2Y
N
ð

k
"[Z/\

N
ð eû ikx ] sin�_^ N÷a` 1

2
�+b x{

2c sin�ed x{�f 2g�h
i
2
Òkj

3
l+m

where¥ S
z

N
ð f
�on

DN
ðqp f

�
,� andthespectralconvergencestatementin (2.2) recastin

the
î

form
r
D
È

N
ðts f

��u
x{�v?w f

��x
x{�y{zE| Const

� }H~
f
���

Cs � 1

N
÷ sýL� 1 ��� s�+� � 2Òk� 4�+�

Furthermore,if f
����� �

is analyticwith ananalyticitystripof width 2� ,� thenS
z

N
ð f
���

x{��
is
Y

characterizedby anexponentialconvergencerate,e.g.,[Ch], [Ta94],�
�
S
z

N
ð f
���

x{��?� f
���

x{��C�E� Const
� �V�

Ne
÷�� N

ð��H�  
2 ¡ 5¢+£

If,
¤

on the other hand, f
��¤�¥ ¦

eZ xperiencesa simple jump discontinuity, say at x{ 0
¼ ,�

then
î

S
z

N
ð f
��§

x{�¨ suf� fersfrom thewell-known Gibbsphenomena,wheretheuniform
conh vergenceof S

z
N
ð f
��©

x{�ª is
Y

lostin theneighborhoodof x{ 0
¼ and,o moreover, theglobalö

2
«

Hereandbelow wedenotetheusual ¬ f
­¯®

C
° s : ±³² f

­k´ sµ·¶¹¸
L
º¼» .
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conh vergencerate of S
z

N
ð f
��½

x{�¾ deteriorates
m

to first order. To acceleratethe slow
conh vergencerate,we focusourattentionon theclassicalprocessof mollification.
Standard
ô

mollifiers are basedon a one-parameterfamily of dilated unit mass
functions
r

of theform

¿EÀHÁ x{�Â : Ã 1ÄÆÅ x{ Ç È 2Ò�É 6Ê+Ë
which¥ induceconvergencebyletting Ì tend

î
tozero.In general,Í ÎEÏ{Ð f

��Ñ
x{�ÒÔÓ f

��Õ
x{�ÖC×EØ

Cr�¼Ù r� describes
m

theconvergencerateof finite
Ú

ordern r� ,� whereÛ possesses  r� vü anishing
moments


yÊ sýÝÜßÞ yÊkà dy
�âáäã

sý 0¼Qå s��æ 0
£�ç

1 è 2 éHê¼ê¼ê¼é r ë 1 ì í 2 î 7ï+ð
In thepresentcontext of recoveringspectr� al conh vergence,however, wefollow Got-
tlieb
î

andTadmor[GoTa85],� usinga two-parameterfamily of mollifiers, ñ p§�ò ó+ô x{�õ ,�
where¥ ö is a dilation parameter, ÷ p§�ø ù+ú x{�ûýüÿþ

p§�� x{���������	 ,� and pÆ stipulates� how
closelyh 


p§�� 
�� x{�� possesses  nearvanishingmoments.To form � p§�� x{�� , w� e let ��� x{��
be
�

anarbitraryC �0¼ function
r

supportedin ������� ��! ando we considerthelocalized
Dirichlet kernel

"
p§�# x{�$ :%'&�( x{�) DÈ p§�* x{�+-, . 2Ò0/ 81�2

Our
3

two-parametermollifier is thengiven by thedilatedfamily of suchlocalized
Dirichlet kernels

4
p§�57698 x{�: : ; 1<>= p§ x{ ? @ 1A>B x{ C D

È
p§ x{ D E F 2Ò0G 9H�I

According
p

to (2.9), J p§�K L consistsh of two ingredients,M�N x{�O ando D
È

p§�P x{�Q ,� each
havinganessentiallyseparateroleassociatedwith thetwo independentparametersR

ando pÆ . The role of S�T x{VUXW�Y ,� through its Z -dependence,localizes
q

the
î

support
ofn\[

p§�] ^9_ x{�` to
îba�c�d�e�fhg�i�j

. The Dirichlet kernel Dp§�k x{�l is charged,by varying pÆ ,�
by
�

controlling the increasingnumberof near-vanishingmomentsof m p§�n o ,� and
hencethe overall superioraccuracy of our mollifier. Indeed,by imposing the
normalizationp of

q�r 0£�sut
1 v w 2Ò0x 10y

we¥ find thatanincreasingnumberof momentsof z p§�{ | areo of thevanishingorder}�~
pÆ���� sý�� 1��� :

���
����� yÊ sý��

p§9� �9� yÊ�� dy
��� �

���
�
yÊ���� sý����

yÊ0� Dp§�� yÊ0� dy
�¡ 

Dp§£¢¥¤ yÊ0¦¨§ sý�©�ª
yÊ�«-¬ y­¯® 0

°²±
sý 0¼>³ Csý�´ pÆ�µ�¶ sý¸· 1¹»º½¼ s�¿¾ (2.11)

À

where,¥ accordingto (2.4),CsýÂÁ Const
� ÃhÄ�Å

yÊ�Æ�Ç sýhÈ�É
yÊ0Ê-Ë Cs. Wewill getinto adetailed

conh vergenceanalysisin thediscussionbelow.



160 E. TadmorandJ.Tanner

W
l

e concludethis sectionby highlighting the contrastbetweenthe standard,
polynomially  accuratemollifier (2.7)andthespectralmollifiers (2.9).Theformer
depends
m

on onedilation parameter, Ì ,� which is in chargeof inducinga fixed or-
der
m

of accuracy by letting ÍÏÎ 0.
£

Thus,in this case,convergenceis enforcedby
localization
q

,� which is inherentlylimited to afixed polynomialorder. Thespectral
mollifier
 , however, hastheadvantageof employing two freeparameters:thedila-
tion
î

parameterÐ which¥ neednot besmall, in fact, Ñ is
Y

madeaslar
q

ge aso possible
while¥ maintainingÒ�Ó x{ÕÔÕÖ yÊ�× f

�ÙØ
yÊ0Ú freeof discontinuities;theneedfor thisdesired

smoothness� will bemademoreevidentin thenext section.It is thesecondparam-
eterZ , pÆ ,� which is in chargeof enforcingthehighaccuracy by letting pÆÏÛÝÜ . Here,
conh vergenceis enforcedby a delicateprocessof cancellationó which¥ will enable
usÞ to derive, in Section3, exponentialconvergence.

2.2.
Ò

Err
ß

or Analysisfor a Spectral Mollifier

W
l

enow turnto consideringtheerrorof ourmollificationprocedure,E à N÷âá
pÆ�ã äæå f

�
ç
x{�è�è ,� at an arbitraryfixedpoint,x{êé [0 ë 2Ò�ì�í

:

E î N÷âï
pÆ�ðhñ�ò f

�ôó
x{�õöõø÷ E ù N÷âú

pÆ�û ü¨ý : þ ÿ p§ � ��� S
z

N
ð f
���

x{��
	 f
���

x{�
�� � 2 � 12�
where¥ we highlight thedependenceon threefreeparametersat our disposal:the
de
m

greeof the projection,N
÷

,� the supportof our mollifier, � ,� andthe degreewith
which¥ weapproximateanarbitrarynumberof vanishingmoments,pÆ . Thedepen-
dence
m

on the degreeof the piecewise smoothnessof f
����� �

will¥ play a secondary
role in thechoiceof theseparameters.

W
l

ebegin by decomposingtheerrorinto threeterms

E
ß��

N
÷��

pÆ����! #"%$ f�#&(' p§*) +�, f
�.-0/21

S
z

N
ð f
�43

f
�.50687:9

p§<; =?> S
z

N
ðA@

p§*B CED
F2G

S
z

N
ð f
�IH

f
��JLK

S
z

N
ðNM

p§*O P<Q (2.13)
À

The
�

lastterm, R Sz N
ð f
�TS

f
�.UWV

S
z

N
ðAX

p§*Y Z ,� vanishesby orthogonalityand,hence,weare
left with the first andsecondterms,which we refer to asthe regularizationand
truncation
î

errors,respectively,

E [ N÷�\ pÆ�]_^a`cbed f�#f(g p§*h i�j f
�.k0l2m

S
z

N
ð f
�4n

f
��oLp8q:r

p§*s t�u S
z

N
ðAv

p§*w xEy
z : R

{�|
N
÷�}

pÆ�~_�a�L� T
_��

N
÷��

pÆ����!��� (2.14)
À

Sharp
ô

error boundsfor the regularizationand truncationerrorswere originally
deri
m

ved in [GoTa85],� andashortre-derivationnow follows.
F
�
or theregularizationerrorweconsiderthefunction

gö x�!� yÊ�� : � f
���

x{T��� yÊ������ yÊ0�
� f
���

x{���� � 2 � 15�
where¥ f

���
x{N� isthefixed-pointvaluetoberecoveredthroughmollification.Applying

(2.4)
À

to gö x� ��¡ ¢ ,� while notingthatgö x�!£ 0£¥¤(¦ 0,
£

thentheregularizationerrordoesnot
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eZ xceed

§
R
{�¨

N
÷�©

pÆ�ª_«a¬®­ : ¯±° f�³²(´ p§*µ ¶?· f
��¸º¹ »

¼!½ [ f
��¾

x{�¿�À yÊ�ÁÃÂ�Ä yÊ0Å
Æ f
��Ç

x{�È ]É DÈ p§�Ê yÊ�Ë dy
�

ÌÎÍ DÈ p§8Ï gö x� Ð yÊ0Ñ�Ò yÓÕÔ 0
¼×ÖºØÙÖÛÚ Sz p§ gö x� Ü yÊ�ÝßÞ gö x�!à yÊ�áÃá�â yÓÕã 0

¼×ä
å Const
� æ*ç

gö x�!è yÊ�é�ê Cs ë 1

pÆ sýíì 1 î (2.16)
À

Applying
p

theLeibnitz rule to gö x�!ï yÊ�ð :
ñ
gö ò sýíóx�õô yÊ�ö®÷ùø

sý
k
"Õú

0
¼

s�
k
û ü k

"×ý
f
�.þ k"Õÿ�� x{���� yÊ����
	
� �
� sý�� k

"����
yÊ����

�������
Cs � f

��� sý��� 
L !loc " 1 #%$'& sý)( (2.17)

À
gi* ves thedesiredupperbound

+
R
,.-

N
÷0/

p13254'687:9 Const
� ;
<5=?>

Cs @ f
�BA sýDC�E

L
FHG

loc I p1 2

p1
sý J K 2L�M 18N

Here
O

andbelow Constrepresents(possiblydifferent)genericconstants;also, P.QR
L Sloc

indicatesthe L T -normto betakenover the local
U

supportV of W pXZY [ . Notethat\
f
�B] s^�_�`

L aloc bdc ,e as long as f is chosenso that f
�hgji k

is free of discontinuitiesinl
xm�n�oqpsr xmutwvqx3y .

To upperboundthe truncationerrorwe usetheYounginequalityfollowedby
(2.4):
z

{
T
|~}

N
�0�

p13�5�'���~���Z� S� N
� f
���

f
���������

pXZ� �h� S
�

N
���

pXZ� �5��� L ����
S
�

N
� f
���

f
�. 

L
F 1 ¡
¢5£ pXZ¤ ¥h¦ S

�
N
�¨§

pXZ© ªH« L
FH¬

­
M ® S� N

� f
��¯

f
�.°

L1 ±Z²5³ pXZ´ µH¶ Cs
1

N
� s^�· 1 ¸ (2.19)

z
The
¹

Leibnitz ruleyields

º »~¼ s^�½
pXZ¾ ¿HÀ:Á�ÂqÃqÄ s^�Å 1Æ s^

k
Ç�È

0
É sÊ

k
û Ë ÌÎÍ s^�Ï k

Ç�Ð�ÑHÒ
Ñ
D
Ó�Ô kÇ�Õ

pX×Ö:ØÚÙ5Û?Ü Cs
1 Ý p1Þ s^�ß 1 à á

2
L�â

20
Läã

and,å togetherwith (2.19),wearriveat theupperbound

æ
T ç N�0è p13é�êìë f

��í�î:ï
Const
ð ñóò

S
�

N
� f
�õô

f
�hö

L1 ÷óø5ù?ú Cs û ü 1 ý p1ìþ N�ÿ 1 � p1
N
��� s^ ��� 2 � 21�

A slightly tighterestimateis obtainedby replacingthe L1 � L 	 bounds



with L2
�

bounds



for f
�

’s with boundedvariation
�
T 
 N��� p1������������ S� N

� f
���

f
���

L2  "! S� N
�$#

pX&% ')(+* pX&, -/. L2
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ð 1/2

f
�)3

BV
465 N��7 18 29�:<;>=@?

s^BA
pX&C D/E L

F 2 F N��G�H s^JI 1K 29MLMN (2.22)
z
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andå (2.20)thenyields

O
T
|@P

N
�RQ

p1�S�TVUXWZY Const
ð [/\�]_^

Cs ` N� 1 a p1
N
��b s^Jc 1 d e 2Lgf 23

L<h

Using
i

this,togetherwith (2.18),weconcludewith anerrorboundof E
ß@j

N
�Rk

p1�l�mon f
�

p
xmrqsq :

t u
pX&v wyx S

�
N
� f
�)z

xmr{}| f
��~

xm$���Z� Const
ð �/���_�
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� N
� 1 � p1

N
��� s^J� 1 �

p1 2

p1
s^y�

f
�y� s^J�M�

L
F��

loc � x�>� ��� sÊ�� (2.24)
z

where� � f
��� s^J�M�

L �loc � supV
y ¢¡¤£ x�>¥§¦s¨�© x�>ª�«¢¬&­§® f��¯ s^J°M± measuresthe local regularity of f

�
. It

shouldV be notedthat onecanusedifferentordersof degreesof smoothness,say
anå r order² of smoothnessfor thetruncationandansÊ order² of smoothnessfor the
re³ gularization,yielding

´
E µ N�R¶ p1¸·�¹rº f

�)»
xmr¼s¼X½Z¾ Const

ð
¿ À�Á_Â

Cr Ã N� 1Ä p1
N
��Å rÆMÇ 1 ÈÊÉ>Ë_Ì

Cs Í p1 2
L
p1

s^yÎ
f
��Ï s^JÐMÑ

L Òloc Ó
Ô

rÕ×Ö sÊÙØ (2.25)
z

2.3. Fourier Interpolant. Error Analysisfor a Pseudospectral Mollifier

TheFourierinterpolantof a2Ú -periodicfunction, f
�)ÛsÜ Ý

, ie sgiven by

IN
� f
�)Þ

yßáà : â ã
k
Ç×ä å

N
�
æ
f
�

k
Ç eç iky è éf� k

Ç : ê 1

2N
� 2
ë

N
�gì

1

ísî 0
É f
��ï

yßVð�ñ eç×ò ikyó>ô õ 2 ö 26÷

W
ø

eobservethatthemomentscomputedin thespectralprojection(2.1)arereplaced
hereby thecorrespondingtrapezoidalruleevaluatedattheequidistantnodesyßÙù�úûýüyþ

N
��ÿ��

,e���� 0
���

1 	�
�
�
�	 2L N
��


1. It shouldbe notedthat this approximationby
the
�

trapezoidalrule convertstheFourier–Galerkinprojectionto a pseudospectral
F
�
ouriercollocation(interpolation)representation.It iswell-knownthattheFourier

interpolantalsoenjoys spectralconvergence,i.e.,

�
I
�

N
� f
���

xm���� f
���

xm������ Const
ð ���

f
�� 

Cs ! 1

N
� s^#" 1 $ %

sÊ'& ( 2L�) 27
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Furthermore,
�

if f
��,�- .

is
/

analyticwith ananalyticitystripof width 20 ,e thenS
�

N
� f
��1

xm�2
is characterizedby anexponentialconvergencerate[Ta94]:

3
S
�

N
� f
��4

xm65�7 f
��8
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ð <>=
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�@? N
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2
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If, however, f
��F�G H

eI xperiencesa simplejump discontinuity, thentheFourier inter-
polantJ suffersfrom thereducedconvergenceratesimilar to theFourierprojection.
Toacceleratetheslowedconvergencerateweagainmakeuseof ourtwo-parK ameter
mollifierL (2.9).Whenconvolving I

�
N
� f
��M

xm�N by



our two-parametermollifier we ap-
proximateJ theconvolutionby thetrapezoidalsummation

O
pX�P QSR IN

� f
��T

xm6USVXW
N
� 2
ë

N
�ZY

1

[�\ 0
É f
��]

yß'^`_�a pXcb dfe xmhg yß'i`j�k l 2 m 29n
W
ø

e note that the summationin (2.29) bypassesthe needto computethe pseu-
dospectral
o

coefficients pfq k
Ç . Thus,in contrastto thespectralmollifiers carriedout

in theFourierspace[MMO78] ,e weareableto work directly in thephysicalspace
through
r

usingthesamplingof f
q�s�t u

atå theequidistantpoints f
q�v

yß'wyx .
Theresultingerrorof ourdiscretemollificationat thefixedpoint xm is given by

E z N�|{ p}�~���� : �
�
N
� 2
ë

N
���

1

��� 0
É f
q��

yß��y��� pXc� �f� xmh� yß��y��� f
q��

xm���� � 2 � 30
�+�

As before,wedecomposetheerrorinto two components

E
ß��

N
���

p}¡ y¢�£+¤ ¥
N
� 2N

��¦
1

§�¨ 0
É f
q�©

yß�ªy«�¬ pXc­ ®f¯ xmh° yß�±y²�³ f
qµ´¡¶

pXc· ¸ ¹»º fq½¼�¾ pXc¿ À�Á f
qÃÂ

Ä : A
ÅÇÆ

N
��È

p}�ÉyÊ�Ë�Ì R
ÍÏÎ

N
��Ð

p}�ÑyÒ�Ó�Ô (2.31)
z

where� R
Í�Õ

N
�|Ö

p}�×yØ�Ù is
Ú

the familiar regularizationerror, and A
Å�Û

N
�|Ü

p}�ÝyÞ�ß is
Ú

the so-
calledà aliasingerror committedby approximatingthe convolution integral by a
trapezoidal
r

sum.It canbeshown that,for any máãâ 1
2,e thealiasingerrordoesnot

eä xceedthetruncationerror, e.g.,[Ta94,e (2.2.16)],
å
A
ÅÇæ

N
�|ç

p}�è�é�ê�ë L
ìfí|î M

ï
mðòñ T|�ó N�|ô p}�õyöø÷ f

qÃù mðZúüûþý
L
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 1

2 � 

2
L��
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���

W
ø

echoosemá�� 1: insertingthis into (2.21)with f
q

replaced� by f
q��

,e andnotingthat�
S
�

N
� f
q����

f
q����

L1 � Const
 !#"

f
q%$

BV & N
�

,' werecover thesametruncationerrorbound
we( hadin (2.21):
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 798
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q�@ A#B 1C
N
�
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Cs K N� 2
ë 1 L p}

N
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(2.33)
S

Consequently
 

, theerrorafterdiscretemollification of theFourier interpolantsat-
isfies
Ú

thesameboundasthemollified FourierprojectionT
E
ßVU

N
�,W

p}.XHY[Z f
q%\

x]?^_^#`ba Const
 c9d0egf
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h N
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ë 1 j p}

N
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sOon

f
qop sOQq	r

L sloc tvu sÊxw 1
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W
ø

e closeby notingthat thespectralandpseudospectralerrorbounds,(2.24)and
(2.34),
S

areof theexactsameorder. And, asbefore,onecanusedifferentordersof
de
o

greesof smoothnessfor theregularizationandaliasingerrors.

2.4. On
z

theChoiceof the {}|�~ p}?� Parameters. Spectr
�

al Accuracy

W
ø

e now turn to assessingtherole of theparameters,� and� p} ,' basedon thespec-
tral
r

andpseudospectralerror bounds(2.24) and(2.34).We first addressthe lo-
calization� parameter� . According to the first term on the right of (2.24) and,
respectively, (2.34), the truncationand, respectively, aliasingerror boundsde-
crease� for increasing� ’s. Thus we are motivatedto choose� as� large as pos-
sible.� However, the silent dependenceon � of� the regularizationerror term in
(2.24)
S

and (2.34) appearsthroughthe requirementof localizedregularity, i.e.,�
f
q�� s�Q�	�

L �loc � sup�
y ���� x�0���_��� x�H�2�����b� fq�� s�Q 	¡ yß�¢#£b¤¦¥ .

Hence,
§

if d
¨�©

xª?« denotes
o

the distancefrom xª to
r

the nearestjump discontinuity
of� f
q

:

d
¨�¬

xª?­ : ® dist
o ¯

xª.° sing� supp f
q�±#² ³

2
´�µ

35
��¶

we( thenset

·
:̧

d
¨�¹

xª?º» ¼ 1 ½ ¾ 2´�¿ 36
��À

This
Á

choiceof Â proÃ videsuswith the largestadmissiblesupportof themollifierÄ
pÅÇÆ È ,' so that É pÅÇÊ ËÍÌ f

qÍÎ
xª?Ï incorporatesonly the (largest)smoothneighborhood

around� xª . This resultsin an adaptiveÐ mollifierÑ which amountsto a symmetric
windo( wedfilter of maximalwidth, 2d

¨�Ò
xª?Ó ,' to be carriedout in thephysicalspace.

W
ø

e highlight thefact that this choiceof anxª -dependent,Ô?Õ xª?Ög× d
¨�Ø

xª?Ù_ÚÜÛ ,' results
in aspectralmollifier thatis notÝ translation

r
invariant.Consequently, utilizing such

an� adaptivemollifier is quitenaturalin thephysicalspaceand,althoughpossible,
it
Ú

is notwell suitedfor convolution in thefrequency space.
How canwe find thenearestdiscontinuity?We refer the readerto [GeTa99],'

[GeTa00a,b],' for ageneralproceduretodetecttheedgesin piecewisesmoothdata
from its (pseudo-)spectralcontent.Theprocedure,carriedin thephysicalspace,is
based
Þ

onanappropriatechoiceof concentrationfactorswhichleadto(generalized)
conjugate� sumswhichtendtoconcentratein thevicinity of edgesandarevanishing
elseä where.Thelocations(andamplitudes)of all thediscontinuousjumpsarefound
in oneß global sweep. Equippedwith theselocations,it is a straightforwardmatter
to
r

evaluate,atevery xª ,' theappropriatespectralparameter, à?á xª?âäã d
¨�å

xª?æ_çÜè .
Ne
é

xt weaddresstheall-importantchoiceof p} which( controlshow closelyê pÅÇë ì
possessesÃ nearvanishingmomentsof increasingorder(2.11).Beforedetermining
an� optimalchoiceof p} let

í
usrevisit theoriginal approachtakenby Gottlieband

Tadmor[GoTa85]. To this end,we first fix anarbitrarydegreeof smoothnesssÊ ,'
and� focusour attentionon the optimal dependenceof p} solelyon� N

î
. With this
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in mind, thedominanttermsof theerrorbounds,(2.24)and(2.34),areof orderï
p}?ð N
îNñ s� and� p}?ò s� ,' respectively.Equilibratingthesecompetingtermsgives p}ôóöõ N

÷
,'

which( resultsin thespectralconvergenceratesoughtin [GoTa85],' namely, for an
arbitrary� sø ,' ù

E ú N÷,û p}güHý2þ#ÿ pÅ�� � N
��� Const

 
s��� �
	 N÷�� s��
 2 � � 2 � 37

���
Although
�

this estimateyields the desiredspectralconvergencerate sought in
[GoTa85],' it suffers asan over-pessimisticrestrictionsincethe possibledepen-
dence
o

of p} on� sø and� � were( not fully exploited.In fact,while theabove approach
to
r

equilibration,with p} depending
o

solelyon N
÷

yields� p}�� N
÷ 0
���

5
�
,' numericalexperi-

mentsÑ reportedbackin theoriginal[GoTa85]ha
�

veshownthatwhentreatingp} as� a
fix
�

edpowerof N
÷

,' p}�� N
÷! 

,' superiorresultsareobtainedfor 0 " 7ï�#%$�& 0
')(

9.
H

Indeed,
the
r

numericalexperimentsreportedin Section3.2,andwhichmotivatethepresent
study� , clearly indicatethat the contributionsof the truncationandregularization
terms
r

areequilibratedwhen p}+* N
÷

. Moreover, the truncationandaliasingerror
contrib� utionsto theerrorbounds(2.24)and(2.34)predictconvergenceonly for xª ’s
which( areboundedawayfrom thejumpdiscontinuitiesof f

q
,' where,.- xª./
0 p}.1 N

÷
.

Consequently
 

, with 2.3 xª.4 : 5 d
¨76

xª.8:9<; and� f
q>=:? @

ha
�

ving a discontinuity, sayat xª 0
� ,'

con� vergencecannotÝ be
Þ

guaranteedin theregion

xª 0
�>A p}

N
÷�BDC xª 0

�7E p}
N
÷�F G H 2 I 38

��J
Thus,anonadaptivechoiceof p} ,' chosenasafixed fr

q
actionalpoÃ werof N

÷
indepen-

dent
¨

of K.L xª.M ,' say p}+NPO N
÷

,' canleadto a lossof convergencein a largezoneof
size� QSR N÷�T 1U 2ëWV around� thediscontinuity. Thelossof convergencewasconfirmedin
the
r

numericalexperimentsreportedin Section3.2.Thisshouldbecontrastedwith
the
r

adaptive mollifiers introducedin Section3, which will enableus to achieve
eä xponentialaccuracy up to theimmediate,XSY 1Z N

÷�[
,' vicinity of thesediscontinu-

ities. We now turn to determiningan optimal choiceof p} by
Þ

incorporatingboth
the
r

distanceto thenearestdiscontinuity, d
¨7\

xª.] ,' andby exploiting thefact that the
errorä bounds(2.24)and(2.34)allow us to useavariabledegreeof smoothness,sø .
3.
^

AdaptiveMollifiers. Exponential Accuracy

Epilogue (Ge
_

vrey Regularity). Thespectraldecayestimates(2.2)and(2.27)tell
us` thatfor C a0� data,

o
the(pseudo)spectralerrorsdecayfasterthanany fixed poly-

nomialorder. To quantify theactualÐ errorä decay, we needto classifythespecific
order� of C b0� re� gularity. TheGevrey class,G

cedgfih+j
1,consistsof k ’swith constantsl :monqp and� M : r M s ,' suchthatthefollowing estimateholds

sup�
x�utWvxw y

z
s��{�| xª~}��g� M

��� sø ! �:�� s��� sø>� 1 � 2´����W�W�W� �
3
�)�

1�
W
ø

ehave two prototypicalexamplesin mind.
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Example1. A boundedanalyticfunction � belongs
Þ

to G
c

1 with( M ��� sup�
x�u�W��� ��

xª.��� and� 2�q  equalsä thewidth of the ¡ ’s analyticitystrip.

Example
¢

2. Consider
 

a C £0�¥¤:¦¨§D©iª¬« cut-of� f functiondependingon anarbitrary
constant� c­¯® 0,

'
which takestheform

°
c±�² xª.³µ´ eç<¶ cx± 2 ·¹¸ x� 2 º¼» 2 ½¾½¾¿ÁÀ

xª¨ÂgÃÅÄ
0
')Æ Ç

xª¨ÈgÉËÊ Ì : eç<Í cx± 2 Î¹Ï x� 2 Ð¼Ñ 2 Ò¾Ò
1[ Ó¼Ô�Õ Ö ]

×ÙØ Ú 3��Û 2´ÝÜ
In
Þ

thisparticularcasethereexistsaconstantßáàoâ c± such� thatthehigherderivatives
are� upperboundedby3

ã
ä åçæ s�éè

c±oê xª.ë�ìîí M
� sø !ïñð

c±�ò xª 2 óõô 2 ö ÷ s� eç<ø cx± 2 ù¹ú x� 2 ûýü 2 þ¾þ�ÿ
sø�� 1 � 2´ ��������� �

3
�	�

3
��


The
Á

maximalvalueof theupperboundon theright-handsideof (3.3) is obtained
at� xª
� xª max where( xª 2

max ��� 2 ����� 2c­�� sø ; consult.4 This implies thatour cut-off
function
� �

c± admits� G
c

2
ë re� gularity, namely, thereexistsaconstant� c± :��� c±�� 2

ë
c­ such�

that
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W
ø

enow turnto examiningtheactualdecayrateof Fourierprojections,F S� N
�HGJILKNM ,'

for
�

arbitraryG
cPO

-functions.Accordingto (2.2),combinedwith thegrowthof Q�RTS Cs

dictated
o

by (3.1), the L U -error in thespectralprojectionof a G
cWV

function, X , i' s
goY vernedby
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Theexpressionof thetypeencounteredontheright-handsideof (3.5), ~ sø ! ������� N
÷r�m� s� ,'

attains� its minimumatsø min������� N
÷r� 1��� :
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Thus,
Á

minimizing the upperboundin (3.5) at sø�® sø min� ¯±°p² N
÷r³ 1́�µ yields� the

eä xponentialaccuracy of fr
q

actionalorder�
¶
S
�

N
�¸·�¹ xª-º`»b¼]½ xª-¾/¿gÀ Const
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o thisend,notethat Õ cÖØ× xÙ�ÚÜÛ eÝ�Þ xÙAß eà�á xÙAâ with eã�ä xÙAå : æ expç cxèmé xÙ¸êìëgí for xÙ�î�ï�ðHñ�òôógõ . The
functionseöÜ÷ xÙ�ø upperù boundedby ú eû süpýþCÿ x������� M � s� ! 	�
 c��
 x������� ��� sü e��� x����� with appropriate���! c�
[Jo
"

, p. 73].
4 For largevaluesof s� , thefunction # a$ x�&%(' ) sü+* exp,�- a. x��/1032&4 a5 x6�7�7 with fixed 8 and9 ismaximized

at x6�: x6 max; suchthata< x6 max;>=@?BADC&E sF . In ourcase,aG x6�H�I x6 2
JLKNM

2
J

and OQP cR 2
J
.
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ThecaseSUT 1 recoverstheexponentialdecayfor analyticV ’s, (2.5),whereasforWYX 1 wehaveexponentialdecayof fractionalorder. For example,ourG
c

2
ë cut-of� f

function ZU[]\ c± in (3.2)satisfies(3.7),with ^�_a`cbadfehg�i c±&j 2k ,' yielding
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c pÅD� �
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���
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Equippedwith theseestimateswenow revisit theerrordecayof spectralmollifiers
based
Þ

on the G
c��

cut-of� f functions � . Both contributions to the error in (2.14),
the
r

regularizationR � N÷�� p}����n� and� the truncationT � N÷�� p}��c��� (as
S

well asaliasing
A
�N�

N
÷��

p}��c n¡ in
Ú

(2.31)),arecontrolledby thedecayrateof Fourierprojections.
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e assumethat f
qQ«(¬ ­
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®

piecewise analytic.For eachfixed xª ,' our choiceof ¯t°±D²
xªD³�´ d

µ·¶
xªD¸(¹�º guaranteesY that f
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hence
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which,Ü afterdilation,satisfies

Ý Þeß sàâá
pã�ä å#æ x§qç�è�é Const

5 ê
sø ! ë

ì
c±�í aîsï x§>ð�ñ

sà ò e}�ó pã�ô c õ aö1÷ xÖjøúù ûØü 2 ý cx± 2 þ aö1ÿ xÖ������
aî�� x§�� : 	 x§ 2 
�� 2 
 2 � x§���� (3.12)

�
Following a similar manipulationwe usedearlier, theupperboundon the right-
hand
�

sideof the(3.12)is maximizedat x§�� x§ max� withÜ x§ 2
�
max� ��� 2

���
2
�����

c�! 2
�#"

2
�#$

s% ,&
whichÜ leadsto theG

c
2-regularityboundfor ' pã)(+* (where,

�
asbefore,, c± :-/. c±�0 2c� ):1

sup2
xÖ�3#4

5 687 sà:9
pã); <>= x§�?�@8A Const

5 B
s% ! s%C

c±�D e}
sà
e} pã)E c F sàHG Const

5 I�J s% ! K 2�LNM
c±�OQP sà e} pã>R c S sàUT

s%WV 1 X 2 Y)Z#Z#Z#Z (3.13)
�

W
ª

ith (3.13)weutilize(2.22)toobtainthefollowingpreciseboundof thetruncation
errorO

[
T
¢]\

N
^`_

pêbadcQe�fhg Const
5 ikj s% ! l 2�mNn

c±do N
^qp sà e} pã)r c s sà)t u

3
vxw

14y
To minimizetheupperbound(3.14),we first seektheminimizerfor theorderof
smoothness,2 s%�z s% pã ,& andthenoptimize the free spectralparameterpê�{ N

^
for
|

both
}

the truncationandregularizationerrors.We begin by noting that a general
eO xpressionof thetypeencounteredon theright-handsideof (3.14):~

s% ! � 2���
c±d� N
^q� sà e} pã)� c � sà�� s% 2

�
c±�� e} 2N

^
sà
e} pã)� c � sà�� : M � s%�� pê����

is minimizedat the pê -dependentindex s% min such2 that

�
sà)� log
�

M
���

s%�� pê������ sà�� sà min � log
� s% 2

min 
c¡d¢ N
^ £ pê�¤ c¡

s% 2
�
min� ¥ 0

¦x§ ¨
3
vx©

15ª
Thoughwe cannotfind its explicit solution,(3.15)yieldsa ratherprecisebound
on« s% min� whichÜ turnsout to be essentiallyindependentof pê . Indeed,for the first
eO xpressionontheright-handsideof (3.15)tobepositive, weneeds% min ¬/­ ®�¯ c¡�° N

^
withÜ some±³² 1. Pluggingthisexpression,s% min�µ´·¶ ¸�¹ c¡�º N

^
,& into (3.15),wefind

that
»

for pê½¼ N
^

weÜ musthave log ¾À¿ log
�ÂÁ

s% 2
�
min ÃÅÄ c¡�Æ N

^qÇÉÈËÊ
c¡ pê�Ì s% 2

�
min Í 1Î!Ï�Ð . We

therefore
»

sets%WÑ s% min of« theform

s%ÓÒ Ô�Õ
c¡�Ö N
^À×

1 ØÚÙ³Û 1 Ü 764
Ý Þ

so2 thatthefree ß parameterà satisfiestheaboveconstraint5
áãâ

log
�µä³å

1 æ 1ç!è . The
correspondingé optimalparameterpê is thengiven by

pê min ê s% 2

ë
c¡íì log

s% 2

î
c¡�ï N
^ ð

sà�ñ sà min

ò·óqôdõ N
^÷ö

0
¦ùøûúýü

: þ log ÿ�� 1 � 1� � (3.16)
�

5
�

Recall
�

that �	��

� x6�� :� d
���

x6�������� 1.
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W
ª

econcludewith anoptimalchoiceof pê of« order ����� N
^ �

,& replacingtheprevious
choice,é (2.37),of order !�"$# N

^ %
. Theresultingexponentiallysmalltruncationerror

bound,
}

(3.14),now reads

&
T
¢('

N
^*)

pê,+.-0/2143 Const
5 576 s% ! 8 2�9�:

c¡<; N
^ = sà e} pã�> c ? sà�@

sàBA sà min CED F N
^ G

e}
2H IKJ c L NM N

1 OQP�R 1 S 764
T U

(3.17)
�

W
ª

ith thischoiceof pêWV pê minX in
®

(3.16)wefind,essentially, thesameexponentially
small2 boundon theregularizationerrorin (3.10):

Y
R Z N^\[ pê,].^`_badc Const

5 e.f
N
^ 1

e}
2
�hg i

log
jlkKm n

c o NM p q 3vsr 18t
Figures
u

3.1(f) and3.2(f) confirmthatthecontributionsof thetruncationandreg-
ularizationv partsof theerrorareof thesameexponentiallysmallorderupw to the

»
vicinityx of thediscontinuousjumpswith this choiceof optimal pêzy Nd

^|{
x§~}���� , i& n

contrasté to previouschoicesof pê������ N^ ���2����� 1, consultFigures3.1(b)–(d)
andN 3.2(b)–(d).

W
ª

esummarizewhatwehaveshown in thefollowing theorem.

Theorem3.1. Given
�

theFourierprojection,& S� N
M f
»���� �

of� apiecewiseanalytic f ��� � ,&
we� considerthetwo-parameterfamilyof spectral mollifiers

�
pã���� � x§~¡ : ¢ 1£¥¤ c¡ x§ ¦

Dpã x§ § ¨ ©
c¡ :ª e}�« cx¡ 2 ¬®­ xÖ 2 ¯±° 2 ²³²

1[ ´0µK¶ · ]
¸º¹ c�¼» 0

¦s½
andî weset

¾À¿ÂÁ~Ã
x§~Ä :Å d

µ¥Æ
x§~ÇÈÊÉ d

µ¥Ë
x§~Ì	Í dist

Î Ï
x§,Ð sing2 suppf

»	Ñ2Ò
(3.19)
�

pêÔÓ pê,Õ x§~Ö	×EØ Ù<Ú~Û x§~Ü N^\Ý 0
¦�Þ�ßáàEâ

log
�äã�å

1 æ (3.20)
�

Then
¢

thereexistconstants,& Constc¡ andî ç
c¡ ,& depending
µ

solelyontheanalyticbehavior
of� f è�é ê in

ë
theneighborhoodof x,& suc% h thatwecanrecovertheintermediatevalues

of� f ì x§~í with� thefollowingexponentialaccuracy

î ï
pã�ð ñ	ò S

�
N
M f
»�ó

x§~ôöõ f
»ø÷

x§~ùbú4û Const
5

c¡�ü.ý N
^ þ

e}
2
�hÿ ���

c
���

xÖ�� NM �
1 	�

� 1 � 764

T �
(3.21)
�

Remark.
�

Theorem
�

3.1 indicatesan optimal choicefor the spectralmollifier,�
pã�� � ,& basedon an adaptiveî de

Î
greeof order pê�������� x§�� N^ ,& with an arbitraryfree

parameterà , 0  �!#"%$ log
�'&
(

1.Wecouldfurtheroptimizetheerrorbound(3.21)
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o« ver all possiblechoicesof ) ,& by equilibratingtheleadingtermin thetruncation
andN regularizationerrorboundssothat

*
e}

2+ ,.- / c 021 xÖ�3 NM54 1

e}
26 7 log 8.9 : c ;�< xÖ�= NM >

withÜ theminimal valuefoundat log ?A@CBED 3v#FHG 5
IKJ2L

2, thecorrespondingMON :PQAR
log
�'SATVU

0
¦XW

5596
I

and2Y ZO[]\_^a` 0
¦cb

8445
�

leadingto anerrorbound

d e
pãOf gih S

j
N
M f
»lk

x§�mon f
»qp

x§srutAv Const
5

c¡xw dµoy x§�z N^ 1

e}
0
{}|

845~ � cd
�.�

xÖ]� NM � � 3vX� 22�
Although
�

the lastestimateservesonly asanupperboundfor theerror, it is still
remarkablethatthe(closeto) optimalparametrizationof theadaptive mollifier is
found
|

to beessentiallyindependentof thepropertiesof f
»l�2� �

.

Similar
�

resultshold in thepseudospectralcase.In this case,we aregiven the
Fourierinterpolant,IN

M f
»q�

x§�� ,& andthecorrespondingdiscreteconvolutionis carried
out« in thephysicalspacewith overallerror, E

©��
N
^��

pê��]��� f
»i�i�%�

pãO� �_� I
�

N
M f
»q�

x§��O� f
»q 

x§�¡ ,&
whichÜ consistsof aliasingandregularizationerrors,(2.31).Accordingto(2.32),the
former
|

isupperboundedby thetruncationof f
»£¢

,& whichretainsthesameanalyticity
propertiesà as f

»
does.
Î

Weconclude:

Theorem3.2. Given
¤

theequidistantgridvalues,&.¥ f
»q¦

x§A§�¨2© 0{}ª¬«2­ 2
�

N
MX®

1 of¯ apiecewise
analyticî f °2± ² ,& we³ considerthetwo-parameterfamilyof spectral mollifiers

´
pãOµ ¶�· x§�¸ : ¹ 1º£» c¡ x§ ¼

D
½

pã x§ ¾ ¿ À
c¡ :Á e} cx¡ 2

xÂ 2 ÃÅÄ 2 1[ ÆÈÇ.É Ê ]
Ë�Ì c�ÎÍ 0

¦XÏ
andî weset

ÐÒÑÔÓ�Õ
x§�Ö : × d

µoØ
x§�ÙÚÜÛ d

µ£Ý
x§�Þiß dist

Î à
x§�á sing2 suppf

»£âuã
(3.23)
�

pêåä pê�æ x§�çièêéìë�í�î x§�ï N^�ð 0
¦ìñaòôóêõ

log ö
÷ 1 ø (3.24)
�

Then
¢

thereexistconstants,& Constc¡ andî ù
c¡ ,& depending
µ

solelyontheanalyticbehavior
of¯ f ú2û ü in

ý
theneighborhoodof x,& suc% h thatwecanrecovertheintermediatevalues

of¯ f þ x§sÿ with³ thefollowingexponentialaccuracy

�
N
^ 2
�

N
M��

1

��� 0
{ � pã	� 
�� x§�
 y����� f

»��
y������� f

»��
x§�� � Const

5
c¡! #" d$&% x§�' N^)( 2 *

e+
2, -/. c 021 xÖ43 NM 5

1 687:9 1 ; 764
T <

(3.25)
�
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3.2.
v

Numerical
^

Experiments

Thefirst setof numericalexperimentscomparesourresultswith thoseof Gottlieb
andN Tadmor[GoTa85],& involving thesamechoiceof f

=�>�? @BA
f
=

1 C�D E :

f
=

1 F x§�GBH sin2JI x§�K 2L/M x§8N [0 O�PRQ/S
T sin2JU x§�V 2W�X/Y x§8Z [ []\ 2W�^R_/`

0 1 2 3 4 5 6
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−0.8
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0.8

1

a
3
v�b

26
Wdc

A secondsetof resultsis demonstratedwith asecondfunction, f
=

2 e x§�f ,& givenby

f
=

2 g x§�hBi j 2W e+ 2xÖlk 1 m e+onqp�rts e+ouwv 1x/y x§8z [0 {�|B} 2W#~/�
� sin2J� 2x§�� 3v������ 3v��/� x§8� [ ��� 2 � 2�R�/�

0 1 2 3 4
�

5
�

6
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−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

�
3
v��

27
Wd�

This is a considerablechallengingtestproblem: f
=

2 hasa jump discontinuityat
x§8���B� 2W and,dueto theperiodicextensionof theFourier series,two moredis-
continuitiesé at theboundariesx§�� 0

¦��
2� . Moreover, a relatively largegradientis

formed
|

for x§��¡ �¢ 2W�£ ,& andthesharppeakontheleft of x§¥¤¡¦B§ 2W ismetby ajump
discontinuity
¨

on theright.
F
u
or thecomputationsbelow we utilize thesamelocalizer ©«ª­¬ c¡ asN in (3.2),

withÜ c�¯® 10. In the first case, f
=

1 hasa simplediscontinuityat x§d°²± ,& so the ³
parameterà was chosenaccordingto (2.36), ´¥µ·¶�¸ x§�¹!º min» ¼�½ x§R¾À¿	Á x§ÃÂÃÄÆÅ Ç�ÈoÉ . In
the
Ê

secondcaseof f
=

2 Ë x§�Ì , w& eset

Í�Î
x§ÐÏ�Ñ [min Ò x§RÓ4ÔBÕ 2 Ö x§�×�Ø�Ù min Ú x§�Û�ÜBÝ 2 Þ 2ßáà x§�â2ã ]

äæåoç]è
Since
�

theerrordeterioratesin theimmediatevicinity of thediscontinuitieswhereé�ê
x§�ë N^�ì

1,awindow of minimumwidthof í min î minïñð�ò x§�ó/ô 1õ 4N
^)ö

wÜ asimposed
aroundN x§ 0

{!÷¡ø 0¦úù�ûBü 2Wúý�þ]ÿ 2W���� . More aboutthetreatmentin theimmediatevicinity
of� thediscontinuityis foundin Section4.1.

The
�

different policies for choosingthe parameterp� areN outlined below. In
particularà , for thenearoptimalchoicerecommendedin Theorems3.1and3.2we
usev amollifier of anadaptivedegreep���	��

� x§
� N^ with� ��� 1��� e��� 0

¦��
6095
� ��� �

.
W
!

ebegin with theresultsbasedonthespectralprojectionsS
j

N
M f
=

1 and" S
j

N
M f
=

2. For
comparisoné purposes,theexactconvolution integral, # pã $ %'& S

j
N
M f
=

,& wascomputed
with� acompositeSimpsonmethodusing (*) 8000

+
points,andthemollified results

are" recordedattheleft half-points,,.-*/ 150021 ,&4365 0,
¦

1 798:8:8:7 149.Figure3.1shows
the
Ê

result of treating the spectralprojection, ; pã < =�> S
j

N
M f
=

1 based
?

on N
^A@

128
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Table3.1. Predictedlocationwherespectralconvergenceis lostat B xCED xC 0
F4GIH pJLKNM N

O
.

pJLP N
O

32 64 128

N
O 0
F2Q

8
R

1.6 1.8 2.0
N
O 0
F2S

5
T

2.6 2.7 2.9
N
O 0
F2U

2 2.9 3.0 3.1

modes,for differentchoicesof p� ’s. Figure3.2 shows thesameresultsfor f
=

2 V x§
W .
It
X

is evident from thesefigures,Figures3.1(e)–(f)and 3.2(e)–(f), that the best
resultsareobtainedwith p�ZY\[
] x§
^ N^�_�`

e� ,& in agreementwith our analysisfor the
optimal� choiceof theexponentiallyaccuratemollifier in (3.22).Wenotethatother
choicesé for p�ba N

^dc
leadto largeintervalswhereexponentialaccuracy is lostdue

to
Ê

the imbalancebetweenthe truncationandregularizationerrors,consultcases
(a)–(d)
�

in Figures3.1–3.2.Aswenotedearlierin (2.38),anonadaptivechoiceof p�
independentof e
f x§
g leadstodeteriorationof theaccuracy inanincreasingregionof
sizeh i p�kj*l N

^
around" thediscontinuity, andthepredictedlocationsof thesevalues,

gim ven in Table3.1,couldbeobservedin Figure3.1(a)–(d)for thefunction f
=

1 n x§
o .
Figure
u

3.3illustratesthespectralconvergenceasN
^

doubles
¨

from 32to 64,thento
1286

p
. Theexponentialconvergenceof thenearoptimaladaptive p�rq\s
t x§
u N^wvyx

e�
cané beseenin Figure3.3(e)–(f),wherethe log-slopesareconstantswith respect
to
z

d
{E|

x§
} (for
�

fixed N
^

)
1

andwith respectto N
^

(for
�

fixedx§ ).
1

Ne
~

xt, thenumericalexperimentsarerepeatedfor thediscretecase,usingdis-
creteé mollification of the Fourier interpolant.Given the grid valuesof f

=
1 � x§����

and" f
=

2
�N� x§���� at" the equidistantgrid points x§��������*� N

^
,& we recover the point

vx aluesat the intermediategrid points f
=��

x§��I� 1� 2�:� . A minimal window width of�
min � min �.�
� x§
�4� 2�*� N

^d�
w� as imposedin theimmediatevicinity of thedisconti-

nuities  to maintaina minimumnumberof two samplingpointsto beusedin the
discrete
¨

mollification.
Compared
¡

with thepreviousmollified resultsof thespectralprojections,there
are" two noticeablechanges,bothinvolving thenonoptimalchoiceof p�b¢ N

^w£
with�

¤¦¥ 1:

(i)
�

the locationwherespectral/exponentialconvergenceis lost is noticeably
closeré to thediscontinuitiescomparedwith themollified spectralprojec-
tions,
z

but, at thesametime,
(ii)
�

muchlargeroscillationsareobservedin theregionswherespectralconver-
gencem is lost.

Comparing
¡

Figures3.1versus3.4,and3.2versus3.5,gives a visualcomparison
for
|

bothchangesfrom spectralto pseudospectral.Thedeteriorationsfor p��§ N
^ 0
{©¨

8

and" N
^ 0
{©ª

5
«

are" verynoticeable.

6
¬

Machine
­

truncationerroris at ® 16.
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Fig. 3.1. Recoveryof f
¯

1 ° xC ± from its first N
O³²

128Fouriermodes,ontheleft, andthecorresponding
regularizationerrors(dashed)andtruncationerrors(solid) on the right, using the spectralmollifier´

pµ�¶ · based
¸

onvariouschoicesof pJ : (a)–(b)pJº¹ N
O 0
F2»

5
T
, (c)–(d) pJº¼ N

O 0
F2½

8
R
, and(e)–(f) pJ¿¾ Nd

O¦À
xC ÁÃÂIÄ�Å e.
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Fig. 3.2. Recoveryof f
¯

2 Æ xCLÇ from its first N
O�È

128Fouriermodes,ontheleft, andthecorresponding
regularizationerrors(dashed)andtruncationerrors(solid) on the right, using the spectralmollifierÉ

pµyÊ Ë based
¸

onvariouschoicesof pJ : (a)–(b)pJ¿Ì N
O 0
F2Í

5
T
, (c)–(d) pJ¿Î N

O 0
F2Ï

8
R
, and(e)–(f) pJ¿Ð Nd
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Fig. 3.3. Log of theerrorwith N
OØ×

32, 64, 128modesfor f
¯

1 Ù xCLÚ on the left, andfor f
¯

2 Û xC Ü on the
right, usingvariouschoicesof pJ : (a)–(b) pJºÝ N

O 0
FIÞ

5
T
, (c)–(d) pJºß N

O 0
FIà

8
R
, and(e)–(f) pJºá Nd

O�â
xC ãÃäIå�æ e.

4.
ç

AdaptiveMollifiers. Normalization

The
�

essenceof thetwo-parameterspectralmollifier discussedin Section3, è pã é ê�ë x§
ì ,&
is adaptivity: it is basedon a Dirichlet kernelof a variableí de

¨
gree,pîðïòñ
ó x§
ô N^ ,&

whichõ is adaptedby taking into accountthe locationof x§ relatiö ve to its nearest
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singularity& , ')( x§+*-, d
{/.

x§+0�1�2 . The resultingerrorestimatetells us that thereexist
constants,3 Const465 ,7 and 8:9 1, suchthat onecanrecover a piecewise analytic
f
=<;

x§+= from its spectralor pseudospectralprojections,PN
M f
=->�? @

:

A B
pã
C DFE P
G

N
M f
=<H

xI+JLK f
=-M

xI+NPO�Q Const
¡ R

eSUTWVYX d�[Z x\^]Y] NM`_ 1a b�c

The
�

error boundon the right shows that the adaptive mollifier is exponentially
accurated for all xI ’s, exceptfor what we refer to as thee immediatevicinity off the
jump
g

discontinuitiesof f
=

,h namely, thosexI ’s whered
{ji

xI+kml 1n N^ . This shouldbe
compared3 with previous,nonadaptivechoicesfor choosingthedegreeof o pp
q r : for
es xample,with pî�tvu N

^
weõ founda lossof exponentialaccuracy in azoneof sizew 1x�y N

^
aroundd thediscontinuitiesof f

=
. Putdifferently, thereare z|{�} N

^�~
“cells”

whichõ arenotaccuratelyrecoveredin thiscase.In contrast,ouradaptivemollifier
is
�

exponentiallyaccurateatall but finitely
�

manycells3 nearthejumpdiscontinuities.
Accordingto theerrorestimates(3.21),(3.22),and(3.25),convergencemayfail
in
�

thesecells insidetheimmediatevicinity of sing supp f
=

and,d indeed,spurious
oscillationsf couldbenoticedin Figures3.1and3.2.In thissectionweaddressthe
question� of convergenceup� to the

z
jumpdiscontinuities.

One
�

possibleapproachis to retaina uniform exponentialaccuracy up to the
jump
g

discontinuities.Suchan approach,developedby Gottlieb, Shu,Gelb, and
their
z

coworkersis surveyed in [GoSh95], [GoSh98]. It is basedon Gegenbauer
es xpansionsof degree��� N

^
. Exponentialaccuracy isretaineduniformly� through-

z
outf eachinterval of smoothnessof the piecewise analytic f

=
. The computation

off thehigh-orderGegenbauercoefficients,however, is numericallysensitive and
the
z

parametersinvolvedneedto beproperlytunedin orderto avoid triggeringof
instabilities[Ge97], [Ge00].

Here
�

we proceedwith anotherapproachwherewe retaina variableí orderf of
accuracd y nearthe jump discontinuities,of order �|��� d{/� xI+��� r � 1 � . Comparingthis
polynomial� error bound against the interior exponential error bounds,
say& (3.22),

Const
¡ �

d
{/�

xI+� N��� eSU� 0
{��

845� � cd
�[�

x\^� NM�� � d{j  xI+¡�¡ r ¢ 1 £

weõ find that thereareonly finitely
�

manycells3 in which theerror, dictatedby the
smaller& of thetwo, is dominatedby polynomialaccuracy

d
{/¤

xI+¥<¦ Const
¡ § r¨ 2 © log

ª
d
{/«

xI+¬�¬ 2­
c¡ N� ® r¨ 2

N
�°¯ ± 4 ² 1³
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In thisapproach,thevariableorderof accuracy suggestedby (4.1),r ´¶µ d
{/·

xI+¸ N� ,h
is
�

increasingtogetherwith theincreasingdistanceaway from thejumpsor, more
precisely� , togetherwith thenumberof cellsaway from thediscontinuities,which
is
�

consistentwith the adaptive¹ nature  of our exponentially accuratemollifier
ad way from the immediatevicinity of thesejumps. The currentapproachof a
vx ariableorder of accuracy, which adaptedto the distancefrom the jump dis-
continuities,3 is reminiscentof the EssentiallyNon Oscillatory(ENO) piecewise
polynomial� reconstructionemployed in the context of nonlinearconservation
la
ª

ws [HEOC85], [Sh97].
How do we enforcethat our adaptive mollifiers arepolynomially accuratein

the
z

immediatevicinity of jump discontinuities?As we arguedearlier in (2.11),
the
z

adaptive mollifier º pp
» ¼ admitsd spectrallysmall momentsof order pî+½ s¾À¿Á
d
{jÂ

xI+Ã NÄ�Å�Æ s¾ . Moreprecisely, using(3.7),wefind, for ÇÉÈ G
ÊÌË

:

Í
Î
ÏÑÐUÒ yÓ s¾^Ô

pp
Õ ÖØ× yÓ`Ù dy
{ÛÚ Ü

ÝÑÞ
ß
yÓ`àâá s¾äã�å yÓçæ Dpp+è yÓçé dy

{ëê
Dppíìïî�ð yÓçñWò s¾^óõôPö yÓç÷Pø yù�ú 0

ûýü
s¾ 0{/þ Const

¡ ÿ�� s¾�� eS����	��
 pp
� 1� ��� pî�� d
{��

xI�� NÄ��
Consequently
¡

, � pp�� � possesses� exponentiallysmall momentsat all xI ’s except in
the
z

immediatevicinity of the jumpswhere pî�� d
{� 

xI�! NÄ#"
1, the same$&% 1' N

Ä)(
neighborhoods  wherethepreviousexponentialerrorboundsfail. Thisis illustrated
in thenumericalexperimentsexhibitedin Section3.2which show theblurring in
symmetric& intervals with a width * 1+ N

Ä
aroundd eachdiscontinuity. To remove

this
z

blurring,wewill imposeanovel normalization, so& thatfinitely many moments
off (theprojectionof) - pp�. / prî eciselyv0 anish.As weshallseebelow, thiswill regain
ad polynomialconvergencerateof thecorrespondingfinite orderr¨ . We have seen
that
z

the generaladaptivity (4.1) requiresr 132 d
{�4

xI�5 NÄ ; in practice,enforcinga
fix
6

ednumberof vanishingmoments,r¨87 2
9;:

3,
<

will suffice.

4.1.
=

Spectr
j

al Normalization. Adaptive
>

Mollifiers in theVicinity of Jumps

Rather
?

than @ pp�A B possessing� afixed numberof vanishingmoments,asin standard
mollification (2.7),we requirethat its spectralprojection,S

j
N
MDC

pp�E F ,h possessa unit
massG and,sayr¨ v0 anishingmoments,

H
I�J yÓ s¾�K Sj N

MDL
pp�M N	OQP yÓ;R dy

{TSVU
s¾ 0{XW sY[Z 0

\;]
1 ^
_`_`_`^ r¨�a b 4=;c 29ed

It thenfollows thatadaptive mollification of theFourierprojection,f pp�g hji S
j

N
M f
=

,h
recoö vers the point valuesof f

=
withõ the desiredpolynomial order k&l d{�m xI�non r .

Indeed,noting that for eachxI ,h the function f
=[p

xIrq yÓts remainssmoothin the
neighborhood  u yÓ�vxwzy|{~} d

{x�
xI�� weõ find, utilizing the symmetryof the spectral
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projection,� � Sj N
M f
=��

g��� f
=[�

S
j

N
M g��� :

�
pp�� ��� S

j
N
M f
=��

xI��x� f
=[�

xI��)� �������� [ f
=[�

xI~� yÓ;�x� f
=��

xI�� ] 	¡ Sj N
M�¢

pp�£ ¤¦¥¨§ yÓ;© dy
{

ª r«
s¾­¬ 1

®o¯
1° s¾

sY ! f
=�± s¾³²µ´ xI�¶ ·¸�¹ yÓ s¾�º Sj N

»�¼
pp�½ ¾¦¿¨À yÓ;Á dy

{

ÂÄÃoÅ 1Æ r«µÇ 1È
r É 1Ê ! f

=�Ë r Ì 1ÍµÎoÏ Ð ÑÒÔÓ yÓ r Õ 1 Ö Sj N
»D×

pp�Ø Ù	ÚQÛ yÓ;Ü dy
{

Ý Þß�à á Sj N
» yÓ r«ãâ 1 äãå

pp�æ çeè yÓ;é dy
{ëê

Const
¡ ì

d
{�í

xI�î;ï 1

N
Ä

r ð 1 ñ

The
ò

laststepfollowsfromanupperboundfor thespectralprojectionof monomials
outlinedf at theendof this subsection.

T
ò
o enforcethe vanishingmomentscondition (4.2) on the adaptive mollifier,ó

pp�ô õeöo÷ ø�ùûúýü�þoÿ � Dpp���� ���	�
�
��� ,h wetakeadvantageof thefreedomwehavein choosing
the
z

localizer 
��
� � . Webegin by normalizing

�
pp�� ��� yÓ���� � pp�� � � yÓ"!#$&%(' pp�) * + z,.- dz

{

so& that / pp�021 has
3

aunit mass,andhence(4.2)holdsfor r¨54 0,
\

for S
j

N
»7698

pp�: ;=<.> yÓ"? dy
{

@ A
pp�B C�D yÓ"E dy

{GF
1. We notethat the resultingmollifier takesthesameform as

before,
H

namely,

I
pp�J K�L yÓ�M :N 1OQP RS cT Dpp	U yÓ V W X 4 Y 3<�Z

whereõ theonly differenceis associatedwith themodifiedlocalizer

[\
cT ] yÓ�^`_ qa 0

bQced
cT�f yÓ"g.h qa 0

b7i 1jk	l(m pp�n o p z,.q dz
{sr t 4="u 4=�v

Observ
�

e that,in fact,1w qa 0
b7x y

pp�z {�| z,.} dz
{�~ �

pp�� z,.� dz
{����

D
�

pp���� cTe�.� 0\�� andd that,
withõ ourchoiceof pî������e��� xI�� NÄ ,h wehave, in view of (3.7),

��
cT�� 0\����

q� 0
�7  1¡

D
�

pp£¢(¤ c¥§¦.¨ 0\ ©�ª 1 «­¬¯®±°³².´
µ·¶ d

{¹¸
xI�º NÄ�»

eS�¼ 2½ ¾ c pp�¿ pîÁÀ­Â�ÃeÄ�Å xI�Æ NÄÈÇ
whichõ isadmissiblewithin thesameexponentiallysmallerrorboundwehadbefore,
consult3 (3.11).In otherwords,we areableto modify thelocalizer É c¥ Ê
Ë ÌÎÍ ÏÐ c¥ Ñ
Ò Ó
to
z

satisfythefirst-ordernormalization,(4.2),with r¨�Ô 0,
\

while thecorresponding
mollifier, Õ9Ö x\ Dpp	×
ØÚÙ Û�ÜÝ c¥ Dpp	Þ
ß ,h retainsthe sameoverall exponentialaccuracy.
Moreo
à

ver, usingeven á ’s impliesthat â�ã
ä å is
æ

anevenfunctionandhenceits odd
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momentsvanish.Consequently, (4.2) holdswith r ç 1, andwe endup with the
follo
è

wing quadraticerrorboundin thevicinity of xI (compared
é

with (3.22)):

ê ë
pp�ì í�î xI�ï�ð S

ñ
N
ò f
óõô

xI�öø÷ f
óõù

xI�úüûþý Const
¡ ÿ

d
���

xI���� 1

N
Ä

2 �
eS	� 0
��


845� 
 cd
���

x\�� Nò��
In asimilarmanner, wecanenforcehighervanishingmomentsby propernormal-,
ization
�

of� thelocalizer ����� � . Thereis clearlymorethanoneway to proceed—here
is
æ

onepossibility. Inordertosatisfy(4.2)with r¨�� 2
9

weuseaprefactorof theform� 
c¥"! xI$#�%'& 1 ( q� 2xI 2

)�*�+
c¥-, xI$. . Imposinga unit massanda vanishingsecondmoment

weõ maytake

/
pp"0 132 yÓ�465 1798-:; c¥ Dpp=< yÓ > ? @A

c¥"B yÓDCFEHG 1 I q� 2
) yÓ 2
)�J�K

c¥-L yÓ�MON
withõ thenormalizedlocalizer, PQ c¥"R yÓDS ,h givenby

TU
c¥-V yÓ�WYX 1 Z q� 2

) yÓ 2[\=]$^ 1 _ q� 2 ` z,�acb=d 2)�e�f pp"g h3i z,Oj dz
�lk c¥"m yÓDnpo

q� 2
)rq s tu=v$w Sñ N

ò z, 2
)�xzy

pp"{ |3} z,�~ dz
���=�$� Sñ N

ò z, 2 �O� z,O�c��� 2 � pp"� �-� z,O� dz
��� (4.5)

é

As before,the resultingmollifier � pp"� � is admissiblein the senseof satisfying
the
�

normalization(3.11)within theexponentiallysmallerror term.Indeed,since
yÓ 2 �

pp"� �-� yÓD� dy
�����

Dpp�� � yÓ 2 ¡
c¥"¢ yÓD£�£�£O¤ 0\-¥F¦¨§ª©¬«	­

, wh efi nd

®¯
c¥"° 0\3±Y² 1³´=µ$¶ 1 · q¸ 2 ¹ yÓ�ºc»�¼ 2)�½�¾ pp"¿ À3Á yÓ�Â dy

�
Ã 1

1 Ä q¸ 2
)9Å�Æ	ÇcÈ 2

)ÊÉ 1 Ë Const
¡ Ì-Í

d
�ÏÎ

xI$Ð NÄYÑ 3Ò9Ó eScÔ 2
)�Õ Ö

c pp$× pîÙØÛÚYÜ�Ý$Þ xI$ß NÄrà
A straightforwardcomputationshows that theunit massá pp"â ã hasa secondvan-
ishing
æ

momentä
å=æ yÓ 2

)èç
S
ñ

N
ò é

pp"ê ëíìOî yÓDï dy
�ñð òó=ô õ Sñ N

ò yÓ 2
)�ö

a¹ 0
÷Ïø a¹ 2

) yÓ ù 2
) ú

pp"û ü3ý yÓDþ dy
�

ÿ ���� � Sñ N
ò yÓ 2
)����

pp
	 �
� yÓ�� dy
�

�
q¸ 2

�
��� � Sñ N

ò yÓ 2 � yÓ � 2
)��

pp
� ��� yÓ�� dy
� �

0
\�!

(4.6)
é

Since
" #$

c%
&�' ( isæ even,sois thenormalizedmollifier )+*�, - ,h andhenceits third moment
v0 anishesyieldingafourth-orderconvergenceratein theimmediatevicinity of the
jump
g

discontinuities

.0/ 1
pp
2 3
4 xI65�7 S

ñ
N
ò f
ó98;:

xI=<?> f
óA@

xI6B;CED Const
¡ F

d
�?G

xI=H�I 1

N
Ä
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eSLK 0MON 845P Q cd
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W
X

eclosethis sectionwith thepromised

Lemma 4.1 [Tao]. Thefollowingpointwiseestimateholds

Y
S
ñ

N
òWZ yÓ r«\[;]
^ _ yÓa`\b 1

N
Ä

r c

To prove this,weuseadyadicdecomposition(similar to theLittlewood–Paley
construction)3 to split

yÓ r«ed
k
fOg

0
M 2kr
fih+j

yÓ�k 2k
f�l

whereõ m is
n

abumpfunctionadaptedto theset o�p9q 4=+rts yÓ?uEvxwzy .
Fo
{

r 2k
fW|

1} NÄ ,h theusualupperboundsof theDirichlet kerneltell usthat~
S
ñ

N
òe���+��� � 29 k

f����;�
yÓ��;��� 2

9 k
f
N
Ä����

1 � N
Ä��

yÓa� �;�
No
�

w suppose2k
f��

1� NÄ . In this casewe canusethe rapiddecayof theFourier
transform
�

of �+��� � 29 k
f��

,h for frequencies� N
Ä

,h to obtaintheestimate�� 
1 ¡ S

ñ
N
ò£¢;¤¦¥+§�¨ © 2k

f�ª�ª;«­¬¯®±°
2k
f
N
Ä+²�³ 100 ´

In
µ

particular, sincesupp¶¸· 1,wehave ¹ Sñ N
òWº¦»+¼�½ ¾ 29 k

f�¿�¿;À
xI=Á;Â�Ã 1when Ä yÓaÅ
Æ 2

9 k
f
,h andÇ

S
ñ

N
òeÈ¦É+Ê�Ë Ì 2k

f�Í�Í;Î
yÓ�Ï;ÐÒÑÔÓ 2k

f
N
Ä+Õ�Ö 100 otherwise.� Thedesiredboundfollows by adding

together
�

all theseestimatesover k
×
.

4.2.
=

Pseudospectr
G

al Normalization. Adaptive
>

Mollifiers in theVicinity of Jumps

W
X

e now turn to the pseudospectralcasewhich will only requireevaluationsof
discrete
Ø

sumsand,consequently, canbeimplementedwith little increasein com-
putation� time.

Let f
óÚÙ

g�6Û xI=Ü : Ý Þ f
óàß

xIâá yÓäã­å g�6æ yÓäç­è hé denote
Ø

the (noncommutative) discrete
con3 volutionbasedon2N

Ä
equidistantê grid points,yÓäëiìîí hé£ï héñðtò9ó NÄ . Noting that

for eachxI ,h thefunction f
óAô

yÓ�õ remainssmoothin theneighborhoodö xIø÷ yÓ?ùEú�ûzü�ý
d
�aþ

xI=ÿ , wh efi nd

� �
pp������ I

�
N
ò f
ó
	

xI���
 f
ó��
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�
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ó
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) r«
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,.-
1/ s¾
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ó1Q r«SR 1T5U.V W X
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proz vided { pp�| } hasits first r discretemomentsvanish

2N
ò�~

1

�.� 0
�
�
x�[� yÓ��%� s¾�� pp�� ��� x��� yÓ;�%� hé����

s¾ 0��� sY�� 0
\��

1 � 29���������� rM�� � 4=�� 7 �¡
Observ
�

e that, unlike the continuouscaseassociatedwith spectralprojections,
the
¢

discreteconstraint(4.7) is not translationinvariantandhenceit requiresx� -
dependent
Ø

normalizations.Theadditionalcomputationaleffort is minimal, how-
eê ver, dueto thediscretesummationswhicharelocalizedin theimmediatevicinity
of£ x� . Indeed,asa first step,we notethevalidity of (4.7) for x� ’s which areaway
from
¤

the immediatevicinity of the jumpsof f
ó

. To this end,we apply the main
eê xponentialerror estimate(3.25) for f

ó
¥.¦ §©¨«ª
x�H¬®­ ¯ s¾ (for

é
arbitraryfixed x� ),

°
to

obtain£
2N
ò�±

1

².³ 0
�
´
x��µ yÓ�¶!· s¾>¸ pp�¹ º�» x��¼ yÓ;½%¾ hé�¿ÁÀ

x��Â yÓ�Ã s¾ Ä yÅ5Æ x\�Ç�ÈÊÉÌËÎÍ1Ï®Ð s¾ 0�ÒÑ�ÓÊÔÌÕÎÖ�×
ØÚÙÜÛ d�ÒÝ x��Þ NÄàß 2 á eâÎãåä Const

æ ç
d
è�é

x\%êìë Nòîí (4.8)
é

Thus,(4.7)holdsmoduloexponentiallysmallerrorfor thosex� ’s which areaway
from
¤

the jumpsof f
ó

,ï whered
�Òð

x��ñÚò 1ó N
Ä

. The issuenow is to enforcediscrete
v0 anishingmomentson theadaptive mollifier ô pp�õ x��ö�÷ùøîú x��û Dpp�ü x��ý in thevicinity
of£ thesejumpsand, to this end,we take advantageof the freedomwe have in
choosingþ thelocalizer ÿ���� � . Webegin by normalizing

�
pp�� �
	 yÓ���
 � pp�� ��� yÓ��

2N
ò��

1��� 0
��� pp�� �
� x��� yÓ! #" hé%$

so& that ' pp�(*)�+ x�-,/. 0 has
1

a(discrete)unit mass,i.e.,(4.7)holdswith r243 0.
\

Wenote
that
¢

theresultingmollifier takesthesameform asbefore,namely,

5
pp�6 7�8 yÓ�9 : : 1;=<�>? c@ DppBA yÓ C D E 4 F 9G
H

andI thattheonly differenceis associatedwith themodifiedlocalizer

JK
c@�L yM�N�O qP 0

�=Q#R
c@�S yM�TVU qP 0

��W 1
2
X

N
ò�Y

1Z�[ 0
�]\ p^�_ `
a x��b yMdcfe hg%h i 4=�j 10k

By (4.8),thex� -dependentnormalizationfactor, qP 0
�ml qP 0

�dn x�po is, in fact,anapproxi-
mateG identity

1q qP 0
�mr 2N

ò�s
1

t�u 0
�
v

p^�w x�y x�{z yMd|#} hg�~ 1 ���������V� �%��� d��� x��� NÄ�� 2X=� eâ��B� Const
æ �

d
èV�

x�#��� Nò��

which� shows that the normalizedlocalizer is admissible, �# ¡£¢ 0\
¤4¥ 1 ¦¨§©¦ qP 0
�«ª

1 ¬�­¯®�°�±�² ,ï within the sameexponentially small error boundwe had before,
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consultþ (3.11) with our choiceof p³µ´ d
�·¶

x�p¸%¹ N
º

. In other words,we are able
to
¢

modify the localizer » c@�¼¾½ ¿ÁÀ ÂÃ c@�Ä�Å Æ to
¢

satisfy the first-ordernormalization,
(4.7),
Ç

with r È 0
\

requirednearjump discontinuities,while the corresponding
mollifierÉ , Ê�Ë x� D

�
p^BÌ�ÍÏÎ Ð�ÑÒ c@ D� p^BÓ�Ô ,ï retainsthe sameoverall exponentialaccuracy

requiredoutsidetheimmediatevicinity of thesejumps.
Ne
�

xt, we turn to enforcingthat the first discretemomentvanishes, Õ�Ö x�Ø×
yM!Ù#Ú Û p^�Ü Ý
Þ x��ß yM!à#á hg�â 0

\
and,to thisend,weseekamodifiedmollifier of theform

ã
p^�ä*å�æ yM�ç�è qP·é yM�êìëBí

î qP x�{ï yMdðñ ò p^�ó ô�õ x��ö yMd÷#ø hg
ù

p^�ú û
ü yM�ýVþ qP·ÿ yM�� : � 1 � qP 1yM��

with� qP 1 chosenþ sothatthesecondconstraint,(4.7)with r2�� 1, is satisfied7
�

qP 1 	�
 �


x��� yM������ p^�� ��� x��� yM���� hg

� � x� � yM�!�" 2X# $ p^&% '�( x��) yM�*�+ hg-,
.
4
=0/

111

Consequently
2

, (4.7)holdswith r 3 1,andweendupwith aquadraticerrorbound
correspondingþ to (3.22):

4 5
p^&6 798 IN

ò f
ó;:

x�=<�> f
ó@?

x�=ACBED Const
2 F�G

d
�IH

x�=JKJ 2 L eâNMPO Const
æ Q

d
èSR

xTVU NòXW
Moreover, (4.8)impliesthatqP 1 Y[Z]\_^a` andI hencethenew normalizedlocalizeris
admissible,I bc

c@&d 0\fehg 1 ikj]lnmao . In a similar mannerwe cantreathighermoments
usingp normalizedq localizers, rs c@�t yM0u9v qP�w yM0x�y c@�z yM�{ ,ï of theform

|
p^&} ~f� yM0��� 1�@�f�� c@ D� p^P� yM � �
��
c@�� yM0� :� 1 � qP 1yM������S��� qP r« yM r

� qP x��� yM��� � p^&� �f� x�   yM�¡�¢ hgh£ c@�¤ yM0¥�¦ (4.12)
Ç

Ther freecoefficientsof qPI§ yM0¨9© 1 ª qP 1yM¬«®­�­S­¯« qP r yM r areI chosensoasto enforce
(4.7)
Ç

so that the first r discrete
Ø

momentsof ° v± anish.This leadsto a simple
r2]² r2 V

³
andermondesystem(outlinedat the endof this section)involving the r2

grid´ values,µ f
ó@¶

yM�·�¸�¹ ,ï in thevicinity of x� ,ï»º yM�¼¬½ x�¿¾9ÀÂÁ=Ã x�ÅÄ�Æ . With our choiceof
aI symmetricsupportof size Ç=È x�=É-Ê d

��Ë
x�=Ì�ÍNÎ ,ï therearepreciselyr2ÐÏ 2

ÑfÒPÓ9Ô
h
gÖÕ

2Nd
ºØ×

x�ÅÙ�ÚNÛ such& grid points in the immediatevicinity of x� ,ï which enableus to
recoÜ ver the intermediategrid values, f

ó@Ý
x�=Þ ,ï with an adaptiveß order£ , à d��á x�Åâ�â rãåä 1 æ

7
ç

W
è

e note,in passing,that éê cëíì_î ï being
ð

evenimpliesthat ñ pòNó ôíõ_ö ÷ is anevenfunctionandhenceits
oddmomentsvanish.It followsthatthefirst discretemoment, øúù xû=ü yý�þúÿ�� pò�� ��� xû�� yý
	�� h, vanishesat
the



grid pointsxû�� yý�� , andthereforeq1 � 0 there.But otherwise,unlike thesimilarsituationwith the
spectralnormalization,q1 �� 0. Thediscretesummationin q1, however, involvesonly finitely many
neighboring� valuesin the � -vicinity of xû .
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r � Nd
º��

x��� . Asbefore,thisnormalizationdoesnotaffect theexponentialaccuracy
aI way from the jump discontinuities,noting that ���� 0 "! c@$# 1% qP 0

�'& 1 (*),+�-/. in
0

agreementI with (3.11).Wesummarizeby stating

Theorem4.1. Given
1

theequidistantgridvalues,ï
2 f
ó43

x�6587:9 0�<;>=:? 2N
òA@

1 ofB apiecewise
analyticß f CED F ,ï weG want to recover the intermediatevalues f H x��I . T

J
o this end,ï weG

useK thetwo-parameterfamilyof pseudospectral mollifiers

L
p^NM O"P yMRQ :S 1TVUW c@ yM X D

�
p^ yM Y Z p³\[ 0

 R]
5596
^ _a`

N
ºcb

cdfe 0
 Rg

wherG e hjilk�m x��n : o d
prq

x��s:t�u is
v

the (
Ç
scaledw )

x
distance
p

betweenx and its nearest
jump
y

discontinuity. We set z{ c@N| yMA} :~ qP�� yMA� eâ�� cy@ 2 ��� yÅ 2 ��� 2 ���
1[ ����� � ]

� asß the normalizing
factor
�

,ï withG

qPr� yMA��� 1 � qP 1yM������
�8� qP r yM r

� qP x��� yM �¡ ¢ p^N£ ¤¦¥ x��§ yM ¨8© hg

sow that the first r discretemomentsof ª p^N« ¬"­ yMA® vanish¯ ,ï i
v
.eâ ., (4.7) holds

g
with r °

Nd
º�±

x��² .
Then
J

thereexistconstants,ï Constc@ andß ³
c@ ,ï depending
p

solelyontheanalyticbe-
havior
g

of f ´:µ ¶ in
v

theneighborhoodof x,ï sucw h thatwecanrecovertheintermediate
values¯ of f · x��¸ withG thefollowingexponentialaccuracy

¹
N
º 2N

ºA»
1

¼E½ 0
�
¾

p^N¿ À"Á x��Â yM>Ã8Ä f
�ÆÅ

yM Ç8È�É f
�4Ê

x��Ë

Ì Const
2

c@�Í¦Î dp�Ï x�ÑÐ:Ð r Ò 1 1

eâ
0
�EÓ

845Ô Õ cd
è�Ö

xTa× Nº Ø r2ÚÙ Nd
º�Û

x�ÑÜ
Ý (4.13)
Ç

The
Þ

error bound(4.13)confirmsour statementin the introductionof Section4,
namely, theadaptivityß of£ thespectralmollifier, in thesenseof recoveringthegrid
vß aluesin thevicinity of thejumpswith anincreasingorder, Nd

º�à
x��á ,ï isproportional

to
¢

their distancefrom singsupp f
�

. We have seenthatthegeneraladaptivity (4.1)
requiresÜ r2�â�ã d

prä
x��å Nº so& that,in practice,enforcinga fixed numberof vanishing

moments,r æ 2 ç 3,
è

will suffice asa transitionto theexponentiallyerrordecayin
the
¢

interiorregionof smoothness.Wehighlight thefactthatthemodifiedmollifieré
p^¦ê ë ,ï normalizedbyhavingfinitely many (ì 2 í 3)

è
vanishingmoments,canbecon-

structed& with little increasein computationtimeand,aswewill seein Section4.3
belo
î

w, it yieldsgreatlyimproved resultsnearthediscontinuities.
W
ï

eclosethissectionwith abriefoutlineof theconstructionof ther -orderaccu-
rateÜ normalizationfactorqPrðEñ ò . To recover f

�4ó
x��ô ,ï we seekanr2 -degreepolynomial,

qPrõ yMAö :÷ 1 ø qP 1yM$ùûú�ú�ú�ü qP r yM r ,ï so that (4.7) holds.We emphasizethat the qP r ’s
depend
Ø

onthespecificpointx� in
0

thefollowing manner. Settingzý�þ :ÿ x��� yM � ,ï then
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satisfying& (4.7) for thehigher
g

momentsof
�

p^�� � ,ï requires

� zý s� 	 

p^�� 
�� zý���� hg�� 0

 ��
sw�� 1 � 2Ñ���������� r2��

andI with � p^� !�"$# %'& qP)($* +�,.-$/ p^�0 1�2$3 4 we� endupwith

5 zý s� 6 qP zý879 : 1 ; p^�< =�> zý�?�@ hg�ACB
D zý s� E�F

p^�G H�I zý�J�KML sw�N 1 O 2Ñ�P�Q�Q�Q�P r2�R
Expressedin termsof thediscretemomentsof S :

aß�TVU zý8W8X :Y Z zý�[\ 1].^`_
p^�a b�c zý8d�egf hji 1 k 2 l�m�m�m�l 2r n

this
¢

amountsto ther o r V
p

andermonde-likesystemfor q qP 1 r�s�s�s�r qP r t :
aß 1 u zý�v�w aß 2

Xyx zý�z�{ |}|~| aß r��� zý����� � �}�~� �
� � �}�~� �
� � �}�~� �

aß r � 1 � zý���� aß r � 2 � zý8�����}�~� aß 2r � zý8���

qP 1�
�
�

qP r

�¡ 
¢ zý�£�¤ p^�¥ ¦�§ zý�¨�©ª

«
¬

­ zý r®�¯
p^�° ±�² zý�³�´

µ·¶ 4 ¸ 14¹

Finally
º

, wescaleqP¼»$½ ¾ so& that ¿ 4ÀÂÁ 7 �Ã holds
1

with swÅÄ 0,
 

whichledusto thenormalized
localizerin (4.12).

4.3.
À

Numerical
º

Experiments

Figure
º

3.1(d)shows theblurring oscillationsneartheedgeswhenusingthenon-
normalizedadaptive mollifier. To reducethis blurring we will usethenormalizedÆ

p^�Ç È for x� ’s in the vicinity of the jumpswhered
p¼É

x�ËÊ�Ì 6
Í�Î`Ï

N
º

. The convolution
is
0

computedat the samelocationsas in Section3.2, and a minimum window
width� of ÐËÑ x�ËÒÔÓ min Õ dp¼Ö x�Ë×$Ø�ÙÛÚ 2Ü'Ý N

º�Þ
w� as imposed.The trapezoidalrule (with

spacing& of ß'à 8000)
á

wasusedfor thenumericalintegrationof â Sã N
º yM 2
X�ä$å

p^�æ ç�è yMÂé andIê
S
ã

N
º yM 2 ë yM 2 ì

p^�í î�ï yMÂð ,ï requiredfor the computationof qP 0
ñ andI qP 2 in Figure4.1. Fig-

urep 4.1(a)–(d)shows the clear improvementnearthe edgesoncewe utilize the
normalizedò p^�ó ô ,ï while retainingthe exponentialconvergenceaway from these
edgesõ is illustratedin Figure4.1(e)–(f).

W
ï

e concludewith the pseudospectralcase.The öø÷ 1ù errorõ remainsin Fig-
urep 3.4(d) for the non-normalizedmollifier. The normalizationof the discrete
mollifierú in Section4.2 shows that by using û p^�ü ý gi´ ven in (4.12),with a fourth-
de
þ

greenormalizationfactorqP¼ÿ�� � ,ï resultsin aminimumconvergencerateof d
p��

x��� 4�
in
0

thevicinity of thejumps,andwith exponentiallyincreasingorderaswe move
aI way from thejumps.This modificationof � p^
	 � leadsto a considerableimprove-
mentú in the resolutionnearthe discontinuity, which canbe seenin Figure4.2.
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Fig
�

. 4.1. Reco



very of f
�

1 � xû�� on the left and f
�

2
��� xû�� on theright from their N

���
128modesspectral

projections,� using the fourth-ordernormalizedmollifier (4.3), (4.5) of degree p��� d
���

xû! N�#"�$&% e.
Re



gularizationerrors(dashed)andtruncationerrors(solid)areshown on(c)–(d),andLog errorsbased
on N
�('

32) 64* and128modesareshown in (e)–(f).
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very of (a) f
�

1 + xû�, and(b) f
�

2
-�. xû�/ (b) from their N

0�1
128modesspectralprojections,

using2 thenormalizedmollifier. Log error for recovery of (c) f
�

1 3 xû�4 and(d) f
�

2 5 xû!6 from their spectral
projections� basedon N

087
329 64: and128 modes.Herewe usethe normalizedmollifier, ; p<>= ? of

degreep@BA d
C�D

xû�E N0GF�H&I e.

Here
J

normalizationwas implementedusing K p^!L M in
0

thevicinity of thejumps,for
d
p�N

x��OQP 4
ÀSRUT

N
º

,ï andtheadaptive mollifier V p^!W X w� as usedfor x� ’s “away” from the
jumps
Y

d
p#Z

x��[]\ 4̂U_ N
º

. A minimumwindow of width `�a x��bUc min d dp#e x��f�g>hBi 2jUk N
ºml

w� as imposed.

5.
n

Summary

In
o

their original work GottliebandTadmor[GoTa85] sho& wedhow to regain for
�

-
malp spectral& convergencein recoveringpiecewisesmoothfunctionsusingthetwo-
parameterz familyof mollifiers q p^!r s .Ouranalysisshowsthatwith aproperchoiceof
parameters,z in particular, an adaptiveß choiceþ for thedegreep³ut d

p#v
x��w Nº ,ï hidesthe

ox verallstrengthin themethod.By incorporatingthedistanceto thediscontinuities,y{z
d
p�|

x��}�~>� ,ï alongwith theoptimalvalueof p³ ,ï we endup with anexponentially
accurateI recovery procedureup to the immediatevicinity of the jump disconti-
nuities.� Moreover, with aproperlocalnormalizationq of� thespectralmollifier, one
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canþ furtherreducetheerrorin thevicinity of thesejumps.For thepseudospectral
case,þ the normalizationaddslittle to the overall computationtime. Overall, this
yields� a high resolutionyet very robustrecovery procedurewhich enablesoneto
ef� fectively manipulatepointwisevaluesof piecewisesmoothdata.
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